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Chapter One

FORMULATION OF THE MATHEMATICAL MODEL

Teeming ladles are usually of conical shape with greater
cdiameter at the top sz0 as to facilitate removal of metal
skulls which often remain in the ladle upon teeming. The
height of a ladle is made equal to or slightly greater than,
its diameter in order to lower the pressure of falling metal
Jet. The working surface of a ladle iz laid with fire clay
brrick which serves as an insulator. A shaped brick with o
hole (colled the seat block) iz inserted into the ladle
bottom and a pouring nozzle, inside it. The dle of  hfhe
mozzle iz closed by a stopper end which iz screwed onto o
steel rod clad with refractory stopper sleeves. A schematic

cliagram of @ ladle is given in figure 1.

1.2 Assunptions made & in  the Formuwlation of  Ehe

Mathematical Model
The following are the assumptions made in the
Tformulation of the mathematical model of ladle pouring and

heat transfer:

(i) To predict the heat transfer within the ladle
curing pouring, it iz assumed that the flow of
the molten steel is inviscid and

irrotational.



SLAG
(Variable

thickness)

INSULATION
(0.308m thick)

STOPPER ROD

v
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0.075m

Fig. 1. Teeming Ladle.
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During the pProcess of ladle emptying,
transient viscous and thermal boundary iayers S
attached to the inner walls of ladle. But during
the szame process, molten steel has high Reynolds
rumber (meaning, that the relative contribution of
inertia forces effects is much greater tham that
the viscous forces occurring in the flow). Also
molten steel has small Prandtl number, which shows

that the Kkinematic viscosity iz less than thermal

Giffusiviity. Therefore the thickness of the
thermal boundary laver ST at  any location is

@reater than the thickhness of the

4

corresponding

twydrodynamic boundary laver 8Hn For small Prandtl
-i/72

mumber, the  ratio 5T/5H = QP l.  Hence an

inviscid flow approximation is macle in the

coloulation of ladle temperature. Thedarge sca

P
£

climensions of ladle has also contributed to the

invisclid flow approximation.

The thermal capocity and thickness of the
refractory walls are ignored and it iz assumed that
the thermal condition ot the inner ladle and slag

sUrfoce can be represented by the Newton Cooling

Law, given by,

KT/ = MIT-T ). ' (1.2.1)

temperature of molten

L 2 NgR by



(iv)
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steel, To iz the surrounding air temperature,

v iz the hent transfer coefficient at the

molten steel boundary and N ils measured

autwards along the normal from the steel volume.

K is the thermal conductivity.

It iz assumed that the effect of ladle tmper
on  heat transfer is small. Thus the 1adle in
repres

ented by = circular eylinder haoaving = mean

radius (mT + mB)/2, where an and ay, are

respectively the top and bottom inner ladle rodii.

The ladle taper is neglected because of the

following reasons:
(&)

The spproximation of an inviscid flow, directs

the velocity of the molten stee) vertically

downwards and iz equal 1in magnitude to the

rate at which the top (slag coveraed) surfoce

falls. Thuz it iz o function of time only,

and independent of  the height = measured

Libwards from the ladle base.

(b) Because of this idealization and assumption of

the Newton cooling law, the thermal field can

be szeparmted into radial and axioml varistions

to allow analvtical and numerical solution to

be obtoained.

Finmlly it iz  assumed that the phyzicaml
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propertics of the molten steel are
independent of the temperature.

The actual variaotion in density, specific
heat viscosity, conductivity, heat transter
coefficient(ladle walls, bottom), heat transfer
coefficient(slag cover), diffusivity, and fusiom
temperature of steel iz small over the ralevant
range of  Domperature range, of between 1550 snd

C ) .
1E007C, Thoe oossumption makes the problem more

tractoable in the mathematical HBENES ., I,
thowover, dmplies that the motion induced by the
gravitational body force iz neglectesd. Buovancy
forces may not be negligible in the region
adjacent to the (vertical) ladle walls. However
thiz region of thermal stratification is szmall
compared to the radius of ladle, and dimensions)

mrgument o show that any bhuoyancy cdr-iven L

flow has little effect on the overall down flow.
1.2 Formulation of the Mathematicoal Model,

A teeming ladle (shown in fig.1l) pouring, with the
assumptions in (1.2) is considered in the formulation of the

mathematical model.

Consider first the inviscid flow of molten steel within
the ladle during pouring. Denote the cross—-sectional arem
af the cylindrically shaped ladle by AL and that of the

nozzle by A", where A“ is very small compared to AL“ Let the



initial head of molten steel be denoted by H and during the
pouring seauence let the height of the top surface be located
at 2z o= h(t). During the pouring seauence denote the rate
of flow of molten steel in the aximl direction, in the ladle,
tyy VL and the rate of out-flow from the nozzle by V". Let tf

denote the total finml emptying time for the ladle.

The total final emptying time tf for the ladle is found
by using the law of conservation of mass  (equation of
continuity), in fluid dynamics, and Bernoulli’s equation.

In this comse, the esquation of continuity is given by

ANV, = AN £2.35.1) |
The Bernoulli’s equation is given by
2 e [
N (1.3.2) |
3
where ¢ is the gravitational acceleration, due to the faoach
that the pressure is atmospheric mnd the gnmuge pressure is
“2ero, and the pressure is also stmospheric =t the place
where it becomes parallel sided at the nozele ocutlet ir ?

streamlined [see Francis (4)].

Using (1.3.1) and (1.3.2)

v, = ----{29H/ [(ALM“) 2 1]}1/2

from which ‘
1 el 2 i/72 tr

L [ an e feor[faay)” - ]V

H H o

since UL = oot Cvnluating the integrals vields




30 that

2 /2
t, = [[AL/A") 1] /(2»4/9). (1.3.3).

Considering the fact that A" iz very much smaller than AL,
the value of [(AL/A")2 - 1] is approximated to (AL/ANJZ, and
also taking into account for the inward bending of the
streamlines towards the vertical axis through the nozzle

during pouring tf will be taken as

o= [AL/A"C:N]/(EH/Q), €2 .%.4)

whers C"=DJ/AN, is the contraction coefficient anc DJ iz the
jef dimmeter of molten steel from the nozzle. Assuming that
the nozzle is sharp-edged with = 45° level on it, and with
sZmooth, well-finished surfaces everywhere, C" is usually
taken as 0.63.[see Francis (4)].

The radial flow of molten steel near the bottom of the
ladle i3 approximated to Zero  because the value of
%CVL+(AL/A“)VL] is small enough to be ignored. Therefore in
terms of cylindrical polar co-ordinates (r,0,z) the inviscida
irrotationml flow of the molten steecl has velocity

component s

dh :
v =(v, v v) = (o,m, R) > (4.3.58)

given that



(1.3.8)

The temperature distribution in the flow satisfies the

equation of energy for the Newtonian fluid with constant
physical and thermal properties. The energy equation in the
cylindrical polar coordinates (r,0,z) is given by

O < .. M ar ory
p"ac*"r& V986+Vzaz~

2 2

BRI 3700 - s
;a” rah 1—2 3
r 3z

............ (1.5.7)
in which T iz the temperature, ¢ is heat capacity at
constant volume per unit mass, K is thermal conductivity of

fluid, P is density of fluid,

and M is viscosity of fluid.

By conzideration of the motion equations £1:58:8)
(1.3.8) and the mssumption that the flow of molten steel in

@ ladle is inviscid, the energy equation (1.3.7) reduces to

dr oM ( t )ar (1 a ( ar] az-r}
1t -FTla=xlz5=r =] + & (1.3.8)
ot tf tf Oz r O A &zz

in which k = #/pc is the thermal diffusivity.
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boundary conditions (1.3.10) - (1.3.12),

variables are introduced as follows:

or or a9z 1 Or
2 = 2/H, s0 that E"% £ "iF
and
asz_a_[ﬂ]za_(}_ﬂ)izzLéil.
azz Oz |6z oz \H 8z )or HZ gz 2
ar __dr & _ 1 91
where @ iz the radius of ke ladle;
" e - g—-r- -@.L -q_r-c-i—ja-‘r—-

and

6 = (1 - To)/(T‘ - To), 30 that (“rl Tojae = OT.

This transforms the energy equation (1.3.8) to

the dimensionless

kt 2 2

00 06 f 0°0 H b5 00

— -~ 2(1-%) ¢ ( + = (1R ___)) £1.3.133

It oz H 2 2?2 ak R R
!

Put Enktr/H2 and the height to radius aspect ratio
w=H/a into (1.3.13). And from the boundary conditions, =
dimensionless group, Bi = ﬁH/K, called the Biot number
emerges. With these dimensionless variables, the governing
sauation (1.3.13) iz now

8 (1 t)gg . 5 QEQ " Ei g R a8 (1.3.14)

- az w2z R ® U ® =
with an initial condition

0 = 1, T = Q, a{2<1, 0O0<(RZK 1, €1.3.15)
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and boundary conditions

£ = 81,0 at 2 = (1 - W5 0¢ R, (1.3.16)
%?- = Bi 0 at 2 =0, 0CR (1, (1.3.17)
Bi 6
2

g,—?- = T St R =, 0Lz -7 (1.3.12)

in which
Hh th
Bly =%~ ondBi, = —~,

are the surface Biot numbers.

