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ABSTRACT

Given a set, the Sikorski differential space structure is determined on it by a collection of
real-valued functions, while the Frolicher (smooth) structure is defined by a pair of paths
into along with real-valued functions which fulfil specified sets of axioms. According to A.
Batubege and P. Ntumba, when these structures are provided with an additional group
operation that is compatible with the smooth structure, they are then called differential
groups or Frolicher Lie groups, respectively. The infinite Cartesian product of differential
groups was investigated by W. Sasin, and since a Frolicher space is a differential space in
the sense of Sikorski, it turns out that a Frolicher Lie group is a differential group. Now, the
differential structure on the product of differential groups is the product of structures of the
factors. On the product of Frolicher Lie groups as for general Frolicher spaces, it is rather the
set of structure curves that has this property, and not the set of structure functions. In this
study we use a class of Frolicher spaces free of this defect, in order for the resulting Frolicher
Lie groups to satisfy the property similar to that of smooth functions on the product of
differential groups. To this end, we consider a class of differential groups made of differential
spaces whose set of structure functions is reflexive in the sense that it generates Frolicher
curves from which the generated Frolicher functions are exactly the Sikorski functions which
induced the smooth structure. Such differential spaces, so-called pre-Frolicher spaces by
A. Batubege, induce a class of Frolicher spaces (Frolicher Lie groups) so-called DF-spaces
(groups) on which, unlike differential groups, the set of smooth functions is the product of
sets of structure functions from the factors. This induces the results similar to the study by
W. Sasin.
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INTRODUCTION

In this dissertation, we consider differential and Frolicher Lie groups. Since Lie groups are
both groups and manifolds (see [35], [18]) it will be necessary to understand the elementary
properties of Lie groups and their connection to differential spaces and Frolicher spaces. This
fact allows us to use concepts from algebra and analysis to study differential and Frolicher
Lie groups (see [27]).

Lie groups are differentiable manifolds which are also groups and in which the group operation
is smooth. The study of the classical concept of Lie groups has been extended to modern
smooth spaces such as diffeological spaces, differential spaces and Frolicher spaces. When
these smooth spaces are provided with an algebraic group structure that is compatible with
the differential one, one speaks of diffeological groups, differential groups and more recently,

of Frolicher Lie groups. We are more interested in the latter two classes of smooth spaces.

In the first chapter of this dissertation we shall look at the geometry and topology of differ-
ential spaces and differential groups. Here we show the relation between differential spaces
and differential groups. Henceforth, the dissertation will discuss some properties of differen-
tial groups in the sense of Sikorski, looking at the standard facts concerning left invariant
vector fields and left invariant forms on a differential group. Furthermore, we will introduce
the main concepts on differential groups as they were investigated by W. Sasin (see [30]),
P. Multarzynski (see [24]), and Z. Pasternack-Winiarski (see [25], [26]). To this end, this
part will contain the definitions and facts from the theory of Sikorski differential spaces,
differential subgroups, Hausdorff differential group, tangent vector to a differential space as

well as some important results associated with differential spaces and groups.

Chapter two of the dissertation is devoted to the study of smooth structures which are
generated on a set M by a collection of maps from R into M, called contours (which will
become smooth curves) and the set of maps from M into R, the scalar functions which
will be called smooth functions. We point out that the smooth structure on M is obtained
without requiring that M be a linear or Banachable space. These spaces were introduced by
Alfred Frolicher who called them ’smooth spaces’, which were later named after him by P.
Cherenack (see [10]), P. Michor and A. Kriegl (see [16]). The link between Frolicher spaces

and Frolicher Lie groups will be discussed. We mention here that the concept of Frolicher Lie



groups was introduced by A. Batubenge, P. Ntumba and M. Laubinger to cite but very few
(see [33], [T], [10], [29]). The topics to be considered here include definitions, diffeomorphisms
of Frolicher spaces, the notion of bundles on Frolicher spaces and so forth. Lie groups in the
setting of Frolicher spaces are called Frolicher Lie groups or F-Lie groups. A similar concept
of Lie groups exists in the category of Sikorski differential spaces, the so-called differential

groups.

In chapter three we investigate the infinite Cartesian products of smooth spaces. Here we
investigate and describe the topologies underlying these spaces, the Cartesian products and
the infinite Cartesian product of differential groups (see [30]). In particular we will show
that the infinite Cartesian product of Lie groups may be viewed as a differential group.
Similarly we examine if the infinite Cartesian product of Frolicher Lie groups is a Frolicher
Lie group. We will show that the set of structure functions on the Cartesian product of
Frolicher Lie groups is not the product of sets of structure functions in general. Therefore, we
will introduce a class of spaces which allows resemblance of product structures for both types
of spaces. A way out for this will be that of considering a class of differential groups made
of differential spaces whose set of structure functions is reflexive (see [37], [38]) F = ®T'F,
the so-called pre-Frolicher spaces ([6]), on which the process of yielding a Frolicher structure
on the same set is smooth function preserving. The resulting Frolicher spaces we shall call
DF-spaces, the smooth groups of which are the spaces of high interest for this research. They
are called DF-Lie groups.

The last chapter which is the conclusion will highlight on the geometry and the topology of
infinite products of the DF-spaces. Then we will construct infinite Cartesian products on

DF-Lie groups.



1. DIFFERENTIAL SPACES

1.1 PRELIMINARY DEFINITIONS

In this section we recall the basics on differentiable manifolds since it is known that they
are the building blocks of Lie groups. In simpler terms a manifold is a Hausdorff second
countable topological space, which locally (i.e in a close-up view) resembles the spaces de-
scribed by Euclidean geometry but which globally (i.e, when viewed as a whole) may have
a complicated structure. e.g the surface of the earth is a manifold, locally it seems to be
flat, but viewed as a whole from the outer (globally) it is round. We begin by defining a
topological space as this will help to understand the differential space and subsequently the

differential group.

Definition 1.1.1. ( [36]) A topological space is a non-empty set X equipped with a distin-
guishable family of subsets, called the open sets which forms a topology T such that:

1. the empty set and the set X are both open,
2. the intersection of any finite collection of open sets is again open,

3. the union of any collection (finite or infinite) of open sets is again open.
Example 1.1.2. For any X, &(X) = U 1is a topology called the discrete topology on X .
Example 1.1.3. Take U = {¢, X'}. This is a topology called indiscrete topology on X.
Definition 1.1.4. ([35]) A locally Euclidean space M of dimension d is a Hausdorff topo-
logical space M for which each point has a neighbourhood homeomorphic to an open subset
of Euclidean space R?.
Definition 1.1.5 (Induced topology). ([36]) For any non-empty subset A of a topological
space (X, T), the induced (or relative) topology, Ta, on A is defined to be that given by the
collection ANt={ANU :U € 1} of subsets of A.
Definition 1.1.6 (Hausdorff topological space). ( [36]) A Topological space (X,T) is
said to be Hausdorff if for any pair of distinct points x,y € X , (x # y), there exist sets
UV et such thatx e Uy €V and UNV = ().



Definition 1.1.7 (Smooth manifold). ([353/, [35]) Given any integers N, M with N >
M > 1, an m-dimensional smooth manifold in RY, for short, a manifold, is a nonempty
subset S of RN such that for every point p € S there are two open subsets  C RM and
U C S and a smooth function ¢ : Q — RN such that ¢ is a homeomorphism between € and
U= () and ¢'(t,) is injective, where t, = o' (p).

Definition 1.1.8. ([18/) Let U C R? be open, and let f : U — R. We say that f is
differentiable of class C* (or simply that f is C*), for k a non-negative integer, if all the
partial deriatives 0® f/Or® exist and are continuous on U for [o] < k. If f: U — R", then
f is differentiable of class C* if each of the component functions f; = riof is C*, where f;
is called the 1th component function of f and [a] = > «; for a = (ay, ..., ) d-tuples.
Definition 1.1.9. ([18]) A differentiable structure F of class C*(1 < k < o0) on a locally
Euclidean space M is a collection of coordinate systems {(Uy, pa) : a € A} satisfying the

following properties

(a) UaEAUa = M
(b) goaogogl is C* for all o, B € A

(c) The collection F is mazimal with respect to (b); that is , if (U, @) is a coordinate system

such that pop;' and pa,0p™t are CF for all o € A, then (U, p) € F.

We note that a d-dimensional differentiable manifold of class C* (similarly C* or complete
analytic) is a pair (M, F) consisting of a d-dimensional, second countable, locally Euclidean
space M together with a differentiable structure F of class C*. We denote the differen-
tiable manifold (M, F) simply by M, with the understanding that when we speak of the
"differentiable manifold M" we are considering the locally Euclidean space M with some
given structure F. Our attention will be restricted solely to the case of class C*°, so by
differentiable we will always mean differentiable of class C*°. We also use the terminology
smooth to indicate differentiability of class C*>°. Thus we shall always refer to differentiable
manifolds simply as manifolds, with differentiability of class C*° always implicitly assumed
(see [35]).

A differential space or d-space is one of the ways of generalising the classical concept of
a smooth manifold. We recall that a smooth manifold is a Hausdorff second countable
topological space which is locally homeomorphic to a Euclidean space. When looking at a

differential space, the starting point is to properly choose the set together with a topology



in it and some family of continuous real functions on this set. Then one determines the
differential structure on the considered set if these functions are required to satisfy specific
conditions. We mention that every differentiable manifold is a differential space, but not
every differential space is a differentiable manifold. The details are given in the literature
below. It is assumed that N = {1,2,...}.

Let X be a nonempty set, F an R-algebra of real functions on X with the usual operations of
pointwise addition and multiplication. We consider the weakest topology 77 on X in which
functions of F are continuous (see [11],[12]).

Definition 1.1.10. A function f : X — R is called a local F-function on X if for every
p € X there is a neighborhood V' of p and o € F such that f|V = «|V. The set of all local
F-functions on X shall be denoted by Fx.

Remark 1.1.1. Note that any function f € Fx is continuous with respect to the topology
T7r. Then Tr, = Tr.

Definition 1.1.11. A function f : X — R s called F-smooth function on X if there exist
neN, weC®R") and oy, ..., € F such that

f=wol(ag,...,ap)

The set of all F-smooth functions on X will be denoted by scF.

Since F C scF and any composition w o (ay, ..., ;) is continuous with respect to 7z, that is
(a1, ..., a) : X — R™, we obtain 7,.7 = 77 (see [12], [23]).
Lemma 1.1.1. If AC B C X, then (Fg)a = Fa. In particular, (Fa)a = Fa

Proof. Let us take f € (Fp)a, where (Fg)4 is the function on B to the subset A. For any
point p € A, there is a neighbourhood U of p € A such that f|U = g|U for g € Fp. Since
g € Fp, there exist a neighbourhood V' of p in B and a function h € F such that g|V = h|V.
But W :=U NV is a neighbourhood of p in A and f|W = h|W, which means that f € Fj4.
Therefore Fg C Fjy.

Now let us show that F4 C (Fp)a. Given f € F4 and a point p in A, there exist a
neighbourhood U of p in A and a function g € F such that f|U = ¢g|U. But sinceU C A C B,
and h := g|g € F|p is such that f|U = h|U, it follows that f € (Fg)a.

Proposition 1.1.1. IfV is an open covering of X, f a function defined on X, and f|V € Fy
for every V€V, then f € Fx.



Proof. Let p be a point in X. There exists a neighbourhood V' € V such that p € V.
Since f|V € Fy, it follows that there is a neighbourhood U of p in V' such that f|U = g|U,
for some g € Fyy.

Definition 1.1.12 (Differential space). ([39/, p.12) Let X be a nonempty set. A dif-
ferential structure, sometimes called a Sikorski structure on X, is a nonempty family F of
functions into R, along with the functional topology T, which is the weakest topology on X

for which every element of F is continuous, satisfying:

1. (Smooth Compatibility) For any positive integer k, functions fi, fa, ..., fx € F, and
F € C=(RF), the composition F(fi, fa, ..., fx) is contained in F.

2. (Locality) Let f : X — R be a function g € F satisfying flU = g|U, U € 7. Then
ferF.
Definition 1.1.13. A set X equipped with a differential structure F is called a differential
space, or a Sikorski space, and shall be denoted by (X, F). The functions fi, ..., fr are called
generators, and Fo = {f1, fa, ..., f} the generating set for the structure F.

