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ABSTRACT

The concept of hyperconvexity in metric spaces was introduced by Aronszajn and Panich-
pakdi in 1956. This concept was then generalised to the framework of quasi-metric spaces
by John Isbell in 1964, which he called Isbell convexity. In 2019, Yigit and Efe generalised
this concept of hyperconvexity to the framework of fuzzy metric spaces and they called this
new concept fuzzy hyperconvexity. In this MSc thesis, we introduce the concept of Isbell
convexity in fuzzy quasi-metric spaces, which we call fuzzy Isbell convexity. This idea ex-
tends Isbell convexity in quasi-metric spaces to fuzzy quasi-metric spaces. We prove that
a fuzzy quasi-metric space is fuzzy Isbell convex if and only if it is fuzzy metrically convex
and has a mixed binary intersection property. Furthermore, we present the concept of a
compatible quasi-metric, which generalises the concept of the compatible metric introduced
by Radu, to the assymetric setting. We then use this new concept to generalise some fixed
point theorems in quasi-metric spaces to the framework of fuzzy quasi-metric spaces. Finally,
we introduce a t-nonexpansive map and show that the fixed point set of a t-nonexpansive

map in an F-bounded fuzzy Isbell convex space is fuzzy Isbell convex.
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INDEX OF NOTATION

Below is a list of symbols that will be frequently used and a brief indication of their meaning.

(X,d) A metric space
(X, M,*) A fuzzy metric space or a fuzzy quasi-metric space
Bi(z,7)  Open ball of radius r centred at x
Cq(x,r)  Closed ball of radius r centred at x
By(z,r,t)  Open ball of radius r centred at x in a fuzzy metric space or fuzzy quasi-metric space

Cu(z,r,t) Closed ball of radius r centred at x in a fuzzy metric space or fuzzy quasi-metric space
Fix(T)  Fixed point set of T

N The set of natural numbers
R The set of real numbers
max(V)  Maximum

A)  Minimum

o (X) The collection of admissible subsets of a metric space

E(X) The collection of externally hyperconvex subsets of a metric space
H(X)

The collection of hyperconvex subsets of a metric space

X



CHAPTER 1

INTRODUCTION

1.1. Background

The theory of fuzzy metric spaces was introduced by Kramosil and Michalek in [22]. Accord-
ing to Kramosil and Michalek [22], a fuzzy metric on a nonempty set X is a pair (M, ) such
that x is a continuous t-norm and M is a fuzzy set in X? x [0, 00) such that for all z,y,z € X
and t,s > 0, the axioms; M(z,y,0) = 0, M(x,y,t) = 1 for all £ > 0 if and only if z = y,
M(z,y,t) = M(y,x,t), M(z,y,t)*xM(y, z,s) < M(x,z,t+s) and M(z,y,-) : [0,00) — [0, 1]
is left continuous are satisfied. The 3-tuple (X, M, %) is called a fuzzy metric space. This
concept of fuzzy metric spaces is related to the class of probabilistic metric spaces (or gener-
alised Menger spaces). In [13], George and Veeramani studied a stronger form of fuzziness.
According to George and Veeramani [13], a fuzzy metric on a nonempty set X is a pair
(M, %) such that * is a continuous t-norm and M is a fuzzy set in X? x (0, 00) such that for
all x,y,z € X and t,s > 0, the axioms; M(x,y,t) > 0, M(z,y,t) = 1 if and only if z = v,
M(z,y,t) = M(y,x,t), M(z,y,t)«*M(y,z,s) < M(x,z,t+s) and M(z,y,-) : (0,00) — [0, 1]
is continuous are satisfied. The 3-tuple (X, M, %) is called a fuzzy metric space.

Recently, Gregori and Romaguera [36] introduced two definitions of fuzzy quasi-metric spaces
that generalise the corresponding notions of fuzzy metric spaces by Kramosil and Michalek
and by George and Veeraamani to the asymmetric setting and several properties were ob-
tained. According to Gregori and Romaguera [30], a fuzzy quasi-metric on a nonempty set
X that generalise the notion of a fuzzy metric by Kramosil and Michalek to the asymmetric
setting is a pair (M, x) such that * is a continuous t-norm and M is a fuzzy set in X2 x [0, 00)
such that for all z,y,z € X and ¢,s > 0, the axioms; M(z,y,0) = 0, M(z,y,t) = 1 for all
t > 0ifand only if & =y, M(x,y,t)xM(y, z,s) < M(x, z,t+s) and M(x,y,-) : [0,00) — [0, 1]
is left continuous are satisfied. The 3-tuple (X, M, %) is called a fuzzy quasi-metric space.
Similarly, a fuzzy quasi-metric on a nonempty set X that generalise the notion of a fuzzy
metric by George and Veeramani to the asymmetric setting is the pair (M, *) such that x
is a continuous t-norm and M is a fuzzy set in X2 x (0,00) such that for all z,y,2 € X
and t,s > 0, the axioms; M(z,y,t) > 0, M(z,y,t) = M(y,z,t) = 1 if and only if 2 = v,
M(z,z,t) = 1, M(z,y,t) * M(y,z,s) < M(x,z,t+s) and M(z,y,-) : (0,00) — [0,1] is
continuous are satisfied. The 3-tuple (X, M, %) is called a fuzzy quasi-metric space.

In this dissertation, we study the concept of hyperconvexity in fuzzy quasi-metric spaces,
which we call fuzzy Isbell convexity. The notion of a hyperconvex metric space is due
to Aronszajn and Panichpakdi and was introduced in 1956. According to Aronszajn and

Panichpakdi [2], a metric space (X, d) is called hyperconvex if for any indexed collection of



closed balls {Cy(x;, ;) }ier of X which satisty d(z;,z;) < r; +r; where i,j € I, it is neces-
sarily the case that )

in metric spaces have been obtained. Authors such as Khamsi, Kirk, Espinola,Yafnez, Sine

i1 Ca(wi, ;) # 0. Since then, a number of results on hyperconvexity
and Soardi have studied fixed point theory in hyperconvex metric spaces, (see [12], [19], [34],
[35]). For instance, in 1979, Sine [34] and Soardi [35] proved, independently, that the fixed
point property for non-expansive mappings holds in bounded hyperconvex spaces.

This concept was generalised to the framework of quasi-metric spaces by Isbell in 1964 (see
[T5]). A quasi-metric on a nonempty set X is a function ¢ : X x X — [0, 00) such that for all
x,y,z € X the axioms q(z,y) > 0, q(x,z) =0, ¢(z,y) = 0 = ¢(y,z) implies that z =y,
and ¢q(z,y) < q(x,z) + q(z,y) are satisfied. The pair (X, q) is called a quasi-metric space
(see [17]). If further, the symmetry property is satisfied, that is, q(z,y) = q(y,z) for all
z,y € X, then ¢ is called a metric and (X, ¢) is called a metric space. According to Isbell
[15], a quasi-metric space (X, q) is said to be Isbell convex if for any collection of indexed
points {x;}ier in X and collections of non-negative real numbers {r;};c; and {s;};cs such
that ¢(z;,x;) < ri+s; for any i,j € I, (,c; (Cy(zi, ) N Cy=1(xi,8;)) # 0. And after this

generalisation, authors such as Elisabeth Kemajou, Hans-Peter A. Kiinzi, Olivier Olela Ota-

icl

fudu and Hope Sabao have studied the concept of hyperconvexity in quasi-metric spaces
which is called Isbell convexity (see [17], [25], [28]). From these studies, hyperconvexity has
played an important role in the study of fixed points and best appoximations in quasi-metric
spaces. For instance, in 2012, Kiinzi and Otafudu [25] proved that if (X, ¢q) is a bounded
Isbell convex quasi-metric space and if T": (X, q) — (X, ¢) is a nonexpansive map, then the
fixed point set Fix(7T) of T"in (X, q) is nonempty and Isbell convex.

Recently, Yigit and Efe [38] studied the concept of hyperconvexity in fuzzy metric spaces
which they called fuzzy hyperconvexity. According to Yigit and Efe [38] a fuzzy metric space
(X, M, ) is said to be fuzzy hyperconvex if for any collection {Cys(x;,74,t;)}ier of closed
balls in X such that M (z;, z;,t;4+t;) > (1—r;)*(1—r;) forall i, j € I, ,c; Crne(wi, 75, t:) # 0.
Yigit and Efe [38] proved that a fuzzy metric space (X, M, ) is said to be fuzzy hyperconvex
if and only if it has the ball intersection property and is fuzzy metrically convex.

In this MSc thesis, we present the concept of Isbell convexity in fuzzy quasi-metric spaces.
We then introduce the concept of a compatible quasi-metric and use this concept to deduce

some fixed point theorems in fuzzy Isbell convex fuzzy quasi-metric spaces.

1.2. Outline of the MSc Thesis

Chapter 1. This chapter presents a background on the concept of hyperconvexity in metric
spaces, Isbell convexity in quasi-metric spaces and fuzzy hyperconvexity in fuzzy metric
spaces as investigated by different scholars and the outline of this MSc dissertation.

Chapter 2. In this chapter, we recall some important definitions and results in hyperconvex
metric spaces. In the first section, we present a summary of metric spaces and uniform

spaces. In the second section of this chapter, we present a summary of hyperconvexity in



metric spaces, in the third section, we present a summary of subsets of hyperconvex spaces
and in the fourth section, we present a summary of some fixed point theorems in hyperconvex
metric spaces.

Chapter 3. In this chapter, we recall the concept of Isbell convexity in quasi-metric spaces
which will be generalised to fuzzy quasi-metric spaces later in chapter 5. In the first section,
we present quasi-metric spaces and quasi-uniform spaces. In the second section of this
chapter, we present the concept of Isbell convexity in quasi-metric spaces and in the third
section, we present a summary of g-admissible subsets.

Chapter 4. In this chapter, we recall the concept of fuzzy hyperconvex fuzzy metric spaces.
In the first section, we present triangular norms. In the second section of this chapter, we
present fuzzy metric spaces. In the third section, we present a summary of a compatible
metric and in the fourth section, we present fuzzy hyperconvexity in fuzzy quasi-metric
spaces.

Chapter 5. In this chapter, we present fuzzy Isbell convex fuzzy quasi-metric spaces. In
the first section, we present fuzzy quasi-metric spaces. In the second section of this chapter,
we present the concept of fuzzy Isbell convexity in fuzzy quasi-metric spaces and in the third
section, we present the concept of fuzzy admissible subsets.

Chapter 6. In this chapter, we present some fixed point theorems in fuzzy Isbell convex
fuzzy quasi-metric spaces, we first introduce the concept of a compatible quasi-metric and
then use this quasi-metric to deduce some fixed point theorems in fuzzy quasi-metric spaces.
Chapter 7. In this chapter, we present a discussion of the results.

Chapter 8. In this chapter, we give a conclusion of the MSc thesis.



CHAPTER 2

HYPERCONVEX METRIC SPACES

In this chapter, we recall the concept of hyperconvexity in metric spaces. This chapter plays
an important role as a background to our study. We begin by giving a summary of metric
spaces and uniform spaces, thereafter, we present a summary of hyperconvex metric spaces,
subsets of hyperconvex spaces and some fixed point theorems in hyperconvex spaces. For
more details, see [5], [12], [1§], [19], [23] and [2§].

2.1. Metric spaces

In this section, we recall the definition of a metric space, a pseudometric space and give some
of their examples.

Definition 2.1.1 ([28]). Let X be a nonempty set and d : X x X — [0,00) be a func-
tion mapping from X x X into the set of nonnegative real numbers. Then d is called a

pseudometric on X if and only if the following axioms are satisfied;
(i) d(z,z) =0 for allx € X
(i) d(z,y) = d(y,z) for all x,y € X

(i11) d(z,y) < d(z,z) +d(z,y) for all x,y,z € X.

The pair (X,d) is called a pseudometric space. Furthermore, if for any xz,y € X we have
that
d(xz,y) =0 implies that x =1y,

then d is a metric on X and the pair (X, d) is called a metric space.

This means that every metric space is a pseudometric space, but the converse need not be
true.

Example 2.1.1 ([23]). The space [? is the space of sequences x = (z1, xg,...) of numbers
(complex or real) such that 7%, |z,|P < co, where p > 1 is a fixed real number. The metric

between two such sequences © = (z1, xs, ...) and y = (y1, Yo, ...) is defined by

d(z,y) = <Z |z — yj|p>

Thus the pair (I?,d) is a metric space.

p

Example 2.1.2 ([23]). Let X be a nonempty set of all real-valued functions z,y, - - - which

are functions of an independent real variable ¢ and are well defined and continuous on a



given closed interval F' = [a,b]. Then
d(z,y) = max |z(t) — y(t)|

is a metric and the pair (X, d) is a metric space.
Example 2.1.3. ([37]) Let X = R? and consider the function d : X x X — [0, 00) given by

d((xhx?)? (ylay2)) = |J71 - y1|'

Then d(z,z) = |1 — 21| = 0, d(z,y) = |1 — n1| = |y1 — z1| = d(y,x) and the triangle
inequality follows from the triangle inequality on R, so (X, d) satisfies the defining conditions
of a pseudometric space. Note, however, that this is not an example of a metric space, since

we can have two distinct points that are distance 0 from each other, for example

d((2,3),(2,5)) = |2 — 2| = 0.

Before defining an open set and a closed set, we first give the following definition of an open
ball and a closed ball.
Definition 2.1.2. ([37]) Let (X,d) be a metric space and x be a point of X. For € > 0, we

define an open ball of radius € centered at x to be the set
By(z,€) ={y € X :d(z,y) < €}.
Similarly, we define a closed ball of radius € centered at x to be the set

Ca(z,e) ={y € X : d(x,y) < €}.

We now define an open set and a closed set using an open ball.

Definition 2.1.3. ([537]) A subset E of a metric space (X,d) is open if for each x € E there
exist an open ball By(z,€) about x contained in E. A set is closed if and only if it is the
complement of an open set.

Definition 2.1.4. Let (X,d) be a metric space and let M be a subset of X. A point x € M
18 said to be a limit point of M if every open ball containing x contains atleast an element
of M distinct from x.

Definition 2.1.5. ([I8]]) A sequence (x,,) in a metric space (X, d) is said to converge to a
point x € X, if for every e > 0 there exists an integer N € N such that d(x,, z) < € whenever
n>N.

In this case we say that x is the limit point of the sequence (x,) in X and we write nh_>Holo Ty =
x.

Definition 2.1.6. ([37/) A sequence (x,) in a metric space (X,d) is Cauchy if and only if
for each € > 0 there exists a positive integer N such that d(x,, z,) < € whenever m,n > N.
Definition 2.1.7. ([37]) A metric space (X,d) is complete if and only if every Cauchy

sequence in X converges to a point in X.



Definition 2.1.8. ([37]) Let (X,d) be a metric space. The collection of open sets in X form
a topology on X called the metric topology T(d).

We now recall the definition of a uniform space. For more details see [5] and [37].
Definition 2.1.9. ([37]) Let X be a nonempty set, then the diagonal of X x X, denoted by
A, is the set defined by

A ={(z,x):ze X}

Definition 2.1.10. ([57]) If U C X x X and V C X x X, then
UoV ={(z,y): for some z, (v,2)€V and (z,y) €U}

and

Vii={(y.2): (v.y) eV}
Definition 2.1.11. ([37]) A filter F or {F'} on a set X is a nonempty collection of nonempty
subsets of X satisfying the following properties:

(’l) [fFl,FQ E.F, then FlﬂFg e F.

(i) If E € F and E C F, then F € F.
Definition 2.1.12. ([J]) A diagonal uniformity or a uniform structure on a set X is a filter
F on X x X consisting of subsets of X x X called entourages or surroundings, satisfying

the following properties:

(i) If F € F, then A C F.

(11) If F € F, then there exists an entourage E € F such that E=1 C F.
(iii) If F' € F, then there exists an entourage E € F such that Eo E C F.

A set X together with a uniform structure F is called a uniform space and is denoted by
(X, F).

Definition 2.1.13. ([37]) A subcollection B is called a base for the uniformity F if and only
if BC F and each F' € F contains some B € B.

Remark 2.1.1. ([37]) Any metric d on a set X generates a metric uniformity Fy; on X,
uniformities that can be generated from metrics are called metrizable uniformities.
Example 2.1.4. ([37]) The usual uniformity on R is the uniformity, having for a base the

collection of sets D, e > 0, where

De={(z,y) : |z —y| < e}

Definition 2.1.14. ([J]) Let X be a nonempty set, then for any x € X and for any subset
F in the filter F of X, we define

Flz)={y e X : (z,y) € F}.

Definition 2.1.15. ([J]) Let (X, F) be a uniform space. The topology T defined by the
uniformity F which is also called the uniform topology is the collection of all subsets A of X

6



such that for each x € A there exists an entourage F' € F with

Flz]={ye X : (x,y) € F} C A.

The notion of a Cauchy sequence extends to uniform spaces, and a uniformly continuous
map sends Cauchy sequences to Cauchy sequences.

Definition 2.1.16. ([J]) A filter {F,} in the uniform space (X, F) is said to converge to a
point xg € X if for each F € F | there exists F, such that (z,, o) € F for all x, € F,.
Definition 2.1.17. ([5]) A filter {F,} in the uniform space (X, F) is called a Cauchy filter
if for each entourage F' € F, there exist a F, such that (x4,y,) € F for all (T4, Ya) € Fo X Fa.
Definition 2.1.18. ([5]) A uniform space (X, F) is said to be complete if and only if every

Cauchy filter in the space converges to a point in the space.

2.2. Hyperconvex metric spaces

The notion of hyperconvex metric spaces was introduced by Aronszajn and Panichpakdi
[2] in 1956. Since then, a number of results on hyperconvexity in metric spaces have been
obtained. Authors such as Khamsi, Kirk, Espinola,Yanez, Sine and Soardi have studied
fixed point theory in hyperconvex metric spaces, (see [12], [19], [34] and [35]). For instance,
in 1979, Sine [34] and Soardi [35] proved, independently, that the fixed point property for
non-expansive mappings holds in bounded hyperconvex spaces.

In this section, we recall the definition of a hyperconvex metric space, its examples and give

some properties. We begin by recalling the definition of a metrically convex metric space.

Definition 2.2.1. ([28]) A metric space (X,d) is said to be metrically convex if for any
points x,y € X and any positive real numbers ry and ro such that d(z,y) < ri + ro, there

exists z € X such that d(x,z) < ry and d(z,y) < ro or equivalently z € Cy(x,11) N Cy(y, r2).

We now recall the definition of a hyperconvex metric space.

Definition 2.2.2. ([27]) A metric space (X,d) is called hyperconvex if for any indezed
collection of closed balls {Cq(x;, ;) }ier of X which satisfy d(z;,x;) < r; +r; wherei,j € I,
1t 1is necessarily the case that

ﬂ Cd<l’i, 7’1) 7£ (Z)

i€l
Definition 2.2.3. ([28]) Let (X, d) be a metric space. A collection of closed balls {Cy(z;,7;) }icr,

where each two intersect, is said to have a binary ball intersection property if for alli € I,
ﬂ Od(l’i, Ti) 7é @
iel
Definition 2.2.4. ([17]) A metric space (X,d) is said to be hypercomplete if every collection
of closed balls, {Cq(xi,1;) }icr, where r; € [0,00) and x; € X wheneveri € I, having a binary



intersection property satisfies
() Colzi,ri) # 0.
iel
The following proposition shows that a metrically convex space with the binary intersection
property is hyperconvex and that the converse is also true.
Proposition 2.2.5. ([18/) A metric space (X, d) is hyperconvex if and only if it is metrically

convex and has the binary ball intersection property.

Proof. Let (X,d) be a metrically convex metric space with the binary ball intersection
property, then for any two closed balls Cy(z;, r;) and Cy(x;,7;) in X, Cy(z;, ;) NCa(zj,7;) #
(0. By the metric convexity of (X, d), there exists z € Cy(z;,r;) N Cy(z;,7;) such that

d(zi, z;) < d(zy, z) + d(z, x;).