Eauation (1.3.14) together with the conditions (1.3.16)-(1318)
is the equation of energy that will determine the temperature
distribution and flow of steel within the ladle during

pouring.
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EQUATION INTO TWO EQUATIONS

SNeray eauntion into EWwo

term of the boundary conditions £13.3:.16)

(1.3.18) contains either the dependent var;nple o one of its

cderivatives. This means that _the bduﬁdary bonditibna
C1.%.16) = (1.3.18) are homogeneous in. 0. Therefore the

thermal field is separable in the form:

O(R, 2, T;€) = U(R, T;E)V(Z, 1;¢6). (2.1.1)

The™ first  partial derivative of 0 im (2.3.3) ufth

respect to T gives

- N
a{t - Vat o U at " (2 1 " 2)

Partial differentiastion of 0 in 2.1.1) with respect to 2

wives

Rifferentiating 0 in (2.1,1) with respect to 2 again, yields

P = R :
s (2.3, 4}
e aZ

A

Also, the partial differentiaotion of 6 e (2. 01) uiER

respect 6 R, gdves

T T PPy SRy sy T T e p——
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a0 a)
x® - Y *x - (2.1.5)

Zubstitution of the eauations (2.1.2) -~ (2.1.58) into the

governing ehergy equation (1.3.14) yields

é .
a N . v s Y «” 9 al
Vat + U 3t 201 — 1) Ua,?. = L[LJ 5z -+ R R [RV&')].
Hence
_2 2
1@. 12"_\_.6_.R2'L..1:Eav 1 i_")(1 ..... 1)&
U ot Uy R R xR) TV 52 2 Y, at “ a7
...... (2.1.¢6)
The boundary conditions (1.3.158%) - (1.2.18) can now be
Wwritten ms follows:
a0 o y:

= = = - Bi at 2 = (1- ) (R ¢ 1
5 =V & BI UV  at (1-v)% 0 <R (1

nr
N N2
U[E' + Biz\l] = 0 ot 2 o= (1 - 1), 0 <« RrR ¢ 1,

It U(R,T;e) = 0O, then B(R,Z,T;e) = 10, which i3 not the casc.

Hence U # 0N, ancd

% = - 812\/ at 2 o= (1 """ 1')2’ 0 ( R ( 1.
At Z = Q, (R < 1,

and by the same argument



% S T
a?-«vai‘m KUV

or

Bi
a 1
V[§+ TU] = .,
If V(Z,%E) = D, then O(R;Z,1t;€) = 0, which is not the case.

Hence VvV # 0, and

Bll

a)
= - .
The initisl conditionm (1.2.15%) in terms of U and V is

LIV

i

1 at v = 0O, 0 <z <1, 0¢ RC 1.

Let U(R,T;E) be the solution of

2
cex” O a _ 4
" = (% x ] = 3T > 0< T¢ 1, O<{R(1, (2.1.7)

with boundary conditions

Bi
%_SHGT}_U at R = 1 (2.1.8)

und as € becomes very much less than 1,

1) = 1 as R — 0 (2.1.9)

and the initial condition

o= 1 at =0, 0K R( 1. (2.1.10)

Also let V(Z,T;€) be the solution of




x

with boundary conditions

% = ~B1V at z = (1-v)72, (2.1.12)

g% = Bi WV ot 2 = 0. (2.1.13)
and initial condition

v o= 1 at =0, 0 Z{ 1. (2.1.14)

Tien

O(R’ 2,703 E) = U(R’ T3 E‘) -V(?«.a T3 E)

iz the solution of the equation

subiject to the following boundary conditions:

% = - Bi6 at Z = (1-1)7, 0< RS 13
g,g = Bi 6 at 2 = 0, 0¢ R¢ 13
_g.g - - E;l at R = 1, 0¢ z<¢ (1-1) 5
with initiml condition
6 = 1 st T =0, 02 <1, 0¢ RS 1.

N
N

The analyticml szolution of the encrgy equation in the

radiml varistion.

Fauation (2.1.7) with boundary conditions (2.1.8}) aond

(2.1.9) and initial condition (2.1.10) is the governing




equation of energy, in the radial variation. Itz analytical
solution, here, is found using the asymptotic expansion of

friessel functions.

Applying the Laplace transformation on the varinmble ¥ to

the ecaquation (2.1.7), gives the subsidimry equation

2 ..........
424+ 18- l—z[wu(o) + pﬁ], 0 CR <1 (2.2.1)
dR £
where U is the Laplace transform of U. Using the initiaml

condition (2.1.10) in equmtion (2.2.1), vields

2o -
d“0 1 dU0 1 [ - ]
dy 1y 1 el |,
ar? RGOR T 2

which upon rearrangement of the terms becomes

2 ..........
) ‘
ﬂ—% + é g% - 20 = - i—y 0 <R (1 (2.2.2)
dR £X £

The boundary conditions (2.1.8) and (2.1.9) treated in

the some way give

..... ai
U 1
""" - o 3 (z2.2.2)
dR «
arnct
t! - cice Fro (O, (.04
o]
Thiod o Tow o, Wity besnatany o e (L2 2Y cund (7. 4), the

-

soluticon of equation (2.2.2) iz

Bi.,I (aR)
U =141 - Lo (2.2.5)
o Gali(a)+5i11°(q3 e




2 .
where a = /(p/t“'l, wnd I and I, are Bessel functions [see

Carslow ond Joegor (5)].

To gonerate meaningful oracticaol results, relatively
small values of time steps are assumed. Theretfors using the
asymptotic expancion of the Ressel funotion Iv(x)% for largo

values of 2z, given by

e 2 2 2 2 z 2
I (z) = 1 - av” - 1* y (4P -1 DICTAE ) Yk +
vt T (2nz) 118z 21 (8z2) 2 3

,..,
N
N
e

1
e 2 x( V-i“é)ﬁx ‘ 1
Y2%z) Yol

vields
qR N
I (aR) = < [1 b o i + ] (2.2.71
To 7 (2%aR) &ar 12\%zﬁz e L
q B -
e 1 < .
I = - 1 4+ = 4 ——— .. 2.2.8)
ol Y (2%a) | 8q 1282 ] (
and
q r "
e 2 15
I = 1 T - 4+ .. (2.2.9
y () (21a) |° " e oz | )

Using the above expansions of Io and Ii, give

. q
" = Zge - S .- S
Gqu(q) $- BiiloCQ) = 7T§E;)[1 oy ot -
1284
ﬂi1 811 QBii ]
T -} + - + .
9 awq? 12800




which simplifices to

q Bi i
12 f‘i 2
QI (a) + BiI (a) L [14+ [ —_ - g)/q+ _ ié-)/acz

i
~
{:Z
B

& o« 16
' ] (2.2.10)
and
Bi lch . o
Bi I (aR) = ———- [1 oo + ] (2.2.11)
170 (2NaR) gar 128quz

Thus substitution of (2.2.10) and (2.2.11) into (2.2.5), give:s

rrrrr 1 B, ~a (1R} 1+1/8aR+9/128 (aR) “+. . .
U= = 41 - 7R © T I
¥ *a 13, 1 15) .2
Tl =~ g)/arl— — 1e)/8ar. ..

which 1z opproximmted to

1 Bi \ ~al(1-R)
o= L. ~ < ] (2 2. 12
P YR pa

Using the Inversion formula of the Laplace transforms the
solution of the governing equation in radial variation iz

found to be

Bi 2 \172
1 exy 2, 2
U=1 - o {2( = ) exp [ (1~~R} /Acc‘m:]

(1-R) er"fc[(lw-f%)/i?/t:etzt ]}

[see Carslaw and Jaecger (2)]. Therefore,



Chapter Three

A1 Tranzformation of the cauation in terms of ¥y and t*

Equation (2.1.11) with boundary conditions (2.1.12) and
(2.1.13) and initisl conditionz (2.1.14) is the governing
cauation in the axial varistion. To make equation (2.1.11)
with its boundary and initiml conditions adaptable to numerical

study introduce new variables

2
2/ C1~ThH and ™ = %

~
i

w0 that

it

v VI y, ™). (3.1.1)

Then the total differentiml)

N N
AV = 3 dy + Zr, dv (3.1.2)

wives

which reduces to

N 2y N o

3t 7 JToxx 3y - T (3.1.3)

Also from the totaml differential (2.1.2

& XNy v osx 1 Y _
a T 3y o7 + 3t* 37 = (1““1:*)2 3 (2.1.4)

g




2

v 8 ( 1 gv_)g!_ . ( 1 av) >
= Rl 5 -
az* A (1~ t*)z O )% o (1~ 1,‘*)2 o) o
which reduces to
V4 2
a\; - —t y avz (3.1.5)
az (1-T*) dy
Beplaocing (3.1.2) - (2.1.5) into the governing ecaquation
(2.1.11), transforms it to
2
_dv x4 OV ,,4 i awy 3 OV -
e %= - v G 20m 0 B (3.1.6)
7
subject to the boundary conditions
o v axy 2 : '
3 = Biz(lwl Y @t vy = 1, (3.1.7)
2 .
.g“";’_ - Bil(ﬁ.""'T*) V] at vy = 0 (3.1.8)
and initial condition
Vo= 1 ) I KBS <y < 1. (2.1.9)

L4
b

Discretization of the governing cauation in  the

axiaol variation,

The zsolutions to the problem are to be approximated using
the Crank-Nicolson method. The problem iz &z et out in
Tionn o 2.

Heloolh the mesh constant h such that

o= 1/m for an integer mw )} 0.

To generate a physically meaningful numerical solution, o

zmall time sztep k = 1/N,



for

For the yt*-plane

(yi,T§ Y, where
Vi = ih, Tor
mnd
™ = jk, for

Crank—-Nicolson uses the

the differential

aperator,

some integer N 2 Q.

operators.

is chosen.

figure 3, the orid points
i = 0,1,2,.0...m 2.2.1)
J = 0,1,2,...sN (3.2.2)

Using the

are

finite differences to approximate

forward difference
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€ ayz (1-1*%) aT*
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%; _ Bil(l—t*)zv 3y 12( ™)V
3 v
_ s 2%
+ 2(y-1)(1-1*) 2y
|
i
{
i
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Fig. 2.
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Fig. 3
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N/Oy can be spproximated more accurately by using & certral

difference differentiml operator as follows:

Viy +h, X ) - V(y ~h, T*)
Qi - b ) 3 J . (3 - 4)
a . ’2h w dho w

Lising the averaged differences of the central differences, ot

Jth step and (j+1)th step in v*,

ey . Lz[vt‘yi-m, V) - 2V(y V) 4 V(Y mh, )
Sy 2h 1 : :
V(yi+h ,I?*k) <<<<< QV(Yi,T1+k)+V(yi ~~~~~ h,T€+k)]. (3.2.58)
Substituting equations (3.2.3) - (3.2.5}) into (2.1.8),
vields
» _
h‘Jvi+1 i E%% Vig Eiiz Vier, 5o E%% i '+1+££iévi-1 j+1
_‘Zh“ .} h » ) 2h P | h s ) 2h )
=15V, - (-3 %+ Elih-1) (=510
- i,ji+1 ~ i, [ o T i+1,3
b . 3 .
S Z(ih-1) (1-dk)IV . . (3.2.6)
t i-1,3

. 2 . . . .
Letting k/h = XA in (3.2.6) and rearranging the terms gives

~ €N . 4 EA
— e — - EAINYY paniiad
i xi-i,j+1 ’[(1 Ay EX]Vi,j+1 2 vifl.j+1

ist, 4



\
o N
e o w denow Y

e 3 =1,2,.. s Bnd 3 o= O.d, .. N
The: boundary condition (3.1.8)..3n kerms of“iLthe _centra
differences, can be represented as
V. e Nt RS .,
l,j ‘1’1 1 O,J
which gives
v s GEOCLIoRBL (1-3k)°V_ 8.2, 8)
-1, 1, i LR |
and similarly.,
) it - 2hBi (1-5Kk)2V . (3.2.9)
-1, 1+1 1, 1+1 1 o, i+ 1 .
(zee Smith (&)].
Wseing equations (2.2.8) and (3.2.9), V | and V can  be
-1, -1, 1+1
~liminated from the equation obtained by putting i1i=0 i
(2T ThHEY Yrields the restlt
—‘—l!-v - 2nBi (1-3',<12v + “t01=3Kk) _ + EMV > —4“'«’
2 1,041 : Fo T B | . U, 1+1 v 88 Pl 28 |
e i > , il 4 2 P
=2 Az - h(1-Jk) Vv = 2hBRi (1-3k) 'V
W 15 1 1 09 }

) "L
X]\ODJ + A[2

+ h(1—-3!