Equivalently we have that;
Definition 1.1.14. ([29]) A differential space (sometimes called a Sikorski space) X is a
topological space equipped with a differential structure. A differential structure is a family of

functions, denoted C*(X), that satisfies the following:
1. The set {f*(a,b) C X | f € C®(X), (a,b) C R} is a sub-basis of the topology of X.
2. Zf f17f27 "7fn S COO(X) and F' € COO(RN) then F(f17f27 fn) € OOO(X)

3. If f: X — R is such that for any x € X there exists a neighbourhood U C X of x such
that x € X and a function f, € C*(X) so that f |uv= f. |u, then f € C>®(X).
Remark 1.1.2. 1. Let X be a set and F a family of real-valued functions on X. The
weakest topology on X such that F is a set of continuous functions will be called the
topology induced or generated by F, and will be denoted by Tr (see definition . A
sub-basis for this topology is given by

{f'(D|f € F, Iis an open interval in R}.

2. The smooth compatibility of a differential structure guarantees that F is a commutative



R algebra under pointuise addition and multiplication.
Example 1.1.15. ([19]) Consider X = R™ for some n € N and F = C*(R"). Then
(X, F) is a smooth Euclidean n-dimensional differential space. Note that F is generated by
projections Ty, ..., T, where m;(T1, T, .., Ty) = T4y 0 = 1, ...,n, (T1,Ta, ..., x,) € R™.
Example 1.1.16. The pair R; := (R,C®°(R,R)) is a differential space, and is called the
canonical Euclidean differential space.
Example 1.1.17. Consider some classical smooth manifold X and all smooth (in the clas-
sical sense) real functions on it, C*°(X). Then (X,C>(X)) is a differential space.
Example 1.1.18. Consider M = {(x,y) € R*|zy = 0}. From classical point of view (0,0)
15 a singular point and M cannot be equipped with a classically smooth differential structure.
It is an example of a differential space, which is not a manifold. This differential structure
consists of restrictions of smooth functions from R?, i.e. if F = {f|ar; f € C°(R?)}, then
(M, F) is a differential space.

Now we define induced and coinduced differential structures (see [24]).

Definition 1.1.19. ([10/, [Z4] ) Let (X, F) and (Y, G) be differential spaces. A differential
structure F is said to be induced on X from a family {X;, F; | i € I} of differential spaces
by a family of mappings {f; : X — X;,i € I} if F is the weakest differential structure on
X with respect to which all mappings fi,i € I, are smooth (see also . Analogously,
a differential structure G is said to be coinduced on Y from a family {Y;,G; | i € I} of
differential spaces by a family of mappings f; : Y — Yo € I if G 1s the strongest differential

structure on Y with respect to which all mappings f;, (i € I) are smooth.

Furthermore, we have that
Proposition 1.1.2. ([Z]l]) Let {f; : X; — X}ier be a collection of set maps where the X
are differential spaces with structure functions F;, correspondingly. Then the pair (X, F) is

the coinduced differential space corresponding to the family of set maps {f; : X; — X }ies if
1. the maps f; : (X;, F;) — (X, F) are smooth, and

2. for any other differential space (X,G) in the diagram
(X:. F) =~ (X.9)

]

(X, F)

with the f; smooth in both cases, the identity map I in the given direction is smooth. Thus,



F is the greatest differential structure on X with respect to which each f;,i € I, is a smooth
mapping.

Proposition 1.1.3. The differential space (X, F) has the induced structure arising from the
family {f; : X — X, }ier of maps.

Proof (see [24], p. 4)
Next we have the coinduiced structure
Proposition 1.1.4. Given a family of set maps {f; : X; — X}ic; where the Xy, are the

differential spaces, the set

F = Nier(fu) 7 (F)

where

(fu) H(F)={f: X 2> R| fofie Fi}

for alli € I, defines the coinduced differential structure on X corresponding to the collection
{fi : Xi = X}iesr of set maps.

Proof (see[24], p. 5)

Definition 1.1.20. ( [37], p. 16) Having fived some differential space (X, F), any function

from F is called smooth in the sense of Sikorski.

In his thesis, Jordan W.(see [37], p. 16), also (see[19]) has shown the following result.
Proposition 1.1.5. ([3§], [37]) (X, F) is a differential space.

Proof. Let X be a set, and let Q be a family of real valued functions on X. Equip X with
the topology induced by Q.

First, we show smooth compatibility. Let fi,..., fr € F and F € C*(R¥). Then, we want
to show F(f1,...,fx) € F. Fix x € X. Then for each i = 1,..., k, there exist an open
neighborhood U; of z, ¢}, ...,¢™ € Q and F; € C°°(R™) such that

fil Ui = Fi(q},....q"") | Us.

Let U be the intersection of the neighbourhoods of U;, which itself is an open neighbourhood
of X. Then



Let N := my + ... + my. Define F € C®°(RN) by
F’(:El, cnxN)y = F(F (2! . o™, Fy(a™ g™t Fy(a™t e N

then

F(fla sy fk)|u = F(in "'7Q{n1>q;7 ""qgﬂ’(bi’ 7quk)|U

By definition of F, we have F(fi,..., fr) € F.

Next, we show locality. Let f : X — R be a function with property that for every x € X
there is an open neighbourhood U of x, and a function g € F such that g|U = f|U. Fix z,
and let U and g satisfy this property. Shrinking U if necessary, there exist ¢, ...,qx € Q and
F € C*(R*) such that

g|U=F(q,...,q)|U.

Hence,

Since this is true at each x € X, by definition, f € F. This completes the proof.
Definition 1.1.21. A differential space (X, F) is said to be Hausdorff if the induced topology
7 is Hausdorff (see definition|[1.1.6]).

Example 1.1.22. (see [29]) The differential space (R™,¢,) is Hausdorff.

Example 1.1.23. Let X =R and p,ge M (M CX), p#q. Let F ={f € C*(R)|f(p) =
f(q)}. It follows that (X, F) is a differential space, where M is a subspace of X.

Remark 1.1.3. Note that (X, F) is Hausdorff if and only if, for any two distinct points
x,y € X, there is a function f € F such that f(zx) # f(y).

Definition 1.1.24. Given a differential space (X, F), we say that a set F, of functions
generates the differential structure F if and only if, given any point p € X, there are functions
f1, fay ooy fr € Fo, w € C®°(R™,R) and a neighborhood U € T (where T is the topology induced
by Fy) such that

fIU =wo (fi, fa, -, [2)|U

The differential structure F is the smallest structure that contains Fy.
Definition 1.1.25 (Subset differential structure). ([57/, [38]). Let (X,F) be a differ-
ential space, and let Y C X be any subset. Then Y acquires a differential structure Fy

generated by restrictions to Y of functions in F. That is, f € Fy if and only if for every



x €Y there is an open neighbourhood U C X and a function f € F such that
fluny = fluny

We call (Y, Fy) a differential subspace of X.

Equivalently we have;

Definition 1.1.26. ([25]) Let (M, C) be a differential space and A C M, A # 0, then Cy is
a differential structure on A and a differential space (A, Cy4) is called a differential subspace
of (M,C). We have that Cy = (i*C)a, where i is the inclusion mapping of A in M.

It follows, therefore, that every subset of a Euclidean space is a differential space. This
property of Euclidean spaces is enough to show one the scope of the differential space concept.
Indeed, differential spaces are a generalisation of differentiable manifolds since manifolds are
locally smooth spaces.

Example 1.1.27. The graph of the function |x| : [—1,1] — R is not a smooth manifold, but
it is a differential space. For, let X = {(z,|z|) C R"|xz € [-1,1]}, then (X,C®(R?)|x) is a

differential space.

In his works W. Jordan, (see[22]) had also shown the following result;
Lemma 1.1.2. ([37, [38]) Let (X, F) be a differential space. Then for any subset Y C X
the subspace topology on Y is the weakest topology for which the restrictions of F to'Y are

continuous.

Proof. We first set some notation. Let 7y be the subspace topology on Y and let G be all

the restrictions of functions in F to Y.

Fix U € 7v and x € U. We will show that there exists a basic open set W € 7 such that
xr € W C U. By definition of the subspace topology on Y, there exists an open set V € 7
such that

U=vny

There exists fi, ..., fr € F such that

10



is basic open set of X containing = and contained in V. Define
W:=WwnY.

Then
k

W= f(01))nY

=1

= ()0, 1)),

But f;|Y € G, and so W is a basic open set in 7g that contains z and is contained in U.

Next we show that for U € 1g, U is in fact open in the subspace topology. It is sufficient
to show this for any basic open set U, in the basis generated by G. To this end, fix a basic
open set U € 7¢g and x € U. There exist g1, ..., gx € G such that

k

U=(g:"((0,1))

=1

But then there exist fi, ..., fr € F such that for i = 1, ..., k we have

g=1filY.

Then,
k

U= (0.0))nY.

i=1

Since (N} £,71((0,1)) is open in X, we have that U is open in the subspace topology on Y.

We have shown that the subspace topology on Y and the topology generated by restrictions
of functions F to Y are one and the same.

Proposition 1.1.6. ([37/,[38]) The intersection of any family of differential structures de-
fined on a set X # 0 is a differential structure on X.

Proof. Let {F;}ic; be a family of differential structures defined on a set X and let

F=F

el

Then F is nonempty family of real-valued functions on X (it contains all constant functions).

11



IfneNwe FR"and ay, ...,a,, € F), then for any i € I, vy, .., a, € F; and consequently

wo (aq,...,a) € F;. Hence wo (ay, ..., ) € F which means scF = F.

Since F C JF; for any ¢ € I we have 77 C 77;. It means that any subset of X open with

respect to 7 is open with respect to 7z, for ¢ € I.

Let 8 € F,,. Choose for any p € X a set U, € 77 and a function o, € F such that p € U,
and SU, = a|U,. Since oy, € F; and U, € 7x; we obtain 8 € (F;),, = F; for any i € I. Then
£ € F and consequently F,, = F. Equalities F,, = F = scF means that F is a differential

structure on X.

As it is a well known fact from the theory of manifolds, subsets of differentiable manifolds
are not, generally speaking, differentiable manifolds. But in the differential spaces context,
differential structures can be induced from a base space to a subset. Thus we have;
Proposition 1.1.7. ([38/) Given a differential space X and a subsetY C X, Y is a differ-
ential space called a differential subspace of X ( see definitions|1.1.25 and|1.1.2).

Proof (see3§|, p. 14)

1.2 DIFFERENTIAL BASIS ON DIFFERENTIAL SPACES

The notion of differential basis on differential spaces is important when one is dealing with

the dimensionality of the differential space.

Let (M, F) be a differential space.
Definition 1.2.1. [2§/ A function f € F is said to be differentially dependent (briefly,
d-dependent) on functions g1, g, ..., g, € F at a point p € M if there exist a neighbourhood

U € 77 of the point p and a function w € &,, such that

f|U =wo (917927 gn>|U

Example 1.2.2. Any function [ € e, differentially depends on projections my, o, ..., Ty € €y,

at any point p € R".

12



Proof. Since ¢, = Gen{my,ms,...,m,}, f € €, if and only if for any point p € R™ there

exists a neighbourhood U € 7., and a smooth function w : R" — R such that

f’U = W o (71'1, -'--77Tn)‘U

Definition 1.2.3. (see [28]) A set {fi, fa..., fu} C F is said to be differentially independent
at a point p € M if no function f;,2 = 1, ...n differentially depends on other functions of this
set at p. Any set Fy C F is said to be differentially independent at p € M if every finite
subset of Fj is differentially independent at p.

Example 1.2.4. The set {m,ms,....,m} C &, is differentially independent at any point
p € R".

Evidently, from Definitions[T.2.T]and [1.2.3]it follows that both d-dependence and d-independence
of a set Fy C F are local properties of Fj.

Definition 1.2.5. The tangent space T,M to M at a point p € M is the set of all tangent
vectors at the point p. That is, the set of all mappings X, : C*(p) — R satisfying for all
a,f €R and f,g € C=(p) the two conditions

(1) Xplaf +8g) = a(X,f) + B(Xp(g))  (linearity)

(i) X,(f9) = (X,/)g(p) + F()(Xp9) (Leibniz rule)
Proposition 1.2.1. ([28/) Let M C R™ be a non-empty subset and F = (e,)p. The set

of the projections {1 |, ..., mn| M} is d- independent at p € M if and only if dimT,M = n,
where T, M 1is the tangent space on M atp € M.

More generally we also prove
Proposition 1.2.2. Let (M, D) be a d-space with F = Gen{fi, fa, ..., fu}, where the set
{f1, fa, .., fu} is d-independent at any point p € M. Then, dimT,M =n for any p € M.

Proof.  Since F = Gen{fi, fo,..., fu} and {f1, fo..., fu} is d-independent, the function
¢ = (f1, f2, ..., o) is a diffeomorphism from (M, F) onto (p(M), (€n)ur))- It is easy to see
that ¢ is one-to-one and onto. On the other hand, ¢ is smooth since wo (71| ,(ar), - Tnlp(ary) ©
(fis fasoos fr) = W(f1, fay ooy fn) € F, for any w € ¢,. p ! is also smooth; indeed, for any
0 € epn, 00 (f1, f2,.., fu) o™t = o Hence, for any p € (M, F), dimT,M = dimT,p(M) = n,
where z = (f1(p), f2(p). - fu(P))-

13



Corollary 1.2.1. .Let (M, F) be a differential space finitely generated by Fo := {f1, -, fu}

and p € M. The following conditions are equivalent:
(1) Fo is differentially independent at p

(i) dimT,M =n

The immediate proof to this corollary is omitted.