Now Cy(z;, 1) ={z € X : d(z;,z) <r;} and Cy(zj,r;) = {z € X : d(z;,2) <r;}.
Thus,
d(w;, ;) < d(wi, 2) + d(z,27) < rit .
And since (X, d) has the binary ball intersection property, we have that mCd(%‘, ;) # 0.

iel
Hence (X, d) is a hyperconvex metric space. Conversely suppose that (X, d) is hyperconvex

then for any collection of closed balls {Cy(z;, ;) }ier of X and for any collection of positive

reals {r; }ier such that d(x;, x;) < r;+r;, it is necessary that ﬂ Cy(zi,r;) # 0, thusfori, j € I
iel
we have that Cy(x;, ;) N Cy(x;,7;) # 0 and this implies that (X, d) is metrically convex.

Also if Cy(x;,r;) N Cy(z;,7;) # O for any two closed balls from a collection {Cy(x;, ;) }ier
of closed balls, then by the hyperconvexity of (X, d), we have that ﬂ Cy(wi,r;) # 0. Thus

i€l
(X, d) has the binary ball intersection property. ]

We now prove that every hyperconvex metric space (X, d) is complete by showing that every
Cauchy sequence in (X, d) converges in (X, d).
Proposition 2.2.6. ([12]) Every hyperconvex metric space (X, d) is complete.

Proof. Let {x;} be a Cauchy sequence in X and let {Cy(x;,7;)}ien be a collection of closed

balls where r; = supd(z;,z;). By Proposition [2.2.5], X has the binary ball intersection
Jj=i

property, thus ﬂ Ca(zi,r;) # 0 and since lim r; = 0, ﬂ Cq(x;,r;) will contain one point
11— 00
ieN i=1
z € X which is the limit of the Cauchy sequence (x;). O
Proposition 2.2.7. ([18]) The set R of real numbers has the binary intersection property.

That is for a collection {I,}aca of bounded closed intervals of R each two of which intersect,

() I # 0.

a€cA

we have that



Proof. Suppose that ﬂ I, = 0. Then by compactness there exist
acA

{117[27 -'-7[N+1} - {[01}

such that
N+1

N
I=(\L#0 while Ing=()L=0.

=1 =1
Thus, I and Iy, are disjoint closed intervals in R. Select any point z that lies strictly
between them. (This is possible because the complement of [ U Iy is an open set.) Then

by the fact that any two members of the original collection intersect,
ZL‘GIZ'HIN_H, 221,2,,N

This implies that

N+1
T € ﬂ 1;,
i=1
which contradicts the assumption that Iy,; = 0. Hence R has the binary intersection
property. ]

Example 2.2.1. ([28]) The set R of real numbers equipped with the usual metric d(z,y) =

|z — yl| is hyperconvex.
Proof. By Proposition and Definition 2.2.2] (R, d) is hyperconvex. O

We now recall the following properties of the space [, whose elements consist of all bounded
sequences (z1, Ty, ...) of real numbers, with distance d(z,y) between two such sequences

r = (x1,2,...) and y = (y1, Y2, ...) taken as
doo(‘rv y) = Sup ‘xz - y’L’
ieN
Theorem 2.2.8. ([I8]) Let {Cqa.(x;,7:)}ier be a collection of closed balls in lo each two of

which intesect. Then

ﬂ Cdoo (ZL‘Z‘, ’f‘i) 7é @

el
Proof. Let
L,={x=(z1,29,...) Eloo 12, =0 if i #n}.

We show that L,, is an isometric copy of R. Indeed Ly = (x1,0,0,0,...),
Ly = (0,22,0,0,0,...), Ly = (0,0,23,0,0...), ... We define a map f: L, — R by

f(x=(x1,29,23,...)) =2; for xz; #0, where x € L,.
Then for z = (0,0,...2;,0,0,...) € L, and y = (0,0, ...4;,0,0,...) € L,, we have that

oo (f (), [(y)) = sup [f (i) = fwi)| = lwi — wil = d(i, ).

€N



Thus, f is an isometry and so L, is an isometric copy of R. From Example R
is hyperconvex and since L, is an isometric copy of R, we have that for the collection

{Ca.. (z;,m;) N Ly} of closed intervals of L,, each two of which intersect,
ﬂ(Ln NCq (xiri)) #0, foreach neN
icl
Select
Ty € ﬂ nNCy (xi,13)), n=123 ..

el

Then if z = (21, 2, 3, ...) it follows that

T € ﬂC’dw(xi,ri).
i€l
[
Proposition 2.2.9. [I8] Suppose Cqy_(x;, ;) and Cq(xj,7;) are two closed balls in I
Then
Ca (xiyr;) N Ca (xj,15) £ 0

if and only if

doo(xiy i) <1471

Proof. Let z € Cy_(x;,1m;) N Ca (z5,75), then doo(z4, x;) < doo(xi, 2) + doo(z,25) < 10 + 75

Conversely, suppose doo(z;, z;) < r; +r; and if z; = (z4,, x4y, ...) and x; = (z4,, T, ...), then
|z, — x| <7 +r;, foreach k=12, ..

Let 2, = 256"k Then for each k = 1,2, ...

i+
25, — 2] = |mg, — 2T T (@i, — x,)ri < (ri +rj)ri <
Ti+7’j ’f’i+7’j T’i+7’j
Similarly, |z; — x| < r;, which implies that
doo(®iyz) <1 and  doo(zj,2) <71y, 2= (21, 22, ...).
Therefore, z € Cy__(z;,7;) N Cy (z;,7;). O

2.3. Subsets of hyperconvex Spaces

In this section we recall the definition of admissible subsets, externally hyperconvex subsets
and proximinal subsets of metric spaces. We begin the section by considering admissible
subsets.

Definition 2.3.1. ([28]) Let (X,d) be a metric space. The cover of a subset A of X denoted
cov(A), is the set

cov(A) = ﬂ{C’d(x,r) ceach  Cy(x,7) is a closed ball and A C Cy(z,r)}.

10



Definition 2.3.2. ([12]) Let (X, d) be a metric space. We denote the collection of all subsets
of X which are intersections of closed balls by A(X), that is

AX)={AC X : A= cov(A)}.

The elements of A(X) are called admissible subsets of X .

Next we recall the definition of an externally hyperconvex subset of a metric space.
Definition 2.3.3. ([19/) A subset E of a metric space (X,d) is said to be externally hy-
perconvez (relative to X ) if given any collection {x;}ic; of points in X and any collection

{rs, Yier of positive real numbers satisfying
d(zi,v;) <ri+r; and dist(z;, E) <1,
where dist(z, E) = inf{d(z,y) : y € E}, it follows that

mC’d(xi,ri) M E 7é Q)

iel
The class of all the externally hyperconvex subsets of X will be denoted as E(X).

Before comparing the classes of subsets of metric spaces we first recall the concept of proxi-
mality.
Definition 2.3.4. ([28]) A subset E of a metric space (X, d) is said to be proziminal (with
respect to X ) if

ENCy(x, dist(z, E)) #0  for each z € X.

Lemma 2.3.5. ([12]) Any admissible or externally hyperconvex subset E of a hyperconvex

metric space (X, d) is proximinal.

Proof. Let E be an admissible subset of X and set ' = ﬂ Ca(x;, ;). Then for any z € X
iel
and for any € > 0, there exists a. € F such that d(x,a.) < dist(z, F) + €. Since X is

hyperconvex, we have that ﬂ Ca(zi,ri) N Cy(x,dist(z, E) 4 €) # (. Thus,

iel

E N Cy(x, dist(z, B)) = () Calas, ) ) (ﬂ Cy(z, dist(z, E) + e)> 40,

el e>0

where Cy(z, dist(z, F)) = ﬂ Cy(z,dist(z, F) + €).
e>0
This shows that E is proximinal. The proof follows in a similar way, if E is taken to be an

externally hyperconvex subset of X. O

We now recall the result that gives the relationship among admissible subsets, externally
hyperconvex subsets and hyperconvex subsets of a metric space. In the following, we deonote

the collection of hyperconvex subsets by H(X) and give an outline of the proof.

11



Theorem 2.3.6. ([28]) Let (X,d) be a hyperconver metric space, then
A(X) € €(X) CH(X)

Proof. We first prove that A(X) C £(X). Let E be an admissible subset of X, let {z;};cs

be a collection of points in X and let {r;};c; be a collection of positive real numbers satisfying
d(z;,z;) <r;+r; and dist(z;, E) <r;

for any i,5 € I. By lemma [2.3.5] E is proximinal. Thus for any ¢ € I, there exists a point
a; € E such that d(z;,a;) = dist(x;, E), which gives E N Cy(z;,1;) # 0. Now since X is

hyperconvex, the conditions on both collections imply that ﬂ Ca(zi, ;) # 0. And since F
i€l
is admissible and E N Cy(x;,r;) # 0, it follows that

En (ﬂ Cd(x,-,m)> # 0,

i€l

which proves the first inclusion.

The second inclusion £(X) C H(X) follows directly from the definition of an externally
hyperconvex subset of (X, d). O

Next, we recall the following intersection property of hyperconvex metric spaces. In general,
the intersection of two hyperconvex subsets of a given hyperconvex metric space need not
be hyperconvex. Consider the following example in RZ .

Example 2.3.1. ([28]) Let H; denote the line segment joining (—1,0) to (1,0) and let Hy be
the union of the line segment joining (—1,0) to (0, 1) and the line segment joining (0, 1) to
(1,0). Then H; and H, are both hyperconvex subsets of R% | but H;NHy = {(—1,0), (1,0)}.
Since H;N H, consists of only two distinct points, it follows that H; N H, is not a hyperconvex

subset of R2_.

We also recall the following result that shows that the intersection of nonempty hypercon-
vex subsets of a descending sequence of a bounded hyperconvex space is nonempty and
hyperconvex.

Theorem 2.3.7. ([28]) Let (X,d) be a bounded hyperconvex metric space and let {Hg}per

be a descending sequence of nonempty hyperconvex subsets of (X,d). Then H = ﬂ Hpg s

p=1
nonempty and hyperconvex.

Proof. Consider the collection
F = {A = H Ag: Az € A(Hg) and {Ag} is decreasing and nonempty} :
per

Since (X, d) is bounded, then each Hp is bounded and since H Hjy € F, we have that F # ().

per
Now since Hjp is hyperconvex, A(Hpg) is compact for every § € I'. Therefore, F satisfies the

12



assumptions of Zorn’s lemma when ordered by set inclusion. Hence for every D € F there

exists a minimal element A € F such that A C D. We claim that if A = H Ap is minimal

Ber
then there exists §y € I' such that diam(Agz) = 0 for every 5 > [y. Indeed, let 5 € I be

fixed. For every D C X, set

covg(D) = ﬂ Ca(w,r:(D)).

.Z’EH[;

Consider A’ = H Al where

acl

A;:COVB(Aﬁ)ﬂAa if a<p
A — A, it a>B

The collection {A}},>p is decreasing since A € F. Let @ < v < . Then Al C Aj
since A, C A, and Ag = covg(Ag) N Az. Hence the collection {A/} is decreasing. On
the other hand if a < S, cov(Ap) N A, € A(H,) since Hg C H,. Hence A/ € A(H,).
Therefore, we have that A" € F. Since A is minimal, A = A’ which implies that A, =
covg(Ag) N A, for every a < . Let z € Hg and a < . Since Az C A,, then r,(Ag) <
r.(Aq). Because covg(Ag) = ﬂ Ca(z,r:(Ap)), then we have covg(Ag) C Cy(z,rz(Ap))

CCGHﬁ
which implies 7, (covg(Ap)) < r.(Ag). Additionally A, C covg(Ag) so 1.(Ag) < 1.(Ay) <

re(covg(Ag)) < ri(Ag). Therefore, we have that r,(A,) = r.(Ag) for every x € Hg. Using
the definition of r, we get that r(A,) < r(Ag). Let a € A, and set s = r,(A,). Then
a € covg(Ag) since A, C covg(Ag). Hence

a € ﬂ Ca(z,s) Ncovg(Ag).

$€Aﬁ

So, from the hyperconvexity of Hg,

Sp=HsnN ﬂ Cal(z,s) | Ncovg(Ag) # 0.
.TEAﬁ

Let z € Sg, then z € ﬂ Ca(z, s) and, since Ag = HgNcovg(Ap), it follows that r,(Ag) < s,
x€Ag
which implies that r(Agz) < s = r,(A,) for every a € A,. Hence r(Ag) < r(A,). Therefore

we have that r(Ag) = r(Aa), for every «, 8 € I'. Assume that diam(Ag) > 0 for every § € T'.
Set A" = C(Ap) for every € I'. The collection {Aj} is decreasing. Indeed, let a < 3 and
x € Aj. Then we have r,(Ag) = r(Ap). Since we proved that r.(Ag) = 7.(A,) for every
z € Hg, then r,(Ay) = r.(Ap) = r(A) = r(Aa), which implies that © € A”. Therefore, we

have that A” = H Aj € F. Since A” C A and A is minimal, we get A = A”. Therefore, we

per
have that C(Ag) = Ag for every 8 € I'. This contradicts the fact that Hg is hyperconvex for

every 5 € I'. Hence there exists 5y € I" such that diam(Agz) = 0, for every 5 > fy. Thus, the

13



proof of our claim is complete since we have Ag = {a} for every 5 > [y which implies that

a € ﬂ Hpg which implies that ﬂ Hg # (). We now show that S = ﬂ Hpg is hyperconvex.

Ber Ber Ber
Let {Cqy(x;, 1) }ier be a collection of closed balls centered in S such that

() Calai,ri) # 0.

iel
Set
Dy = m Cal(z;,mi) N Hp
iel
for 5 € I'. Since Hy is hyperconvex and the collection Cy(x;,7;) is centered in Hg, Dpg is
not empty and Dg € A(Hg). Therefore, Dg is hyperconvex and the above proof shows that

ﬂ Dy # () and this completes the proof. O
ger

2.4. Some fixed point theorems in hyperconvex metric spaces

In this section, we recall some fixed point theorems in hyperconvex metric spaces and the
approximation of fixed point theorems of a nonexpansive self-map in metric spaces. We
begin this section with the following definition.

Definition 2.4.1. ([12]) Let (X1,dy) and (X, ds) be metric spaces. A map T : X1 — Xy is
said to be Lipschitzian if there exists a constant k > 0 such that do(T(2), T (y)) < kdi(x,y)
for any x,y € X. If k = 1, the map is called nonexpansive (and contraction if k < 1).
Definition 2.4.2. ([12]) Let X and Y be metric spaces and let A be a subset of X, then the
metric space Y s said to be injective if for any given non-expansive mapping T : A — Y,

there exists a non-expansive extension T’ : X — Y.

We now recall the definition of a fixed point set.

Definition 2.4.3. ([27]) Let (X, d) be a metric space. If T : X — X is a map, then x € X
is a fized point of T if T(x) = x. We denote the fized point set of T by Fiz(T), where
Fi(T)={zr e X : T(x) = x}.

Next we recall that fixed point set of a bounded hyperconvex space is hyperconvex. First
we recall the following Proposition.

Proposition 2.4.4. ([18]) Suppose (X,d) is a hyperconvexr metric space. Then each set
D € A(X) is itself hyperconvex

Proof. Since D is admissible, we can write D = ﬂCd(xi,n), where z; € X. Now let
icl
{Ca(xa,7ra)}aca be a collection of closed balls centered at points z, € D for which

d(za,xp) < T4 + 13, where o, f € A. By the hyperconvexity of X,

ﬂ Ca(ra,1a) # 0.

€A
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Now consider the collection of closed balls {Cy(zq, 74 :) : € Ay J{Calxi,r;) i € I[}. Then
fora e Aandi,j €1,
A(Ta, i) <1 <o+ 1y

and
d(xi’ ZL']) S d(xi7$a) + d(l‘O“,fC]) S T + Tja

so it again follows from the hyperconvexity of X that

(ﬂ C’d(xa,m)> N (ﬂ Cd(:vi,ri)> - (ﬂ Od(xa,ra)) MND£0

acA el acA
This proves that D is hyperconvex. ]

Theorem 2.4.5. ([12]) Let (X,d) be a bounded hyperconvex metric space. Then any non-
expansiwe map T : (X,d) — (X, d) has a fized point. Moreover, the fized point set of T,
Fiz(T), is hyperconver.

Proof. Since X is a bounded hyperconvex metric space, let A(X) be a collection of admis-
sible subsets of X. Also set

F={Ae€AX);, with A#0 and T(A) C A}

then X € F. Since (X,d) is a bounded hyperconvex space, we have that the intersection
of any collection of nonempty elements of A(X) is not empty and belongs to A(X). So by
Zorn’s lemma F has a minimal element Ay. By the nonexpansiveness of T', we have that
T(Ap) C Ao, which implies that cov(T(Ap)) C Ao, which also implies that

T(cov(T(Ap))) C T(Ag) C cov(T(Ap)).

Thus cov(T'(Ag) € F and since cov(T(Ap)) C Ay, it must be that cov(T(Ap)) = Ao by the
minimality of Ajg.
Now suppose diamAg = r > 0 and consider the Chebyshev center

Ca,(Ao) = ﬂ {C’d (mo, g) iy € Ao} N Ap.

Let x € Ay and y € Cyy(A) then d(T'(x),T(y)) < d(x,y) < 5. Thus, T(Ag) C Ca(T(y), 3)
which also implies that Ay = cov(T'(Ag)) C Ca(T(y),5). Therefore T'(y) € C,(Ao) that
is T : Cy,(Ao) — Cay(Ap) which implies that Cy,(Ag) € F by the definition of F. Hence
Cay(Ao) # Ag since diamCly, (Ag) < 42240 — £ which follows from the definition of C,(Ay).
This contradicts the minimality of Ay, thus r = 0, which implies that Ay = {z} and T'(z) = z.
Hence z is a fixed point of T

We now show that Fix(7") is hyperconvex. Let {x;}icr be a collection of points in Fix(T)
such that

d(IZ’, .Tj) S T + ]
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for any 4,j € I, for some positive numbers {r;};c;. Set Hy = (,c; Ca(w;,7;) then by the
hyperconvexity of (X,d), Hy # (0 and since the centers {x;};c; are in Fix(T) and T is
nonexpansive, then we have that T(H,) C Hy. Moreover Hy is a bounded hyperconvex

metric space, so the above proof implies that T" has a fixed point in H,, which implies

Fix(T) N ﬂCd(xi,ri)] 0.
iel
This completes the proof by Theorem [2.3.6 O

Next we recall that the intersection of the fixed point set of any commuting collection of
nonexpansive maps with a common fixed point is hyperconvex. We first give the following
Theorem

Theorem 2.4.6. ([18]) Suppose (X, d) is a metric space which has the property that the fized
point set of every nonexpansive mapping of X into X is a nonempty nonexpansive retract

of X, and suppose T and G are commuting nonexpansive mappings of X into X. Then
Fiz(T)N Fixz(G) # 0.

Proof. First observe that if x € Fixz(T) then T o G(x) = G o T(z) = G(z). This proves
G : Fiz(T) — Fiz(T). By assumption there is a nonexpansive retraction R of X onto the
nonempty set Fiz(T). Thus Go R : X — Fix(T) is nonexpansive and by assumption has a

nonempty fixed point set. However, since R is a retraction onto Fiiz(T), it must be the case
that Fiz(G o R) = Fix(G) N Fix(T). This proves that Fiz(T) N Fix(G) # 0. O

Theorem 2.4.7. ([12]) Let X be a bounded hyperconvexr metric space. Any commuting
collection of nonexpansive maps {T;}ier, with T; : X — X, has a common fized point.

Moreover, the common fixed point set
() Fia(T)
18 hyperconvez.