-
< ) ]\1

ecquation,
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4 i . 2 i N
{[(l ----- Fi) r EX] } LXhBii(lek) }Vo.j+1 V1,1+1
{[(1 skt ax] - 27&1[” ----- h(1- jk)S]Bil('l ----- jk)z}vo ,rEWV,
...... (2.2.10)

for i = 0,1,...,N

The boundary condition (2.1.7) can alszo be put in terms of

t:he central differences as

(3.2.11)

.8
1

2hB1 (1K) ‘vm

Vet i = VYm-1.i
Falglel
. 2
= - | . x.2.12
vm+1,j+1 Vm-i,jfi hBiZ(l 3K} Vm,j+1 (3 12)
{see smith (&) 1.
Vm+1.j and Vm+1’j+1 can

Using caustions (3.2.11) and (3.2.12),
e sliminated from the equation obtained by putting

i=m in (3.2.7). This gives

+ [(1-5k)‘ - ex]v -
m, i+l

|

Vm-l,j+1

—
s

td
Hew

EX 2
——[vm-‘l,jwl ~ 2hBi_(1-jk) vm'j“]

<

A

+ h(mh-l)(‘l—jk)3]v A [(fl.--jk)4 - El]\! R
m-1,3 m, 1

Nt
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L on
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o
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P
Lo
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vt

w
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re————

<

3

1

-,

-ty
N
7
&
fEN

N
~
=
G
PN
s

N

<
3
.
| FS
L]

X{
which uporn expansion and rearrangement of the terms, gives

~ . o 4 - 3 . 3 2 =
_____ bxvm-l.j+1»r {[(1m3k) “+ El] + blhBlzcl‘Jk) }Vm,j+1 EXVm_i‘j

251
b

. {[(1--—~51<)‘ ex] »»»»» zm[ £ hlmh-1) (1~ jk.)3812(1-~--~j9<)2]}vm i

[

....... (3.2.13)
tor j=0,1,...,N-1.
The initial condition ot T* = Q is exprezssed oo
Vi,o = s O Oy <1 » o= O 3.2.14)

for 1 = Q,1,2,....m.

Setting up the finite difference equations.

To visualize the finite difference system of linmesr
zauations, the system of eaquations (3.2.7), (2.2.10) snd

(32.2.13) are represented in matrix form, by letting



i 3 ( w
mo ----- o] Q Q o,j+1
] b Vi.j+1
..... ‘;7: a .';:
) (] Vz,_in
0 ..... i? e 2
€1 =
o b vm:l,j+1
AAAAA = oa - =
,1+1
0 e -b o, §FE AT
L L L

/ )
[ . . 0 ) ;( ¥
Lo ]
l Y.
| ) ,
f
SRY
Q e < < 2,13
Q
A,
& C < Jm-l,j
L J L )

Tor 3 = 0,1, s sy N=%.

In the dizoretization of the governing eauation the
following are the exceptional points:
(i,3)

for i = Q,1,....,m and jJ = 0,1,...,N~1 (see fig.3)

Putting 1 = Q0 and j = 0, in eauations (3.2.10) and

(3.2.14), vields the eaquation
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{1 + EA 4+ EMNBI 1}Vo,1 E.XV‘L1 =

{:h-ex ----- 2 (,% h)Bil} + EM (3.2.186)

For 1 ( i (m-1 mnd J = 0, the use of (3.2.7) and (3.2.14)

vields

. x[ £ 4 h(ih- 1)]+ [1w£l]+ x[ & mh(ihwl)]. (3.2.17)

Combining (3.2.13) and (3.2.14), for i = m and j§ = Q, gives

the eauation

+ [(1+£1) + hEBiz]V..1 = EN + [(1m£1) % Elhﬁiz]-

'F')‘Vn-a 1

For i = 0 and 1 < j < N-1, using (3.2.10), gives

i
{ (1-3Kk) 2 + e

Biem
H
ha 4
™~
-
ks
.y
e
bt
©
[N
-
—~
o4
L,
~
N’
\;.J
-
bl N
-
>
<
-

- & 6
{ (1-3k) — ERT = 2)‘3-][

........ (32l 199

For-1 CoiR{cmstdiand & Co3NCaN=1, ‘using! (312:7) 5 gtVes

EA 4 " EA
-l SR [(1wjk) i Ll]vi,j¢l T2 Vie1 ie1

z + h(ihwl)(1—---jk)3]vi_1 ;o

]

>
| aanasads |
Nim




For i = m and 1 < J ¢ N-1, using (3.2.13), gives

----- EAV P 5 {[(1-~"jk)Q + Ek] + EANBi (1w3k}2}v L =
m-1,3+1 2 m, i+l

a ‘ 5
EAV e {[(1 ----- k) - El] ----- EANRE _(1-3k) }V . (2.2.21)
mwe 'l > 1 VA .
The system of eauations (3.2.16) - (2.2.21) are solved for
Vi o1 where 1 = O,1,...,m and J§ = O,1,...N~1, using the Gauss

Flimination method.

The Crank-Nicolson method uses the mean of the forward -
difference method at the Jth step in ™ and the backward
difference method at the (j+1)st step in >, Thus, it hoas
local truncation zrror of order 0(k2+h2). This means that the
zolution obtained by Crank-Nicolson method are of greater
mocuracy thoan those by explicit (forwvard and backward
difference} methodsz which have truncation error of order
m(k+hz). Crank-—Nicolson is also preferred to other methods
like the Richardsons’s method of truncation error of order

z 2
Ok +h) because the Crank-Nicolson ecauations have

wunrestricted stability.
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Chapter Four

NUMERICAL SOLUTIONS

4.1 Computer Program

The separation of the crergy  ecauation (1.32.14) with

conditions (1.3.18) - (1.2.18) into two eauations, ((2.1.7)
with conditions (2.1.8) = (2.1.10) and (2.1.11) with
conditions (2.1.12) -~ (2.1.14), has simplificd the whole

eroblem to that of determining V., @& function of one space
coordinate and time. Therefore, the computer program that
computes the numerical solutions has been written in FORTRAN
from the finite difference eauations (3.2.16) - (3.2.21) and

it 1s given in Appendix 1.

4.2 Numerical Solutions

Numerical solutions have been obtmined for the
dimensionless emptying times e=0.002, 0.001 and Q.0Q04. The
=ffect of ladle szurface heat tranafer was simulsted by the
value Bi1=5.0, and in the case of insulating slme surface
with no initial thermal stratification, aizzo.o was  used.
The temperatures of molten stee) on  the vertical axis,
obtmined from the computer pProgram, are displaved in Appendix

II for variocuszs values of the dimensionlesszs time T*, from

which the graphs in figures 4, 5 and 6 have beern extracted.

The thermal properties of liauid steel are given in

table 1 below:
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Table 1. Thermal properties of liauild steel

~

-3
Density 7510kg m
-1 -1

Specific heat 700Ikg K

. -4 -2
Viscosity 48 X 10 Nsm

-1 -1

Conductivity 29Wm K
Heat transfer cocfficient 1Q- 5owm'%<°’

(Ladle walls, bottom)
Heat transfer coefficient 1w15wm-dK-’
(Slag cover)

v -6 2 -1
Diffusivity (K/pc) 5.17 X 10 m 3

9

Fusion temperature of steel 14701530 C

4.3 Accuracy of the computer sclutions.

The correctness and accuracy of the computer solutions
were established by comparing the graphs of the numerical
results of the above computer program and those of Egerton et
ml (2), using the same set of volues (Bil=5.0, Bi_=0.0,
€=0.002) and same spatial step A&y = 0.01 and time step
Av*=0.001 as Egerton et al used. The graphs showing the
varistion in temperature of the molten steel on the verticml
mxis mre displaved, for T™=0Q.7, T*=0.8 and ™=0.9, in figure
4. . The computed szolutions are almost the same as those found
sy Egerton et al. The graphsz, like those of Egerton et al,
show that asppreciable changes 1in  temperature, below the

imitisml temperature, only occur for ™ greater than Q.8.

Figure 5 shows the variation in temperature of the

molten steel on the vertical axis for €=0.001 and various
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t*=0.7

t*=0.8

™*=0.9

Fig. 5. Dimensionless temperature distribution for

various times (Bi

,=5-0, Bi,=0.0, €=0.001)
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values of the dimensionless time T* with same BiinS.O mrc
&12=0.0. The results, here, show that the asignifticant
changes in temperature, below the initial temperature, only

acour as ™ aporoaches 0.9,

Figure & shows the efiect of the molten steel
temperature on the vertical axis against time for various €,
This is for the case Eiix5.0 and Bizz0.0. From the graphs in
the figure, & decrease in € implics o slowing down of the
cooling, and these results are in agreement with those found

vy Egerton et al. It is, therefore concluded that the

computer solutions of this dissertation are accurate.