Another useful characterisation of the d-independence of a set of real-valued functions be-
longing to F is given by the following:

Theorem 1.2.0.1. A subset {fi, fo, ..., fu} C F is differentially independent at p € M if
and only if for any functions w € ¢, and any neighbourhood U € 7r of p, the following

condition is satisfied

wo (fi, fo, .o, fn) =0= forall 1 <i<n,d(fi(p),.., fulp)) =0.

Proof. The implication(=) is immediate.

(<) Let us assume that for any function w € ¢, and any neighbourhood U € 7£ of
is true. Let us suppose that one of the f/s differentially depends on the other functions
of the set,that is on f;, ..., fi—1, fi+1,..5,- Without loss of generality, suppose that there
exists a function o € ¢,_; such that f; = o o (fa, ..., f) on some neighbourhood of p, i.e, f
differentially depends on fi, fs, ..., f,. Let w be a function in &, such that wo(f1, fa, ..., fn) =
oo (fi, f2, s fn) = 0, and then dyw = 1. This contradict [1.2.3] Thus the set (fi, ..., f,,) is
d-independent.

To further deepen our understanding of a local structure of a differential space we introduce
the following:

Definition 1.2.6. A subset G C F reproduces F at p € M if, for any functions f € F,
there exists a neighbourhood U € 77 of p and functions ¢y, ...,9, € G, w € ¢, such that
flv=wo(g1,..;90)|v-

Remark 1.2.7. Let M, F be a locally finitely generated differential space.One can easily see
that a subset G C F reproduces F at p € M if and only if G locally generates the structure
F in a certain neighbourhood of the point p.

Definition 1.2.8. A set G C F is a differential basis of the differential structure F at
p € M if G is differentially independent at p and G reproduces F at p.

14



1.3 FUNCTIONALLY SMOOTH MAPS

In differential geometry (see [35], [18] and [38]), the role of a structure-preserving map is
played by C'*°-maps between two manifolds, which is defined as follows.

Definition 1.3.1. ([I8]) The local representative of a function f (from a manifold M to a
manifold N) with respect to the coordinate charts (U, ¢) and (V,v) on M and N respectively,
18 the map

¢ofo¢_1:¢(U)CRm—>Rn.

This leads us to the following:

Let M and N be C* -manifolds of dimensions m and n, respectively.

Definition 1.3.2. ([18/) A map of sets [ : M — N is a C>®- map of manifolds if , for all
atlases of M and N, the local representatives are C™ functions as defined in the standard
real analysis of functions between the topological vector spaces R™ and R™, as in[1.1.7
Definition 1.3.3. [33] Let U C M be open. We say that f : U — R is a C* function on
U(denoted f € C®(U)) if fop ! is C for each coordinate map ¢ on M. A continuous
map 1y : M — N is said to be differentiable of class C*° (denoted p € C*°(M, N) or simply
€ C®)if got is a C function on ¥~ (domain of g) for all C* functions g defined
domain of charts in N. Equivalently, the continuous map 1 is C* if and only if potp o1}
1s C*° for each coordinate map 7 on M and ¢ on N. More generally, we have

Definition 1.3.4. ([1I8]) Let M, N be smooth manifolds. A continuous map f: M — N is
called smooth (C*) if for each p € M, for some (hence for every) charts ¢ and 1, of M
and N respectively, with p in the domain of ¢ and f(p) in the domain of ¥, the composition
o fop ! (which is a map between open sets in R™, R¥ where n = dimM, k = dimN ) is

smooth on its domain of definition.
From the definition above, we can say that the composition of two differentiable maps is again
differentiable. Furthermore, we see that the mapping ¢ : M — N is C*° if and only if for

each m € M there exists an open neighbourhood U of m such that 1¥|U is C™.

In particular, a differentiable function is defined to be a C* function. A function that is C>

is also said to be smooth.
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1.4 EXAMPLES OF DIFFERENTIAL MAPS

Recall the following notions from the theory of smooth manifolds:

1. A continuous map 1 : M — N is said to be C*®(¢p € C*°(M,N)) or p € C® if go o)
is a C* function for all C'*° functions g defined on open sets in N.

2. Equivalently, the continuous map 1 is C* if and only if poto71

is C* for each map
7on M and ¢ on N. We denote by @ = p o1 o7 ! this Euclidean function and we
call it the local representative of the map . The rank of ¢ is understood as the rank

of its associated local representation.

For differential spaces (see [I5], [10], [111,[28],[12], [25] and [29]), we rather have what follows.
Let (M,C) and (N,D) be differential spaces, then we have;

Definition 1.4.1. A map F' : M — N is said to be functionally or Sikorski smooth if any
B €D, one has o F € C.

Equivalently, we note that;
Definition 1.4.2. Diffeomorphism ([35]) Let i : M — N be C™, then ¢ is a diffeomor-
phism if 1 is one-to-one onto Nand ¢~ is C™.

In addition to the above we have;

Definition 1.4.3. Two differential spaces (M, C') and (N, D) are said to be diffeomorphic if
there exists a smooth bijective map M — N having smooth inverse. Informally, diffeomorphic
differential spaces can be thought of as ’the same’.

Proposition 1.4.1. ([23]) Let (M,C) and (N, D) be differential spaces and let Dy generate
D. A mapping a: M — N s smooth if for each f € Dy we have foa € C.

Further more a smooth map F': M — N is called a C* diffeomorphism if there is a map
G : N — M such that G o F is the identity on M.
Remark 1.4.1. A functionally smooth map is continuous with respect to the topologies

induced by the differential structure.
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1.5 TANGENT VECTORS AND SPACES

A smooth manifold is a generalisation to higher dimensions of a smooth surface immersed
in R3. That is, it can be linearized at each point. The resulting linear space is called a
tangent space (recall from definition . Between tangent spaces one can define a linear
map associated to the differentiable map between manifolds. The idea of a tangent space
to a manifold, and to a smooth space in general, is very important in differential geometry.
This is based in part on the intuitive geometric idea of a tangent plane to a surface in R?,
such as 2-sphere, a cylinder, a-2-torus and many more (see [18],[35],[14],[28], [15], [11], [12],
[24] and [29]).

Definition 1.5.1. (see [18], p. 73)

1. A curve on a manifold M is a smooth (i.e.,C*®) map o from some interval (—¢,¢€) of
the real line into M. Note that the ‘curve’ is defined to be the map itself.

2. Two curves o1 and oo are tangent at a point p in M if
(a) 01(0) = 02(0) = p;

(b) in some local coordinate chart (z',z?%,...,™) around the point, the curves are

tangent’ in the usual sense as curves in R™;

dz’
dt

dx’
" oy 0)

(02(t))

t=0 —

t=0

fori=1,2,...,m.
Note that if o1 and oo are tangent in one coordinate chart, then they are tangent in any
other coordinate chart that covers the point p € M. Thus this definition is independent

of coordinate charts.

3. A tangent vector at p € M is an equivalence class of curves in M where the equivalence

relation between two curves is that they are tangent at the point p.
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Definition 1.5.2. ([18/) The tangent bundle TM is given by TM := UpepTpM.
Theorem 1.5.0.2. ([35]) The tangent space T,M is a vector space of dimension n if
dimM = n.

Equivalently (see [10], [27], [29], [28] and [30]), we have ;
Definition 1.5.3. ([10])

1. Let (X,F) be a differential space. A tangent vector V at p € X is a derivation
V.:F—=RatP, ie alinear map such that

V(fg) = fp)V(g) + gV (f).

The set of such vectors form the tangent space T,X or TX, of X at p.

2. Let (X, F) be a differential space and p € X. Let ¢ :] — ¢, e[— X be a differentiable
curve on X such that c(a) = p. Let f € F. Suppose that V. is the derivation defined

by setting
_ o Joc(t) = foc(a)
Ve(f) = lim —
Set TCX, = {V.|c(a) = p}. We see that TCX, C TX,. TXC, is the tangent cone to
X at p.

Now for any a € F, we have the differential of o at p € X as a linear mapping TpX — R
given by the formula d,o(v) = v(a), where v € T, X.

We denote by T'X the disjoint sum of all tangent spaces to (X, F), that is

TX = T,X.

peX

Definition 1.5.4. The mapping da : TX — R, for a function o € F, satisfying the condition
do|r,x = dya is called the tangent mapping associated to the differential of a smooth function

Q.

18



Definition 1.5.5. The differential structure on TX will be denoted by TF, and is generated
by the set {aom:a € F}U{da:a € F}. One has:

TF=sc{aom:aec F}U{da:a € F})rx,

where m : TX — X s the natural projection, satisfying w(v) = p, for any v € T,X. The
triple (TX,TF),n, (X, F)) is called the tangent bundle of a d-space (X, F).

Definition 1.5.6. [10/ A tangent vector field on a d-space (X, F) is any mapping V which
associates with every point p € X a tangent vector V(p) € T,X. A tangent vector field V on
(X, F) is said to be smooth if and only if V : (X, F) — (TX,TF). In addition we can also
say that a (smooth) vector field is a (smooth) section of the tangent bundle.

Definition 1.5.7. ([19/) A mapping X : M — TM, X : p — X, is called a tangent vector
field to (X, F). It is called smooth, if for all f € F, X(f) belongs to F. The set of all vector
fields tangent to (X, F) is denoted by X(X).

A vector field X on (M, F) induces a linear mapping also denoted by X, X : F — F
satisfying the Lebniz rule, that is a derivation on the algebra F of smooth functions on X.
Proposition 1.5.1. ([28]) Let (M,F) be a differential space, f € F and fla = 0 for a
neighbourhood A of a point p € M. Then O,f = 0 for every v € T,M. Consequently, if
functions f,g € F are equal on a neighbourhood A of a point p € M, then 0,f = 0,g for
every v € T,M.

Proof. Let (A, F4) be a differential subspace of a differential space (M, F) and let p € A.
If veT,A, ie, if vis a vector tangent to A at p, then the formula

v(f.9) = v(f]a)

for all f,g € F, defines a vector v € T,M. Indeed,  is linear and
u(f-9) = v(fla)g(p) + f(p)v(gla)

=0(f)g(p) + f(p)v(9)
for all f,g € F and p € A. Clearly the map T,,A — T,M which assigns v € T,M tov € T,A

is a linear monomorphism. We shall identify v with v.

Proposition 1.5.2. The tangent space T,A at p € A to a subspace (A, F4) of a differential
space (M, F) is a linear subspace of T,M. If A is an open subset of M, then T,,A = T,M for
every p € A.
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Proof. It is easy to see that 7,A is a linear subspace of T,M by virtue of [I.5.1, Now, let
us assume that A is open in M. If f, g € F4, there exists a 77-open subset U in A such that

flU=hUheF

glU=kUkeF

Therefore, for all € T, M, we have, using

v(f.9) = v(h.k) = v(h)k(p) + h(p)v(k) = v(f)g(p) + f(p)v(g),

which proves that v € T),A.
1.6 CARTESIAN PRODUCT OF DIFFERENTIAL SPACES

We know from set theory that if A and B are sets, A x B denotes the Cartesian products of
A with B. This is defined by the set of all ordered pairs (a,b) where a € A and b € B.
Warner F. W and Isham J. C. (see [35],[18]) in their studies on differential geometry have
observed the following on Cartesian products of smooth manifolds

Theorem 1.6.0.3. [18/ If My and My are two differentiable manifolds then the Cartesian

product My X Ms can be given a manifold structure in a natural way.

Proof. Let (My,F;) and (Msy, F3) be differentiable manifolds of dimensional d; and
dy respectively. Then M; x My becomes a differentiable manifold of dimension d; + ds
(Since Uy, — RY Vg — RE2 = U, x Vg — RN x RE2 = RUFd) with differentiable

structure F the maximal collection containing

{(Ua X Vi, 00 X 5 : Uy x Vg — RE x R®) 1 (U, 0a) € Fi, (Vs,15) € Fa}.

Thus this example shows that the Cartesian product of manifolds is also a manifold. The
dimensions of the product manifold is the sum of the dimensions of factors. Its topology is
given by the collection of the product of all charts on factors. Thus, an atlas for the product
manifold can be constructed using atlases for its factors.