Proof. Theorem implies that for every i € I, the set Fix(7;) of common fixed point
set of the mappings T;,i € I is nonempty and hyperconvex. Now the collection {Fix(T;)}ics
satisfies the finite intersection property and so by Theorem we deduce that

(Fix(Ty)
is nonempty and hyperconvex. O]

We now recall the definition of the e-parallel set of a subset of a metric space.
Definition 2.4.8. ([28]) Let (X,d) be a metric space. Given a subset A of X, we define for
€ > 0 the e-parallel set of A as

Ne(A) = | Cula,e).

acA
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Lemma 2.4.9. ([I8]) Let (X,d) be a hyperconver metric space and let A € A(X), say
A = Ne; Calwi,ri). Then for each e >0,

Ne(A) = () Calxi,ri + ).

i€l

Proof. Suppose that y € N (A). Then y € |J

some a € A. But for each ¢ € I, we have that

a4 Cala, €) which implies that d(y,a) < € for

d<y7 xl) S d(aa xz) + d(a7 y)
< T, + €

and so y € ();e; Ca(xi, ;i + €) and this proves that N.(A) C (,c; Ca(ws, i + €).
Conversely, suppose that y € (,o; Ca(z;,7; + €) and let @ € I. Then d(y,z;) < r;+¢€,i € I.

Since A # (), we must have that

el

el

d(zi,z;) <r;+rj, i,j€l.

Thus, by the hyperconvexity of (X, d) we have that

A N Cd(y7 6) - <ﬂ Od(l‘i, Tz)) N Cd(yu 6) 7£ ®7
i€l

which implies that y € N.(A) and so [,c; Cq(xi, i +€) C Ne(A).

Hence N.(A) = ey Ca(wi, i +¢€). O

Next we recall the definition of a nonexpansive retract of a metric space (X, d).

Definition 2.4.10. ([18]) A subset A of a metric space (X,d) is said to be a nonexpansive
retract (of X ) if there exists a nonexpansive retraction from X onto A, that is, a nonexpansive
mapping R : X — A such that for all x € A, R(x) = x.

Lemma 2.4.11. ([28]) Let (X,d) be a hyperconvex metric space and let A € A(X). Then
for each € > 0 there is a nonexpansive retraction R of N.(A) into A which is such that for

each © € N (A), d(z, R(z)) < e.

Proof. Since A € A(X),let A= ,c; Ca(x;,7;) then by Lemma we know that N (A) €
A(X), thus N (A) is itself hyperconvex. Consider the collection F of all pairs (D, Rp), where

AC DCN(A4)

and Rp is a nonexpansive retraction of D onto A for which d(z, Rp(x)) < € for each x € D.
Now (A,I;) € F so F # (). If one orders F in the usual way ( (D, Rp) < (H, Ry) if and
only if D C H and Ry is an extension of Rp) then each chain in (F, <) is bounded above,
so by Zorn’s Lemma F has a maximal element which we again denote (D, Rp). We need to
show that D = N.(A). Suppose there exists x € N.(A) such that = ¢ D, and consider the

set
0:(ﬂcummmaw@Om(ﬂam%m>m@@@.

weD i€l
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First we show that C' # (), and in order to do this we need only to show that each two
members of the collections of balls used in defining C' intersect. (This is because X is
hyperconvex and thus has the binary ball intersection property.)

First if wq, wy € D then

d(RD(wl), RD(UJQ)) S d(wl, wg) S d(wl,x) -+ d(wg, lL‘),
which proves that
Ca (Rp(wi), d(wi, ) N Cq (Rp(wa), d(ws, 7)) # 0,

so each two members of the first collection intersect. Also, for each w € D, Rp(w) € A =
Mics Ca(xi, ;) so each ball in the first collection intersects each ball in the second collection.
Since

r € N(A) = ﬂ Ca(zi,ri +€)

i€l
we know that Cy(x,€) N Cy(x;,r;) # () for each i € I. Finally, if w € D, then

d(Rp(w),z) < d(Rp(w),w) + d(w,z) < €+ d(w, x)

and this proves that
Ca(Rp(w)) N Cy(z,€) # 0.
We conclude therefore that A O C' # (). Now let u € C' and define R' : DN {z} — A by
setting R'(w) = Rp(w) if w € D and R'(x) = u. Then for w € D,
d(R'(z), B'(w)) = d(u, Rp(w)) < d(u,w)

so R’ is nonexpansive. Also d(R'(z),z) = d(u,z) < e. With this we conclude that the pair
(D U{x}, R') contradicts the maximality of (D, Rp) in (F, =). Therefore, D = N(A) and
the proof is complete. O
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We end this chapter by recalling the concept of approximate fixed points.
Definition 2.4.12. ([28]) Let (X,d) be a metric space. A map f: (X,d) — (X,d) is said

to have approzimate fized points if

inf d(zx, f(x)) = 0.

zeX

Definition 2.4.13. ([28]) Let f : (X,d) — (X,d) be a map, where (X,d) is a metric space.
For any € > 0, we denote by F.(f) the set of e-approximate fized points of f, that is,

F(f)={xe X :d(z, f(x)) <€}

Theorem 2.4.14. ([18]) Let (X, d) be a hyperconvex metric space and let f : (X, d) — (X, d)

be nonexpansive. Then for any € > 0, the set

Fo(f) ={x e X :d(z, f(r)) < €}

15 hyperconvex.

Proof. Since f is nonexpansive, for any ¢ > 0 there exists a point x € X such that
d(z, f(r)) < e and since X is hyperconvex, we may suppose that F.(f) # 0. Let z; € F.(f)
and r; > 0 such that

d(zi,z;) <1 +1;

To show that F.(f) is hyperconvex, we need to show that

(ﬂ Cals, Ti)) NE(f) #0.

icl

Let J =(,c; Calx;, r;), by the hyperconvexity of X, if € J, then for each i € [

il
d(xi, f(x)) < d(f(x), f(2:) + d(f (i), 2:) < d(@,2) + e < i+ e

This shows that f(z) € N.(J). Now by Lemma [2.4.11] there is a nonexpansive retraction R

of N.(J) onto J for which d(Rz, z) < e for each x € N.(J). Also, since Ro f is a nonexpansive

map of J into J, it must have a fixed point by Theorem [2.4.5] Suppose (Ro f)(x¢) = x¢ for

some zo € J. Then
d(wo, f(w0)) = d((R o f)(20), f(20)) <€,
which implies that zg € J N F.(f). And this implies that

<ﬂ Cd(mia TZ)> N FE(f) 7& 0.

el
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CHAPTER 3

ISBELL CONVEX QUASI-METRIC
SPACES

In this chapter, we recall the concept of Isbell convexity in quasi-metric spaces. The concept
of Isbell convexity is a generalisation of hyperconvexity to the framework of quasi-metric
spaces. This concept was introduced by Isbell in [I5]. We begin this chapter by presenting a
summary of quasi-metric spaces and quasi-uniform spaces. Thereafter, we present a summary
of Isbell convex quasi-metric spaces and g-admissible subsets. Finally, we present some fixed
point point theorems in Isbell convex quasi-metric spaces. For more details see [§], [17], [18],
[25], [26],[27] and [32].

3.1. Quasi-metric spaces

In this section, we recall the concept of a quasi-metric space. This concept was introduced
by Wilson [40] in 1931. A quasi-metric is a function g on X x X satisfying all the axioms
of a metric with an exception of symmetry. It is possible to have q(y, z) # q(z,y) for some
x,y € X. This modification of axioms of a metric space drastically changes the whole theory,
mainly what concerns completeness and total boundedness. For more details on quasi-metric
spaces see [8] and [32].

Definition 3.1.1 ([8]). Let X be a nonempty set and q : X x X — [0,00) be a function
mapping from X x X into the set of nonnegative real numbers. Then, q is called a quasi-

pseudometric on X if and only iof for all x,y,z € X the following properties are satisfied;
(i) q(x,y) >0, and q(x,x)=0.
(it) q(z,y) < q(z,2) + q(z,y).

And the pair (X, q) is called a quasi-pseudometric space. If further, for each x,y € X,
q(z,y) = 0 =q(y,x) implies that x =y,

then q is called a quasi-metric and the pair (X,q) is called a quasi-metric space.

1

Remark 3.1.1. ([8]) Let ¢ be a quasi-pseudometric on X. The conjugate ¢~' of ¢ is a

mapping ¢~ : X x X — [0,00) defined by ¢~ (z,y) = q(y,z) for all z,y € X and ¢!

1

is also a quasi-pseudometric on X. If ¢ = ¢, then ¢ is a pseudometric. Furthermore, the

mapping ¢* : X x X — [0, 00) defined by

¢*(z,y) = max{q(z,y),q " (z,y)}

20



is a pseudometric on X which is a metric if and only if ¢ is a quasi-metric.
Remark 3.1.2. ([§]) The following properties hold in quasi-metric spaces. Let (X, ¢q) be a

quasi-metric space, then for all x,y € X, we have that
(i) q(z,y) < ¢*(2,y),

(i) ¢7'(z,y) < ¢*(,y).
Example 3.1.1. ([§]) Let X = [0,00) be a set of non-negative real numbers and define
q(a,b) = max{a —b,0} for a,b € X, then ¢ is a quasi-metric and the quasi-metric conjugate
of ¢ is g7 *(a,b) = q(b, a) = max{b — a,0}. Furthermore, ¢*(a,b) = |a — b| is a metric on X.
Example 3.1.2. ([32]) Let ¢ : R x R — [0, 00) be defined by
y—=z, it y>ua,

q(x,y) =
1 it y<u.

Then (R, ¢) is a quasi-metric space.

We now recall the definitions of the forward closed ball, forward open ball, backward open

ball and backward closed ball.
Definition 3.1.2 ([]]). Let q be a quasi-metric, then

(1) the balls By(z,r) and Cy(x,r) with respect to the quasi-metric q defined by

By(z,r) ={y € X : q(z,y) <r}

and
Colw,r) ={y € X : q(z,y) <r}

are called forward open ball and forward closed ball respectively.

(ii) the balls By-1(x,r) and Cy-1(z, 1) with respect to the quasi-metric ¢~ defined by
By-r(z,r) ={y € X 1 ¢ '(w,y) <1}

and
qul(xﬂﬂ) = {y € X : q_l(xay) S T}

are called backward open ball and backward closed ball respectively.

Definition 3.1.3 ([8]). Let q be a quasi-metric on X, a set V is called a g-neighbourhood
of an arbitrary point x € X if and only if there exists a § > 0 such that By(x,0) = {y € X :
q(z,y) <ot C V.

Definition 3.1.4 ([8]). The topology 7(q) of a quasi-metric space (X, q) can be defined as a
family or collection of q-neighbourhoods of an arbitrary point x € X and is denoted by V,(x).
Definition 3.1.5 ([]]). Let (X,q) be a quasi-metric space. A subset M of X is said to be
7(q)-open if and only if for every x € M there exists v > 0 such that By(z,r) C M. We
shall say that M is a q-neighborhood of x or that the set M 1is q-open.
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Remark 3.1.3 ([§]). Notice that B,(z,r) is 7(¢)-open, but C,(z,r) is not 7(g)-closed in

general. However, C,(z,r) is 7(¢~')-closed and the following inclusions hold.
(i) Bs(x,r) C By(z,1)

(ii) Bs(x,7) C By-1(z,7)

Remark 3.1.4. ([8]) The topology generated by a quasi-metric ¢ is called a forward topology
7(q), while the conjugate quasi-metric ¢=' generates another topology 7(¢~!) called the
backward topology and the third one is the topology 7(¢®) generated by the metric ¢°. As
a space with two topologies 7, and 7. 1. a quasi-metric space (X,q) can be viewed as a
bitopological space .

The topology 7(¢*) is finer than the topologies 7(q) and 7(¢™!) in the sense of Kelly [16].
Definition 3.1.6. ([8]) Let q be a quasi-metric, then a sequence (z,,) that converges to a
point x with respect to the topology T(q) is called a q-convergence sequence and is denoted by

Ty —— x, and is characterized in the following way:
Ty, —— 1 = q(z,x,) — 0.

Also a sequence (z,,) that converges to a point x with respect to the topology 7(q™') is called a
q~t-convergence sequence and is denoted by x,, —qi—> x, and 1s characterized in the following
way:

T, Ty = ¢ (z,2,) — 0 <= q(x,,7) — 0.
Definition 3.1.7 ([8]). Let (X,q) be a quasi-metric space, then a sequence (z,) in (X, q)
is called ¢*- Cauchy if it is a Cauchy sequence in the metric space (X, q%), that is for every

€ > 0 there exists N € N such that
¢ (p,xp) <€ or qr,,xp) <e foral nk>N.

Definition 3.1.8. ([8/) Let (X,q) be a quasi-metric space. The sequence (z,) in X is a
Cauchy sequence ifngrgoo (T, xm) = 0. A quasi-metric space (X, q) is bicomplete if every
Cauchy sequence (a:n) converges with respect to 7(q) and with respect to 7(q™') to a point
rxeX.

Remark 3.1.5 ([]]). A quasi-metric space (X, ¢) is called bicomplete if the associated metric
space (X, ¢°) is complete.

Definition 3.1.9 ([8]). A quasi-metric space (X, q) is bicomplete if and only if the metric
space (X, q°) is complete.

We now recall the definition of a quasi-uniform space. For more details see [8], [26].
Definition 3.1.10 ([8]). A quasi-uniformity on a set X is a filter F on X x X consisting

of subsets of X x X called entourages or surroundings, satisfying the following properties:
(i) If F € F, then A C F.

(ii) If F € F, then there exists an entourage E € F such that Eo E C F.
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The pair (X, F) is called a quasi-uniform space.
Definition 3.1.11. ([26]) Let F be a quasi-uniformity on X x X, then the set F~1 defined
by
Fl={(y,2) € X x X : (z,y) € F},
where F' € F is called the conjugate quasi-uniformity of F.
Remark 3.1.6. ([26]) A quasi-uniformity F is called a uniformity if 7~ = F.
Definition 3.1.12. ([8]) The uniformity F* defined by F* = F V F~! is the coarsest uni-
formity finer than both F and F~!.
Definition 3.1.13. ([26]) Let (X, F) be a quasi-uniform space, then every quasi-uniformity
on X induces a topology T(F) which is a collection of neighbourhood filters,
F(x) =A{F[z]: F € F} wherex € X and Flzx] ={y € X : (z,y) € F}.
Remark 3.1.7. ([8]) If (X, q) is a quasi-metric space, then for every € > 0

Ve=A{(z,y) e X x X : ¢q(z,y) < ¢}
is a basis for a quasi-uniformity F, on X. For every € > 0 the family
Vo ={(z,y) e X x X : q(z,y) < €}

generates the same quasi-uniformity.

Note that V.(z) = {z € X : q(z,y) < €} and V."(z) = {z € X : q(z,y) < €}, which implies
that V.(z) = By(z,€) and V. (z) = C,(z,€). Thus, it follows that the topologies generated
by the quasi-metric ¢ and by the quasi-uniformity F;, agree, that is;

7y =T(Fy)-

Definition 3.1.14. ([§/) Let M(X) be a collection of quasi-metrics, then the family of sets
V. with g € M(X) and € > 0, generates a quasi-uniformity on X, where for every e > 0 the
set

Ve=A{(z,y) e X x X : q(z,y) < ¢}

1$ a base for this quasi-uniformity.

3.2. Isbell convexity in quasi-metric spaces

In this section we recall the concept of Isbell convexity which will be later generalized to
fuzzy quasi-metric setting.

Definition 3.2.1. ([25]) Let (X, q) be a quasi-metric space, then a pair (Cy(z,r); Cy-1(z, s))
with x € X and non-negative reals r, s is called a double ball.

Definition 3.2.2. ([17/) A quasi-metric space (X, q) is said to be q-hyperconvex or Isbell
convez if for any collection of indexed points {x;}ie; in X and collections of non-negative
real numbers {r;}icr and {s;}icr such that q(z;,z;) <r;+s; for anyi,j € I,

ﬂ (Cq(wi, i) N Cor (i, 53)) # 0.

il
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Example 3.2.1. ([I7]) Let the set R of real numbers be equipped with the quasi-metric
q(x,y) = r—y = max{z — y,0} whenever x,y € R. Then (R, q) is Isbell-convex.

Proof. If R is Isbell-convex then by definition we have to show that
() (Coli,ri) N Cyr (i, 51)) # 0
icl
for any collection of points {xz;}ic; in R and collections {r;}ic; and {s;}ic; of non-negative
real numbers.
Thus, proving that there exists a finite subset J C I such that
() (Cylwi, i) N Coi (s, 5)) = 0,
ieJ

implies then that R is not Isbell-convex, so we prove this by contradiction.

We note that for (R, ¢) with the usual quasi-metric ¢, we have that Cy(z;,r;) = [x; — 15, 00)
and Cy-1(x;, s;) = (—00,z; + s;]. Suppose that
ﬂ (Cy(@s, i) N Cyr (5, 8:)) = ﬂ ([x; — riy00) N (=00, z; + si]) = 0,
ieJ icJ
then we have that max{xz; — r; };c; > min{x; + s;}ic;. Thus, there exists ig, jo € J such that
Tiy — Tig > Tjy + Sjo, implying that Cy(xiy, riy) N Cyg=1(xjy, 85,) = 0. Particularly x;, > xj,.
Thus,
q(Tiy, Tjy) = Tig — Tjy > Tig + Sio,
which contradicts the assumption that
() (Cylwi ) N Cpr (@i, 51)) = 0.
icJ

Hence, we conclude that ﬂ (Cylmiy i) N Cy1(zy, 8;)) # 0 for any J C 1.
icJ
Now since for any i € I, (Cy(z;,7:) N Cy=1(x;, s;) is compact with respect to the topology

7(¢®) on R, we conclude that

() (Cylwi, i) N Corr (i, 51)) # 0.

iel
Hence (R, q) is Isbell-convex. O

Example 3.2.2. ([I7]) Let R be equipped with its standard metric ¢°*(z,y) = |z — y|

whenever z,y € R. Then (R, ¢°) is not Isbell-convex.

Proof. For any i € [0,1] set r; = + and s; =

4
qs(i,j) < 1:7‘Z'+Sj . But
ﬂ (Cgs(i,m3) N Cys(iy 53)) € Cgs(0, 1) N Cye(1, 1) = [ 31N [2, 2] = 0.

1€[0,1]

2 Then for any i,j € [0,1] we have that
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Example 3.2.3. ([17]) Consider the product of (R, q) and (R, ¢~!), that is, R? equipped with
the quasi-metric D((z1,y1), (z2,92)) = max{z; — x2,y1 — y2,0} whenever (z1,y1), (x2,92) €
R% Then the diagonal {(x,z) : € R} in this product quasi-metric space is isometric to
(R, q).
Definition 3.2.3. ([17]) A quasi-metric space (X, q) is said to be metrically convez if for
any points x,y € X and any non-negative real numbers r1 and ro such that d(z,y) < rq+ro,
there ezists z € X such that q(z,z) <1y and q(z,y) < 1.
Example 3.2.4. ([I7]) The Sorgenfrey quasi-metric ¢ on R defined by

x—y, if x>y,

q(z,y) = ,
1 otherwise.

is not metrically convex since ¢(3,1) = 1 < 3 + 5 and there exists no z € R such that
q(%,z) < % and ¢(z,1) < %, since such a z would satisfy z < % and z < 1.

Definition 3.2.4. ([25]) A quasi-metric space (X, q) is said to have the mized binary inter-
section property if for all 1,5 € I, Cy(x;,r;) N Cy=1(xi, ;) # 0, for any collection of double
balls [(Cy(ws,14)) Co1(24,8i)),;) with vy, s; € [0,00) and x; € X whenever i € 1.

Definition 3.2.5. ([17]) A quasi-metric space (X, q) is said to be q-hypercomplete or Isbell-

iel;(

complete if every collection [(Cy(wi14)),e;s (Cor(xi,8i)),c;] of double balls, where r;,s; €

iel
[0,00) and x; € X whenever i € I, having the mized binary intersection property satisfies
ﬂ (Colwi,ri) N Cyr (i, 50)) # 0.
iel
Proposition 3.2.6. ([17]) A quasi-metric space (X, q) is Isbell-convex if and only if it is

metrically convex and Isbell complete.