8 =(T—To)/(T1—T0)

1.0

0.99

0.96

0.95

ikl &

Fig. 6. Dimensionless molten steel temperature
on the vertical axis against time for
various e (Bil=5.0, B12=0).
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APPENDTIZX 1
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This appendix gives the computer program - which

finds the numerical solutions displayed in appendix II.

e
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FILE: HEATEQL FORTRAN Al UNIVERSITY OF /ZAMBIA

PRGGRAM HEATEQ

C E DENOTES EPSILON
c T DENUOTES TAL=TIME
C BI1 DENOTES BIOT NUMBER 1
C BI2 DENOTeS BIOT NUMBER 2
C H DENGCTES THE SPATAIL STEP
C K DENOTES THE TIME STEP
C LMDA DENQOTES LAMDA
REAL A(1015101)9B{101y1)sHeKyBI1yBI2,YsTsE9TEMP(1033,1520),
& LMDA,Z{101),L{(101),V(101,1000)W(10000,U,TS,
4 ALPHA,TEMPCJ(1000)
INTEGER T 9JsKKeKLlyK29yMyN,K3
TOMMON / SIMECN /7 H
COMMON / STEVE / K
PRINT =*,? NUMERICAL SOLUTIONS!
PRINT *,9 e —————t
PRINT *
PRINT %, ¢VALUES USED : M=100, N=100G, EPSILIN=0.002, 8I1=5.0,"
PRINT &y 9 =mm e '
PRINT *,° BI2=0.0y
PRINT *
1 M=100
N=1000
ALPHA=2.0
E=0.002
BI1=5.0
B12=0.0
U=1.0

H=1.0/REAL (M)
K=1e0/REAL(N)
LMDA=K/H*x?2
C wE GENERATE THE ELEMENTS UOF MATKIX *A* AND MATRIX *8' FOr J=(
A(ly1)=(1.0+LMDA=E)+E*LMDA*H=B]1
Alle2)==1.0*LMDA*E
Bllsl)=((1la0~LMDA¥E)=2.05 L MDAXH+{E/2+0-H)*BIL)+E~LMDA
DO 2 I=1iM-1
KK=1+1
Kl=1I
K2=1+2
ALKK K1) ==1.0*%{E*LMDA) /2.5
A(KKyKK)=1,0¢E«LMDA
A(KKgK2)==1.0%{(LMDA®E) /2.0
BIKKy L)=ULMDAX(E/2.0+H*{I*H-1.,0))+{1l.C~-LMDAE)+
& LMDAR{E/2.0=H*(]*H~1.0))
2 CONTINUE
A{M¢l,M)==1.0%LMOA=E
A(M+]l M+]1)=(10+LMDAXE)+E*LMDAXH=BI2
BI{M+1,1 )=E*LMDA+((]1.0=-ExLMDA)=E«LMDA=H*BI2])

GO TU 8
4 CONTINUE
C WE GENERATE THE ELEMENTS OF MATKIX YA® AND MATRIX 3¢
C FOR J=1y21e01000

A{ls1)=0((]1 o 0=J%K ) *=4+ L MDAFE J+E*LMDA¥H*B1*{le0-J*K)+¥2
A(le2)==1.0%LMDA*E
Blleyl)={d{le0~J=K) =¥ 4= MOA*E)=2. 05 LMDA*H*{E/ 2.0~




—tf[i’"

LE: HEATEQL FORTRAN Al UNIVERSITY OF ZAMBIA

& (l.O—J*K)**3)*811*(1.0—J*K)*‘2)*V(11J)+
& ExLMDA®V(24J)
DO o I=14M=1
KK=1+1
Ki=1I
K2=1+2

A(KK,K1)=”1.0‘(E*LWDA)/2-0
A(KK’KK)=(1-O-J*K)‘*Q*LMDA‘E
A(KK9K2)=‘100*(LMDA’E)/Z-O
B‘KK91)=LMDA‘(E/2.0fH¥lI*H—I.D)*‘1.0-J’K)**3)‘V(['J)*
& ((I-O-J*K)**Q'E‘LMUA)*V(I*le)*
& LMDA'(E/Z.Q-H*(ItH’I-G)*(loO'J‘K)“'ﬁ)*V(I*ZoJ)
CONT INUE
A(M#lyM)==1.0*LMDA<E
A(M*loM*1)=((loO—J‘K)“4+LWDA*E)*E*LMUA‘H‘BIZ‘(l-C’J*K,*32
B(M*1|1)=E*LMDA*V(MyJ)*
& l((I-O-J*K)**Q-LMDA*E)‘LMDA‘H*E*
& BIZ‘(1.0-J*K)‘*2’*V(M+11J’
GO0 740 10
CONT INUE
J=0
CONTINUE
WE SOLVE THE SYSTeM UF EQUATIONS FOR V 3Y GAUSS ELIMINATIUN
METHOD
Lil)=A(1l,1)
DO 12 [=1,M
WlI)=Aa(I,I#1)/7LL])
L(l*1)=A(I+1,I+1)-A(I+1.X)‘w(1)
CONTINUE
2{1)=8(1,1)/L(1)
DD 14 1=2,M+]
L([,:iBlIyl)“A(I'I‘l)‘L(I“l))/L(Il
CONTINUE
N=M
VIM+l,J¢1)=L(M+ 1)
CONTINUE
V(N,J*l)=l(N)-N(N)‘V(N*lyJ*l)
N=N=-1
IF (N.GE.1l) GO TO 1o
J=J+1l
IF (JeLES999) GU TJ 4
wE COMPUTE THE TEMPERATUFES
TEMPOJ IS THE TEMPERATURE AT ¥Y=C.(0 FUR T=0e00190e3l2100erlel
TEMP IS THE TEMPERATURE AT EACH Y=0e01l3Cad2r00e9le0 FUR
T-_-O.COl'OQCOZyonoyloJ
N=1000
DO 26 J=1,N
TEMPOJ(J)I=VIi1led)*U
IF (TEMPOJ(J)eGTolaD) TEMPOJLJ)=1.0
DO 18 1=2y4M+]
TEMPUI=1,4J)=V{I,J)¥U
[F (TEMP{I-1,J)eGTaleD) TEMP(I=1,J)=1.0
CONTINUE
CONTINUE
WRITEL6425) T{S0U)




FILES

25

30
31

32
34

36

ccC

.__Lr5_-

HEATEQl FORTRAN Al UNIVERSITY OF [AMBIA

FORMAT(7X,* TIME=",FB.2//)
PRINT *

PRINT *,° Y ViY, TIME) u(o, TIME)
PRINT *,° ——— ,——————— | mmemmmeees
PR INT *

WRITE (6,30) Y(O0) s VE1,900) ¢Us TEMPOJILSU0I

WRITE (6430) lY(I),V(I*I,QOO)1U,TEMP(I.9OO):I=1,M)
FURHAT(IOI(ZXpFB.Z,GZO.le2G16.10/))

PRINT *
PRINT *,°1 TIME TEMPERATURE®
PRINT +,°' ———— B
K3=100

WRITE(6434) T(K3), TEMPCJ(K3)
FORMAT(2X,F842,620.10/7)
K3=K3+100
IF (K3.LE.900) GO TO 32

STOP

END -

SUBPROGRAMS

REAL FUNCTION Y{(I)
REAL H

INTEGER 1

COMMON / SIMECN / H
y=REAL{I)*H

RETURN

END

REAL FUNCTION T(J)
REAL K

INTEGER J

COMMIN / STEVE / K
T=REAL{J) ¥

RETURN

END

TEMPERATUKE®
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The appendix provides the numerical solutions
from which the graphs given in figures 4, 5 and &6 were

pvtracted,
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FILE: HEATEQL OUTPUTT Al UNIVERSITY OF ZAMBIA

NUMERICAL SOLUTIONS

VALUES USED s M=100, N=1000, EPSILON=G.002, BI1=5.0,

R R T T AW T

BI12=0.0,
TIME= C.70
Y V(Y:TINE) U(O, TIME) TEMPERATURE
2.00 0.9840772150 1.000000000 0.9840772150
0.01 0.9879062770 1.060300G0G00 0.9879062770
Qe 02 0.9908006G172 1.CJ30G00009 0.990830G17C
J.03 0.652%870370 1.0000C0G00 0992G87037C
0.04 05946367740 1. 20000CQ00GO 09946367740
3.05 0.9358806040 1.586000Q00C0 D.9558806040
.06 29968174700 1.000900000 09568174700
0.07 0.6575224173) 1.30000C000 Ca9975224730
0.08 0.,598052716) 1.0C0000000 0.99803527160
0.06 0.69845105423 1.G0C00GC00 J.9984510540
.10 587498520 1.900C000000 9987498520
Q.11 0.5989733060 1.220000000 095989739060
0.12 0.59G1417530 1.3000003000 09991417530
0.13 0.6962672200 1.030CG0GG00 0.95992672200
0.14 0.65G63¢€397S0 1.8000CC000 0,999360976C
0.15 0.95G94311930 1.000000000C Ue999431193C
d.16 0.6954834660 1.0000C0C00 0.999483466(
.17 0.9635223880 1.8000000CO 0.5655223880
0,18 0.9995511772 1.000002060 09965511 77C
0,19 0.,9995725150 1.00CG0000G0 0,999572515¢C
0.20 0.6695883110 1.0000C8G000 0.9955883110
0,21 0.5555598740 1.00GCG003000 0.99959%8740
0,22 0.59%56083380 1.3000C0000 J.9696083380
0.23 0.59%96144770 1.3000000600 0.99961447170
0.24 0.59561888890 1.030000000 .9596188880
D225 0.995622C4170 1.00CCGO0CO 095362204 17C
J.26 0.599G96243120 1.000300600 0,9956243120
0.27 0.9996263400 1.0000C2000 09956260400
N.28 0.69%62717390 1.0000G00G0 U.9%9627173C
D29 0.,5956282072 1.300000000 D+99%962820176
Q.30 0.9 77023¢ﬁ63 1.3003023000 {1.95662862460
0031 C: 79 AZQ 3 10»3;}‘)—}(‘ )u}O {.ags‘}(’)?d/tblts
0,32 0.969 6283053 1.0008C0060 029996283350
0,33 0.9536282460 1.000030000 (1.95G62824%6G
Js 24 0,56562800179 1 0000w2000 e 9656280070
0.35 C.6G6G6627948D «303G00C2C0 06996279480
D,36 0.99G96277690 l,i3JOQQGOO N.9956277690
0,317 0.99G62741190 1,0000000600 0.9996274110
0.38 0.6996271730 1.CG8000G4Q0CO0 N,5996271730