Similarly as a follow up to the above definition, we have the following for differential spaces
which were studied by Sasin W. (see [30]) and by Ntumba P. (see [28]).
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Definition 1.6.1. (/28]) Let (M,F) and (N,G) be non-empty d-spaces. Let F x G be the
differential structure on the Cartesian product M x N, generated by the set of real-valued

functions

{fom:feFtu{gom:yged}

where w1 (p, q) = p, ma(p,q) = q for all (p,q) € M x N. The d-space (M x N, F x G) is called
the Cartesian product of the d- spaces (M, F) and (N,G).

Proposition 1.6.1. The natural projections
m: (M x N, FxG)— (M,F)

and

o (M X N, F xG) — (M,Q)

are smooth.
Proof. . Clearly, for every f € F, fom € F x G and, for every g € G, gomy € F X G.

Let (M x N, F x G) be the Cartesian product of differential spaces (M, F) and (N, G). For
an arbitrary point p € M, let j, : M x N be the embedding defined by

jp(q) = (p,q) forqe N.
In the same way, let j, : M x N, ¢ € N, the embedding defined by
Jq(p) = (p,q) forpe M.

Now we see that

T qu :'ldM
T2 ij :ZdN

forpe M and g € N.

In addition Ntumba (see [28]) has also observed the following;

21



Proposition 1.6.2. [28] Let us consider the Cartesian product (M x N, F x G) of d-spaces
(M, F) and (N,G). For any tangent vector w € T(p 4 (M x N), let us put

wy = (jgom)*(p,q)”

wy = (jp o) * (p,q)”

Then, we have the following:

W =Wy + WN

(1)

wy(gom) =0 foranygeg

(2)

wn(gom) =0 foranyge F

Proof. For any u € F x G, we have
wir(u) +wn (u) = w(u o jg o mi(p,q)) +w(uo j, o m(p, q)) = w(u)
Moreover, for any g € GG, we have

war(g o m)(p,q) = w(g(q)) =0,

since g(q) is constant which proves (2) and (3).

More generally, we have

Proposition 1.6.3. [28/) Let U € x(M) and V € x(N) be vector fields tangent to the
differential spaces (M, F) and (N,G) respectively. Then,we have

1. (Jg)pUp(goma) =0
2. (Jp)eqVo(fom) =0
3. T(pvq)(M X N) = (jq>*p<TpM) S (jp)*q(TqN)'

For (p,q) € M x N, f € F, g € G. Note that we have used, in the equations (1) and (2),
the identifications U(p) = U, and V(p) =V, .

Proof (see [28])
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Definition 1.6.2. ([30]) Let (M,F) and (N,G) be two differential spaces. A vector w €
Tipg)(M x N) is said to be parallel to (M, F) if w(g om) = 0 for any g € G. A wvector
w € T (M x N) is said to be parallel to (N,G) if w(fom) =0 for any f € F.
Definition 1.6.3. [30/) A wvector field Z € x(M x N) is said to be parallel to (M,F) if
(o) *x Z(p,q) = 0 for every (p,q) € M x N.

A wvector field Z € x(M x N) is said to be parallel to (N,G) if (m1) *x Z(p,q) = 0 for every
(p,q) € M x N.

Definition 1.6.4 (Infinite Cartesian product ). ([25]) Let {(M;, C;)}ier be an indexed
family of differential spaces. Then the differential structure Il;c;C; generated on the Carte-
sian product ;e M; by the family { fiopr; - i € I, f; € C;} (pr; is the natural projection of ITigM;)
onto M, ) is said to be the Cartesian product of the family {(M;, C;)}ier.

Remark 1.6.1. For a finite set of indices I = {iy, ..., 1}, we write C;, X - - - x C;, instead of
ILe;Ci. The topology T, ,c, coincides with the standard topology of the Cartesian product

of topological spaces.

1.7 DIFFERENTIAL GROUPS

In order for us to define the differential group, we first briefly discuss Lie group as this is
foundation of differential groups. The key idea of a Lie group is that it is a group in the usual
algebraic sense, but with the additional property that it is also a differentiable manifold, and
in such a way that the group operation and the inversion map are smooth with respect to
this structure.

Definition 1.7.1. ([I8]) A real Lie group, or briefly Lie group G is a set that is

(a) a group in the usual algebraic sense;

(b) a differentiable manifold with the properties that taking the product of two group ele-
ments, and taking the inverse of a group element, are smooth operations. Specifically,

the maps

w:GxG — G

(917 92) = 0192

23



and

i1:G — G

g — g

are both C°.

We can as well simply say that a Lie group is a differentiable manifold which is also endowed

with a group structure such that the map G x G — G defined by (0,7) — o7t is C*°.

For a complex Lie group G, one requires that G is equipped with a complex analytic structure

and that multiplication and inversion are holomorphic. The following definition is equivalent

to [L71]

Definition 1.7.2. ([35]) A Lie group G is a differentiable manifold which is also endowed

with a group structure such that the map G x G — G defined by (o,7) — o1~ is C*°.

Remark 1.7.1. o [f we let G to be a Lie group then, the map 7 — 7% is C™ since
it is the composition T — (e,7) — 7+ of C* maps. Also the map (0,7) — T of
G x G — G is C*™ since it is the composition (§,7) — (6, 771) + 67 of C* maps.

e The identity component of a Lie group is itself a Lie group; and the components of a

Lie group are mutually diffeomorphic.

e [f G and H are Lie groups (both real or complex), then a Lie group homomorphism
f:G — H is a group homomorphism which is a smooth map; so a continuous map.

Example 1.7.3. (a) The Euclidean space R™ is a Lie group under vector addition.

(b) The product G x H of two Lie groups is itself a Lie group with the product manifold
structure and the componentwise product group structure; that is, (01,71)(d2,72) =

(6102, 172).
Accordingly, in a similar manner, we define a differential group;
Definition 1.7.4 (Differential group). ([25/) A pair (G, G) is said to be differential group
if and only if
e (Gis a group

e (|G|, G) is a differential space, where |G| denotes the set of elements of G;
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e amapd: (G xG,GxG)— (G,G), defined by the formula
0(gh) = gh™,
18 a smooth map.

Equivalently, Batubenge A. and Ntumba P. (see[29], p. 74) have also studied and investigated
differential groups were they gave the following;

Definition 1.7.5. A differential group is a differential space G together with two d-smooth
maps p: G X G — G and v : G — G such that G is a group with multiplication p and
MVersion v.

Definition 1.7.6. ([27]) A group homomorphism G — H of differential groups is called a
map of differential groups provided it is a d-smooth map of the underlying differential spaces
G and H. Differential groups and maps between them constitute a category DIFFG (. se
for more on smooth maps).

Remark 1.7.2. We see that a differential group is automatically a topological group (with
the topology tg in G) because it is a differential space.

Example 1.7.7. Let G be an arbitrary group. If G, denotes the differential structure of all
constant functions on G then (G, G,) is a differential group. Similarly, if RE is the differential
structure of all real-valued functions on G then (G,RY) is also a differential group. In the
last case the topology Tre s the discrete topology on G.

Proposition 1.7.1. ([25],[27])Let H be a group,(G,G) - a differential group and ¢ - (an
algebraic) homorphism on H into G. Then (H,¢*(G)y) is a differential group and ¢ :
(H,¢*(G)n) — (G, G) is a smooth map.

Proof. The smoothness of ¢ follows directly from the definition of the differential structure
¢*(G)y. This implies that

HxH > (g,h) = n(g.h) = d(g)p(h™") € G

is smooth with respect to the differential structure ¢*(G)gy x ¢*(G)y and G, respectively.
Example 1.7.8. (see [25]) If H is a Lie group then (H,C*(H)) is a differential group.
If G is an arbitrary subgroup of H, ¢ is the natural embedding of G into H and G =
*((C*(H))g = C*(H)g then (G, G) is a differential group.

Example 1.7.9. Let 6 : G — Gl(n,R) be an n-dimensional matriz representation of a group
G,n € N. By[1.7.1] the pair (G, 0*(C=(Gl(n,R)))¢) is a differential group. We see that the
differential structure 0*(C*>°(Gl(n,R)))q is generated by the family {0;;}1<ij<n of all matriz
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elements of the representation 6.

Example 1.7.10. Let G be a locally compact, connected topological group. Let U be an
arbitrary neighbourhood of the identity element of G. Then there exists a normal subgroup N
of G such that N C U and G/N is a Lie group.

Example 1.7.11. Let 0 : G — Gl(n, R) be an n-dimensional matriz of a group G, n € N,
the pair (G, 0*(C*(Gl(n,R)))q) is a differential group.

Denote by ¢ the canonical map on G onto G/N. From proposition 3.1 it follows that
(G, ¢*(C*°(G/N)¢q) is a differential group.

Theorem 1.7.0.4. ([25]) Let F be a family of real-valued functions defined on a group G. Let
G := scFq be a differential structure generated by F on G. The pair (G,G) is a differential
group if and only if the following condition is satisfied:

For any f € F and any (g,h) € G x G, there exists a neighbourhood U € 1 of g, a
neighbourhood V€ 77 of h, mapping o € F",5 € F* and a function w € C°(R"*%) such
that for each (¢',h') € U x V,

Flgh=h) = w(o(g), BR)).

Proof. Suppose that (G, G) is a differential group. Since the map o is smooth we obtain
that, for any f € F C G, the map f oo € G x G. This follows directly from the definition
of Gand G x Gjie, (Gx G, G xG) % (G,G).

Suppose now that F satisfies the condition in the definition of the differential structure. Since
any function G is locally a function from scF, we obtain that G also fulfils the definition.

Hence o is a smooth map, and (G, G) is a differential group.

1.8 DIFFERENTIAL SUBGROUP

Definition 1.8.1. ([2]]) Let (G, G) be a differential group and H be any subgroup of G. The
differential structure G satisfies the conditions in [1.7.0.4] This then means that the family
F = fiu : [ € G also satisfies the condition in the theorem. Consequently the group H with
the differential structure H = Fy generated by F on H is a differential subgroup of (G,G).

26



Equivalently, we have;

Definition 1.8.2. ([17]) If (G,C) is a differential group with the differential structure C
on G then, for any subgroup Gy of G, the pair (Go,Cg,) is a differential group, called a
differential subgroup of the differential group (G, C).

1.9 CARTESIAN PRODUCTS OF DIFFERENTIAL GROUPS

Definition 1.9.1. Let (G;,G;)icr be a family of differential groups, where I is an arbitrary
set of indices. Let also for any j € I, pr; : llic;G; — G be the natural projections of the
Cartesian product I1;¢;G; onto G;. For any j € I, G the family F = {f;opr; : f; € G;,j € I}
of functions on the product 1;c;G; satisfies the condition (Il;c;Gy, ;erG;) is a differential
group which is a direct product of the family of differential groups (G, G;)c;-
Example 1.9.2. Let G be a group and {0'}icr be an arbitrary family of matriz representa-
tions of G. For any i € I, the map 0° : G — Gl(n;,R) is a homomorphism of groups. Define
the map 0 : G — Il;c;Gl(n;,R) by the following way

0(g) := (0'(9))icr € Wie/Gl(n;,R), g € G.
It is obvious that 6 is a homomorphism of G into the direct product 1l;c;Gl(n;,R). By

proposition the pair (G,G) where G = 0*[I1;c;C°(Gl(n;,R))]q, is a differential group.
The differential structure G is generated by the family {0i}icr,i < k,1 < n,.

1.10 THE TANGENT SPACE OF A DIFFERENTIAL GROUP

Definition 1.10.1. For any g € G, by the symbols Ly, R, we shall denote the left and right
multiplication in the group G, which are defined as mappings of on G such that

and the automorphism ad,(h) := ghg™'. It is obvious that
adg = Lg e} Rg—l

Proposition 1.10.1. ([7/, [26]) If (G,G) is a differential group then, for any g € G, the

translations Ly, Ry and the automorphism ad, are diffeomorphisms.
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Corollary 1.10.1. Let (G,G) be a differential group. Then, for any g € G,
dimT,G = dimT.G,
where e is the identity element of G.

Proof. Since L, and R, are diffeomorphisms, the tangent mapping d.L, : T.G — T,G
(differential) proves to be an isomorphism of linear spaces.

Thus, the vector space T,G and T.G have same dimension.

Theorem 1.10.0.5. If (G, C) is a differential group, then the symmetry

inv(g) =g,

a right multiplication R,(g) = ga and a left translation L,(g) = ag are diffeomorphisms of
the differential space (G, C). Moreover the group operation

G xG>3(g,h) = A(A,h) = gh€ G

is a smooth mapping of the differential space (G x G,C x C) onto the differential space (G,
C).