Proof. Suppose that (X, q) is Isbell-convex. And let z1,29 € X,71, 82 € [0,00) such that
q(x1,x2) < 1r1+52. Now since (X, ¢) is Isbell-convex, it follows that Cy(z1,r1)NCy=1 (22, 52) #
(0, which implies there exists € X such that © € Cy(x1,r1) N Cy-1(x2, s2). Hence (X, q)
.7 Of double balls have
the mixed binary intersection property. Then d(z;,z;) < r; + s; whenever 4,j € I. And
so there exists x € ﬂ (Cy(z4, ;) N Cy=1(x;, 5;)) by Isbell-convexity of (X, ¢). Thus, (X, q) is

is metrically convex. Now let the collection [Cy(wx;,7;); Cy-1(;, 5;)]

iel
Isbell-complete.

Conversely assume (X, ¢) is both metrically convex and Isbell-complete. And let {z;};c; be
a collection of points in X and let {r;};,cr and {s;}ic; be collections of non-negative real
numbers such that ¢(x;, ;) < 7; + s; whenever i, j € I. Then [Cy(z;,7;); Cy-1 (i, 8i)],; has

the mixed binary intersection property. Thus there exists x € m Cqy(xi, 1), Cy=1(i, 5;) by
icl
Isbell-completeness of X. Hence (X, q) is Isbell-convex. ]

Definition 3.2.7. ([25]) A subset A of a quasi-metric space (X, q) is said to be bounded if
and only if there exists x € X and r,s € [0,00) such that

ACCylz,r)NCy(x,s).
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Proposition 3.2.8. ([17])
(i) Let (X,q) be an Isbell convex quasi-metric space, then (X, q") is Isbell convex.
(ii) Let (X, q) be an Isbell convex quasi-metric space, then (X, q®) is Hyperconver.

(iii) Let (X, q) be an Isbell complete quasi-metric space, then (X, q°) is Hypercomplete.

Proof. (i) The statement follows immediately from the definition of Isbell convexity.

(ii) Suppose that (X, ) is an Isbell convex quasi-metric space and let {x; };c; be a collection
of points in X and let {z; };c; be a collection of non-negative real numbers. Now suppose
that ¢°(z;, z;) < r;+r; for any 4, j € I. Then by the Isbell convexity of (X, q) we have
that

Q);éﬂ g(@i, i) N Cy=1 (i, 13)) mC Ty 1)

el i€l

Thus (X, ¢°) is hyperconvex.

(iii) Suppose that (X, d) is an Isbell complete quasi-metric space. And let the collection of
closed balls [Cys (x4, ;)]

tersection property. Then (Cy(z;,r;), Cy=1 (24, 7:))ier has the mixed binary intersection

.ep» Where z; € X and r; > 0 for any ¢ € I have the binary in-

property. Consequently,

@ 7é ﬂCqs(xi,ri).

i€l

Thus, (X, ¢®) is hypercomplete.

Proposition 3.2.9. ([17]) Every Isbell-convezr quasi-metric space (X, q) is bicomplete.

Proof. Since (X, q) is Isbell convex, by Proposition (X, ¢°) is hyperconvex. Since
hyperconvex metric spaces are complete by Proposition [2.2.6] we conclude that the quasi-
metric space (X, ¢) is bicomplete. O

3.3. q-Admiissible subsets

In this section we recall the concept of g-admissible subsets which is also studied later in
fuzzy quasi-metric setting. We begin by recalling a bicover of a subset A of a quasi-metric
space (X, q).

Definition 3.3.1. Let (X, q) be a quasi-metric space and let A be a non-empty bounded

subset of a quasi-metric space (X, q). Then we set

cov(A m{C ACC(:UT):EEX?“>O}
cov(A 1-ﬂ{(] tAC Cpa(x,s),z e X, s >0}.
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We define the bicover of A by
bicov(A) := cov(A)y N bicov(A)y-1.

Definition 3.3.2. ([25]) Let (X, q) be a quasi-metric space and let A be a nonempty bounded
subset in (X, q). Then the cover of A denoted by cov(A) is defined as

cov(A) = ﬂ{Cqs(x,r) tAC Cp(x,r),x € X}

Thus, A C bicov(A) C cov(A).
Definition 3.3.3. ([25]) A nonempty bounded subset A of a quasi-metric space (X,q) is
called q-admissible if A = bicov(A).

The collection of all g-admissible subsets of a quasi-metric space (X, q) will be denoted by
A (X).

Example 3.3.1. ([25]) Let X = [0,1] x [4, 3] be equipped with the quasi-metric defined by
D((a, B), (!, B")) = (a—a') V (B—8) whenever (a, B), (o, 8') € X.

Consider A = {(0, 3), (1,3)} € X. Then bicov(A) is equal to the line segment from = = (0, 3)
toy = (1,1). This follows from the fact that for each € € [0, 1], y € Cp(z,€) = [0,1]x[2—¢, 3]
and z € Cp-1(y,e) = [0,1] x [1,1 + €] and that segment is a subset of any set of the form
Cp(a,r)NCp-1(b, s) for which {z,y} C Cp(a,r)NCp-1(b, s). Indeed assume that z belongs
to this segment. Then D(z,y) = 0 = D(z, z) and therefore z € Cp(a,r) N Cp-1(b, s) by the

triangle inequality.

On the other hand cov(A) = X, since {z,y} C Cps(z,€) with z € X implies that ¢ < 5. In-
deed assume that z = (a,b). Then a < D*((a,b),(0,1)) <eand 1—a < D*((a,d), (3,1)) <e
Thus € > max{a,1 —a} > 1. It follows that X C Cps(z,€), because the interval [1, 3] has

length 3. Therefore, cov(A) = X.

Next, we show that every admissible subset of an Isbell convex quasi-metric space is Isbell
convex and this result will be generalised to the fuzzy quasi-metric setting (see Proposition
5.3.4)).

Proposition 3.3.4. ([25]) Let (X,q) be an Isbell convex quasi-metric space. Then D €
A (X) is Isbell convex.

Proof. Since D € A,(X), then D = bicov(D), which implies that there exists a collection

{z;}ier of points in X, collections {r;};c; and {s; };e; of non-negative real numbers such that

ﬂ Oq(.flfi, 7’1‘) N Oq—l (l‘i, Si) 7é @

icl
Now let {Cy(xa,70); Cy=1(Za, Sa) }aer be a collection of double balls, where z, € D and

Ta, Sa € (0,00) whenever a € T" such that
Q(Ta,25) < T4+ S5
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whenever a;, 3 € I'. Then by Isbell convexity of X, we have that

(N (Colara) N Cypoi(Tar 5a)) # 0.

ael
Now consider the collection

{Cy(®a,7a) acrs {Cq-1(Ta, Sa) Yaer, {Cq(i, i) Yier, {Cq-1 (24, 8;) }ier] of closed balls. We have
for each o« € I'and 7 € I,

Q(To, ) <8 <To+ 8
and
q(zi, 70) <1y <1+ Sa
Furthermore, for all 7,5 € I and « € ', we have that
q(zi, ;) < (i, Ta) + q(Ta, 25) < T3 F 85

It follows from Isbell convexity of (X, q) that

(ﬂ Cy(a,7a) N Cyi1(xq, sa)> N (ﬂ Cylziyri) N C'q_1(:z:7si)>

ael i€l

= (ﬂ Cy(Ta,Ta) N C'q1(xa,sa)> ND # 0.

ael

Thus, the g-admissible subspace D of (X, q) is Isbell convex. ]

We now recall the following theorem which shows the conditions for which the fixed point
set described below is Isbell convex.

Theorem 3.3.5. ([25]) Let (X, q) be a bounded Isbell convex quasi-metric space. If

T :(X,q) — (X, q) is nonexpansive, then the fixed point set Fiz(T) of T in (X, q) is nonempty

and Isbell convex.

Proof. First we show that Fix(T') # (). Now since T : (X,q) — (X, ¢), is a nonexpansive
map, we have that ¢(Tz, Ty) < q(z,y) < ¢°(z,y) and ¢ (T'z, Ty) < ¢ (z,y) < ¢*(x,y) for
all z,y € X, which implies that ¢*(Tz, Ty) < ¢°(x,y). Hence the map T": (X, ¢°) — (X, ¢°) is
a nonexpansive map and since (X, ¢) is bounded, (X, ¢*) is also bounded. Now by Proposition
3.2.8 (ii) (X, ¢®) is metrically hyperconvex. Since (X, ¢°) is a bounded hyperconvex space
and T : (X,q¢°) — (X,¢°) is a nonexpansive map, then by Theorem , we have that
Fix(T) # 0. Now we show that Fix(T) is Isbell convex. Let {C,(z;,7;), Cy=1 (24, $i) }ier be a
collection of closed double balls, where z; € Fix(T') such that ¢(x;,z;) <r;+s; fori,j € [

and also let

Xo = ﬂ (Cylzs,ri) N Cy1(i, 5)) .

il
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Now since X is Isbell convex, the set

Xo = [ (Cylai,rs) N Comi (5, 1)) # 0.
icl
Let # € Xy. Then z € Cy(x;,7;) and x € Cy-1(x;,s;) for all @ € I. Thus, ¢(x;,2) < r; and
q Y(z;, ) < s;. Now since z; € Fix(T'), we have that

q(x;, Tx) = q(Tx;, Tx) < q(x;,z) <1y

and
¢ (2, Te) = ¢ (Ta;, Tx) < ¢ Mg, w) < s,

which implies that Tz € Cy(x;,7;) and Tx € Cy-1(x;, s;) for every @ € I. Thus, Tz € X,
and therefore, T'(X() C Xj.

Furthermore, X is a bounded Isbell convex quasi-metric space by proposition [3.3.4]

Now in the first part of the proof we showed that Fix(T) # () and this implies T has a fixed
point in X, which implies that

Fix(T) N [ \(Cylwi,7:) N Cyr (w1, 51)) | # 0.

el

Hence, Fix(T") is Isbell convex. O

In the next theorem we recall that the intersection of a descending collection of Isbell convex
spaces is as well Isbell convex.

Theorem 3.3.6. ([27]) Let (X,q) be a bounded quasi-metric space and let {H;}icr be a
descending collection of nonempty Isbell convex subsets of X, where we assume that I is
totally ordered such that for alli,j € I, i < j hold if and only if H; C H;. Then (\,.; H; is

nonempty and Isbell convez.

icl

Proof. We first show that ﬂHi # (. Now let {(H;, q)}ier be a descending collection of
el
nonempty bounded Isbell convex subsets of (X, ¢q) such that i < j < H; C H; whenever

1,7 € 1. By proposition m (H;,q°) is a bounded hyperconvex metric space, whenever
1,7 €1.
Now by Theorem [2.3.7, we have that H =)

Isbell convex.

i1 Hi # 0. We now show that H = (,.; H; is

Let {xa}aer be a collection of points in H = (,.; H; and {r,}aer be collections of non-

iel
negative real numbers such that ¢(z,,25) < ro + sz whenever a, § € I'. Then since (H;, q)

is an Isbell convex space for each ¢ € I and x, € H; whenever o € ', we have that

D, = ﬂ (Co(TasTa) N Cy-1 (T, So)) N H; # 0.

acl
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Since i < j < H; C H; whenever 4, j € I we have that D; C D; whenever i < j. {D, }ies is
a decreasing collection of subsets of X. Now by the first part of this proof, we have that

0# (D= )| (Cola:ra) N Com1(a, 50)) N H;

iel i€l LacT
= ﬂ o(Ta,7a) NCy- (ma,sa))ﬂﬂHi,
ael icl
since {D;es} is decreasing. This proves that H = ﬂ H; is Isbell convex. O

iel
Definition 3.3.7. ([25]) Let (X, q) be a quasi-metric space and let a collection of nonexpan-
sive maps {T; }ier, with T; : (X, q) — (X, q) be given. Then {T;}ics is said to be a commuting
collection if
T;oT; =T;0T; whenever 1,7 € I.

The following lemma will be used in what follows.
Lemma 3.3.8. ([25]) Let {H,}acs be a collection of bounded Isbell convex subsets of a

quasi-metric space (X,q) with the finite intersection property, that is, ﬂ H, # 0 where
acF
F C S, then the intersection ﬂ H,, is nonempty and Isbell convex.
a€es

Proof. LetV ={I C S:for all J finite J C S, ﬂ H, is nonempty and Isbell convex}

1uJ
Obviously ) € V and V satisfies the hypothesis of Zorn’s lemma by Theorem [3.3.6, Let I

be maximal in V. Then I U {a} € V whenever a € S. Thus, by the maximality of I, « € [

whenever o € S. ]

The next result is a consequence of Theorem [3.3.5and Theorem [3.3.6{and it is a consequence
of Theorem 6.2 in [I8§].
Theorem 3.3.9. Let (X, q) be a bounded Isbell convexr quasi-metric space. Any commuting
collection of nonexpansive maps {T; }icr, with T; : (X, q) — (X, q), has a common fized point.
Moreover, the common fized point set ﬂ Fix(T;) is Isbell convex.

iel
Proof. By Theorem [3.3.5] Fix(T-) is Isbell convex whenever ¢ € I. Thus, by Lemma 3.3.8] it

suffices to show that m Fix(T;) # () and is Isbell convex for any finite subset J of I. Suppose
i€l

J ={1,2,...,n}. Then the collection of fixed point sets {Fix(7}) };cs = {Fix(T}), ..., Fix(T},) }.
Since T} and Ty commute, it is immediate that 75 : Fix(7}) — Fix(77). Thus Fix(77) N
Fix(Tz) # 0. By induction one concludes that

ﬂ Fix(7;

and is Isbell convex. OJ
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Definition 3.3.10. ([25]) Let (X,q) be a quasi-metric space. For a quasi-metric subspace
A of X, we define for €;,e5 € (0,00) the €1, €a-parallel set of A as

N e (A) = U Cyla, e2) N Cy-1(a, €1).

acA
(Note that for each € > 0 in particular N¢.(A) = U (Cys(aye)).
acA
We now give the following Lemma which will be generalised to fuzzy quasi-metric spaces in
the next chapter (see Lemma [5.3.6])
Lemma 3.3.11. (J27]) Let (X,q) be an Isbell convexr quasi-metric space. And let A be a
q-admissible subset of X, say 0 # A = (\;c;(Cy(xi,7:) N Cy-1(i, 53)) with x; € X and 14, s,

nonnegative reals whenever i € I # (). Then for each €1, e > 0,

Nel,eg (A) = ﬂ(Cq(.ﬁE“ r; + 62) N Cq—l(l’l', Si + 61)).

il

Proof. Suppose y € N, ,(A) = U Cyla, e2) NCy-1(a, €1), where €1, €2 > 0, for some a € A.
a€A
Then y € Cy(a, €;) and y € Cy-1(a, €1), which implies that

q(a,y) < e and ¢ '(a,y) =q(y,a) = €.

But for each i € I,

Q(xi, y) S q(xw Cl) + Q(aa y)
<riteé

and

q(y,x;) < qy,a) + q(a, z;)
S €1+ S;.

Thus, for each i € I, we have that y € Cy(x;,7; +€2) and y € Cy-1(z;, s; + €1), which implies

that Yy < ﬂ C'q(xi, r; + 62) N C’qq(xl-, S; + 61).
el
Hence,

N€1,62(A) C ﬂ Cq<xiari + 62) N qul(fﬁi, S; + 61).

i€l
Conversely, suppose
Y€ ﬂ Cyxi,ri + €2) N Cy1 (x4, 5; + €1).
icl
Then, for each i € I, we have that y € Cy(x;,7; + €2) and y € Cy-1(z4, 5; + €1) which implies
that
q(xi,y) <ri+e and q(y,z;) < s+ €.

Since A is nonempty and by the definition of A, we must have that for any 4, j € I,
q(x5,2;) < q(z5,0) + q(a, ;) <71 + 550
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So by Isbell convexity of X, we have that

0+ (ﬂ Cylz4, 1) N Cy(y, 61)) N (Cy-1(xi, 55) N Cy-1(y, €2))

= (ﬂ Cylxi,ri) N Cy1 (x4, sz)> N (Cyy,e1) N Cy-1(y, €2))

iel

= ANCy(y,e1) NCy1(y, €2).

Therefore, a € A such that ¢(y,a) < € and g(a,y) < €.
Hence y € N, .,(A), which implies that

m Cq(xi,n + 62) N Cq—l(l'i, S; + 61) g Nq,eg(A)-

iel
Hence the proof is complete. O]

Definition 3.3.12. [27] Let Y be a subset of a quasi-metric space (X,q). Amap f: X =Y

15 said to be a nonexpansive retraction if:
(i) For each x € Y , f(x) = x that is, [ is the identity function on its image, and

(ii) For any z,y € X, q(f(x), f(y)) < q(x,y), that is, f is nonexpansive.
Lemma 3.3.13. ([2]]) Let A be a non empty q-admissible subset of an Isbell convex quasi-
metric space (X,q). Then, for each €,e5 > 0 there exists a nonexpansive retraction R of
Ng, e,(A) onto A which has the property that q(z, R(x)) < € and q(R(x),x) < €3 for each
€ Ny o (A).

€1,€2

Proof. Assume () # A = m(Cq(xi,m)ﬂqul(xi, s;)) with I # (). By Lemma|3.3.11| N, ., (A)
iel

is g-admissible in (X, ¢) and so N, ,(A) is Isbell convex by Proposition |3.3.4, Consider the
collection F = {(D,Rp) : AC D C N, ,(A) and Rp : D — A is a nonexpansive retraction
such that ¢(z, R(x)) < ¢ and ¢(R(x),x) < € for each x € D}.

Note that (A, I4) € F, where 14 is the identity map on A. So F # (). If one orders F in
the usual way ((D, Rp) < (H,Ry) if and only if D C H and Ry is an extension of Rp)
then each chain in (F, <) is bounded above, so by Zorn’s Lemma F has a maximal element
which we again denote by (D : Rp). We need to show that D = N, ,(A). Suppose there
(A) such that = € D, and consider the set

exists x € N,

€1,€2

C:

ﬂ C,(Rp(w), g(w, z)) N Cy-1(Rp(w), q(x,w))]

weD

ﬂ(Cq(l’i,’f’i) N Cy-1(x;, 51))] N[Cy(z,e1) N Cp1(x, €2)] .

icl

N

First we show that C' # (), and in order to do this we need only to show that C' has the

mixed binary intersection property.
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If wi,wy € D then

q(Rp(w1), Rp(wz)) < q(wi,ws) < q(wi, ) + q(z, w2).

This proves that Cy(Rp(w1), ¢(wy, x)) N Cp=1(Rp(ws), ¢(x, ws)) # B by metric convexity of
(X, q), so C has the mixed binary intersection property for the first collection. Also for each

w € D, Rp(w) € A= m (@i, 7)) NCy=1(x;, 5;)). So the mixed binary intersection property

iel
is satisfied for the second collection.

Since
N€1,62 (A) = m(Cq(xu T+ 62) N Cq—1<l‘i, S; + 61))

icl
we know that (Cy(x;,r; + €2) N Cy=1(x;, 5, + €1)) # 0 for each ¢ € I. Finally, if w € D, then

q(Rp(w), :B) < Q(RD(w)>w) + Q(w7$) < €+ Q(w7m)

and
q(z, Rp(w)) < q(z,w) + q(w, Rp(w)) < d(xz,w) + €.

Thus by metric convexity of (X, q) we have that

CQ(RD(w)7 Q(wv l’)) N CII*l (JI, 62) 7é @7
as well as

Cy-1(Rp(w),d(z,w)) N Cy(z, 1) # 0.

Cy(x,€1) and Cy-1(z, €2) intersect. We have shown that the collection

[Co(Bp(w), q(w, 2))wep, (Cq(wi,7) )icr, Cql, €1);
Cy- 1(Rp(w), q(z,w))wep, (qul(xi, Si))ier, qul(% €2)]
of double balls has the mixed binary intersection property.