0.39

055996275540

1.0060083000

(s99G96270540



FILE:

HEATEQL

0.40
O.41
0.42
Ja43
Oe b4
0. 45
0.46
Oe&1
0.48
0.49
C.50
0.51
J.52
0.53
0. 54
0.55
0.56
Ue57
0.58
0a56
0.60
0.61
0.62
0.63
.64
Us €5
0.66
Q.67
0.68
0.66
0.70
0.71
0. 72
0.73
0.74
0,75
O. 76
0.717
0. 78
0,75
0.840
O' 81
J.83
Ds 84
0,85
0.86
D.87
.83
D.90
0,91
0.92
0.94
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OuUTPUTT Al

0.9996268150
05966265170
0.9666264580
0.5996261000
0.5956258620
0.595€6258020
0.6996255640
0.9996253850
065566253250
0.5956252060
£.9996252060
0.9556251460
0.6656250210
0.9996247290
0.999624848)
0.5956247890
0.$556250270
0.9956241290
0.6996244910
06956243120
C.9996242520
0.5596244310
0.995€241930
$.5656243120
0.9956239540
09636238350
0.9556237160
0.9956234180
0.9996231790
0.999€230600
0.5956230600
0.5996231209
0.,6556231790
0.5996231200
0.9996232390
0.5996234770
05956232650
0.$55623299)
0.9996233580
0.9956235370
0.9996234189
0.5996232399
0.595623239)
0.99%6232399
£.556623175)
0.999€233589
0.5596234180
0.9996235%70
0+5596240140
0.9956242520
0.99962445190
0.9556246100
0.9996245680
0.6956250270
0.9556251460

1.6C0G0C0L00
1.G0G000000
1.0000600000
1.0C05G0 0000
1.00C000000
1.0006000000
1.000000G0C
1.2000000060
1.006000000
1.0G00G00G0
1.GCC0030200
1.0600030GC0
1.CGQ0G03000
1.0000060600
1.C200G2000
1.20C00060C
1.00000036G00
1.600002C00
1. 3060060000
1.06000G000
1.0C0000009
1,0000020605

a2 :(:'3 330300
1.3002006090
1.006G00G500
1.30C003000
1, 000009CG0D
1.2002000G0
1.0G0O600060
1.30062G0GG0
1.000000009
1.30000C¢000

UNIVERSITY OF ZAMBIA
1.0G000G000 09556268150
1.008C0CJ0G00 029996265170
1.0000C00000 0+9956264580
1.000000000 09996261000
1.00600600000 05996258620
1.0G00C0000 0.59562580320
1.230083000 09956255640
1.000000G00 09996253850
1.000000000 Je 9956253250
1.C00000300 0.9596252060
1.00CCG0000 0.,999625206(
1.00000662090 0.9996251400
1.0000030C0 0.9996250270
1.000000000 229996247290
1.0C0000009 0.9996248480
1.0600000G0 0.9996247890C
1.(0G020000 0.9996250270
1.00069260000 09996247250
1.G00300000 0.599624451C
1.600000000 Ue9996243120
1. 00000G0CO 09996242520
1.3300560000 0259596244310
1.3000G0000 0.995624193C

$29996243120
Ue3996239540
0.9996238350
029996237160
De99G6234180
0,9956231790
0.99956230600
0.6956230600
06956231200
£0.9996231753C
0,99%6231200
029996232260
£.99462347170L
0.49996232990
0.99S66232990
0.,9996233580C
D0¢99G6235370
0.9996234180
0.99%623239C
0,99%96232390
09996232390
0,996623179C
59966233580
0.,9%9962341380
0.999623597C
0.,599%60240140
09596242520
009996244910
029996246130
De585%6249680
099596250270
09996251460



|

FILE: HEATEQl OUTPUTT Al

0.95
0.S0
097
0.98
0.59
1.00

- 49 -

059962550490
0.5996258620
0.9656261000
0.5656265770
0.5556270540
0.9996274710

1.0000GC0C0
1.000006G00G0
1.00000G000
1.0C00C000C0
1.0000060000
1.00000000CC

UNIVERSITY OF ZAMBIA

0.9996255040
09996258620
0.999626100C
0.9956265770
L.9996270540
0.,9996274T1L



FILE: HEATEQL

VALUES USED

TIME=

e o

U.00

0.01
0.02
0.03
0.04
.05
0.06
0.07
0.08
0.09
0.10
0.11
0.12
0.13
0. 14
0.15
0.16
0.17
0.18
0.19
0.20
0.21
0.22
OOZJ
D25
0.26
0.27
0.28
C.29
0030
0,31
0.32
0.33
D.34
0,35
Q.36
0.317
0.38
0.39

NUMERICAL

-
-

- 50 —-

ouTPUT8 Al

UNIVERSITY OF ZAMBIA

SOLUTIONS

M=100, N=1000, EPSILCN=0.002, BI1l=5.0,

B12=0.0,

C.80C

Y{Y,TIME)

Sl I T Y SN TP G

0.5768142100

0.978€9420190
0.6804209470
0.6820063110
0.9834615560
0.,98417572999
0.9860236050
0.56871482259
0.98817983390
0.9851251330
0.5856516050
0.9907857180
C-53515136100
0.6521800450
€. $921901030
0.59334952540
€.5538599470
0.55432174860
0.5547553870
0.5951471690
0.5555051540
059558315660
0.9%61313610
0.5564048860
02656€541530
0.5%968816020
0.9970898630
0.69727157630
0.59574532139
0.6376121199
05317563620
0,55788759690
0.5583078940
0.9981177450
0.5682180600
0.9383090760
0.,5583924630
0.598461715650
0.5985361100
0.5385579200

UiQy TIME)

T S IO G T O G OO

1.000000000

1.000000000
1.0800060000
1.000000G00
1.200000000
1.93C6000000¢0
1.2000060000
1.000000000
1.03000000C0
1.¢00000000
1.0060003000
1. 0000060060
1000009000
1.000060000
1.0000060000
1.0000G0000
1.0000G00600
1.0600006G00
1.000004000
1.4000460000
1.C000GOG00
1.306000000
1.08306006600
1.06G0003200
1.003000000
1.000G06G00C0
1.C00G60030
1.09G0006000
1400000000
1.C0008000C0
1.C90600L000D
1.000000GCG0
1.0006G0000
1.00000%000
1.300604000
1.00800G000
1.000000000
1.06000006060
1.0000000600
1. 0020092000

TEMPEKATURE

D A B e AT S A B AT W

0.9768142100

09786942010
0.980420947C
0.582006311C
0.9834615590
05847972990
09860236050
D+98T1482250
0.988179803C
0.,989125133¢
0.9899216050
0.99567857180
0.9915136100
0.9921800490
05927901030
09933492540
0.99385%947(
0.9943274860
U934 755387C
099514116590
0.595505%1 540
09958319660
0.9961313610
0. IG64LHBEOU
09666541530
0.996881902C
0.,99708%98063C
0.99727F%7630
099745321 3C
0.697612115%0
Ua55T7T7563620
Ce99788190%0
0.99800G18940
0.5981477450
0.998213C640
0.9983G490760
0,9983924630
0s9G984615650
0.99853611430
0.9685%979200



HEATEQL

Q.40
De4al
Q.42
0.43
Qa4
0.45
0.46
0.47
.48
0.49
D.50
0.51
Da.52
N.53
0.5‘#
J.55
O. 56
0.57
0.58
0. 56
0.60
0.61
Q.62
.63
0. 64
Q.65
Q. 66
Q.67
0,68
0.66
0.740
0.71
0,72
Q.13
.74
0,75
.76
Q.77
0. 78
0,75
.80
e 81
J.82
g. 83
0. 84
(1085
Q.80
N. &7
0.88
D,89
Qe G0
0.91
0.92
0.93
03(3/1

ouTPUTS Al

0.9986544250
0.5987053280
0.9987524150
0.5387943770
0.9988328220
0.598£682870
0.5985007710
0.5985299180
0.9985567400
0.5989807610
£.9950028140
0.9550223£50
0.59590407232
0.5950565780
0.9950717179
0.9990851280
0.959CS 73470
0.9991087910
0.9551192220
0.9951288150
0.9551372230
0.9591453290
0.9991517660
0.9591580840
0.9991641640
0.5991694690
0.999174C539
0.5551782500
0.9991820450
0.5531858010
0.5951851580
0.5951623570
0.5991952189
0.59591576620
0.5991957480
0.9992018340
0.5992033010
0.9992056490
0.9992072580
0.5992085700
0.9%92101190
£.95952117299
0.9992129210
045992144119
0.9992147090
1.999216378)
G.9992176890
0.9992185830
0.5992195370
0.5992204500
0.5992212060
0.9952219210
045992226360
0.5992234110
0.9992241260

1.000000000
1.000000000
1.G600000000
1.0000060000
1.000000000
1.006000C0000
1.C000000000
1.20006CQ0C0O
1.0C0000000
1.030000000
1.0C0000u0G0
1.0000000UGO
1.050000000
1.0060000000
1.00006G0000
1.000000000
1.0000C0000
1.000000000
1.000000600
1.0060060000
1.0000000C0
1.26000GCCO
1.606000200
1.00CC00000
1.0000€G000
1.0G00060009
1.0C00000C3
1.00C8000000
1.030000009
1.5C00GC000
1.36u00G000
1.000600000
1.000000000
1.2C00CCC00
1.006C00000
1.G00006C00
1.0860006G000
1.0G3300000
1.C000COCCY
1.200000000
1. 020006000
1.600000GGO
1.3000C0300
1,600000000
1,3G6000 5600
1.0300G64000
1.226330000
1.500000000
1.G60002000