Proof. The following mappings
1. G3 g i.(9) =(a,9) € GxG
2. G239 julg) =(9,0) EGXG

are smooth with respect to the differential structures C and C' x C, respectively. Taking

we obtain that inv = Q o, is a smooth mapping on (G, C). On the other hand inv = inv™!

and this implies that the symmetry is a diffeomorphism on (G, C). Hence the mapping
GxG3(g,h)— B(g,h)=(g,h ") eGxG

is smooth on (G x G, C x C') and we conclude that the group operation A = @) o B is smooth

as a composition of smooth mappings. The smoothness of right and left translations follows
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now from equalities

Ry=Aoj, and L, = Aoi,.

Taking into account that R;' = Ry and L, = L, we obtain that right and left transla-

tions are diffeomorphisms of (G, C).
1.11 LIE ALGEBRA OF A DIFFERENTIAL GROUP

In this section it is important before we look at the Lie algebra of a differential group to
look back at the Lie algebra of a differentiable manifold as given by Warner F.W. (see [35],
p. 84).

Definition 1.11.1. Let (G,G) be a differential group. The vector space L(G), over R, of
all left-invariant and smooth vector fields on G, together with the Lie multiplication [.,.] is
said to be the Lie algebra of (G,G), is the pair (L(G),].,.]), where [V,W] =VW — WV for
V,W e L(G).

Proposition 1.11.1. For any differential group (G, G), the linear space T.G and L(G) are

1somorphic.

Proof. (see [25])
Proposition 1.11.2. Let (G,G) and (H,H) be differential groups. For any smooth homo-

morphism f : G — H (f is said to be a homomorphism of differential groups), the mapping
L(f): L(G) — L(H), defined by

L(f): Jgodefojg

1s a homomorphism of Lie algebras. Moreover, for any smooth homomorphism f : G — H
and g: H — Z

L(f): L(g) o L(f)
ﬁ(ldg) = idﬁ(G).
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2. FROLICHER SPACES

Frolicher spaces were first studied by A. Frolicher who referred to them as ’smooth spaces’.
Later on they were for the first time called Frolicher spaces by Cherenack P. (see[16], [9]).

Let C' = C*(R,R) be the set of smooth maps from R to R , X be a nonempty set and C'x
be a subset of the set Map(R, X), a collection of curves ¢ from the real line R to X and

Fx be a subset Map(X,R), a collection of real-valued scalar functions from X to R. Now,

.

R——R

consider the following diagram

Definition 2.0.2. The pair (Cx,Fx) is called a smooth structure or a Frélicher structure

on X if the following compatibility condition is satisfied,

I'Fx = Cx and (2.1)
oCx = Fx, (2.2)

where we denote by I' Fx the set of all paths (contours) (¢ : R — X)), the composition of which
with every f € Fx is a C* real function. Similarly, ®Cx is a set of all maps (f : X — R)
such that f oc is a C™ real function for all choices of paths (contours) in Cx. A mapping
c € Cx s called a structure curve, and f € Fx is called a structure function.

Definition 2.0.3. ([33/,/2],[9]) A Frélicher space is a triple (X,Cx, Fx), where (Cx, Fx)

18 a Frolicher structure and X is the underlying set.

Equivalently, (see [29]), we have that;

Definition 2.0.4. A Frélicher (smooth) space is a set M together with a set Cyy of curves
c:R— M (Cyr € M®) and a set Far of real valued functions f: M — R(F C RM) such
that

e for any c € Cy and any f € Fy we have foc e C(R,R).

e Note that the curves and functions determine each other in the following sense:
If c € M® is such that foce C®(R,R) for any f € RM then c € Cy, and if f € RM
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is such that f oc € C®°(R,R) for any c € Cy; then f € Fyy.

In this work, when there is no confusion, we shall mention (M,C,F) or simply M as a
Frolicher space instead of (M, Cyy, Far) with subscript M.

Definition 2.0.5. Given Frolicher structures (C,F) and (C',F') on a set X, we say that
(C, F) is finer than (C", F') if C C C" or equivalently if F' C F. Similarly, (C,F) is coarser
than (C', F') if C" C C.

In his work, Laubinger M.(see [21]) has given the following results:

Definition 2.0.6. Let X be a set, {(X;,Ci, Fi)icr} be a collection of Frolicher spaces, and
gi» Xi = X and f; : X — X; set maps. The initial Frélicher struture with respect to the
maps f; is the Frolicher structure generated by all f o f; with i € I and f € F;. Similarly,
the final structure with respect to the maps g; is the Frolicher structure generated by all g;oc
with i € I and c € C.

The definition above is similar to for differential spaces. In particular, if X is a
Frolicher space and 7 : A — X the inclusion of a subset and 7 : X — B the projection onto
a quotient, then the subset structure on A is the initial structure with respect to 7, and the
quotient structure on B is the final structure with respect to .

Example 2.0.7. The finite-dimensional smooth manifolds where if X is such a manifold,
then Cx = {c: R — X | ¢ is smooth} and Fx = {f : X — R | f is smooth} are examples
of Frélicher spaces.

Example 2.0.8. Let (R,C,F), where both C and F are the set C*°(R,R). The pair (C,F)
18 a smooth structure called the standard Frolicher structure on the real line, on which all
smooth (C*) usual functions are smooth curves and functions in the Frélicher sense. Then,
(R, C, F) is the standard (canonical) Frolicher space.

Example 2.0.9. If (M, Cy, Fur) is a Frélicher space, and A C M a subset of M. Then A
is a Frélicher subspace of M.

Example 2.0.10. M =R", (M,C,F), where C = C*(R,R™) and F = C>*°(R™,R), M is
a smooth space as a smooth Manifold.

Theorem 2.0.0.6 (Boman’s Theorem). ([20]) Let f € map(R",R) be such that f oc is
C>™ whenever ¢ : R — R™ is C, then f is C*.
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Example 2.0.11. We show that the canonical structure of R is generated by Fo = {id;g }

Fo L TF S orF,

I'F, = {c:R—=R:foceC™ foral feFo}
= {c:R—>R:ceC®R,R)}

Or'Fy = {f:R—=>R:foceC®R,R) foral cec C®R,R)}
= C*(R,R)

For, if f ¢ C*(R,R), then particular choice ¢ = idg will yield a contradiction.

This first example above appears then as an immediate consequence of Boman’s theorem.
That is:
Corollary 2.0.1. If M is a smooth finite-demensional manifold, then

(C*(R,M),C>*(M,R))
1s a Frolicher structure on M.

It is important to mention here that there are some Frolicher spaces that are not smooth
manifolds, see[29]. The following are some of the examples of Frolicher spaces;

Example 2.0.12. K = {(z,y) € R*|lzy = 0} = {(x,0) : z # 0} U {(0,y) : y # 0} is a
Frélicher space as a subset of the Frolicher space R?. It is not a smooth manifold.
Example 2.0.13. G = {(z,|z|),z € R} is the graph of the absolute value function in R

such that x w |z| is a Frélicher subspace of R* which is not a smooth manifold.
2.1 FROLICHER SUBSPACE

Definition 2.1.1. (see [37], [38]) Let (X,Cx,Fx) be a Frolicher space and A a subset of
X. Then, the inclusion iy : A — X places an initial structure on A, where the resulting
Frélicher space is (A, Ca, Fa) with

e Cy={c:R— Aligoce Cx}

o Fu=0I{foislf € Fx}.
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With this structure A is called a Frolicher subspace of X.
Example 2.1.2. Let X = R and A = Q denote the rationals. Then, Cy consists of the
constant maps and F 4 thus consists of all functions, and then has the discrete topology. We

call it a discrete Frolicher space.

2.2 FROLICHER SMOOTH MAPS

Definition 2.2.1. ([1], [29] and [34]) A map ¢ : (M,Cun, Frr) — (N,Cn, Fn) between

Frolicher spaces is termed smooth if it satisfies one of the following equivalent conditions:
(1) poceCy forallceCy
(2) po fe Fy foral f e Fy
(3) hopoce C®[R,R) forall h € Fy

Equivalently (see [37]) we have that;

Definition 2.2.2. Let (X,Cx, Fx) and (Y,Cy, Fy) be Frolicher spaces. Let F: X —'Y be
a map. Then F is Frolicher smooth if for every f € Fy , foF € Fx.

Proposition 2.2.1. The composite of two Frolicher smooth maps is also a Fréolicher smooth

map.

Proof. If M, N and P are Frolicher spaces and ¢; : M — N and ¢ : N — P
are Frolicher smooth maps then for some f € Fp and for some ¢ € C), the composite
fo(propr)oc=(fows)o(proc)isin C®(R,R) since (f oyy) € Fy and (¢ 0c¢) € Cy.
That is, (@2 0 ¢1) : M — P is a Frolicher smooth map.

Proposition 2.2.2. Let M be a Friolicher space. The structure curves in M and the structure

functions on M are Frolicher smooth.

Proof. Let us consider the canonical Frolicher structure on R. Each structure curve in M
is a map ¢ : R — M such that for all f € Fy, foce C°(R,R) = Fg. And each structure
function on M is a map f : M — R such that for all ¢ € Cy;, foc € C®°(R,R) = Ck.
Hence, according to definition the structure function f is Frolicher smooth. So is each

structure curve c.
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Remark 2.2.1. Using the same notation as in the definition above, note that for any c € Cyx,
we have Floc € Cy . Indeed, for every f € Fy , we have foF € Fx. Hence Foc e I'Fy =
Cy. Moreover, F' : X — Y 1is Frolicher smooth if and only if for any C' € Cx, we have
FoceCy.

Frolicher spaces and maps between them form a category, which we denote FRIL, which
has the following properties as shown by the works done by Frolicher and Kriegl[I6] and
Cherenack|I0], these further discussed by Batubenge and Tshilombo (see [5]):

1. It is complete, that is, arbitrary limits exist. The underlying set is formed as in the
category of sets as a subset of the Cartesian product, and the smooth Frolicher structure

is generated by smooth functions on the factors.

2. It cocomplete, that is, arbitrary colimits exist. The underlying set is formed as in the
category of sets, that is, as a certain quotient of the disjoint union, and the smooth

functions are exactly those which induce smooth functions on the factors.

3. It is Cartesian closed. That is, for any Frolicher spaces X, Y, and Z | the set C*(Y, Z)
of all FRIL - morphism from Y to Z carries a canonical smooth Froélicher structure

following an exponential law:
C(X XY, Z)=C®(X,C™(Y, 2)).

Now if X = R in this formula,we construct the set Cy, z of curves C : R — C*(Y, Z)
by requiring that the map ¢ : R x Y — Z where ¢é(¢,y) := ¢(t)(y), is smooth. Then
using the functors ® and I' | we shall generate a Frolicher structure C°(Y, 7), the
proof for this was done by Laubinger M (see[20)]).

4. Tt is topological over Set. (see[l0],[21]). That is, the category FRIL behaves like
the category of topological spaces . One defines induced F-structures on new sets
constructed on Set and induces topologies. So, quotients, subsets, products and co-
products exist in FRIL as limits or colimits lifted from the category of sets.

Proposition 2.2.3. ¢ : M — N s said to be a smooth map of Frolicher spaces (F-smooth)
if poce Cy forallce Cy.
Proposition 2.2.4. [3]] Let M be a Frélicher space. The identity map idys on M is Frolicher

smooth map.
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Proof. One considers the fact that ¢ = idy; and N = M in definition [2.2.1] Hence the
proposition holds.

Definition 2.2.3. An F-diffeomorphism or diffeomorphism between Frolicher spaces is that
smooth map which has a smooth inverse.

Proposition 2.2.5. ([2]) Let (M,Cyr, Far) be a Frolicher space. Consider a set N and
assume that F : (M, Cy, Fa) — N is an injective mapping. Then there exists on the image
F(M) C N a Frélicher structure making F an F diffeomorphism of M onto F(M).

A. Batubenge and Ntumba P. (see [29]) have shown the following two results
Proposition 2.2.6. Let (X,Cx, Fx) be a Frélicher space, and let Y be a set, and let S =
{fi: X =Y, i€} bea family of set map o : X — YT by setting

e(x) = (fi(x))r-
If ¢ is one-to-one, then (X, Cx, Fx) is diffeomorphic to the subspace p(X) of the Frolicher

space Y1 (Y!' =11, Y, where Y is the Frilicher space whose structure is the structure coin-
duced by the family S).

Proof. First note that the structure on Y is generated by the family
Fo={f:Y =>R|fofie Fx foralliel},
and the structure on Y/ has as generating set the family
{gom g€ Fy,icl}.
Since g om; 0 p(x) = gom((fi(x)) = g o fi(x); then ¢ is smooth.