We conclude therefore that ) # C' C A. Now let u € C' and define R' : D U {z} — A by
setting R'(w) = Rp(w) if w € D and R'(x) = u. Then for w € D,

¢(R'(z), R'(w)) = q(u, R(w)) < q(u, w)
and
¢(R'(w), B(x)) = ¢(R(w),u) < g(w, u).
So R’ is nonexpansive. Also ¢(R'(x),z) = q(u,z) < €2 and ¢(z, R'(z)) = q¢(x,u) < €. With

this we conclude that the pair (DU{z}R') contradicts the maximality of (D, Rp) in (F, X).
Therefore, D = N, ,(A) and the proof is complete. O

Definition 3.3.14. ([2]]) Let (X, q) be a quasi-metric space. A map T : (X, q) — (X, q) is

said to have approrimate fized points if

inf ¢*(x, T()) = 0.
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Definition 3.3.15. ([2]]) Let (X, q) be a quasi-metric space. For a map
T:(X,q) — (X,q) and for any €1,e2 > 0, we use Fy, ,(T') to denote the set of €1, ex-fized
points of T', that is,

Foo)={zeX:q(T(@) <e and ¢(T(z),z) < e}

Theorem 3.3.16. ([27]) Suppose that (X, q) is an Isbell convex quasi-metric space and that
the map T : (X, q) — (X, q) is non-expansive. Furthermore, suppose that for some €1,€5 > 0,
Fo e,(T) # 0. Then, the set Fy, .,(T) is Isbell convex.

Proof. For each i € I, let z; € F,

te0(T), and let 7; > 0 and s; > 0 be such that ¢(z;, z;) <
r; + s;. We need to show that

m(CQ<Ii7 Ti) N Otf1 (xh SZ)) N FE1,62 (T) 7é 0.

i€l

Since (X, q) is Isbell convex, by Proposition 3.3.4] 0 # J = (Cy(x;, 1) N Cy-1(x;, s;)) is Isbell
convex. Furthermore, J is bounded in (X, q). Also, if € J, then for each i € I,

q(x;, Tr) < q(x;, Tx;) + (T, Tx)
S €2 + Q(.T“ JI)

< €+ 71y
and

q(Tx,z;) < q(Tx,Tx;) + q(Tx;, x;)
S q<fL‘,l’Z) + €1
S €1+ S;.

This implies that Tz € Cy(x;,m; + €2) and Tx € Cy(z;, s; + €1), which implies that Tz €
N¢, e,(J) by Lemma Now, by Lemma there is a nonexpansive retraction 12 of
Ng ,(J) onto J for which ¢(R(z),z) < e and ¢(z, R(x)) < €; whenever z € N, .,(J). Also
since Ro T is a nonexpansive map of J into J, it must have a fixed point by Theorem [3.3.5|
Suppose that R o Txy = xo for some zy € J. Then, q(x¢,Tzo) = q(R o Tz, Txy) < €,
q(Txy,x0) = q(T'xo, RoTx) < ¢ Thus, the proof is complete, since xg € J N Fy, (7).
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CHAPTER 4

FUZZY HYPERCONVEXITY

In this chapter, we recall the concept of hyperconvexity in fuzzy metric spaces which was
introduced by Yigit and Efe [38]. This type of convexity is called fuzzy hyperconvexity and
it is a generalisation of hyperconvexity in metric spaces to fuzzy metric space. Therefore, it
is natural that we first recall the concept of fuzzy metric spaces. The concept of triangular
norms (also called t-norms) plays an important role in the definition of a fuzzy metric space.

Hence we start with this concept.

4.1. Triangular norms

In this section, we recall the definition of a triangular norm and give some of their examples.
Definition 4.1.1 ([7]). A triangular norm (shortly, t-norm) is a binary operation on the
unit interval [0, 1], that is, a function * : [0,1] x [0,1] — [0, 1] such that, for all a,b,c € [0, 1]

the following four axioms are satisfied:
(i) axb="bxa (commutativity);
(ii) ax (bxc) = (a*b)*c (associativity);
(iii) ax1=a and ax0=0 (boundary conditions);
(iv) a*b < ax*c whenever b < c (monotonicity).

The commutativity of (1), the boundary condition (iii) and the monotonicity (iv) imply that

for each t-norm x and xz € [0,1], the following boundary conditions are also satisfied.
zxl=1xx=z, zx0=0xx=0.

Furthermore, a triangular norm = is said to be continuous if * is continuous, that is for all
y € [0,1] the function -y : [0,1] — [0,1],2 — x * y is continuous.
Example 4.1.1 ([2I]). The Lukasiewicz %, defined by:

a*r, b =max{a+b— 1,0},

is a triangular norm, where a,b € [0, 1].
Example 4.1.2 ([21]). The minimum xj; defined by:

a *y; b = min{a, b}

is a continuous triangular norm, where a,b € [0, 1].
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Example 4.1.3 ([21]). The product *p defined by:
axpb=a-b

is a continuous triangular norm, where a,b € [0, 1].

4.2. Fuzzy metric spaces

In this section, we recall the definition of a fuzzy set and give an example, then we recall
the definition of a fuzzy metric space. For details see [13] and [7].
Definition 4.2.1 ([39]). Let X be a collection of objects denoted generically by x, then a

fuzzy set A in X is a set of ordered pairs:

A={(z,pz(2)) :x € X},

where pz(x) is called the membership function or grade of membership of = in A that maps
X to the membership space M = [0, 1].

However, if the membership space M = {0, 1}, then A is non-fuzzy and p ;(z) is the same
as the characteristic function of a non-fuzzy set.

Example 4.2.1 ([39]). A realtor wants to classify the house he offers to his clients. One
indicator of comfort of these houses is the number of bedrooms in it. Let X = {1,2,3,...,10}
be the set of available types of houses described by = number of bedrooms in a house.

Then the set indicating comfortable type of house for a four-person family described as
A=1{(1,02),(2,0.5),(3,0.8), (4,1), (5,0.7), (6,0.3)}

is a fuzzy set.

Example 4.2.2. ([7]) The set A of real numbers considerably larger than 10:
A={(z,ps(2)) : v € R},

0, if x<10,
if x> 10.

where p4(z) = )
1+(z—10)2°
is a fuzzy set.

Take for instance the subset of real numbers {9, 10,11, 12,17}, then its fuzzy set with respect
to the membership function p ;(z) will be {(9,0), (10,0), (11,0.5), (12,0.2), (17,0.02) }.
Definition 4.2.2. ([11)]) Let X be a non-empty set, an intuitionistic fuzzy set is defined by:

A= {(IJJJA(I)?VA(ZE)) NS X}v

where p1;(x) is the degree of membership or the membership function of = to A, v;(x) is the

degree of non-membership or the non-membership function of x to A, where
pi:X —100,1 and vi:X —[0,1]
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and satisfy the condition:

0<pilz)+vi(z) <1, foral xe€lX.

Furthermore, ¢ 4(z) = 1—v4(x)—fi 4, is called the intuitionistic fuzzy set index or hesitation
margin of x in A. ¢;(x) is the degree of indeterminacy of z € X to the intuitionistic fuzzy
set A and ¢ ;(z) € [0, 1], that is, ¢ ;(z) :— [0,1] and 0 < ¢ ;(x) < 1 and it expresses the lack
of knowledge of whether x belongs to the intuitionistic fuzzy set or not.

Definition 4.2.3. ([7]) Let X be a nonempty set, x be a continuous t-norm, and let M :
X2 x[0,00) = [0,1] be a fuzzy set. Then the pair (M, %) is called a KM-fuzzy pseudometric
on a set X if for all x,y,z € X and t,s € (0,00) the following arioms are satisfied:

(i) M(zx,y,

0) =
(ii) M(x,x,t)
) = M(y,z,t)

(i) M(z,y,-):[0,00) — [0,1] is left continuous.

(
(

(iii) M(z,y,t
(z,y,) :

(v) M(z,y,t)* M(y,z,5) < M(z,2,t + )

The 3-tuple (X, M, *) is called a KM-fuzzy pseudometric space.
If further for allt > 0,

M(z,y,t) = M(y,z,t) =1 <=z =y,

then the pair (M, x) is called a KM-fuzzy metric and the 3-tuple (X, M, *) is called a KM-

fuzzy metric space.
Definition 4.2.4. ([7]) Let X be a non-empty set, x be a continuous t-norm and M be a

fuzzy set on X2 x (0,00). Then the pair (M, *) is called a GV-fuzzy pseudometric on a set
X if for all x,y,z € X and t,s € (0,00) the following axioms are satisfied:

(i) M(z,y,t) >
(ii) M(w,z,t)
(iii) M(z,y.,t)
(i) M(z,y,t)

(z,y,-) :

(v) M(x,y,

M(y,z,t)

M(y,z,s) < M(x,z,t+s)

*

(0,00) — [0, 1] is continuous.

The 3-tuple (X, M, ) is called a GV-fuzzy pseudometric space.
If further for allt > 0,

M(z,y,t) = M(y,z,t) =1 <=z =y,

then the pair (M, *) is called a GV-fuzzy metric and the 3-tuple (X, M, *) is called a GV-fuzzy

metric space.
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Remark 4.2.1. ([13]) M(x,y,t) can be thought of as the degree of nearness between x and
y with respect to t. We identify x = y with M (x,y,t) =1, for t > 0 and M(x,y,t) = 0 with
0.

Example 4.2.3. ([20]) Let X = R. Define a *xp b = a - b and

T—Yy -1
Mz,y.t) = |e7
for all z,y € X and t € (0,00). Then (X, M, xp) is a GV-fuzzy metric space.

Proof. To prove we show that the axioms of a fuzzy metric space are satisfied.

(i) M(x,y,t) >0

1-1

We have that M (z,y,t) = =7 > () since e* > 0 for any = € R.
(i) M(z,z,t)=1
[ |z—=z| ] -1
We have that M (x,x,t) = T =1

(ili) M(z,y,t) = M(y,z,t)
[ Jz—y| ] -1 y—x -1
We have that M(z,y,t) = =7 = [elti‘] = M(y,z,t).

(iv) M(z,y,t)« M(y,z,5) < M(x,2,t + s)
We have that

M(z,y,t) *p M(y,z,s) = [eztﬂl- [eysz}l = [e TS ]1.

Now
ot e O | OO e O et el i B i |
t s T t+s t+s t+s ~ t+s
where the last inequality follows by the triangle inequality.
Thus,

k| B ek B el
t s T t+s

which implies that,

lz—yl| | ly—=| lz—z|
t + s e t+s

SO

Thus,

r—y y—z -1 rT—z -1
M(gj,y,t) *p M(yjz’s) = |:€‘ 7 Lyl S ‘] < |:€‘t+s|:| :M($,Z,t+8).

(v) M(z,y,-): (0,00) — [0, 1] is continuous.
We have that the exponential function e” is continuous on any open interval, hence

It
M(z,y,t) = [e‘fyl} is continuous on (0, 00).
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Example 4.2.4. ([I3]) Let (X, d) be a metric space. Define a *p b =a-b and

kt™

M t) =
(x,9,1) ktr +md(z,y)’

where k,m,n € RT. Then (X, M, xp) is a GV-fuzzy metric space.

Further, if k =m =n =1, we get

My(z,y,t) = m,

we call this a fuzzy metric induced by a metric d, the standard fuzzy metric.
Definition 4.2.5. ([13]) Let (X, M,x*) be a GV-fuzzy metric space. Then an open ball
By (x,r,t) about x € X and radius r € (0,1), and t > 0 is defined by

By (z,rt) ={ye X : M(x,y,t) >1—r}.

Definition 4.2.6. ([13]) Let (X, M,*) be a GV-fuzzy metric space. Then a closed ball
Cr(z,r,t) about x € X and radius r € (0,1), and t > 0 is defined by

Cyul(z,rt)={ye X : M(z,y,t) >1—r}.

Remark 4.2.2. ([38]) Every open ball is an open set and every closed ball is a closed set in
a fuzzy metric space (X, M, *).
Definition 4.2.7. ([13]) Let (X, M, %) be a fuzzy metric space and define T by

r={ACX:xcA ifand only if there exist t>0 and r € (0,1) suchthat B(z,rt) C A}.

Then T is a topology on X.
Lemma 4.2.8. ([3]) Let (X, M, *) be a fuzzy metric space and « € [0,1). Then the collection

B, ={Bu(z,r,t):z € X,r € (a,1),t >0}
1s a base for a topology on X.

Proof. Let z € By(x,r1,t) N By(y, 72, s) where ri,ro € (a,1). Thus M(z,2,t) > 1—mn
and M(y,z,s) > 1 —ry. Then there exists ty < t and sy < s such that

M(z,z,t)) >1—r; and M(y,z,80) > 1—ro.

Let r = min{ry, 7} and p = min{t —ty, s—so}. We claim that By,(z,1—r,p) C By(z,7r1,t)N
Buy(y,re, s). Let u € By(z,r,p) C B(z,r,t —tg). Then M(u,z,t —tg) > 1 — r. Therefore,
M (z,u,t) > M(x,z,t0)* M (z,u, t—tg) > (1—r1)*(1—r) = 1—ry. Thenu € By(x,r1,t) and
we have By (z,r, p)subet By (x,r1t). On the other hand let w € By (z,r,p) C By (2,7, 58— 5S0)-
Then M(u,z,s — sg) > 1 — r. Therefore M(y,u,so) > M(y,z,0) * M(z,u,s — s9) >
(1—r9)*(1—=7r)=1—ry. Then u € By(y,r2,s). We have By(z,7,p) C Bar(y, 2, s). Hence
B(z,r,p) C By(z,7r1,t) N B(y,re, s). ]
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Proposition 4.2.9. ([1]) Let (X,d) be a metric space and My(z,y,t) = m be the
corresponding standard fuzzy metric on X. Then the topology 14 induced by the metric d and

the topology T, induced by the fuzzy metric My are the same. That is,
Td = TMy,-

Proof. Suppose that A € 75. Then there exists € > 0 such that By(z,e¢) C A, for every
x € A, which implies that d(z,y) < € for all y € By(z, €). Thus, for a fixed ¢t > 0, we obtain

that
t t

- t+d(z,y) ~ t+e

Let 1 —r = ;. Then My(z,y,t) > 1 —r. Then it follows that,

By, (x,rt) = {y € X + My(z,y,t) > 1 —r} C A Hence A € 7y, This shows that
74 € Tar,. Conversely, suppose that A € 7,. Then there exists € € (0,1) and ¢ > 0 such

that By, (x,€,t) C A for every € A. Thus we obtain that

Md(xv Y, t)

t
M t)=——>1-—
(Iay’ ) t+d(m,y) €,

which implies that
1 - 1—e€
t+d(z,y) t

which implies that

t
t+d(z,y) < —,
1—c¢

which implies that
te

1—e¢ I
Let r = & where 0 < € < 1. Then d(z,y) < r and therefore
By(z,r) ={y € X : d(z,y) <r} C A. Hence A € 7,. This implies that 75;, C 74. Therefore

d(z,y) <

Td = TMy,- []

Definition 4.2.10. ([33]) Let (X, M, x) be a GV-fuzzy metric space, a sequence {x,} in X
15 said to converge to a point xg in X if and only if for each e > 0,t > 0 there exists N € N
such that M(x,,xz,t) >1—€ for alln > N.

Definition 4.2.11. ([13]) Let (X, M,*) be a GV-fuzzy metric space, a sequence {x,} in
(X, M, %) is said to be a Cauchy sequence if and only if for every given € > 0, t > 0 there
exists N € N such that M (x,, Ty, t) > 1 —¢€ for alln,m > N.

Definition 4.2.12. ([13]) A GV-fuzzy metric space (X, M, ) is said to be complete if and

only if every Cauchy sequence in X converges to a point in X.

4.3. The compatible metric

In this section we recall the concept of a compatible metric. This concept was introduced

by Radu in [29]. later on, Castro-Company, Romaguera and Tirado used this concept to
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present fixed point theorems in fuzzy metric spaces. In Chapter 6, we will generalise this
concept to the asymmetric setting and use this concept to present fixed point theorems in
fuzzy quasi-metric spaces.

Theorem 4.3.1. [6] Let (X, M, ) be a fuzzy metric space such that x > xp, where a ;b =
max{a + b — 1,0} and for each z,y € X, let

di(xz,y) =sup{t > 0: M(x,y,t) <1—t}.
Then d; is a metric on X such that
di(x,y) < € <= M(z,y,€) > 1 —¢,
for all e € (0,1).

Proof. (see [6], Theorem 3) From the definition of di(x,y), we have that d(z,y) > 0, for
all z,y € X. Secondly, we show that d;(z,x) = 0, which is true since M (z,z,t) = 1, which
implies that for all ¢ such that M (z,x,t) <1—1t,¢t =0 and so

di(z,x) = sup{t > 0 : M(z,z,t) < 1—t} = 0. We now show that d;(z,y) = 0 whenever
r = y. Suppose that x = y, then M(z,y,t) = 1. Thus for any x,y € X, we have that
t = 0 and this implies that di(z,y) = sup{t > 0 : M(z,y,t) < 1 —1t} = 0. Next we show
that dy(z,y) = di(y,x), which follows since M(z,y,t) = M(y,z,t). Finally, we show that
d; satisfies the triangle inequality. Let x,y,z € X, we know that d;(z,y) < 1. Thus, if
1 < di(z,2) +di(z,y) then di(z,y) <1 < di(z,2)+di(z,y). Hence, we assume, without loss
of generality, that d(x, z) + di(z,y) < 1. We use the relation that

M(z,y,a) >1—a= di(z,y) < a

for all a € (0,1). Before proceeding with the proof, we first show that the relation is true.
Now suppose to the contrary that di(z,y) > a. Then there exists ¢ € (a,1] such that
M (z,y,t) <1—t from the definition of d;(x,y), which implies a < ¢t and so

1—a< M(z,y,a) < M(z,y,t) <1—t,

which implies that a > ¢ which contradicts a < t. Hence, d;(x,y) < a whenever M (z,y,a) >
1 — a. Choose an arbitrary € > 0 such that d;(z,z) + di(2,y) + 2¢ < 1. Then, from the

definition of d; and since * > %, we have that

M(z,y,dy(z, 2) + di(2z,y) + 2€) > M (2,2, dy(7,2) + €) * M(2,y,di(2,y) + €)
> (1—dy(z,2) —€) x (1 — dy(2,y) —€)
> (1 —dy(x,2) — €) %, (1 — dy(2,9) — €)
=1— (di(zx, 2) + di(2,y) + 2¢).

It follows from the relation M(x,y,a) > 1 —a = di(z,y) < a that
dt(‘ra y) S dt(x7 Z) + dt(z7y) + 2e.
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Since € was arbitrary choosen, we conclude that d;(z,y) < di(x, z) + di(z,y). Hence, d, is a

metric on X. dy(x,y) < € <= M (z,y,€) > 1 — € follows from the definition of d;.

4.4. Fuzzy hyperconvexity

In this section, we recall the concept of fuzzy hyperconvexity. This concept was introduced
by Yigit and Efe in [3§]. For more details see [38§].
We point out that the results in this section are in the framework of GV-fuzzy metric spaces.

We also point out that we use the term fuzzy metric to refer to GV-fuzzy metric.

Before we recall the definition of fuzzy metrically convexity, we first state and prove the
following lemma.

Lemma 4.4.1. ([3§]) Let (X, M, *) be a fuzzy metric space and let x1, x5 € X, 11,79 € (0,1),
also let t1,ty € (0,00). If Chr(xy,7r1,t1) N Chr(wa, 1o, ta) # O, then for any points x1,xs € X

and for each pair ri,t; and ro,ty where ri,rs € (0,1) and t1,t5 € (0,00), we have that

M(ZEl,J]Q,tl —f—tg) 2 (]_ —7‘1) x (]_ —7’2).

Proof. Suppose Cy(x1,71,t1) N Crr(wa,79,t2) # (O, then there exists z € X such that
z € CM(xl,rl,tl) N CM(I'Q,TQ,tQ).
Now by definition,

Cu(xy,r,ty) ={z€ X : M(xy,2,t;) > 1—r1}

and
CM(JTQ,T‘Q,tQ) = {Z c X M(ZL‘Q,Z,tz) Z 1-— 7"2}.

Thus, M(xq1,2,t1) > 1 —1r and M(x9, 2,t2) > 1 — ro.
And from Definition axiom (iv) of a fuzzy metric, we have that

M('leantl + t2) 2 M(.Tl,Z,tl) * M($27Zat2)
> (1—r) % (1 —mry).