-« 000003000
1.20G006000
1,2060000000
1.2303C3G00
1.000000000

1.000000000

UNIVERSITY OF ZAMBIA

0.9986544250
0.9987053280
0.9587524150
0.9987543770
0.9988328220
0.9968682870
0.9989007710
0.9989295180
U.5989507400
0.9985807610
0.9990028140
0.9990223650
0.9550407230
0.995C 5657860
09590717170
0.9950851280
0.9550973470
0.9991087910
0.9951192220
0.9991288190
0.9591372230
0.9991453290
Ue 9991517660
0.9551582840
6.9551641640
0.9991694690
0.995174G580
C.9991782900
0.9591820450
049991658010
0.9991891580
0.9591523570
0.9591952180
0.9951576620
0.99951997480
0.9992018340
0.9952038010
0.9992056490
0.9992072580
0.9992085700
0.9592101190
0.999211729¢
0.9992129210
0.9992144110
0.9592147C9C
0.9992163789
09952176896
0.999218583C
0.9992195370
0.9992204900
0.9592212060
0.9992219210
0.9992226360
0.9992234110
0.9392241260



FILE:

HEATEQL

0.565
0.5%06
0.57
0.58
0. 99
1.00

- 6L -

guTPUT8 Al

0.5992241260
0.5652237099
0.9592238280
0.3992247220
0.9952246030
0.9992244840

1.00000CC0GC

1300000000
1.0000000C0O
1. 300000600
1.000000000
1.0G60000006C

UNIVERSITY OF ZAMBIA

0.9992241260C
0.9992257090
0.9992238280G
C.5992247220
0.59952246030C
0e999224484C



FILE: HEATEQGL OUTPUT9 Al UNIVERSITY OF ZAMBIA

NUMERICAL SOLUTIONS

VALUES USED : M=100, N=1000, EPSILCN=0.002, BI1=5.0,
BIZ':0.0,
TIME= 0.50
Y. VLY, TIME) U(Oy TIME) TEMPERATURE

0.00 C.5581€43710 1. 0000060005 59581048710
0.01 0.9586454630 1.5606000CC0 095864546323
0.02 0.555118509¢ 1. 000000000 0e959118009C
0.03 0.6565845340 1.3006G0CC30 £.9565845340
O0.C4 (9600431620 1.000009000C Ua9600431620
0«05 $.9604555910 1.230CCCC3C 0.960495551¢C
0,06 0.56094C9579 1.300C0000¢L 09609405570
0.07 0.5613802430 1.0000C0000 2.9613802430
O0.C8 C.5618123174 1.5C000000C0 Ce961812317C
0.09 0.6622371200 1.3000038G00 0.9622371200
O« 10 G5.562€565750 1.0230C00G0 05626565750
0.11 Ce 5636684850 1.GO0CGCOGOC T 49030084850
0.12 0.5634752870 1.0C0CC0C00 0.963475287C
0.13 0.563875562) 1.3006000230 0.503875592C
D.14 0. 5642656980 1.08C0CECC00 Le36426969580
O0.15 0.G546574853 1.303GG0CG0 (1.59646574850
Us16 0.9653377630 1.80C0C0GC0 Ge965037763C
0.17 Ce 5654146430 i.000000C00 09654146430
0.18 J.5657835560 1.00006G3UG00 0+G65783596¢C
0.19 0.9661475420 1.2C000C0000 0.966147542¢
0s20 0.%6653552859 1.00004£0009D 09665052890
0.21 C.566857553) 1.3000038C00 0.9668575530
D.22 0.96172037969 1.03G0L0000 09672037500
0.23 0e9675449730 1.006800000 e 9675449730
0.24 C.6678815600 1.28065 00060 059678815600
0.25 0.5682116510 1.0G0003000 {«5082116510
0.26 C.G5685341720 1.0002G2G00 Q2.968534172¢
D27 0.6688514470 1.00050C30C0 (.9688514473
0.28 0.9651635370 1.000C00000C 0.96%1635370
0.26 D.6654716939) 1.090C00000 Ca9094715930
0. 30 CeG5GTT1683) 1.02c002C000 049697716334
J.31 CeG9723683552 1560000030 CeaGTL06E395¢(
0.32 Ce 5703617100 1.00CC00000 CaGlU3617100
0.33 CeS5700469180 1.60000600C0 Ca97064659180
0«34 0.573628G%C70Q 1.630000009 0.,9739285070
J.35 0.97120648690 1.0C00C00C0 09712064869
N.36 Ca971478760) 1.,0GG6200C0C D.9714787600
D.37 0a97174412030 1.602002000 0e9717441200
0,338 097200674530 1.0000C00GY VeG7200745

0.9722644090

1.02C0C00C0

CaG72264405




HEATEQL

Dt
Jatl
Do 42
Ua43
D44
Je 45
D.406
.47
De 48
De49
0.50
0.51
J.52
0.53
O« 54
Je 55
0.56
Q.57
J0.58
J.59
0. 680
O-Ol
.02
Q.03
J. &4
Je65
0.00
O.b?
Deb68
0.69
Qe 70
.71
D.72
D.73
.74
0.75
Da 16
0.77
0.78
0.76
0. €0
G.81
0. 82
0, 83
0,24
Qe £5
0' 86
Je87
0.8&8
.89
0,90
0.91
0092.
D.93
0.54

- S'L\..,

JUTPUTS Al

0.G725176100
097276365380
0.G6730063680
0.6732437130
GaG734743240
G.5737016560
CeG73624554)
Ce37414201753
0.5743561740
0.5745652080
057477027252
Ca9745715G20
C.57%16178710
£.517153592230
.6755446912
0.57572648590
0.9755064323
0.576382%540
09762511850
0.6764152770
097657644173
La9767323(883
0.6768846G610
0.5770322440
Ce9771756530
C.97172167317)
$.5774535300
0.5775823350
0971717073862
$.G7178239200
CaG 775481850
0.97806488590
0.9781773090
0.97828326440
0.57832853592
D0.95784843330
0.G735755610
C.378671(74D
2.9787582760
0.,5788413C50
C.57851956460
2. G 78GG6873)
0, 5790669080
0.3751337850
0.6761570850
DeG7162562229
(9733121810
0,97536552383
0,37154135270
0.,9794575573
J.,9794975690
0.575535657)
0e37155686600
0.9795974499)
55766230209

1.GC00000CH
1.000000C00
1.0u50060¢c0C0
1. 004000000
1.0G60060000
1.20000GC00
1.38000000C0
1. 3200000600
1.C000C000D
1. 20000000
1. 500600000
1.000000000
1.000C00GCU
1.06000006G63
1.008000000
1.06000CIO000
1.030003CC3
1.000000300
1.0C0C0C000
1.3C00C0005
1CCOCGULET
1eCCICOGLLT
1.3000CCUa0
1.023002CC0
1. GCOCCO0LG
1.0000030C0
1.G03064G0C3
1.00000C0CCO
1.0C200CO00
1.03C203000005
1.0300G0a0CC
1.00500G000
1.C00GL0OU0D
1.0G0000C00
1.5000CCC00
1.03306030C0
1.0000CUC00
1.0uG000000
1.00GG00000
1.000000G000
1.0000G0000
1.0330C 3000
1.,3000C¢0000

.........

12330000300
1.28305(00G0
1. 300GOCG00
1.900000000
1. 00OGLAG0G
1.23C¢3000LGO
1.600000000
1.0000G0G0C
1.,009006GU00
1.G0000060¢C

UNIVERSITY OF ZAMBIA

0.9725116100 ..

0.9727636580
C.973G063680
Ge9732437130
0.973474324V
0.97370165060
09739249940
05741420750
0,9743561740
0e97450652083
(e 9747707250
0.9749715620
Le975161767105
0.9753590239
UeG755446510
0.9757264850
CeS759064320
0.97608359540
Ce976251185(
0.97641527170
0e9765764470
Ce9706733( 880
0.57¢8849610
UeGTTU322440U
C.977175¢539
C.9773167370
Ce5774555500
03775823354
CeG7770738060
0.977828920G
(29779431890
09780648950
DaGT8B177309C
Ve 97828306440
£.5783853890
0e978484333C
0eG578579581u
D.978071074U
(a978758276¢0
0.G788413050
C.9789165660
(5789968730
LeGT5L66YLBY
0.979133735G
CeG79197085C
0.9792562320
Ce%75312181¢C
0.,9793055280
0.973413927C
Ce9794575570
UeGT75497G690
(59755356670
(3795636600
09795974490
(a27662506290



FILE:

HEATEQL

0.95
0.96
0.97
OC 98
.99
1.00

OUTPUTS a1

0.5756437030
0.9796616440
0.9796751740
0.979685545)
0.975€9245990
0.97569490 30

UNIVERSITY OF ZAMBIA

1.G00000000
1. 000006000
1.00006G0300
1.600000000
1.000000000
1.00000G0000

097964370430
Ce9790616440
0.5979¢751740
0e 9790855450
09796924559
09756945030



FILE: HEATEWGL

VALUES USED

o S A= - ———— -

TIME=

QuUTPUTG Al

NUMERICAL  SOLUTIUNS

M=1006,
BiI2=0.0,

0.70

viY,TIME)

0.992C684700

0.995317CG420
0.9971600170
0.6982044700
0.9987961050
0.9991302450
0.959319255u
0. 9954258280
0.99594854330
0.5995185730
0.5665369910
0.6665465280
0. 5995514750
0.9655538000
0.9965549320
0.9965549320
0.9995542769
0.5395535610
0.9995526670
0.9995518920
€.5995508190
0.5995501640
0.9995495080
0.9995488520
0.9955479580
0.9995472430
0.9995464680
09995461110
0.5995455740
0.59954515170
0999544561
0.9965442630
0.9995439050
0.5995433699
09995430110
6. 9995425940
0.9995420580
0.999541 6400
0.9995411040
0.9995408060

N=100C,

EPSILON=0.001y

UtG, TIME)

1.0ul0LULTD

1.C000600G0
1.002000007
1.000000000
1.000000003
1.0000C0000
1.09006000¢C
1.000060000
1.00000C000
1.C000G6G000
1.900000662
1.9200€0000
1.06000G00¢C
1.0000000C0
1.90G00060U
1.00900C000
1.000000000
1.000000000
1.000006000C
1.000006000
1.000006600
1.000000000
1.00000G0G0
1.9006000065
1.006000600
1.0000060000
1.060000000
1.000000000
1.000000600
1.0000000600
1.060000000
1.04G0L 006D
1.000000000
1.000000600
1.0000000C0
1.000000000
1.000000000
1.90000000C
1.000600060
1.060000000