Now consider ! : ¢(X) — X. Curves on p(X) have the form c(t) = (f; o &(t));, where
¢ : R — X is a structure of X. It follows clearly that

P ((fio (D) =c.

that is ¢! is smooth. As a straightforward consequence (see [29]), to Proposition 3.0.6, one

has
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Corollary 2.2.1. Let X and Z be Frolicher spaces, and let Y be a set, and let S = { f1, fa, .., [ :
X > Y}yand S = {g1,-.,9m : Z — Y} be families of set maps. Suppose that ¢ =
(f1, fo, ey fn) and ¥ := (g1, ..., gm) are one-to-one maps X — Y™ and Z — Y™ respectively.
Then, the map a: X x Z — Y™ denoted by

a=(fiom, ... fnOT1, g1 0 .., g © T2)

is one-to-one, and the product space X x Z is diffeomorphic to the subspace a(X x Z) of the
Frolicher space Y™™ (every Y in the product Y™ is a Frolicher space whose structure is

coinduced by the family {f; o 7y, ..., f, © ™1, 91 © 7o, ..oy G © T2 }).

In (see [29] and [7]),we have the following results;

Theorem 2.2.0.7. Let Y be a Frolicher space, and the pair (Cx,F) the Frolicher structure
induced on the set X via maps f; - X — Y,i € I. Assume that the map ¢ : X — Y, given
by o(x) = (fi(x)), is one-to-one. Then ¢ is a diffeomorphism onto the subspace ¢(X) of
Yl

Proof. . Let ¢: R — X be a curve on X. Then

poc(t) = (fiocl®)

for all t € R. Since the structure Y7 is generated by the family {gom; : g € Fy,i € I}, it
follows that ¢ o ¢ : R — ¢(X) is a smooth curve on ¢(X). Hence ¢ is smooth.

Now, Let (z;); € o(X). It is clear that

go fioo M((z:)r) =gomopop ((z:)r) = gom((z:))1),

7o f = f; by assumption. It follows that ¢! is smooth, and the proof is finished.
Corollary 2.2.2. Let M be a set, and let f1, fo,..., fn + X — R be real-valued functions
on M such that the map ¢ : M — R" | o(x) = (fi(z), fo(x), ..., fu(x)), is one-to-one. If
(Crry Far) is a Frolicher structure generated by the { f1, fa, ..., fu} then ¢ is a diffeomorphism
onto the subspace o(M) of R™.
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2.3 SMOOTH STRUCTURE GENERATED BY A SET

Recall from definition the operators I' and . We have that the set F{ is called a
generating set of functions for the Frolicher space (X,I'Fy, PI'Fy). Analogously a set Cj of
maps R — X on a set X generates a Frolicher space (X, Cx, Fx), where

o Fx =dCo={f: X 5> R|foce C®R,R) forall ce Cy}
o Uy =T'Fx =TdC,

Note that for any family of functions Fy from X to R and family of functions Cj from R to
X, we have
CO Q F@O(), and fg Q F,FO

These facts imply that
OI'Cy = ¢Cy and that 'L Fy = ' Fy.

Definition 2.3.1. ( [1,/29],[5],[34]) Let Fyr be the set of all f € RM such that foc €
C*®(R,R) for all f € Far. Then (Cyr, Fur) is a Frolicher structure on M generated by the
family C of curves.
Dually we define the smooth structure on M generated by a set of functions F C RM.
For the two sets Z(M®) and Z(RM), we have that;

o if C € 2(M®), then ®C = {f: M - R/foce C®(R,R) for all c € C'}

o if Fe Z(RM) then TF={c:R— M/foce C®R,R) forall feF}
Therefore,

1. T®C ={c:R = M/foce C®R,R), for all f € C}

2. OT'F = {f: M = R/foc e C=(R,R), for all c € [ F}.

Definition 2.3.2. The pair (I'F, ®I'F) is called the Frolicher structure generated by F and
the pair (FOC, ®C) is the Frolicher structure generated by C'.
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The following lemma states that the operations I' and ® are inclusion-reversing.
Lemma 2.3.3. ([34]) Let Cy, Cy be subsets of M™ and Fy, F, subsets of RM. We have

1. If Ol Q Cg then CI)CQ g CI)Cl,
2. If flgfgthenFFQQFfl.
Proof.

1. Let f € ®C,. We have by definition that foc e C*(R,R) for all ¢ € Cy. In
particular, f o c € C*°(R,R) for all ¢ € (' since C; C Cy. Thus, f € ®C.

2. Let ¢ € ['F5. Then by definition [2.0.4) foc € C®(R,R) for all f € F,. Since F; C Fo,
we have particularly foc e C®(R,R) for all f € F,. That is ¢ € ['F;.
Remark 2.3.1. From the Lemma one can observe that the functors I' and ® are order

reversing . As a consequence a small set generates a richer Frélicher structure.
Proposition 2.3.1. ([3]]) Let M be a set. Let Fy be a subset of RM and Cy a subset of
M~®. Then

1. Fo COI'F

2. Cy CTPC

Proof. (see [34])
Proposition 2.3.2. The following identities hold for the functors ® and I :

1. T =T
2. OI'd =P
Proof.

1. Let Fy be a subset of RM. From Proposition m (1), it yields Fy € ®T'Fy. Applying
Lemma to Fy C ®I'F,, we obtain T'®I'F, C ®I'F,. Since I'F, is a subset of ME,
proposition m (2) gives I'Fy C T'®I'Fy. From the two inclusions I'®I'Fy C I'Fy and
I'Fy C T'®I'F,, it follows that [®T'F, = I'F, for any subset F, of RM. Thus, ['®I' =T.
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2. Similarly, let Cyy be a subset of M®. From proposition (2), we obtain Cy C T'®Cy.

By lemma (1), it follows from Cy C I'®Cy that PI'®¢Cy C PCy. By definition

, ®Cy is a subset of RM. Then proposition m (1) gives ®Cy C PI'PCy. The

two inclusions ®I'PCy C ¢y and PCy C PI'PC, imply that PI'PCy = PCy for any
subset Cjy of M®. Thus, ®I'® = P.

Remark 2.3.2. We can interpret proposition as that, one is able to obtain more than

one Frolicher structure on a set. But the Frolicher structure generated by a fixed set Fo or

Cy is unique.
2.4 TOPOLOGICAL PROPERTIES OF FROLICHER SPACES

For some reasons as from its structure which is a pair of input and output mappings, a
Frolicher space (M, Cyr, Far) carries two natural topologies induced by functions and curves
as follows:

Definition 2.4.1. 1. 77 = {O C M : O = Uperf'(1);1 € T} which is a functional
topology or initial topology on M. More generally (see [5]) it is the topology induced
by functions which is the collection of all subsets O that are pre-images f~(V), for
f € Fu, of open sets V' of the standard topology I'r of R.

2. 7 ={U C M : cY(U) € 1;c € C} which is a curvaceous topology or final topology on
M. Equivalently (see [5])

We note that since the composite of each function with each curve is a C'* real function,
it is noticed that the functional topology is the weakest one in which all maps are continu-
ous. Furthermore, smooth maps in general , smooth curves and functions in particular are
continuous irrespective of topologies.

Proposition 2.4.1. ([4]) 7= C 7¢ is the weakest topology on M such that all functions and

curves are continuous.

Proof. Fix O in 7z, that is O = Upexf~(I) such that I € 7.

Now ¢ '(0) = ¢ " (Uperf™)
= User(c (f7H(T))
= User(foe)™'(1).

Therefore O € 7¢ and thus, 77 C 7¢.
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But focis C*, so continuous. I is open in R, and I € 7.

Lemma 2.4.1. If p: M — N is F -smooth, then it is continuous in both 7 and 7¢.
2.5 TANGENT SPACES OF FROLICHER SPACES

We recall that given a Frolicher space (X, Cx, Fx), Fx consists of all smooth maps X — R,
where R is the canonical Euclidean Frolicher space. Since FRL is Cartesian closed (see [10],
[14]), the collection Fx of structure functions of the Frélicher space X can be made into a
Frolicher space, in a way that if C'x g is the set of structure curves : R — Fx, then ¢ € Cxr
provided that there exists a smooth map ¢: R x X — R, given by ¢(t, z) = ¢(t)(z). Now let
Dx denote the set of all smooth maps v : Fx — X with properties that v is linear and

v(f.g) = f(p)v(g) + g(p)v(f).

i.e. v is a derivation at p € X, then regarding Dy as a Frolicher subspace of FRL(Fyx,R),
we have that;
Definition 2.5.1. (see [9], [10], [29])

1. The tangent bundle TX on X 1is the Frolicher subspace of X x Dyx consisting of all

pairs (p,v) such that v is a derivation at p.

2. The set T, X of all derivations to the space X at p is linear over R and is called the
tangent space to X at p.

3. Fizc € Cx , and suppose that c(ty) = p for some ty € R and we let a map v, : Fx — R
be a deriwation defined by

o Fodt) = (foe)(t)

t—to t— 1o

If we set TC,X = {v.: c € Cx : c(ty) = p}, then TC,X is called the tangent cone to
X atp.

4. The tangent cone bundle TCX on the Frélicher space X is the Frolicher subspace of

X x FRL(Fx,R) consisting of all pairs (p,v.) such that there exists a to € R with

c(ty) = p and v, is the derivation given in the equation above.
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Equivalently (see [33], [10], [5], [21]) we have that;

Definition 2.5.2. The tangent bundle TX (tangent cone bundle TCX) on X is the Frélicher
subspace of X x Dx (resp., X X Dx ) consisting of all (p, D) such that D is a derivation at
p. The projection map m : TX — X ([[ : TXC — X) is the smooth map sending (p,D) to
p. A wvector field on X is (most properly) a section of [| or (more generally) .

Lemma 2.5.1. Let ¢ : X = Y be a map of Frélicher spaces X and Y. Then the following

canonical mappings are smooth.:
1@ Fy = Fx, p(B) = Boy,
2. x : FRL(X.,Y) = FRL(Fy, Fx),x(f) = f. f(B) = Bo f.

Proof (see [14])
Lemma 2.5.2. Let p : X — Y be a smooth map of Frolicher smooth spaces X and Y. Then
for all x € X, the associated tangent mapping @ * x : T, Y is smooth.

Proof (see [14])

Example 2.5.3. The rationals as Frolicher subspace of R have trivial tangent spaces to their
tangent cones: since contours must have constant values, the tangent cones must be trivial.
Let ¢ € Q. The function f:Q — R such that f(q) =1 and f(r) = 0 if r # q belongs to Fy.
Since f* = f, one can show that, for any derivation D at q, D(f) = 0. Let g € Fo and g’ =
fg. Then, D(g’)= f(9)D(g). Since g(q)g' = (¢')*, D(g’) = 0 and thus D(g) = 0. Hence, the
tangent space at q is trivial.

Example 2.5.4. Except at (0,0) the Frélicher curve ¢ above has a one-dimensional tangent
space (= tangent cone). At (0, 0) the tangent is trivial (as in[2.0.0.6).

Example 2.5.5. Let B be the Frolicher subspace of R? defined by xy = 0. The tangent cone
to B agrees with the tangent space and is one-dimensional except at (0, 0) where the tangent
cone is B and the space is R%. A scalar on B is a function f : B — R such that f is smooth
on the z- and y-azes, respectively.

Example 2.5.6. Q as a differential subspace of R has scalars f : Q — R which are locally
in the usual topology the restrictions of locally smooth functions on R. Thus, the tangent
space to a point ¢ € Q is the same as the tangent space when q is regarded as a point of R

and one-dimensional.
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2.6 FROLICHER LIE GROUPS

In their works ’'On the Way to Frolicher Lie Groups’, Ntumba P. and Batubenge A. (see[29],
p. 81-90) have investigated and shown what follows.

Definition 2.6.1. Assume that G is a group with identity element e. A triple (G,C,F) is
called a Frélicher Lie group if:

e (G,C,F) is a Frélicher space

e the mapping 0 : G x G — G given by

o(z,y) =ay™"

18 smooth.

In this mapping o, we are assuming that the space G x G is equipped with the product
structure.

Lemma 2.6.1. The condition that the map o : G x G — G,o(x,y) = vy~ ', be smooth is
equivalent to requiring that the product map - GXG — G and the inversion map 1 : G — G,
given respectively by

w(z,y) =y, i(z) =z,

be smooth maps.

Proof. . Clearly, i = o(e, —), where e is the identity element of G. Let ¢ € C, and f € F;
then for t € R, one has

foioc(t)= foo(e c(t))

Since the map e : R — G, e(t) = e for all t € R, is a curve into G, it follows that foo(e,—) :
R — R is smooth. Therefore, i is smooth.

Now, consider the map Id x i : G x G — G x G, where Id : G — G is the identity map.

Since p = old x 1, it follows that p is smooth.
Conversely, assume that p and ¢ are smooth. Since o = pold x 1, it follows that ¢ is smooth.

Now if G and H are Frolicher Lie groups, an F-map ¢ : G — H is a smooth map of Frolicher
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Lie group provided ¢ is a homomorphism of groups.
Proposition 2.6.1. The category ¥rLiG of Frolicher Lie groups has initial and final struc-
tures to the forgetful functor U : FrLiG — Grp.