However, the converse of the above lemma need not be true.
Example 4.4.1. ([38]) Let (N, M, xp) be a fuzzy metric space, where M is a fuzzy set on

N x N x (0,00) defined by
min{z,y} + ¢
max{z,y} +t

a*xpb=a-band N is the set of Natural Numbers.

M(z,y,t) =

)

If we choose t; = 1,t5 = 1,71 = 0.3,7 = 0.5, 21 = 3 and x5 = 10 then the inequality

M($1,$2,t1+t2) Z (].—7”1)*(].—7”2)
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is satisfied, but C(3,0.3,1) N Cy;(10,0.5,1) = (), which implies that there exists no point
z € X such that

M(zy,2,t1) > (1 —ry) and M(xg,z,t) > (1 —1ra).

Definition 4.4.2. ([3§]) A fuzzy metric space (X, M,x*) is said to be fuzzy metrically con-
vez if for any points x,y € X and for each pair ri,t; and ro,ty where ri,r9 € (0,1) and
t1,t2 € (0,00) such that M(xq,xa,t1 + ta) > (1 — 1) * (1 — r3), there exists z € X such
that M(zy,2,t1) > 1 —ry and M(xq,z,t9) > 1 — 1y or equivalently z € Cy(x1,71,11) N
Chr (g, 19, t3).

Example 4.4.2. ([38]) Let (X, d) be a metrically convex metric space. Define the t-norm
xp by a*pb=a-bforall a,b € [0,1] and let M be a fuzzy set defined on X x X x (0, 00)
as follows:

—d(z,y)
t

M(z,y,t)=e

Then the 3-tuple (X, M, xp) is a fuzzy metric space and under these conditions (X, M, *p)

is fuzzy metrically convex.

Proof. Since (X, d) is metrically convex, for any points x1, o € X and positive real numbers
a and (3 such that d(z1, x2) < a+f, there exists z € X such that d(zy, z) < a and d(z, 2) <
S or equivalently z € Cy(x1,a) N Cy(xe, B). Take a = —t1In(1 —ry) and B = —t2In(1 — 7).
By the choice of a and 3, the inequality

M(zy, 29,81 +1t9) > (1 —11) *p (1 —12)

is satisfied. That is,
—d(zq,79)
M (zq, 29,81 + ) =€ 0ft

—a—p
> etitis

o =B
— et1+t2 . et1+t2

t1In(l1—7rq) toIn(l—7r9g)
e titts e titt2

t1In(1—7rq) to In(1—7rg)
t1 .e to

(IT—=7r1)-(1—=ry)
(1 —ry) *p (1 —1y).

v

By the metric convexity of (X, d) we have that

d(zy,2) <a=—t;In(1—ry) and d(zg,2) <= —taln(l —ry),

which implies that
—d(z1,2) > t1In(1 —ry) and —d(xg,z) > taIn(1 —ry).
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And since M (z,y,t) = eid(tz’y), we have that

—d(zq,2) t1In(1—7rq)
M(zy,2,t1)) =e 0 >e a1 =1-mn
and
—d(xzg,2) to In(1—7rg)
M(zo,z,t5) =e 2 >e 2 =1-—ry,
or equivalently
OM('Tl; r, tl) N CM([EQ, T, t?) 3& @
Thus the fuzzy metric space (X, M, *p) is fuzzy metrically convex. O

Definition 4.4.3. ([38]) A fuzzy metric space (X, M,*) is said to be fuzzy hyperconvexr
if for any collection of closed balls {Cyr(xi, i, t;) bier in X such that M(x;,xj,t; +t;) >
(1—r)* (1L —rj) foralli,jel,

nCM(%,mti) # 0.
icl
Definition 4.4.4. ([38]) A fuzzy metric space (X, M, *) is said to have the ball intersection

property zfﬂ Cr (i, 15, t;) £ O for any collection of closed balls {Cyr(x;, 75, ;) Yier such that
iel

ﬂ Cu (i, i ti) # 0
€A
for any finite subset A C I.

Theorem 4.4.5. ([38]) Let R be equipped with the usual metric d, that is, d = |x — y|.
Consider the standard fuzzy metric M defined by

M )= —7—
(:Evy?) t—{—d(l’,y)

with a x b = min{a, b} for all a,b € (0,1). Then (X, M, x) is fuzzy hyperconvez.

Proof. Since (R, d) is hyperconvex, then by definition for any collection of closed balls
Cq(x;, ;) such that d(z;,z;) < r; +r; for any ¢,j € I, we have that

m Cd(l’@', 7’1) 7é (Z)

el

Choose R; = "~ and R; = —. Clearly R;, R; € (0,1). And by the choice of R; and R;,

T7,+tz ]+tj ’
and assuming without loss of generality that R; > R;, the inequality

M(ws,zj,ti+15) > (1 — Ry) (1 — Rj) =1 — R,

is satisfied. That is, by the hyperconvexity of (R,d), there exists z € [),; C4(;, ;) such
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that d(z;,z) <r; and d(z,z;) <r; for any i,j € I and so

M (xi xj,t; +t;) > M(x;, 2,t;) « M(z,x5,t5)
t; t;

= *x
tz—f—d(C(ZZ,Z) tj+d(2,$j)
t; . t;

Z J
tz‘—f—T’i tj+Tj

—(1- w11
ti—f—’/’i tj—f-T'j

=(1—-Ry)*(1-Ry)
=min{(1 — R;), (1 — R;)}
=1—R;

Also z € ﬂ Ca(x;,r;), implies that for all ¢ € I, d(x;, z) < r;, which implies that
icl

ti +d(z;, z) < t; +r; which also implies that ;— dt(;i 32 tifﬁ”. And this means

M (z;, z,t;) > 1 — R;, which implies that z € Cys(x;,7;,t;) for all i € 1.

Hence, (R, M, *) is fuzzy hyperconvex. ]

Proposition 4.4.6. ([38]) Every fuzzy hyperconvex space (X, M, x) has the Ball Intersection
Property.

Proof. This follows from Definition [4.4.3] ]

Remark 4.4.1. ([38]) A nonempty subset F' of a fuzzy metric space (X, M, ) has fuzzy
diameter zero if and only if F' is a singleton set.
Theorem 4.4.7. ([38]) Every fuzzy metric space (X, M, x) with the ball intersection property

1s complete. Particularly any fuzzy hyperconvex metric space is complete.

Proof. Let (X, M, x*) be a fuzzy metric space which has ball intersection property and let
{z,} be a Cauchy sequence in X. For any n > 1, take the set

Tn = SUp { inf {sup{M(mn,ajm, s)}}} )
t,>0 (m2n | s<ty,
Consider the collection of closed balls {Chy/(2y, 7, tn) fn>1. Since {x,} is Cauchy and by
the choice of r,, for m > n, we have that M(z,,xmy,t,) > 1 —r,, that is, {r,} has fuzzy

diameter zero. Now we examine this situation for any finite index ny < ny < ... < ng. For

ny < ng < ... < nyg, we have

M(xnlawnkatnl) Z 1— rnlyM($n27xnk7tn2) Z 1 _Tnza ---7M<xnkal‘nkatnk) Z 1— Tn

k
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which means that

xnl,l‘m,...,xnk € CM(wnlarn17tn1)

an,...,xnk S CM<xn27T7’L27tn2)

T, € COum(Tp,, Tngstoy)
therefore,
Ty € Crp(Try s Ty s ty) DOt (Tg s Ty tig ) O oo N Cpg (s Ty s Ty, )-
Since X has the ball intersection property, then we may conclude that
ﬂ Cr(zp, 1 t,) £ 0
n>1

for any n € N. Since z, is a Cauchy sequence and {r,} has fuzzy diameter zero, the

intersection ﬂ Chri (2, T, ty,) is reduced to one point z which is the limit of the sequence
n>1

{z,}. So indeed, the point
Z € ﬂ Crt (T, Ty )

n>1
then for each pair of r,,t, > 0 there exists n; € N such that M(z,,z,t,) > 1 —r, for all
n > ny. Therefore, M(x,, z,t,) converges to 1 when n — oo, for each t,, > 0 and (X, M, %)

is complete. O

Proposition 4.4.8. ([38]) A fuzzy metric space (X, M, ) is fuzzy hyperconvez if and only

if it has the ball intersection property and is fuzzy metrically convex.

Proof. Suppose (X, M, ) is fuzzy hyperconvex, then by Proposition [4.4.8 (X, M, *) has

ball intersection property, that is

ﬂCM(in,ﬁJi) # 0,
i€l
for any collection of closed balls {Cy/(z;, 74, ;) }ier such that
m CM(ZL'“ T, tl) # @
€A
And this implies there exists z € Cys(x;, 7, t;) for any ¢ € A. Since A is an arbitrary subset

of I, we have that for any i,j € [
M(z;,z,t;) > 1—r; and M(xj,2,t;) >1—ry,
which implies that M (z;,z;,t; +t;) > (1 —r;) * (1 —r;) and
z € Cy(xiyriy t) N Corr (g, 75, t5) # 0.

Thus, (X, M, %) is fuzzy metrically convex.
Conversely, if two closed balls Cps(z;, r;, t;) and M (x;, r;,t;) satisfy the relation M (x;, xj, t;+
t;) > (1—r;)*(1—r;); they must intersect since (X, M, %) has ball intersection property. [
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CHAPTER 5

FUZZY ISBELL CONVEXITY

In this chapter, we present the concept of Isbell convexity in fuzzy quasi-metric spaces. This
concept generalises fuzzy hyperconvexity, introduced by Yigit and Efe to the framework of
fuzzy quasi-metric spaces (see [38]). We begin the chapter by recalling the concept of fuzzy

quasi-metric spaces, a concept that generalises fuzzy metric spaces to the asymmetric setting.

5.1. Fuzzy quasi-metric spaces

The concept of fuzzy quasi-metric spaces was introduced by Romaguera and Gregory in [36].
In [36], Ramoguera and Gregory generalised KM (Kramosil and Michalek) and GV (George
and Veeramani) fuzzy metric spaces to the asymmetric setting by removing the symmetry
axiom in the definition of KM and GV fuzzy metric spaces respectively. In this section we
recall KM and GV fuzzy quasi-metric spaces.

Definition 5.1.1. [36] Let X be a non-empty set. A KM (Kramosil and Michalek)-fuzzy
quasi-pseudometric on a set X is a pair (M,*) such that * is a continuous t-norm and M

is a fuzzy set in X* x [0,00) such that for all x,y,z € X, the following azioms are satisfied:
(1) M(z,y,0)=0
(i) M(z,z,t)=1 forall t>0
(1ii) M(x,y,t)* M(y,z,s) < M(x,z,t+s)
(iv) M(z,y,-):[0,00) — [0,1] is left continuous.

Thus (X, M,x*) is called a KM-fuzzy quasi-pseudometric space. If further M(x,y,t) =
M(y,z,t) = 1 for all t > 0 if and only if x = y, then (X, M,*) is called a KM fuzzy
quasi-metric space.
Definition 5.1.2. [36] Let (M, *) be a KM-fuzzy quasi-metric on a non-empty set X, then
the conjugate (M1, %) of (M, ) is a KM fuzzy quasi-metric where M~ is a fuzzy set defined
by

MY, y,t) = M(y,x,t).

Example 5.1.1. ([36]) Let (X, M, x) be a KM-fuzzy quasi-metric space and let M*(x,y,t)
be a fuzzy set defined by

M?(z,y,t) = min{M (z,y,t), M_l(x, y, )},

then (X, M?* ) is called a KM-fuzzy metric space.
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Example 5.1.2. [31] Let (X, ¢) be a quasi-metric space, let xp be the multiplication con-
tinuous t-norm on X and let M, be the function defined on X? x (0, 00) by

My(z,y,t) = T alry)
Then (X, M,, *p) is a KM-fuzzy quasi-metric space.
Definition 5.1.3. [36] Let (X, M,*) be a KM-fuzzy quasi-metric space, then an open ball
By(z,m,t) about x € X, for 0 <r < 1,t >0 is defined as

By(z,rt) ={ye X : M(x,y,t) >1—r}.

Definition 5.1.4. [30] Let (X, M, *) be a KM-fuzzy quasi-metric space. Then a set A C X
is called an open set if for every x € A there exists 0 < r < 1 such that By(x,r,t) C A for
t>0.

Definition 5.1.5. [36] Let (X, M,*) be a KM-fuzzy quasi-metric space, then we define a

topology Ta; on X as
™ ={ACX: foreah x€A, thereare r e (0,1),t>0 with By(x,rt)C A}

Definition 5.1.6. [36] A KM-fuzzy quasi-metric space (X, M, ) is called bicomplete if and
only if (X, M? %) is a complete fuzzy quasi-metric space. Thus we say that (M, %) is a
bicomplete KM-fuzzy quasi-metric on X.

Definition 5.1.7. [36] Let X be a non-empty set. A GV (George and Veeramani)-fuzzy
quasi-pseudometric on X is a pair (M,*) such that * is a continuous t-norm and M is a

fuzzy set in X% x (0,00) such that for all x,y,z € X, the following axioms are satisfied:

(i) M(xz,y,t) >0

(z,y,1)

(i) M(x,z,t) =

(1ii) M(x,y,t)« M(y,z,s) < M(x,z,t+s)
(

1
(iv) M(z,y,-):(0,00) — (0,1] is continuous.

Therefore, (X, M, x) is called a GV-fuzzy quasi-pseudometric space. Furthermore, if M (x,y,t) =
M(y,z,t) =1 for all t > 0 if and only if v =y, then (X, M,x*) is a GV-fuzzy quasi-metric

space.

We note that the KM-fuzzy quasi-metric and the GV-fuzzy quasi-metric are similar in their
properties, the only major difference is that while the KM-fuzzy quasi-metric is defined on
X? x [0,00), the GV-fuzzy quasi-metric is defined on X? x (0,00). Thus, while the GV-
fuzzy quasi-metric has the axiom that M (z,y,t) > 0, the KM-fuzzy quasi-metric includes
M(z,y,0) = 0. The GV-fuzzy quasi-metric is continuous on (0, 00), while the KM-fuzzy
quasi-metric is continuous on [0, co).

Definition 5.1.8. ([36]]) Let (X, %) be a GV-fuzzy quasi-metric on a non-empty set X, then
the conjugate (M~ %) of (M, *) is a GV-fuzzy quasi-metric, where M~ is a fuzzy set defined
by

MY, y,t) = M(y,x,t).
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Example 5.1.3. ([36]) Let (X, M, *) be a GV-fuzzy quasi-metric space and let M*(z,y,t)
be a fuzzy set defined by

M?(z,y,t) = min{M (z,y,t), M’l(:c, v, t)},

then (X, M*#, ) is called a GV-fuzzy metric space.
Example 5.1.4. ([36]) Let (X,q) be a quasi-metric space, let xp be the multiplication
continuous ¢-norm on X and let M, be the function defined on X? x (0, 00) by

My(z,y,t) = " almy)

Then (X, M,, *p) is a GV-fuzzy quasi-metric space.
Definition 5.1.9. ([36]) Let (X, M, x) be a GV-fuzzy quasi-metric space, then an open ball
By(z,m,t) about x € X, for 0 <r < 1,t > 0 is defined as

By (z,rt) ={y € X : M(x,y,t) >1—r}.

Definition 5.1.10. ([30]) Let (X, M, %) be a GV-fuzzy quasi-metric space, then a closed ball
Cr(x,r,t) about x € X, for 0 <r < 1,t> 0 is defined as

CM(l’,T,t) = {yEX:M(:c,y,t) 2 1—7“}.

Definition 5.1.11. ([36]) Let (X, M,*) be a GV-fuzzy quasi-metric space. Then a set
A C X is called an open set if for every x € A there exists 0 < r < 1 such that By(x,r,t) C A
fort > 0.

Definition 5.1.12. ([36]) Let (X, M, x) be a GV-fuzzy quasi-metric space, then we define a

topology Ta; on X as
™ ={ACX: foreah x€A, thereare re€(0,1),t>0 with By(z,rt)C A}

Definition 5.1.13. [30] A GV-fuzzy quasi-metric space (X, M, %) is called bicomplete if and
only if (X, M?, %) is a complete fuzzy metric space. Thus we say that (M, *) is a bicomplete
GV-fuzzy quasi-metric on X.

5.2. Fuzzy Isbell convexity

This concept is a generalisation of fuzzy hyperconvexity to the setting of fuzzy quasi-metric
spaces. Before we present this concept, we first look at two related concepts, namely, fuzzy
metric convexity and fuzzy Isbell completeness.

We point out that the results in this section are in the framework of GV-fuzzy quasi-metric
spaces. We also point out that we use the term fuzzy quasi-metric to refer to GV-fuzzy
quasi-metric.

In order to understand the definition of fuzzy metric convexity in fuzzy quasi-metric spaces,

we need the following lemma.
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Lemma 5.2.1. ([30]) Let (X, M, *) be a fuzzy quasi-metric space and let x,y € X, ry,$9 €
(0,1) and t1,ty € (0,00). If Cap(w, 71, t1) N Cor-1(y, s2,t2) # 0, then
M(a:,y,tl +t2) Z (1 —7‘1) * (1 —52).

Proof. Suppose Cy(x1,7r1,t1) N Cpr—1(x2, $2,t2) # . Then there exists z € X such that
z € Cpy(xy,71,t1) N Cry-1(x, S9,ta). Thus, M (1, 2,t1) > (1 — 1) and
M= (xg, 2,t5) = M(2,29,t5) > (1 — s9) and this implies that

M([L’l,l‘g,tl —l—tg) Z M([El,z,tl) * M(Z,l’g,tz) Z (1 — 7“1) * (1 — 82).
O

Definition 5.2.2. ([30]) A fuzzy quasi-metric space (X, M, *) is said to be fuzzy-metrically
convez if for any points x1,xe € X and for each pairri,ty > 0 and so,ty >0 (ry,s2 € (0,1)
and t1,ty € (0,00)) such that M(xy,x9,t; + t2) > (1 —ry) % (1 — sq), there exists z € X
such that M (xz1,z,t1) > (1 —1r1) and M~ (29, 2,ts) = M(2,x9,t2) > (1 — s9) or equivalently
z € Cpy(xy,71,t1) N Cry-1(x2, S, ta).

Example 5.2.1. ([30]) Let (X, ¢) be a metrically convex quasi-metric space and let a*pb =
a- b for all a,b € [0,1] be a continuous t-norm. Let M be the fuzzy set on X x X x (0, 00)
defined as follows:

—q(z,y)
t

M(z,y,t) =e

Then (X, M, %) is a fuzzy quasi-metric space.

Proof. Since (X, q) is metrically convex, then for any z7,2o € X and «, 8 € (0,00) such
that q(x1,x2) < a+ 3, there exists z € X such that ¢(z1,2) < o and ¢(z,x2) < .

Now take @ = —t;In(1 —r;) and [ =tyIn(1 — s9).

Then the inequality;

M($1,.T2,t1 + tg) Z M(Q?l, Z,tl) * M(Z,Z’Q,tg)

—q(=7,2) —q(z,z3)
=e U xe t2

—_& =B
> et xet2

t1In(l1—7rq) toIn(l—s9)
= e t1 * e )

_ eln(l—rl) % e

=(1—7r1)*(1—s9)

In(1—s2)

is satisfied for x1, 29 € X, r1, 82 € (0,1) and 1,5 € (0, 00).

Thus, since (X, q) is metrically convex, we have that

q(z1,2) <a and q(z,22) < B,

which implies that
q(r1,2) < —t1In(1 —ry) and q(z,22) < —taIn(1 — s9),
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which implies that

—a1,2) >In(l —r;) and I CE)

> In(1 —
t t = Il( SQ)a

which also implies that

—aq(zq,2) _ —a(z,z3) _
e Z 6ln(l r1) and e Z eln(l 32)’

which implies that
M(zy,2,t1) > (1 —ry) and M(z,x9,t2) > (1 — s9).