UNIVERSITY OF ZAMBIA

BIl=5.Uy

TEMPEFATURE

- ———— g . - -

(69923684700

(e995317C429
Ge997160C170
0.5982044TC)
0.9687961052
0.999130249)
049963192559
0.9994258280
09664854320
£e999518573C
0.99953069510
Le35G5546528L
0.9995514750
0.99955338090
Ce999554G220
(49995549320
0.9995542760
09995535610
0099955266170
0.9995518920
0.99695508190
(e9995501640
09995495080
0.9995488520
0.9995479580
0.999547243)
£.9955464680
0.9995461110
0.9995455749
09995451570
0.9965445610
09995442630
0.9995439050
0.9995433690
0e9995430110
0.9955425940
0.9995420580
0.9995416400
0.9995411040
0.9995408060



FILE:

HEATEWI

Qo4
Q.41
Ce4l
0.43
0e44
0.45
Q.46
C.47
J.48
0.49
0,50
0.51
U. 52
0.53
0.54
0055
G.56
0.57
O. 58
0.56
0.60
D.61
0.62
0.63
0.64
0.65
Oe66
0.67
0068
.69
0.70
0.71
0.72
0.73
0.74
0.75
0.76
077
OO?B
0.79
0.80
G. 81
0.82
0. 83
0.84
0085
0.80
C. 87
0. 88
0.89
0.90
0.91
0.92
0.63
0.94

OuTPuUTe Al

0.969540506 745
046595435670
0.9655405080
G.999540216C
0.9995401500
0.6695397533
£.5665395540
0.9555391G560
0.95595388399
5565384810
0.5995381830
0.99553776690
0.6695371100
0.9695365140
0.9995357990
0.599534845v
€.9965341300
0.999533057)
0.5995218060
$.5595304350
0.5565288259
0.59G527395¢C
0.6655263810
$.9995251300
0.9665239380
£.5995229840
0.9965219110
0.5995212550
009995199440
6. 5985192290
0.9995183350
09955175600
0.9995170630
0.9555164280
0.5695157120
0.9995154740
0.9995154740
0.9995156530
0.9995153550
0.9995151760
G.9995151760
C.9955151760
0.9595151760
0. 9995151760
G.9995151760
0.9995151769
0.9995152359
0.9995153550
0.5995157120
0.9995155330
0.9995157720
0.9955158310
0.9995159510
0. 9995163680
0.9995170240

UNIVERSITY

1.300000C¢CH
1.3G00000G0
1.000000000
1.0U00ULOLCY
1.00006C0000
1.0000006000
1.000600G00
1.9300306000
1. GO0003000
1.000000000
1. GCOGCOGOO0
1.0C000CG0OV
1.00600060000
1.C0U0000000
1.06000006006
1.0060000000
1.0060606 0000
1.30000€0000
1.00000600060
1.000G0C00C
1.000086000
1.3000G60000
1.30003530G0
1.0000006CG00
1.900000C00
1200004000
1.0000CG00¢C
1.9G000000D
1.2000GE0C00
1.3G0000006
1.3G0000000
1. 000006000
1.30060000060
1.20000000¢C
1.3060600600
1.006000600
1.306C000660
1 .G00000G00
1.00002QC00
1.000000600
1.206000000
1.000004000
1.000000000
1.00600000600
1.9600GG000
1.563C080000
1.000000600
1.0000600C00
1.300060009
1.00000G6G00
1.9G0000000
1.066000000
1.000000G00
1.009000000G0
1.000000000

UF LAMBIA

Ge9955405670
05695405670
09995405080
09595402100
0. 9995401500
Ue99553917930
ve999539554(
(e¢9595351G6u
0.965538b39%0
J.99953844610
0.9995381830
0.9995377660
0.9995371100L
0.9995365140
09995357950
0.9995248450
09695341300
0.59595330570
0.6995318060
149995304350
Ue 9955288250
19695273950
Le9995263813
Ue 9955251360
Lea9595239380
149955229844
Ve 99652419110
Ve 9595212550
0.996519944v
€e9G995192299
0.9955183359
09995175600
Ue 9995170839
09995164280
0.9955157129
029995154740
0499595154740
Le9995156530
0.99951535590
0.9995151760
0. 9995151763
0.999515176J
0.9995151760
0.9995151760
U«9995151760
Ve9¥955151760
0.9995152550
0.9995153550
0.9995157120
0.9995155330
0.999515772C
0.9995158310
09995159510
0.9595163680
0.9995170240



FILE: HEATEQL

055
C.56
N.G7
JeS8
N.5S
1.00

QuUTPUTO Al

065995176793
0.9995182750
099651869510
£.9995197650
0.9655202420
£.9955208989

—

1.3C0033C00
1.003000C00C
1.3006GGCGC00
1.000066000
1.003000C0C
1.36000G000

UNIVERSITY UF ZAMBIA

Ce595517617%v
(6955182750
U.9995189910
099951976590
Ue9595202420
.9995208980



FILE: HEATEUL

VAL UES USED

TIME=

guUTPUTS Al

NUMERICAL

: M=100, N=1000,

BIZ=G.Oy

0.8(

VIY,TIME)

B e —————

0.5875640839

09353833769
€.9909233450
0.9922253492
Ce993324995V
0.9942543510
0.9950391050
0.6957C17300
0.69€2¢€01660
0.6967302680
0.9971274142
G.5974614380
0.9977424740
0.G9757G1 649
G.SG81777670
0.99834489890
0.59848562590
0.598€034630
0.5987625860
0.598784781J
C.9988546379
C.63986125730
0.5686610310
0. 9590016220
D.59903257760
0.599C642070
G.9990872740
0.99910730190
0.6991240500
0.5991378199
0.9691463230
0.9551536800
0.9991658530
0.6991725680
0.5591787080
0.96651832970
0.9991871120
0.9991898540
€.59919253605
0.5991936680

SOQLUTIONS

L0 -~ -

EPSILON=30.001y

- — - ————

1. 000000000

1. 000613000
1. 000003000
1.000600C00
1. 000CCOCCT
1.00000600CO
1.0000030C0
1.20L0G2CC0
1.C090000C0
1.0000C 3000
1.00000u0C0
1.00CG0GCG30CT
1.006000000
1.00000J000
1.0000350G00
1.000060G00
1 .00060C¢000
1.3C3060000
1.0000060000
1.000u0C00D
1.000060CGO
1.060000000
1.0606G00000
1.03C000000
1.2009G0000
1.0200000090
1.2GuC09000
1.3C¢00CCO00
1.0200063000
1.200C6LCT0
1.2000643000
1.3000C0C0D
1.000060306690
1.0000G60000
1.000000609
1.3500006G00
1.090000000
1.000000000
1.900000000
1.000002000

UNIVERSITY OF ZAMBIA

bl1=5.0,

Ce98756406832

9893838769
0.9909233459
09922253499
Ce9933249950
0.9942543510
€«9950391050
Ce9957C 17300
(e 9562€51660
(ea996730268)
(e9971274140
Ue997461438)
09577424740
9979791040
C.99817770679
(.9983448989
(.9984856250
0.9986034063C
0.59870258060
0.998784781)
(.9988546370
$3.9989125730
U=99896106310
0.999C016220C
0.9990357760
0.999064207C
0.999C0872740C
$.9991073019
09991246500
$eG591378199
0.9991453239
0.999158680)
(.99916589330
0.9991725680
0.9961787080
(.999183297)
0.9991871129
0.9551898540
Ue 9991925360
0.9991936680




FILE:

HEATEWL

Qedd
O. 41
0e42
0043
Je 44
C.45
De4s
Uet 1
Qe48
el
050
0.51
0«52
0. 53
O. 54
0.55
De506
UGe57
De58
J.569
Deb0
Jeol
0.62
0. 63
Q.64
O 65
Q. 66
.67
.68
a. bg
0.70
0.71
0.72
0.73
D.74
Qe 75
0.76
0.77
0.78
0.75
0.80
O. 81
Q.82
0.83
O. 84
Je 85
0. 86
O. 87
Ce 88
o. 89
0.90
0.91
0.92
0.93
0.54

QUTPLTS Al

0.56551658% 50
0.$95195874 J
0.5551968872
0.9951G671250
0.6551680790
0.999198550)
0.655165565 ¢
£e6691698L7J
€.5552002¢&40
(1595200250
Ue 5552004030
(5952004040
0.6652006420
0.5991998670
05591969279
0.5692001659
0.5661698080
Ge 5991996250
0.5591695100
0.5651694500
0.9691693GC3
0.6591693310
0.9991992712
0.59916391529
0.6651696299
0.6561993%C0
0.65G6166986¢C
0.5991999869
0.9992001650
0.9662005839
0.99920058393
0.5692010599
0.99920C1298v
£.5662014179
0.9992014173
0.9992012980
0.5962010550
0.9992013579
0.5992022510
0.5992026C090
0.9992033240
G.6992C38619
0.595204393970
0.9992050530
0.5992052910
0.999205887J
0.9992063C50
0.95992067229
0.9992065430
0.5962071999
0.9552080930
0.9992090424
066652100600
G.9992102380
0.665210238v

1.0030003000
1.3C0200uC00
1. 23000000060
1.000CGG000
1.03C0C3C0N
1.L5000CG00
1.GI0GCI002
1.00CC0ul0n
1903003000
1.20006u00u
1« QuUBCI000
1300000000
1.0C0000060U
1..030009000C
1.0G00C00C0
1. LGGOA0GOT
1.000000002
1.00G0C00G30
1.65056GCC00
1.003000000
1.00G00G00GE
1.000006C000
1.0600092000
1. 00C0COCCT
1.uC0C0C00C
1.CG000G0dv
1.0200Cu00C
1.9000000060
1.000000000
1.90000C0200
1.0000000600
1.0000600000
1.600000000
1.G0G0C0O0GC
1. 0000600600
1.006000000
1.6060G G000
1.0000060000
1.30006C000
1.200GC0000
1.005000000
1.000000000
1.C000060000
1.000000000
1.3020030C0
1.0000G0GCO
1.0060060C00
1.000000000
1.0000006G060
1.0000600000
1.0000000G)
1.000000600
1.000000000
1.000000000
1.600000000