Proof (see [29])

Example 2.6.2. Let G be an arbitrary group, and let Fy denote the collection of all constant
real-valued functions on G. Since Fy is contained in F for every Frolicher structure (C,JF)
on G, it follows that the set I'Fy of curves consists of all functions R — G, and ®I'Fy = Fy.
Hence the triple (G,T'Fy, ®T'Fy) is a Frolicher Lie group.

Example 2.6.3. Let F, = R, where G is a group. It is clear that the Frélicher structure
generated by Fy on G is the pair (C, F), where F = Fy and C consists of all constant maps
R — G. It is equally evident that the collection of structure functions on G X G is the set of
all real-valued functions on G X G. Since any curve ¢ : R — G X G is of the form ¢ = (¢, ¢a),
where ¢1 and ¢y are curves on G, it follows that o o c: R — G is smooth. Consequently o is
smooth, and thus the Frolicher space G is a Frolicher Lie group.

Example 2.6.4. Finite dimensional smooth manifolds form an important class of Frolicher
spaces where if X is such a manifold, then Cx is the set of all smooth maps R — X and Fx
consists of all smooth maps X — R. Moreover, if a smooth manifold X is a Lie group, then

the triple (X, Cx, Fx) is a Frolicher Lie group.

2.7 LEFT INVARIANT VECTOR FIELDS ON FROLICHER LIE GROUPS

The purpose of this section is to reformulate results presented in Lie groups and differential
spaces and associate them with Frolicher spaces. This endeavor emanates from the close
relationship that links differential spaces (in the sense of Sikorski) to Frolicher spaces.
Definition 2.7.1. ([2§], [3]) For any g € G, notations L, and R, are defined as mappings
G — G such that

b Rg(h’) = hg7

for h € G, and are called left and right translations respectively.
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Lemma 2.7.1. Let n € T.G and let a be a smooth function on G. Then the function
f:G—=R, given by
flg) =nlao Lg)>

s a smooth function.
Proof Let A\ : G — C*°(G,R) be a map given by
Mg) =ao Ly,
forall g € G. If ¢ : R — (G is a curve into G, then
(Ao c)(t)(g) = aopu(c(t),g).
Next define the map ¢ : R x G — R by setting
&(t,g) = aop(c(t), ).

It is clear that ¢ is smooth as a curve on C*°(G,R). Hence A is smooth. Since tangent

vectors are smooth mappings, it follows that the function f is smooth.
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3. INFINITE CARTESIAN PRODUCTS
OF SMOOTH SPACES

3.1 PRODUCTS OF DIFFERENTIAL SPACES AND OF FROLICHER SPACES

In this discussion we will make reference to the discussion of Cartesian products of differential
spaces and differential groups in sections [1.6] and [1.9]

Definition 3.1.1. ([25], [27],[30]) Let (M,C) and (N, D) be differential spaces. By C' x D
we denote the differential structure on M x N generated by the set

{aopry :ae CU{Bopry:p € D},

where prayy : M x N — M and pry : M x N — N are canonical projections on M and N,
respectively. The pair (M x N,C x D) is called the Cartesian product of differential spaces
(M,C) and (N, D).

Now for differential groups in particular, an arbitrary Cartesian product G = X;;G; has dif-
ferential structure denoted by F(G) generated by the set U;crpr; (F(G;)) where pri(F(G;))
is the differential structure generated on each differential group G;, for an indexed family
(G;)ier of differential groups. Then the infinite product of differential groups is written as
(G, F(G)), where F(G) = x;F; .

For Frolicher spaces, the smooth structure consists of a pair of structure curves and structure

functions, and the above translates as follows.

Let (M,Cys, Fur) and (N, Cy, Fn) be Frolicher spaces such that the structure Cy; is generated
by a set Fy of functions o : M — R and Cy is generated by a set Gy of functions 5 : N — R.

To get a Frolicher structure on the Cartesian product M x N we
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1. First form the generating set, that is,

Fo={aopry;a e FytU{Boprn;B € Fn}.

2. Next, generate structure curves for the product. That is,
'Fy={c:R— M x N; foce C®R,R)},

with f being of the form f = aopry, or f = Sopry. Since we required foc € C*(R,R),
and a path into M x N is ¢ = (¢1,¢g), where ¢; : R — M and ¢ : R — N, then
the requirement f oc € C*°(R,R) implies that both components f o ¢; and f o ¢y be
C*(R,R) which forces ¢; € Cp; and ¢y € Cy. One concludes that

CM><N = CM X CN.

3. Form the set of structure functions by setting
OIr'Fy={h: M x N —R; hoce C®(R,R) for all ¢ € Cyxn}-

Since a function h : M x N — R need not be of the form (hy,hs), there is no
possible characterization of the set of structure functions on M x N considered as

Frolicher spaces, and particularly for Frolicher Lie groups.

Following this difference between Frolicher structure (Cps, Fyr) and Sikorski differential struc-
ture F, the (infinite) product of Frolicher Lie groups will not be dealt with as the one on
differential groups. A way out for a similar study (similar results) will be that of considering
a class of differential groups made of differential spaces whose set of structure functions is
reflexive. That is, P['"F = F, where F is generated by a set F, of some real-valued functions.

We shall refer to these spaces as pre-Frolicher spaces in the sense of A. Batubenge (see [6]).
Suppose that one is given a collection {(X;, F;)}ier of differential spaces or a collection

{(Xi, C;, F;) Yier of Frolicher spaces. Let [[..; X; be the set product of the sets {X;}ic; and
m; : [[,e; Xi = X for j € I denote the projection map. The initial structure on P =[], X;
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in both the sense of Sikorski and Frolicher is generated by the set

Fo=|fiomlfie Riiel}.
i€l
In the Sikorski sense one obtains ) | F} as the initial structure on P, whereas in the Frolicher

sense one obtains

OPZ{CZR—)P| lffZGJ:Z,ZEI},
Fp = OTF.

Here,the requirement that each component of C' is a smooth map is most useful.
Example 3.1.2. Let Rg denote the Frolicher space and thus differential space whose un-
derlying set is RN and whose Frélicher space structure is generated by the set Cy of curves

which is equal to
{(zi(t))ien € Crn| except for finitely many i,z;(t) is identically 0}.

Let a : R — R be a smooth function such that a(t) =t if =2 < ¢t < 2 and |a(t)] < 1

otherwise. It is clear that the function [ : Rg — R defined by setting

xz zGN .

is a scalar on RY.
3.2 INFINITE CARTESIAN PRODUCT OF DIFFERENTIAL GROUPS

We now define the Cartesian product of differential groups which is one of the main objectives
of this research.

Definition 3.2.1. [30] Let (G;)ic; be an indexed family of differential groups. Let G =
Xie1Gi be their Cartesian product. For j € I, we denote by prj : X,c1G; — G the natural
projection.

Let F(G) be the differential structure on G generated by the set |J,.; pri(F(G;)). One can
easily prove that (G, F(G)) is a differential group. (G, F(QG)) is called the Cartesian product
of differential groups (G;, F(G;)),i € I.

For j € I we put G(j) = xG; . For ¢ € G(;). Let J, : G; — G be the imbedding defined

iel—{j}
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Jy(s) = (¢,s) forse @G,
where
q foriel

(q,5) =
s fori=j

We see that
e prjoJ, =idg,
o (prioJy)(s)=¢q; foranyse G, ifi#j

It follows therefore, that .J, is a smooth mapping.

Proposition 3.2.1. For any g € G' the mapping E : T,G; — X,crTytG; defined by
E(w) = (priwgw)icr  forw e T,G
18 an isomorphism.
Now for a vector w € T,G put
w; = (Jg@y 0 pri)«g* fori €I,
where g(i) € G(i) is defined by g(i) = g|(I — {i}). Of course w; € T,G for i € I and
wi(aopr;) =0 fora e F(G;) and j # 1.
where w; is called the i-th component of w.

Now, a vector v € T,G is said to be parallel to (G}, F(G;)) if v(awo prj) = 0 for a € F(G;)
and ¢ # j. Clearly the i-th component w; of any w € T,G is parallel to (G;, F(G;)). It is
easy to see that J . . is the subspace of all vectors in T,G parallel to (G;, F(G;)). The
mapping J, .., © TgjGgj — TyG is an isomorphism onto its image.

Definition 3.2.2. [30] Let H be the set of all vector fields on the product group G denoted
byH(G). We say that a vector field Z € H(G) is said to be parallel to (G4, F(G;)) if Z(g) is

parallel to (G, F(Gj)) for every g € G.
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4. INFINITE PRODUCTS OF
DF-FROLICHER LIE GROUPS

As stated earlier, we recall that it is easier to work on products of differential spaces than on
products of Frolicher spaces, because the smooth functions on these products in DSIP are the
coordinate functions on the factors. In this section we introduce a class of Sikorski spaces,
called pre-Frolicher spaces, on which the process of yielding a Frolicher structure on the
same set is smooth functions preserving. If we let M to be a non empty set and D to be the
differential structure on M, then the differential structure D induces a Frolicher structure.
In addition we also point out that a differential space can be made into a Frolicher space by
performing the operations I'D followed by by ®I'D. It is noted that the structure functions
in ®I'D are not always the same. Special attention will be given to the generating set G for D
and the resulting Frolicher one. Now if the same generators produce a differential structure
D that coincides with the set of Frolicher functions F in the smooth structure (C, F), then
(M, D) will be called a pre-Frolicher space. Thus given a Frolicher space, there is a natural
way to construct a differential space out of it. The work on pre-Frolicher spaces was done
by Batubenge A (see 2], also [22] ). This subcategory turns out to be isomorphic to the full

subcategory of Frolicher spaces.
4.1 FROLICHER SPACE AND REFLEXIVITY

Definition 4.1.1. Let F be differential structure on the set X. We say that F is reflezive
if OI'F = F.

This section is important in that it will help us understand the definition of DF-spaces. The
works in this section were a joint project of Batubenge A., Patrick Iglesias Z. and Yael k.
(see [3], [37], [38], [39]).

Theorem 4.1.0.8 (Reflexive Theorem). ([3/) There is a natural isomorphism of categories

of Frélicher spaces to reflexive differential spaces.

Furthermore (see [37]) if we Let = to be the forgetful functor from Frolicher spaces to
differential spaces : Z(X,C,F) = (X, F), and = takes maps to themselves.
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We now state the following theorem:
Proposition 4.1.1 (Frolicher Stability). Let X be a set, and let Fy be a family of functions

on X, Cy be a family of curves into X.
1. Let C =TFy and F = ®I'Fy. Then X equipped with C' and F is a Frélicher space.
2. F = ®Cy and C = T®Cy Then X equipped with C and F is a Frélicher space.

Proof. (see [37], pages 26-27).
Proposition 4.1.2. ([2]|]) The forgetful functor A : FRL — DSP sending (X,C,F) —

(X, F) preserves final structures.

In his works "Frolicher versus differential spaces: a prelude to cosmolgy", Cherenack P. (see
[10]) has pointed out that given a Frolicher space (M, C,F), then (M,F) is a differential
space. This differential structre F is Sikorski. Conversely given differential space (M, D), the
differential structure D induces a Frolicher structure. However, it is a property of Frolicher
spaces that this Sikorski structure D considered as generating set will be a subset of the set of
all Frolicher structure functions. Thus we have the inclusion D C ®I'D. In this dissertation
we show the case when the differential struture D equals the set of structure functions for
the Frolicher structure generated on M by D. We mention here again that the result comes
about due to reflexivity. We recall the theorem 4’.0.1.1 by Cherenack P. (see [10], p 393)
which was his first comparison study on Frolicher and differential spaces. It is observed that
in this study Cherenack did not take into account the generating process for the structures
obtained on the underlying set.

Lemma 4.1.1. ([2] and [10] ) The category FRL is a full subcategory of DSP.

Using a differential structure D of a D-object one can generate a unique M-structure, from
which the inclusion (1) above becomes D C ®I'D. We employ the following notation.
We use M to denote the D-object (M, Dyy), TM the resulting M-object (M, T'Dy;, ®I'Dyy),
I'D; := TC; the set of smooth curves generated by the differential structure D, and ®I'D; := T F;
the set of Frolicher smooth functions obtained from D.

Lemma 4.1.2. The association of a Frolicher space TM to a differential space M induces

a functor T : DSP — FRL.

Proof. (see [10], p. 402)
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Furthermore, Batubenge A.(see [6]) in his works ’A Survey On Frolicher Spaces’has shown
the following results:

Lemma 4.1.3. Let ¢ : (My,Dy,) — (Ms,Dyy,) be a ®-morphism, then ¢ is an M-
morphism of TZ\//E into T]\/J\Q.