And this implies that
z € CM(Il, T, t1> N CM—I (.TQ, S, tg)

Hence, (X, M, *) is a fuzzy quasi-metrically convex space. O

Proposition 5.2.3. ([30]) Let (X, M, ) be a fuzzy quasi-metric space. If (X, M, *) is fuzzy

metrically convez, then (X, M~ %) is fuzzy metrically convez.

Proof. Assume that (X, M, ) is fuzzy metrically convex. Let 1,29 € X, 11,59 € (0,1) and
t1,ty € (0,00) be such that M~ (zy, w9, t1+12) > (1—71)x(1—89). Now M1 (z1, 29,11 +1o) =
M (x9,x1,t; +t9) > (1 —71) * (1 — s2), and since (X, M, *) is fuzzy metrically convex, there
exists 2 € X such that M(zs,z,t3) > 1 — sy and M~Y(z,21,¢1) > 1 —r;. And this implies
that z € Cy(wa, 82, t2) N Cry—1(x1,71,11). Hence (X, M~ %) is fuzzy metrically convex. [

Definition 5.2.4. ([30]) Let (X, M, %) be a fuzzy quasi-metric space. A collection of double
balls {Crr(zi, 73, t:); Crp-1 (4, 85, 1) ier, where x; € X, 1,8, € (0,1) and t; € (0,00) when-
ever 1 € I, is said to have a mized binary intersection property if for all indices i,7 € I,
Cr (i, 15, t) N Cry-1(z5, 85, t5) # 0.

Definition 5.2.5. ([30/) A fuzzy quasi-metric space (X, M, *) is said to be fuzzy-Isbell hy-
percomplete if for every collection {Cyr(x;,ri,t;); Car—1(xi, iy ti) Yier of double balls, where
zr; € X, ri,s; € (0,1) and t; € (0,00) whenever i € I, with the mized binary intersection
property satisfies

ﬂCM(xi,ri,ti) N Cr—1 (x4, 85, ;) # 0.

iel

Proposition 5.2.6. ([30]) Let (X, M,*) be a fuzzy quasi-metric space. If (X, M, *) is fuzzy
Isbell hypercomplete, then (X, M~ %) is fuzzy Isbell hypercomplete and (X, M?, %) is fuzzy
hypercomplete.

Proof. Let (X, M, x) be fuzzy-Isbell hypercomplete, then by definition for every collection
{Cr (i, iy t;); Cr-1(y, 85, t;) bier of double balls, where z; € X, 1y, s, € (0,1) and ¢; € (0, 00)

whenever ¢ € I, with the mixed binary intersection property,

m Crr(xiy iy ts) N Cop—1 (24, 84, i) # 0.

el
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Thus, for a collection {Chs (x4, i, t;); Cr-1(xi, 73, t;) bier of double balls, we have by the fuzzy
Isbell hypercompleteness of (X, M, ) that

ﬂOM xzasza m CVM 1($1arlatz) 7é @
i€l

Hence, (X, M~ x) is fuzzy Isbell hypercomplete.

Also, suppose that (X, M, ) is fuzzy Isbell hypecomplete. And let the collection {Cys(x;,7;,t;) }jer
of closed balls have the binary intersection property. Then {Cy(z;,7;,t;); Cr—1(xj, 75, t5) }ier

has the mixed binary intersection property. Therefore,

ﬂCM(Ij,T], )N Cy=1(zj, 75, 15) ﬂOMS (xj,rj,t;) # 0.
jerI jel
Therefore, (X, M, ) is fuzzy hypercomplete. O

We now present the concept of fuzzy Isbell convexity.
Definition 5.2.7. ([30]) A fuzzy quasi-metric space (X, M, %) is said to be fuzzy Isbell con-
vex, if for any collection {x;}icr of points in X, collections {r;}ie; and {s;}ic; of reals in
(0,1) and collection of reals {t;}icr in (0, 00) satisfying M (x;, xj, t; +t;) > (1 —r;) % (1 —s;)
whenever i, j € I, we have that

ﬂOM .Z'“TZ, mCM 1(1‘1,81,151) 7& @

el
Proposition 5.2.8. ([30]) Let (X, M, *) be a fuzzy quasi-metric space. If (X, M, *) is fuzzy-
Isbell convex, then (X, M ™1, %) is fuzzy Isbell convex and (X, M?, %) is fuzzy hyperconver.

Proof. Let (X, M,x) be fuzzy Isbell convex, then by definition any collection {w;}ic; of
points in X, collections {r;}ie; and {s;};er of reals in (0, 1) and collection of reals {¢;}ier in

(0, 00) satisfying M (x;, z;,t; +t;) > (1 — ;) * (1 — s;) whenever ¢, j € I, we have that

ﬂCM xzarw mC1M 1($1,81, )%@

el

Thus, for a collection {x;}e; of points in X, collections {r; };c; and {s;}ics of reals in (0, 1)

and collection {t;};cr of reals in (0,00) such that
M_l(l‘i,flfj, tz + tj) = M($j,$i, tz + tj) Z (]_ — 7“7;) * (1 — Sj),
we have by the fuzzy Isbell convexity of (X, M, ) that

ﬂCM xw SZ7 m CM 1(xlarl7t ) 3& @

el

Hence (X, M~ ) is fuzzy Isbell convex.
Also, suppose that (X, M, ) is fuzzy Isbell convex. And let {x;};c; be a collection of points
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in X, {r;i}icr and {s;}icr be collections of reals in (0,1) and {¢;};e; be a collection of reals
in (0, 00) such that M*(x;, z;,t; +t;) > (1 —1r;) * (1 — s;) whenever 4, j € I. By fuzzy Isbell
convexity of (X, M, %), we have that

mCM :UMTZ? )mCM 1(xl7rl7 (]CYMg xlarlat) 7&(2)

el el

Hence, (X, M*, %) is fuzzy hyperconvex. ]
Corollary 5.2.9. ([30]) Every fuzzy Isbell-convex quasi-metric space (X, M, x) is bicomplete.

Proof. By Proposition m (X, M*, %) is fuzzy hyperconvex. Since fuzzy hyperconvex
spaces are complete by Theorem m (X, M, ) is bicomplete. ]

In the following result, we show the relationship among fuzzy Isbell convexity, fuzzy metric
convexity and fuzzy Isbell hypercompleteness.
Lemma 5.2.10. ([30]) A fuzzy quasi-metric space (X, M, x*) is fuzzy Isbell convex if and

only if it is fuzzy metrically conver and fuzzy Isbell hypercomplete.

Proof. Suppose that (X, M, x) is fuzzy Isbell convex. Let z1,2o € X, 11,82 € (0,1) and
t1,ty € (0,00) such that M (z1,za,t1 +t2) > (1 — 1) * (1 — s2). By fuzzy Isbell convexity of
(X, M, %), we have that

Crr(x1,71,t1) N Crp=1(a, So,t2) # 0.
Thus, there exists z € X such that

z € Cy(zy,71,t1) N Cry—1(x2, S2,ta),
so that

M(xy,2,t) >1—7r and M Y(xy,2,t5) > 1 — s9.

Hence (X, M, %) is fuzzy metrically convex.

Also let {Chy(x;, 74, t;); Cap—1(x4, S, t;) }ier have a mixed binary intersection property, that is
CM(LL‘“T@, ) N C(M 1(3317 Sza ) 7é (Z)

Then M (x;,xj,t;+1t;) > (1 —r;) * (1 — s;) whenever 4, j € I. And by fuzzy Isbell convexity
of (X, M, ), we have that

ﬂOM l'“TZ, mCM 1(1‘1,8“151) 7£ @

iel

Hence (X, M, %) is fuzzy Isbell hypercomplete.
Conversely, suppose (X, M, x) is fuzzy metrically convex and fuzzy Isbell hypercomplete and
let {z;}ics is a collection of points in X, {r;};cr and {s;}icr are collection of reals in (0, 1)

and {t;}icr is a collection of reals in (0, 00) such that
Mz, x5t +t;) > (1 —r;) (1 —s5)
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whenever i,j € I. Then {Cy(z, 75, t:); Crr-1 (24, i, t;) bier has a mixed binary intersection
property by fuzzy metric convexity of (X, M, x). Therefore, by fuzzy Isbell completeness of
(X, M, %), we have that

ﬂCM xmrm m CM 1(‘7717 Slatz> ?A Q)

icl
Hence (X, M, x) is fuzzy Isbell convex. O

Theorem 5.2.11. ([30]) Let (R,q) be a quasi-metric space with the usual quasi-metric
q(z,y) = max{x — y,0} for any x,y € R. Let (R, M,*) be a fuzzy quasi-metric space,
where % is a continuous t-norm defined by a * b = min{a, b} for all a,b € [0,1] and M is a
fuzzy set in R x R x (0,00) defined by

M(@,9,8) = t+q(z,y)

whenever x,y € R and t € (0,00). Then (R, M, x) is fuzzy Isbell convex.
Proof. 1t is known that R equipped with the quasi-metric ¢(z,y) = max{z — y,0} is Isbell

convex. Thus for any collection {z;};c; of points in X and collections of non-negative real

numbers {r; };er and {s; };es satisfying q(x;, x;) < r; +s; whenever i, j € I, we have that

ﬂ C'q(xi, Tz’) N qul (J]Z', Si) 7£ Q)

el

Let R; = ;- and S; = =, where {t:}icr is a collection of reals in (0,00). Then {R;}icr
and {S,}ier are collections of points in (0,1). Also, using the metric convexity of (X, q), a

calculation shows that

M(I’Z‘,$j,ti + tj) Z M([L’i,z,ti) * M(Z,l‘j,tj)
t; t;
= *
tit+q(xi,2) 1 +q(z,7;)
t; t;
*
- tz + T; tj + Sj

whenever i, j € [ is satisfied, where z € X. Also, by the Isbell convexity of (X, q), we have
that

() Cylwi,ri) N Cpr (i, 51) # 0.

el
Thus, there exists
Zeﬂc xzarl)mc (377,, Z)
el

such that ¢(x;, 2z) < r; and ¢q(z,z;) < s; for all i € I. And this implies that

ti+q(x,z) <ti+r;, and t;+q(z,2;) <t + s,
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which implies that

t; t; t; t;
> and > :
ti+q(xi,2) — ti ti +q(z, ) — ti+s;

which also implies that
M(xiazati) > 1 _Rl and M(Z7$i,ti) > 1—5’1
Thus, z € Cy(x;, Ry, t;) N Chr-1(x4,S;, t;) for all i € I and so
ﬂCM(f% R, ti) N Crp1 (i, Siy ti) # 0.
icl
Therefore, (X, M, x) is fuzzy Isbell convex. O

Example 5.2.2. ([30]) Let (R, ¢) be a quasi-metric space, where

q(x,y) = r—y = max{z — y, 0} for all z,y € R. Then by Example m (R, ¢%) is not Isbell
convex, where ¢°(z,y) = |x — y| for all z,y € R. Now let (R, M, *p) be a fuzzy quasi-metric
space, where *p is a continuous t-norm defined by a *xp b = a - b for all a,b € [0,1] and M is

a fuzzy set in R x R x (0, 00) defined by

M(z,y,t) = —————
(l’,y, ) t‘i_q(l',y)’

whenever z,y € R and t € (0,00). Then (R, M?, *p), where

M*(z,y,t) = ————
(©.9.%) t+gq*(z,y)

is a fuzzy set defined on R x R x (0, 00) is a fuzzy metric space and (R, M*, xp) is not Isbell

convex.

Proof. To show that (R, M*, p) is not fuzzy Isbell convex, there must exist a sub-collection
{z;};er of points in R, sub-collections {r;};c; and {s;};es of reals in (0, 1) and sub-collection
{t;}jer of reals in (0, c0) such that

M*(zj, xp,t; +tg) > (1 —7rj) *p (1 —s;) whenever i,j € 1,
but
ﬂ CMs(ZL'j,T'j,tj) N CMi(l'j,Sj,tj) == @
jel

1
Now for any z; € [0, 1], set r; = }1, s; = % and t; = 1, we define R; and S; by R; = 1—41— = %
+

1
3
and Sizliz,):%.Thus, for any z;, zy, € [0, 1], we have that
+1
2 2 4 4 16
M?*(xj, g, b + tg) = > =->1-3)-1-2)==--=—.
(Q?];xk’u ]+ k) 2+q5($3,xk) - 2+1 3 ( 5) ( 7) 5 7 35
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But

ﬂ CMS (ZL‘]‘, Rj,tj) N CMs(ZL'j, Sj,tj) Q OMs(O, %, 1) N CMS(]_, %, 1)
jel
-1 1 35
B {T’Z] " {4’4} 0
Therefore, (R, M?, xp) is not fuzzy Isbell convex. O

Remark 5.2.1. ([30]) Note that (R, M* *p), where #p is a continuous t-norm defined by
axpb = a-bforall a,b € [0,1] and M be a fuzzy set in R xR x (0, 00) defined by M*(z,y,t) =

m whenever z,y € R and t € (0, 00), is fuzzy hyperconvex by Theorem m Therefore,

(R, M, xp) is an example of a space for which (R, M#, *p) is fuzzy hyperconvex but not fuzzy

Isbell convex.

5.3. Fuzzy admissible subsets

In this section, we introduce the concept of fuzzy admissible subsets and show that every
fuzzy admissible subset of a fuzzy Isbell convex quasi-metric space is fuzzy Isbell convex.
Definition 5.3.1. ([30]) A subset A of a fuzzy quasi-metric space (X, M, *) is said to be
F-bounded if for every x,y € A and t € (0,00) there exists a real number r € (0,1) such that
M(z,y,t) >1—r.

Definition 5.3.2. ([30]) Let A be an F-bounded subset of a fuzzy quasi-metric space (X, M, *).
Then

cov(A)y = ﬂ{C’M(x,r, t): AC Cy(z,rt),z e X,re(0,1) and te (0,00)} and
cov(A) -1 = ﬂ{CMfl(fL‘, s, 1) AC Cy-1(z,s,t),z € X,s€(0,1) and te€ (0,00)}.

Also, we define the bicover of A by bicov(A) = cov(A)y N cov(A)p-1.

Definition 5.3.3. ([30]) An F-bounded subset B of a fuzzy quasi-metric space (X, M, *) is
said to be fuzzy admissible if B = bicov(B).

By Ay (X)), we will denote the set of fuzzy admissible subsets of (X, M, x).

Remark 5.3.1. ([30]) A subset of a fuzzy quasi-metric space (X, M, %) is fuzzy admissible

if and only if it can be written as the intersection of a family of sets of the form
Cu(z,r,t) N Cry-1(x, s, t),

where ;s € (0,1), t € (0,00) and x € X. For this reason, the family A, is closed under

nonempty intersections.

The following proposition is a generation of Proposition in quasi-metric spaces.
Proposition 5.3.4. ([30]) Let (X, M, ) be a fuzzy convex quasi-metric space. Then a fuzzy
admissible subset D € Ay (X) is fuzzy Isbell conver.
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Proof. Since D € Ay (X), then D = bicov(D), which implies that there exists a collection
{z;}ier of points in X, collections {r;};cr and {s;}ies of reals in (0,1) and collection {t;};cr

of reals in (0, 00) such that

ﬂ CM(.CC“ i, tl) N CM—I (33?81', t,L) 7£ (Z)

icl
Now let {Chr(Za,Ta,ta); Crr-1(ZTay Say ta) faer be a collection of double balls, where z, € D,
TasSa € (0,1) and t, € (0,00) whenever a € I" such that

M(zo,xg,tq +15) > (1 —14) * (1 — s5)
whenever «, § € I'. Then since (X, M, %) is fuzzy Isbell convex, we have that
() Crt (%0 Tas ta) N Crs-1(Tas Sas ta) 7 0.

acl’

Now consider the collection
{Cyv(Za,Tasta) bacrs {CM-1(Ta, Sa, ta) taers {Crm (T4, 7iy ti) Yier, {Cr—1 (24, si, ti) Fier] of closed
balls. We have for each o € I and 7 € I,
M (o, xiyte +t;) > M(x4, 2,t8) * M(z,2;,t;)
>(1—1y) % (1—s)

and

Mz, Ty to +t;) > M(x;, 2,t,) % M(z, x4, t;)
>(1—r)*(1—s4)

for some z € D. Furthermore, for all 4,5 € I, ¢;,t; € (0,00), we have that

Mz, xj,ta +t;) > M(245, 20, ta) ¥ M(2q, x5t;)
>(1—r;)*(1—s;).

It follows from fuzzy Isbell convexity of (X, M, x) that

(m CM(xa7Ta7tOz> N CM_I('TCU Sontoz)) N <m CM(SC@',TZ',ti) N CM_l(x,Shti))

ael’ el
= (ﬂ Cr (g, ra, ta) N Chr—1(Za, sa,ta)> N D # (.
ael’
Thus, the fuzzy admissible subspace D of (X, M, ) is fuzzy Isbell convex. H
Definition 5.3.5. ([30]) Let (X, M, x) be a fuzzy quasi-metric space. For a fuzzy quasi-
metric subspace A of X, we define for €1,é; € (0,1) and t € (0,00) the €, ex-parallel set of
A as

Nevoo(A) = | Cula, e2,8) N Crpi (a1, ).

acA
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The following is a generalization of Lemma [3.3.11
Lemma 5.3.6. ([30]) Let (X, M, %) be a fuzzy Isbell-convex fuzzy quasi-metric space, where
x > xp. Let A be a fuzzy admissible subset of (X, M,x), that is there exists a collection
{z;}ier of points in X, collections {r;}icr and {s;}icr of reals in (0,1) and collection {t;}icr
of reals in (0,00) such that

ﬂC’M(xi,n,ti) N Chr-1 (i, 85, 1) # 0

iel
whenever i € 1. Then for each €1,€2 € (0,1) and t € (0,00), we have that

N€17€2(A) = ﬂ CM(.%'»L, T; + €9, t + tz) N OM—l(ZL‘Z’, S; -+ €1, t + tl‘).
el

Proof. Suppose y € N, ,(A) = U Cul(a,€e,t) N Cy-1(a,€1,t), where €,e2 € (0,1), t €
acA
(0,00) for some a € A. Then y € Cy(a,€z,t) and y € Cy-1(a, €1,1), which implies that

M(a7y7t) > (]- _62) and M_l(a7y7t) = M<y7 CL,t) > (1 _61).
By the properties of a fuzzy quasi-metric

M (i, y,t +t;) > M(z4,a,t;) * M(a,y,t)
> (1=r)*(1-e)
> (1 —=r)* (1 —e)
= (1= (ri+e))

and

My, x;, t +t;) > M(y,a,t) « M(a,z;,t;)
2 (1 —s)x(1-a)
> (1 =si)* (1 —e)
=(1—(s;i+€1)).

Thus, for each i € I, we have that y € Cy(x4, 7 + €2, t +t;) and y € Cpy—1 (x4, 85 + €1, t + 1),

which implies that y € ﬂ Cuy(xi, i + e, t + 1) N Crp—1 (g, 85 + €1, t + ;).
iel
Hence,

Nq,eg(A) Q nCM(ZEZ’,T’Z’ —|— 627t —|— tz) N CMfl(I“ S; + 61,t+ tz)

i€l
Conversely, suppose
Yy € m CM([E“ r; + €9, t + tz) N OMfl (CL’Z‘, S; + €1, t + tz)
i€l
Then, for each i € I, we have that y € Cyp(x;,r; + €2, t +t;) and y € Cyp—1(xy, 85 + €1,t + 1)
which implies that

M(xi,y,t +1;) > (1= (r; +e2)) and M(y,z;,t+1t;) > (1 — (s +€1)).
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Since A is nonempty and by the definition of A, we must have for any 7,j € I,
M(z;, x5t +t5) > M(z,a,t;) « M(a,xj,t;) > (1 —r;) « (1 —s;) > (1 —(r; +s;)). So by
fuzzy Isbell convexity of X, we have that

@ 7é (m OM<xi>7ni7ti) N CM<y, 61,t)) N (CM—l (LCZ‘, Si,t,L') N CM—I(y, Gg,t))
i€l

= (ﬂ Cu (w5, 75, ;) N Cry—1 (s, Smtz‘)) N (Cu(y,e1,t) N Cr-1(y, €2, 1))

iel
=AnN CM(y, 61,t) N 611\4—1<y7 Eg,t).