UNIVERSITY OF ZAMBIA

Ce 9951950650
Je99619556740
0.9991568870
(9991671250
{ 9991950790
099916855061
(e 9%G1 995690
e 995199867
1464992002840
(14 9592(0225)
149992004630
Ge9Y920G404Y
Oe 9992006420
0e9991998670
0.999199927C
{«599920C1050
0.6991998068C
L 69959199629y
0.99919951C)
(69991664500
(29991693909
(.999169G63310
ve3d9G1962T712
(.9991691520
Ue9991596290
Le995169290u
Le39919995b06C
09591999860
$.99920010650C
09992005830
(}.9992005830
Ue$9G6201059C
(e 9992012980
{t.9962014170
099920141 7¢C
0.9992012980
0.9992010590
05992013570
$e9992022510
G 9992026090
069992033240
((«9992038610
{993204397C
0.59692050530
0.5552352910
(9992058870
0.9952063050
9992067220
Le9592065430
0,99920371990
(9992680930
Ue9962( 96420
0.9992100600
099921023890
09992102380



FILE:

HEATERQL

0. 65
O. T2
0.57
0.98
0.5%
1.00

— 61._

JutTPUTS Al

05992190600
N.69952096422
046592096420
0.9592100C00
0.66921011590
0.9692100600

1.00300( 00
1.0004900000
1.C000LGO0CDO
1. 5ACOOG000
1.03G000008
1.000U000600

UNIVERSITY UF ZAMBIA

Ce9992100600
0.995920964290
0,6992096420
0.995921G0000
0.999216116C
09952100600



FILE: HEATEQL OUTPUT4 Al UNIVEKSITY OF ZAMBIA

SOLUTIGNS

NUMERICAL

VALUES USED : M=1CG, N=100C,y EPSILON=V.0C1s BI1=5.0

——— — — ——— — —

BI12=0.0,
TIME= G.SC
Y VY, TIME) Ultcy TIME) TEMPEKATUKE
0.00 0.5767837520 1.20C00000¢ 0.9767837520
0.01 0.,97172706030 1.0C¢0000000 0.5772706030
0.02 C.9777451160 1.000000000 0.97T77451160
0.03 0.57820717190 1.0000C 0000 0.9782071710
0.04 0.5786595730 1.9000uv30090 0.9786595700
Q.05 0. 9791029690 1.00G000000 0.9791029690
0.66 0.9579533136% 1.C000GC00G0 09795331360
0.07 0.9756556140 1.0000000200 09799556140
0.C8 CeG803711770 1.60¢00u000 Na9803711770
GCeG9 C.98G77306S1v 1000000000 Ge980T7TT3(91C
0.10 C.981168(91D 136460606000 Ce981166091C
0.11 0.53155260600 1 .0000G60000 0.9815526600
0.12 05819297190 1.00wu0G0C00 Ce981929719C
0.13 0.S822952159 1.6660C¢0000 0.9822952150
0o 14 0.982653081D 130030000V £.9826530681C
0.15 0.9830043320 1.2C0000C0C 0«983CG4332¢C
0.16 0.5823436610 1.9G60C600000 0.9833436610
0.17 0.5836780430 1.600G02000C 09836780430
D.18 0. 5840(31860 1.3000006G0C C.9840031860
0.19 0.98432217860 1.2000060000 0.98432217860
0.20 0.9846325090 1.000000006 0.9846329090
0.21 G.5845373700 1.00GLGO0CO 0.98493737060
0.22 0.9852312800 1. 0660360000 U.9852312800
V.23 0.95855194090 1.006606G3006 0.9855194090
0.24 €.5857997890 1.000000000 09857937890
0.25 0.S8607343490 1.9€0000000 09860734340
0.26 G.S586336827y 1.0060000000 0.9863368270
0.27 0.5865960480 1.000000000 Je. 9865960480
0.28 0.6868498440 1.060006000 0.9868498440
0.29 0.9370994090 1.806000000 2.9870994090
0.30 €.5873387229 1.30006000090 Le9873387220
0.31 0.98757352290 1.02000 0000 0.987573%220
0.32 0.9878050090 1.000000000 0.9878050090
0.33 0.9880266790 1.000000G00 0.9880266790
0.34 €.9882451890 1.0JC0000CO $.9882451890
0. 35 0.9884614940 1.0000000600 0.9884614940
0.36 C.5886687400 1.000000000 0.9886687400
0.37 0.9888708000 1.000000000 0.9888708000
0.38 0.9890695210 1.000000000 0.9890695219
0.39 0.9892591830 1.0000006G00 0.9892591830



FILE:

HEATECL

0.40
el
D42
0.43
0. 44
Oa45
OQ 40
.47
0.48
0.49
f.50C
.51
0.52
0.53
C.54
0.55
0.5¢6
0057
J.58
Q.56
0.66
0. 61
0.62
.63
0. 64
O. 65
Q.€6
0.67
0.68
Oibg
0.72
0.71
0. 72
0.73
Ca74
0.75
Q.76
0.77
0.78
0.79
O. 80
0. 81
o. 82
0.83
(.84
0.85
0. 86
0.87
0.88
0. 89
0.50
0.91
0.92
0.93
0.94%

QUTPUTS4 Al

0.9894441370
0.5896241430
0.98958023¢10
0.989S8752149
€.9931428820
0.990305906000
Ce990465581¢C
0.590¢€198980
J.5907706389
£.,990G17206C
0.9910589460
0.6511687199
G.5513350340
Oe 9914647540
0.9915876399
0.6917093480
0.991828G6780
0.5915427630
05920544033
0.9921603200
09922648673
0o 59232650625
0.6924622182
0.59255383060
0.5926440720
€.9927340750
0.6G62€15C110
0.9928991790
0.6925752289
0.693C555820
0.5631298490
0.6532020930
0.9532738549
0.5533351219
0.5934C14689
05934614500
0.9935182330
0.5935750969
0.9936258200
0.5926736820
0.6937204720
0.9937670230
0.9938069580
0.69384486790
0.6G38759749
0.9539145450
05939477440
0.5935817790
0.9940121179
0.994G3817010
0.9540628410
0.9940865040
0.5941075020
0.9941253070
0.5941397910

635 -~

UNIVERSITY OF [AMBIA

1.0000C3000
1.C000GGG00
1.0006G00000
1.000000000
1.0000000C0
1.9058000G00
1.020600G0Y
1.03C000CGy
1.03004G60000
1.000030C00
1.80C000000
1.0G00406G00
1.36G600u0AT
1.050000000¢C
1.00G006C000
1.020000CC0
1.3000C0G00
1.0000069C02
1.000G06000)
1.0030080000
1.3¢000300D
1.5060C60009
1.5506LC 8GO0
1.0050030000
1.002000000
1.020C800300¢C
1.00CG03C00
1.2302000G0
1.6300G0GGC
1.3006000300
1.3900000C00
1.90000G6000
1.000060G000
1.00C000000
1.00C0606G000
1.000000000
1.0000006G00
190000000090
1.000000000
1. 0000000600
1.300000000
1.300000000
1.00000000690
1.000000C00
1.3000C0060
1.3600900060
1.0004000000
1.000000000
1.29000G06G00
1.900060000
1.060000¢00
1.900000600
1.03000600600
1.060000600
1.000003000

Ce9894441370C
U.98956241430
0.9898023610
Ue38729752140
0.9901428820
0.9903059600
{.990465581(
09906198982
095377006380
Ve9909172060
e 991058946¢
0e¥911687190
0.991335034C
Ue9914647940
0.9915876350
Ue991T7L959480
C.951828978)
09919427636
Ue992054403C
09921603230
£.99226486170
0.9923650620
0.992462218C
$.95255383CC
Ce992644072C
2499271340750
0.9v281G9C11C
09928991790
0$.962979228C
0.9530555620
09931298490
£«99320209CC
U.993273854C
0.9933391210
0.9934014680
Ue 99340614905
0.9935182330
Ge9935750960
0.9936258200
0.9936736820
Ce99372C4720
U«9937670230
0.5938069580
0.9938448670
£.9938799740
(69939145450
0.9939477440
Ge9939817790
049940121170
09940387010
0.99400628410
09940865040
0.9941079020
0.9941253070
0.9941397910




FILE:S

HEATEw]

0.95
Ceb9b
0.57
0.98
G. gg
1.00

QUTPUTSG Al

0.9941523672
0e$9416555G0
Ce9941752550
0.95418675990
CeG941935693D
0.5941915873

1.0C000202<C
1.2C000060T
1.3CC00U000
1.9C0000000
1.3000000C0
1. 30600002

UNIVERSITY GF ZAMBIA

0.99415232¢70
(e9941655590
0.994175255¢C
(e 9541867590
0e9I4190 6930
0.5941615870C



- 65_-

FILE: HEATEQL OUTPUT3 Al UNIVERSITY OF ZAMBIA

NUMERICAL SOLUTICUNS

- ——————_— S - S . - -

VALUES USED : M=100, N=100L, EPSILON=L.(02y BIl=5.Uy

B12=0.0,
TIME TEMPERATURE
0-10  1.00C00200)
0.20 1.C2002C¢00
0.30 1.80CC000GCV
e 40 1.0CCCL2000
O.5u 0.59390530653
0.60 C.58EE535869
O.7¢ 0.G84C772150
0. 80 0.6768142100

0.50 0.5581048710



- éé,

FILE: HEATEGL OUTPUT2 Al UNIVERSITY OF ZAMBIA

NUMERICAL SOLUTICNS

e

VALUES USED : M=100, N=1000, EPSILON=0.001,y BI1=5.0,

BI12=0.0,
TIME TEMPERATURE
0.10  1.00000000¢
0.20 1.9620000G0
0.30 1.003000600
0.40 1.000000GGO
0.50 1.0C0C09C00
0.60  3.5961150290
0.70  0.9920684700
0.80  06.9875646830

0«90 097617837520



-
- 67—

FILE: HEATEQL QUTPUTL1 Al UNIVERSITY OF ZAMBIA

NUMERICAL  SOLUTIONS

——————— . S A o W —— o

VALUES USED : M=130, N=100(, EPSILON=(.0C4, B11=5.0,

———— S - 2 -

BI2=0.0,
TIME TEMPEFATURE
0.10  1.000000000
Ue20 1.30C0003350
0.30 06965170620
0.40 C.39884685280
0.5U 05824169239
0.60 05767506720
Ue 70 05693863950

J.80 09576728940

0.90 0.91671675490
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