Proof. Observe first that Dy, € TF; and Dy, € TF, by Equation of Lemma [4.1] Now,
since ¢ is ®-smooth, then for all g € D, one has go ¢ € Dy, It follows that gop € TF;.
That is, ¢ is an M-morphism.
Theorem 4.1.0.9. Let ¢ : (M,Dy;) — (N,Dy) be a D-isomorphism, then ¢ is an M-
isomorphism of YM onto TN.

Proof. From Lemma [4.1.3[above, ¢ is smooth in both categories. Hence, in DSP we have
©*Dy = Dyr. Now, ¢ is a diffeomorphism as a map of differential spaces by assumption,

—1 exists. It remains to be shown that it is both an M-morphism and a

then the inverse ¢
D-morphism. It is enough to show this on the associated M-objects, i.e. either ¢! maps
TCy into TC; or, equivalently, it pulls back TJF; into TF.

Let f € (¢7')*YF,. That is, f = ho ™! for some h € TF;. Now let ¢ € T(p.C;) so that

poc =, where v € TCy. Hence,
hogp toy=hoptopoc=hoce C®R,R).

Since v € YCy, then ho ™! = f € TF,. Hence (¢ !)*YF, C YTF,, which shows the
smoothness of ¢ 1. Thus, ¢ is an M-isomorphism, i.e. a diffeomorphism of Frélicher space.
Now we are able to prove the reverse inclusion Y5, C (o 1)*YF,. Let f € TF,. By the
smoothness of ¢, one has fop € TF;. Since ¢! is smooth, one has (fop)op™ € (p~1)*TF;.
That is, f € (¢ 1)*YF;. Thus, (0 )*TFy = TF,.

4.2 PRE-FROLICHER AND DF-SPACES

From differential geometry view point, differential spaces and Frolicher spaces generalise the

calculus on a smooth manifold. We focus on two important aspects.
Firstly we state that all smooth manifolds are both Frélicher spaces and Sikorski differential

spaces. Furthermore, their smooth maps are both Frolicher and Sikorski smooth maps. We

state, therefore, the following important theorem by Paul Cherenack, (see [10]):
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Theorem 4.2.0.10. Let (X,C,F) be a Frolicher space. Then (X, F) is a differential space.

Proof.  We use the notion in the definition of differential space. Let ¢ : R — X be a
contour. As h; o ¢ is smooth, so that g|U; o c¢|[c™!(u;). Since the sets ¢~ (U;) for i € K cover

R, g o ¢ must be smooth. But, since (X,C, F) is a Frolicher space, then g € F.

Suppose that ¢ is again a contour. Since f; o c,7 = 1,...,n, is smooth, the composite
(f1, fo,...fn) © ¢ is smooth. But then g o (fi, fa..., fn) © ¢ is smooth. This implies that

go (fi1, fa-rr, fn) belongs to F.

It is noted by Batubenge (see [1], [29] , [6]) that the definition of a Frolicher smooth structure
need not refer to any topology, contrary to the definition of a Sikorski differential strucuture.
The topologies naturally induced (by smooth curves and smooth functions) depend on the
structure, the inconvenience of this dependence being that one ends up having discrete
structures and topologies on dense subspaces. On the other hand, unlike smooth manifolds
that are modeled on Euclidean spaces, the topology is part of the defining axioms for a
Sikorski structure, which probably implies good behavior on dense subsets. A typical example
is provided by the Sikorski smooth space of rationals.

A further advantage is that it is easier to work on products of differential spaces than on the
product of Frolicher spaces, since smooth functions on these products differential spaces are
the coordinate functions on the factors.

It must be noted that the comparison between differential spaces and Frolicher spaces raises

a two-part key question, which we consider in these works.

1. First, consider that we are given a Frolicher space (M,C, F). If we 'forget’ the smooth
curves in the structure (I'F, ®T'F) (of course, we do not do this in reality since there
would not be a Frolicher structure without these curves), then F is a Sikorski differ-
ential structure. The first question is, therefore: Is it true that ®I'F is the original set
F? Of course this is clearly true by the compatibility condition satisfied by C and F
on M.

2. Now, let (M, D) be a differential space. The differential structure D induces a Frolicher
structure (I'’F, ®I'F). However, it is a property of Frolicher spaces that this Sikorski
structure D considered as generating set will be a subset of the set of all Frolicher
structure functions. That is, we have the inclusion D C ®I'D. The second question,

therefore, is: In which case does the differential structure D equal the set of struc-
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ture functions for the Frolicher structure generated on M by D? Of course the strict
inclusion yields undesirable situations, where a well behaved Sikorski structure can
generate a discrete Frolicher structure. Thus, the topology and geometry that follow
will be different.
Proposition 4.2.1. ([6]) Let (M, D) be a differential space, and YM its associated Frolicher
space with structure function given by D = ®I'D. Then I'D s not a collection of constant

CUTVES.

Proof. First, note that in this case the generating set D is a differential structure, which
is in turn generated by an arbitrary collection of real-valued functions Fy = {ay, ..., ax} on
M. So the condition

D =oI'D

reads

Gen{ay, ..., } = PT'Gen{ay, ..., oy}

In other words we consider the differential and Frolicher structures induced by the same
generators. Hence, the fact that smooth functions induced by the function ® are not exactly
those in D depends on the set of curves I'’F. From the above argument, if we assume that I'D
is a collection of constant curves, then the associated Frolicher structure is discrete (without
loss of generality, refer to the case of Q), which implies that D # ®I'D.

Definition 4.2.1. [0 A pre- Frolicher space is a differential space (M, D) with structure
D such that D = ®I'Fy, where (M,T'Fy, PI'Fy) is the associated Frolicher space so-called
DF-space and Fy a generating set.

The diagram below explains that such a class of differential spaces exists, and serves to
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illustrate the definition above.

(M,TFy, L' Fp)

T U
T
(M, T Fyp) = (M, D)
P
I'Fy D
r sc+loc

Fo

We refer again to the case M = Q, and clearly show that it is not a pre-Frolicher space. For,

let Fy = {idg} be the generating set. A D-structure is given by taking
sc{idg} = {w|Q; w € C*(R,R)}.

If we further examine the locality property, it turns out that the structure D, say, is given
by all smooth real-valued functions defined on Q. That is, sc{idg} = C>*(Q,R). However,
the Frolicher structure generated by {idg} on Q is the (C,F), where C is a set of constant
functions from R to Q and F is simply the set of all functions f : Q — R. Clearly D in
DSP is a subset of F in FRL for the same generating set considered on the same underlying
set Q. So, on the M-space Q generated by {id} the forgetful functor U : FRL — DSP gives

a trivial differential space, which is not the one generated by the same set {id} on Q.

Lemma 4.2.1. ([6],[1]) Let (My,D;) and (Ms, Do) be differential spaces. If (My,Dy) is a
pre- Frélicher space and ¢ : (M, D1) — (M, Dy) is a diffeomorphism of differential spaces,
then (Ma, Ds) is a pre-Frolicher space.

Proof. Let us denote the associate Frolicher structures as (YC;, YF;) (i = 1,2). From
theorem [4.1.0.9] above and using the subsequent notations, the diffeomorphism

© (Ml,Dl) — (MQ,DQ)
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between differential spaces is a diffeomorphism of the associated Frolicher spaces (M7, YCy, Y F7)
and (M, YCo, Y F3). Assume that (M7, D) is a pre-Frolicher space. That is, TF; = D;. We

need to show that TJF, = D,. From the assumption, we have
(™)' TFi = () Dy

Then (p~")"(YF,) = D, according to the first equality in[4.1.0.9 Also, (=) (TF) = TF
as shown in the last identity of [4.1.0.9} Hence, YF, = D, as required.
Proposition 4.2.2. ([1],/6]) Let M be a set and N be a pre-Frolicher space. Let (Cn, Fn)
be the Frolicher structure induced on M by means of maps f; : M — N, © € I where I is a
set of indices. Assume that the map o : M — NT, given by p(z) = (fi(z));, is one-to-one.
Then @ is a Frolicher diffeomorphism onto the subspace o(M) of Nt

Proof.  First, note that for ¢ to be one-to-one it is enough that one of the functions
fi separates points on M. Since ¢ is surjective onto ¢(M), then it is bijective. Now, let
¢:R— M be a curve on M. Then @ oc(t) = (f;0c(t)); for all t € R. Since the structure
on N7 is generated by the family {gom; : g € Fy, i € I}, it follows that poc: R — ¢(M)
is a smooth curve on p(M). Hence ¢ is smooth.

Next, let (x;);r € @(M). It is clear that

go fiop Nai)r) =gomopow ((x:)1) = gom((z:)r).

Thus, ¢! is smooth, which ends the proof.

As a corollary we shall state under the same assumptions that if N = R, then we have a
Frolicher diffeomorphism of M onto R™. Notice that the diffeomorphism obtained under this
construction is not necessarily a homeomorphism since, as shown in [5.8], the topology on
the subset ¢ (M) C R™ can be different from the relative topology. However, since M is a
pre-Frolicher space, (M) is not dense in R™ and therefore, it follows from the argument that
¢ provides a homeomorphism onto ¢(M). Also, we may consider a pre-Frolicher space that
is locally diffeomorphic to R™, then revert back and transfer necessary topological properties
inherited from R" to an open set in 7z,,.

Example 4.2.2. Let X = [0, 7). Consider the map given on X by setting p(x) = (—cos x, —1),
for all x € X. The function —cos x is point-separating in X so that the map ¢ is an
F-diffeomorphism of [0,7) onto the interval J = @[X] in R?, which is neither open, nor
closed. More generally, one can consider Y = [0,00) and the map defined on Y by setting
o(x) = (id(x),0(x)) for all z € Y, where §(x) = 0.
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Example 4.2.3. Let us denote by G(f) the graph of f, then the set G(f) = {(z,|z|) : = €
R} C R? is locally F-diffeomorphic to R?* at x = 0 (open discs B(r) are neighborhoods of
zero) and to R at every point away from the origin.

Definition 4.2.4. [6/ A DF-space is a differential space (M, D) with the structure D such
that D = ®T' Fy, where (M, T Fo, PT'Fy) is the associated Frolicher space and Fy a generating

set.

The lemma below, the proof of which is due to A. Cap (see [§]) in the setting of Frolicher
spaces, plays a key role.
Lemma 4.2.2. Let M, N be DF-spaces. Let U C M be a 1¢,,-open subset, f: M — N a

function. Then the following conditions are equivalent:
(1) For any c € Cpr with ¢(R) C U the curve f o c is smooth.
(2) For any c € Cyr the curve foc:c Y (U) — N is smooth.

Proof. (see [0])

4.3 PRroDUCT OF DF-SPACES

Unlike the class of DIF-spaces is to the class of pre-Frolicher spaces, the class of DIF-Frolicher
Lie groups is isomorphic to that of pre-Frolicher d-spaces. Therefore, they have same be-
haviour regarding their sets of smooth functions.

Definition 4.3.1. ([6]) A DF-space is said to be of constant dimension if, for a fized positive
integer n, it is locally diffeomorphic to R™ at each point.

Definition 4.3.2. A pre-Frolicher space that is also a differential group is called pre-Frolicher
differential group.

Definition 4.3.3. A Frolicher space (G,Cq, Fg) which is both a DF-space and a Frélicher
Lie group s called a DIF-Lie group.

Lemma 4.3.1. Let (G;,C;, Fi); be an infinite collection of Frélicher Lie groups. Then the
infinite Cartesian product 11;G is a Frélicher Lie group with the smooth structure (C,F),
where ¢ € C is of the form ¢ = (¢;)ser, with ¢; € C;.

The proof is a straightforward consequence of the property on the set of structure curves on

the product of general Frolicher spaces (see section . We have not been able to prove the

same result for the set of structure functions on the product of Frolicher spaces, although it
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is true on the product of differential spaces. Nevertheless, it holds true for the product of
DF-spaces, and in particular, for DF-Lie groups.

Proof. (see section

Theorem 4.3.0.11. Let (Gy,Cr, Fr)r be an infinite collection of DF-Lie groups. Then the
infinite Cartesian product 11;G is a Frélicher Lie group with the smooth structure (C,F),
where C = 11;C; and F = I1,.F;.

Proof. Again, the proof is a straightforward consequence of the fact that the class of
DF-spaces (Lie groups) is isomorphic to the class of those differential spaces (groups) with
underlying smooth space being pre-Frolicher.

Recall that every Frolicher space is a differential space (see Cherenack [I0]). Moreover a
DF space is a differential space whose underlying space is a pre-Frolicher space. Since pre-
Frolicher spaces are differential spaces, then the product of G; has the product structure
I[IF;. Therefore we conclude from lemma above that the structure on the product
(G1,Cy, Frp) is the product (IIC;, IIF;), which ends the proof.
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