Therefore, a € A such that M(y,a,t) > (1 —¢;) and M(a,y,t) > (1 — €2).
Hence y € N, .,(A), which implies that

mCM(ZL’Z’,T’Z’ —|— 627t —|— tz) N CMfl(Iu S; —I— €1,t+ tz) g N517€2<A>.

i€l
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CHAPTER 6

SOME FIXED POINT THEOREMS
IN ISBELL CONVEX FUZZY
QUASI-METRIC SPACES

In this chapter, we present some fixed point theorems in Isbell convex fuzzy quasi-metric
spaces. To achieve this, we introduce the concept of a compatible quasi-metric. This concept
generalises compatible metrics, introduced by Radu in [29], to the asymmetric setting. We
then use the concept of compatible quasi-metric to generalise some fixed point theorems
from Isbell convex quasi-metric spaces to the framework of Isbell convex fuzzy quasi-metric

spaces.

6.1. The compatible quasi-metric

In this section, we introduce the concept of a compatible quasi-metric whose symmetrised
metric corresponds to that of Theorem [4.3.1]

Theorem 6.1.1. Let (X, M, *) be a fuzzy quasi-metric space such that x > xp,, where axpb =
max{a+b— 1} and for any x,y € X, let

di(x,y) =sup{t > 0: M(x,y,t) <1—t}.
Then d; is a quasi-metric on X such that

di(z,y) <e <= M(z,y,¢e)>1—¢

for all e € (0,1).

Proof. The proof follows by removing the symmetry axiom in the proof of Theorem [4.3.1]
[

Remark 6.1.1. Let (M, %) be a fuzzy quasi-metric on X and let d; be a compatible quasi-
metric of (M, *). The conjugate d, ' of d; is a mapping d; ' : X x X — [0, 1] defined by

d; 2, y) = di(y, o) =sup{t > 0: M(y,z,t) <11t}

for all z,y € X and t € [0,1]. Thus, d; ' is a quasi-metric on X. Furthermore, the mapping
i = max{d;,d; '} is a metric on X which corresponds to the metric in Theorem [4.3.1]
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The following result is a consequence of Theorem [6.1.1]
Proposition 6.1.2. Let (X, M, %) be a fuzzy quasi-metric space, v € X, € € (0,1). Then

(i) Bg,(x,€) = By(z,€,€).

(ii) Cy,(z,€) = Crr(z,€,€).

Proof. (i)
By, (z,e) ={y € X : di(x,y) < €}
={ye X: M(z,ye)>1—¢}

= By(z,€,€)

Co(z,6e) ={y € X : di(z,y) < €}
={ye X: M(x,y,e) >1—¢€}
= Cy(z, € €)

6.2. Some fixed point theorems

In this section, we present some fixed point theorems in Isbell convex fuzzy quasi-metric
spaces and we begin with the following lemma.

Lemma 6.2.1. Suppose (X, M, %) is a fuzzy Isbell convex fuzzy quasi-metric space, where
« > xp. Then (X, d;) is Isbell convex.

Proof. Suppose (X, M, x) is fuzzy Isbell convex and let {z;};,c; be a collection of points in
X and let {r;};e; and {s;}ier be collections of reals in (0, 1) satisfying di(z;, z;) < r; + s,
whenever 7, 5 € I. Then the collection of points {z;};c; in X and the collections {r;};c;r and
{s;}ier of reals in (0,1) satisfy M (x;, z;,r; + s;) > (1 — ;) * (1 — s;) whenever 4, j € I and
by the fuzzy Isbell convexity of (X, M, ) and Proposition , we have that

ﬂOM(fEi;TiaTi) N Cy-1(wi, 81, 8i) = ﬂCdt(iﬁi, i) N Ca, (i, 5:) # 0.
iel iel

O

Remark 6.2.1. If (X, M, ) is F-bounded, then for any z,y € X, there exists r € (0,1)
such that M(z,y,r) > 1 — r which implies that d;(x,y) < r. Thus, (X,d;) is bounded.
Definition 6.2.2. Let (X, M,*) be a fuzzy quasi-metric space. We say that a function
T: (X, M,x) — (X, M,x) is t-nonexpansive if

M(T(z), T(y),t) > M(x,y,t)

forallz,y € X andt > 0.
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We show a fixed point theorem in a fuzzy quasi-metric space.
Proposition 6.2.3. Let (X, M, %) be a fuzzy quasi-metric space such that x > xp. If
T: (X, M,*)— (X, M, x) is t-nonexpansive then T : (X, d;) — (X, d;) is nonexpansive.

Proof. Suppose that T : (X, M, *) — (X, M, *) is t-nonexpansive then for all ¢t > 0,
M(T(z), T(y),t) > M(z,y,1)
And this implies that

dy(T'(x), T(y)) = sup{t = 0 : M(T(x), T(y
<sup{t>0: M(z,y,t) <
:dt<x7y)

);t) <1-1)}
1-t)}

]

Example 6.2.1. Let (X, ¢) be a quasi-metric space and T : (X, q) — (X, ¢) be a nonexpan-
sive map. Let (M, *) be a fuzzy quasi-metric on X such that a * b = min{a, b} and
M(z,y,t) = ———
0t =55 q(z,y)
Then T': (X, M, ) — (X, M, %) is t-nonexpansive.

Proof. T : (X,q) — (X, q) is nonexpansive so for any z,y € X, we have that

q(Tx,Ty) < q(z,y), which implies that ¢ + q(Tx, Ty) < t + q(x,y), which also implies that
ety 2 ey Thus, M(T(2), T(y),t) > M(z,y,t) and so T : (X, M, ) — (X, M, %)
is t-nonexpansive. O

Remark 6.2.2. The fixed point set Fiz(T') in a fuzzy quasi-metric space (X, M, x) is defined

the same way as the fixed point set in quasi-metric space (X, ). That is,
Fiz(T)={r e X : Tx = z}.

Theorem 6.2.4. (Compare, Theorem. Suppose (X, M, x) is an F-bounded fuzzy Isbell
conver fuzzy quasi-metric space, where x > xp and let T : (X, M,*) — (X, M,x*) be a t-
nonezpansive map. Then the fized point set Fix(T) of T in (X, M, *) is nonempty and fuzzy

Isbell conver.

Proof. We first show that Fix(T) # (. Since (X, M, x) is fuzzy Isbell convex, (X,d;) is
Isbell convex by Lemmal6.2.1] Also since (X, M, ) is F-bounded, (X, d;) is a bounded quasi-
metric space by Proposition [6.2.1] Furthermore, T': (X, d;) — (X, d,) is a nonexpansive map
by Remark [6.2.3] Now by Theorem we have that, Fiz(T) # () in (X, d;), which implies
that Fixz(T) # 0 in (X, M, x).

We now show that Fiz(T') is fuzzy Isbell convex. Let

(Cri(@iyri,t:), Cr=1(24, 84, t3) ier
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be a nonempty collection of double balls, where x; € Fiz(T'), {r;}icr and {s;}ier are collec-

tions of reals in (0,1) and (¢;);cs is a collection of reals in (0, 00) such that
Mz, x5t +t;) > (1 —1;) (1 —s5)
whenever i, j € I. Since (X, M, *) is fuzzy Isbell convex,
X = mCM(:ci,n-,ti) N Cr—1 (x4, 83, t5) # 0.
iel

Let x € Xg. Then M(T'(x),z;,t) = M(T(x), T(x;),t) > M(z,z;,t) > (1 — s;) and
M (z;, T(x),t) = M(T(x;), T(x),t) > M(z;,z,t) > (1 —1;)

for all i € I and t > 0. Thus T'(z) € Xy and T : (Xo, M, *) — (Xo, M, %) is t-nonexpansive.
Furthermore, Xy is fuzzy Isbell convex since it is fuzzy admissible. So the first part of the

proof implies that 7" has a fixed point in X, which implies that

FZI(T) N |:ﬂCM<CL’Z,7‘Z,tZ) N CMfl(Ii, Si,ti> 7é Q)

iel

Thus, Fiz(T) is fuzzy Isbell convex. O

We now give the following definition.
Definition 6.2.5. (Compare, Definition . LetY be a subset of a fuzzy quasi-metric
space (X, M,*). A map T : X —Y is said to be a t-nonexpansive retraction if

(i) For each x €Y , T(x) = x that is, T is the identity function on its image.

(ii) Foranyz,y € X andt >0, M(T(x),T(y),t) > M(x,y,t), that is, T is t-nonexpansive.
Lemma 6.2.6. (compare, Lemma . Let A be a nonempty fuzzy admissible subset of a
fuzzy Isbell convex fuzzy quasi-metric space (X, M, x). Then, for each €1,e5 > 0 there ezists

a t-nonexpansive retraction R of N, ,(A) onto A which has the property that
M(xz,R(z),e1) > 1 — ¢ and M(R(x),x,€e2) > 1 — €y for each v € N, .,(A).

Proof. Since (X, M, x) is fuzzy Isbell convex and A is nonempty and fuzzy admissible, then
(X, d;) is Isbell convex by Lemma [6.2.1] And since A is fuzzy admissible, it can be written

as
A = ﬂ OM(.Z'Z, i, Ti) N OMfl (l’i, Si, Si) = ﬂ Cdt (ZL'Z', T’Z') M Cd;1 (l’u Si) 7é @,
iel iel
where r;, s; € (0,1), thus A is g-admissible. By Lemma [3.3.13| there exists a non-expansive
retraction R of N, .,(A) onto A which has the property dgr(x, R(z)) < ¢ and

dr(R(z),z) < € for each x € N, ,(A). Hence by the definition of dg, we have that

M(z,R(z),e1) >1—¢€ and M(R(x),z,e3) > 1 — 3.
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Definition 6.2.7. (compare, Definition . Let (X, M, %) be a fuzzy quasi-metric space.
For a map T : (X, M,*) — (X, M, %) and for any e, e € (0,1), we use Fy, ,(T) to denote
the set €1, ea-fized points of T', that is,

FooT)={zeX: :MT(x),e)>1—¢e and M(T(x),x,6)>1—¢}.

Theorem 6.2.8. (compare, Theorem. Suppose that (X, M, %) is a fuzzy Isbell convex
fuzzy quasi-metric space such that x > xp, where a x;, b = max{a + b — 1} and suppose that
the map T : (X, M,x) — (X, M, *) is t-nonexpansive. Furthermore, suppose that for some
1,62 € (0,1), F., ,(T) #0. Then, the set F,, .,(T) is fuzzy Isbell convex.

Proof. Suppose that F, ., (T) # 0. For each i € I, let z; € F., ,(T), and let r;,s; € (0,1)
be such that M(z;, z;,r; + s;) > (1 —r;) % (1 — s;). We need to show that

ﬂ(CM(% 7, 7) NV Ca=1(24, 83, 8:)) | N Fey ey (T) # 0.

icl
Since (X, M, %) is fuzzy Isbell convex, by Proposition [5.3.4]
0 £ J = (Cur(ws,rs, 7)) NCprr—1(xs, 85, 8;)) s fuzzy Isbell convex. Furthermore, J is F-bounded
in (X, M, *) by definition of a fuzzy admissible subset. Also, if # € J, then for each i € I,

M (z;, T(x),r; + €2) > M(z;, T(x;),r;) « M(T(x;), T (), €2)
> (1—r;)*(1—e)
> (1 —r;) % (1 —e9)
=1—(r;i+e)

and

M(T(x),x;, €1+ 8;) > M(T(x), T(x;), €1) « M(T (), 24, 8;)
>(1—¢€)*(1—s)
> (1 —e1)*p (1 —s5)
=1—(e1+ ).

This implies that T'(x) € Cyr(, 7+ €2, 1+ €2) and T(x) € Cyy(xy, s; + €1, 8; + €1), which im-
plies that T'(x) € N, ¢,(J) by Lemma[3.3.11] Now, by Lemma there is a nonexpansive
retraction R of N, ,(J) onto J for which M (R(x),x,€e2) > (1 — €) and M(x, R(z),€1) >
(1 — €) whenever © € N, (J). Also since Ro T is a nonexpansive map of .J into J,
it must have a fixed point by Theorem m Suppose that R o T'(zg) = zo for some
xo € J. Then, M(xo,T(x0),€2) = M(RoT(x),T(x0),€2) > 1 — e and M(T(xg),x0,€1) =
M(T(x¢), RoT(x)) > 1 — €. Thus, the proof is complete, since zq € J N F, ., (T).
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CHAPTER 7

DISCUSSION

We now present a discussion of the results of this research. In chapter 5, we successfully
generalised the concept of Isbell convexity in quasi-metric spaces to fuzzy quasi-metric spaces,
where we successfully introduced fuzzy Isbell convexity in Definition and fuzzy Isbell
hypercompleteness in Definition and also proved in Lemma that a fuzzy quasi-
metric space (X, M, ) is fuzzy Isbell convex if and only if it is fuzzy metrically convex and
fuzzy Isbell hypercomplete. We also proved in Theorem that if (R, ¢) is a quasi-metric
space with the usual metric ¢(x,y) = max{z — y,0} for any x,y € R, then the fuzzy quasi-
metric space (R, M,x*), where * is a continuous t-norm defined by a * b = min{a, b} for
all a,b € [0,1] and M is a fuzzy set in R x R x (0,00) defined by M(z,y,t) = m is
fuzzy Isbell convex. We also introduced the concept of fuzzy admissible subsets and proved
in Proposition that every subset of a fuzzy convex quasi-metric space is fuzzy Isbell
convex.

In chapter 6, we successfully presented some fixed point theorems in fuzzy quasi-metric
spaces. We first presented the concept of a compatible quasi-metric which is related to
the compatible metric presented by Francisco Castro-Company, Salvador Romaguera and
Pedro Tirado in [6]. With this compatible quasi-metric we successfully generalised fixed
point theorems to the fuzzy asymmetric setting. For instance Olela Otafudu in [27] proved
that if (X, q) is an Isbell convex quasi-metric space and that the map 7" : (X, q) — (X, q)
is nonexpansive and if further for some €1,ea > 0, F., ,(T) # (0. Then, the set F, ., (T)
is Isbell convex (see Theorem , we generalised as follows; Suppose that (X, M, %)
is a fuzzy Isbell convex fuzzy quasi-metric space such that * > x; and suppose that the
map T : (X, M,*) — (X, M,x*) is t nonexpansive. Furthermore, suppose that for some
e1,€2 € (0,1), F., ,(T) # (0. Then, the set F., ,(T) is fuzzy Isbell convex (see Theorem
6.2.8)).
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CHAPTER 8

CONCLUSION

In this thesis, we have successfully generalised the concept of Isbell convexity in quasi-
metric spaces to fuzzy quasi-metric spaces. We have successfully introduced fuzzy Isbell
convexity and fuzzy Isbell hypercompleteness and also proved that a fuzzy quasi-metric space
(X, M, %) is fuzzy Isbell convex if and only if it is fuzzy metrically convex and fuzzy Isbell
hypercomplete. We then introduced the concept of fuzzy admissible subsets and proved that
every subset of a fuzzy convex quasi-metric space is fuzzy Isbell convex. Finally in chapter six,
we successfully generalised some fixed point theorems presented by Otafudu in quasi-metric
spaces (see [27]) to fuzzy quasi-metric spaces, and this was done after the introduction of the
concept of a compatible quasi-metric and we proved that if (X, M, *) is a fuzzy Isbell convex
fuzzy quasi-metric space such that x > x; and if the map T : (X, M, x) — (X, M, x*) is t
nonexpansive. Furthermore, if for some €, 5 € (0,1), Fi, ,(T) # 0. Then, the set Fy, ,(T)
is fuzzy Isbell convex. Our conclusion leads us to list some open problems encountered

throughout the present investigations. We hope to study these problems in future work.

FUTURE PROBLEMS

For the following problem we give the following background information.

The injective hull by Isbell of A, denoted €(A), for any subset A of a metric space (X, d)
is set €(A) of extremal functions defined on A. The function f : A — [0,00) is extremal if
d(z,y) < f(x) + f(y) for all z,y € A and is pointwise minimal, i.e. if g : A — [0,00) such
that d(z,y) < g(x) +g(y) for all z,y € A and g(x) < f(z) for all z € A, then we must have

f = g (see [12)).
Problem 1. Is it possible to construct the Isbell hull of a fuzzy quasi-metric space?

For the next problem we give the following background information.
A binary operation ¢ : [0,1] x [0,1] — [0,1] is a continuous t-conorm if it satisfies the

following conditions:
(i) ¢ is commutative and associative.
(ii) ¢ is continuous.
(iii) a0 = a for all a € [0, 1].
)

(iv) aQb < c{d whenever a < ¢ and b < d with a,b,¢,d € [0, 1].
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A 5-tuple (X, M, N,x*, Q) is said to be an intuitionistic fuzzy quasi-metric space if X is an
arbitrary set, * is a continuous t-norm, ¢ is a continuous t-conorm and M and N are fuzzy

sets on X x X x [0, 00) satisfying the following conditions:

M(z,y,t) + N(z,y,t) < 1forall z,y € X and ¢t > 0.

=

=

x, M(y,z,t) = 1if and only if z = y for all ¢ > 0.

(

(z,y,0) =0 for all z,y € X.
( =

(

1)
)

M(z,y,t) * M(y,z,s) < M(z,z,t+s) for all z,y,z € X and s,t > 0.

N(z,y,0) =1 for all z,y € X.

)
)
)
)
(v) for all z,y € X, M(x,y,-) : [0,00) — [0, 1] is left continuous.
)
) N(x,y,t) = N(y,z,t) =0 if and only if x =y for all ¢t > 0.
)

N(z,y,t)ON(y, z,s) > N(z,2,t+s) for all z,y,z € X and s,t > 0.
(ix) for all z,y € X, N(z,y,-) : [0,00) — [0, 1] is right continuous.

In this case, we say that (X, M, N, %, {) is an intuitionistic fuzzy quasi-metric space (see [9]).
Problem 2. Is it possible to extend the concept of Isbell convexity to intuitionistic fuzzy

quasi-metric spaces?

For the next problem we give the following background information.

An ultra-quasi-metric on a nonempty set X is a function mapping u : X x X — [0, 00) such
that for all x,y, z € X, the axioms u(z,x) = 0, u(x,y) = 0 = u(y, ) implies that x = y and
u(z,y) < max{u(x, z),u(z,y)} are satisfied. The pair (X, u) is called an ultra-quasi-metric

space. The closed ball Cy(z,r) of an ultra-quasi-metric space (X, u) is the set defined by
Culz,r) ={y € X s u(z,y) <r},

where z € X and r € [0,00). Thus, if (X, u) is an ultra-quasi-metric space, and if {z; };c; is a
collection of points in X also if {r; };c; and {s;};c; are collections of nonnegative reals. We say
that {Cy(x;,1;), Cyu-1(x4, i) }ier has the strong mixed binary intersection property provided
that u(z;, z;) < max{r;,s;} whenever i,j € I. We say that (X, u) is ¢g-spherically complete
provided that each collection {C\(x;,r;), Cy—1(z4, 8;) }ier possessing the strong mixed binary

intersection property satisfies

() (Culwi,ri) N Cumi (i, 51) # 0 (see [24]).
iel
Problem 3. Is it possible to study the concept of spherical completeness in ultra fuzzy

quasi-metric spaces?

For the next problem we give the following background information.

Let (X, d) be a quasi-metric space. A subspace E of X is said to be externally Isbell convex
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relative to X if given any collection {x;};e; of points in X and collections of nonnegative
real numbers {r; };c; and {s;};es the following condition holds: if d(x;, z;) < r;+s; whenever
i,j € I dist(x;, E) < r; and dist(F, x;) < s; whenever i € I, then

()(Calwi,7:) NV Camr (34,5)) VE £ 0 (see [25]).
iel
Problem 4. Is it possible to extend the concept of externally hyperconvex subsets to fuzzy

quasi-metric spaces?
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