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THTRODUCTION

A gkt e I, 1 -
A fuaebional wleh the unknowm ap

pears under an

interral

ZOUATION. Interral equations

ceour in o nurmher of branches of

soicnes .  fr yverticalsy, They ~owe uUp “pequently  in boundary

Aynemics, Yechanics,

TGRAL TOUATIONS

fronest the meny neoblems e reduce te intesral
ccuntions, the £~llowins nay bve 11sted snd formulated.

o DROMTEY
.'Lj AE,‘ ?U' L

P e

1 e,

$ad the Tunction o 18 rorronic in the interior

Af a recion; and vhich taxes gtipulated values on

the houndery of the rerion.

T AN SR T LS A oY
2). NEUMANN 'S PROBIE L (I

The cgsentiel deviee in the conversion of
velue Tropiom to the snlubion of equivalent interral equations 1is

]

Groon'a furetions, 111lustrated helow

.dimensional cxample whieh conteins the ossential

of DMrichlet

and Neogsann in 2 and 7 - dim.@nSiOnfS-

o~



o Y .y i e Y o 2 e
Coneiler a welichtless clastic string (f1

=
i

ure 1.2.1), stretched

g . - 5 .
petween Lwe  NO rizontesx noints 6 and

A, Ouppose that a weilght
W is hung {rcnm the olastic string and that t in equilibrium the
positicn of the weicht is at a distence £ from O and ata

depth 0 heicw OA. If W is small, compared tc the initial

tension T in the strinc, it can be agsumed that the tension of the

strine rereins T during further stretching.
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For vertical equilibrium
T(n/E)+ Tin/(e - B} - W = 0 (1.2.1)
giving
W(a-f )E

n. = «—-(7{“;'5')' (1.2.2)

Combining this with the reometrical relation

=l

y=-gxﬂ o' 0 E B8

(1.2.3)

( .
‘.;.....Y;’.] y F<xge
= a E;
The eaquation of the deflected st~in~ can be expreassed in the form

o~ AF .
y o= @ ”(--,E) (1.2.4)
where Mx,E) = f(a -F), csx<§g

i (1.2.5)
- N > o o & O



a'g function, could new he used

U N intespal eguation for vre delection v(x) in the

o ~f £ ouniform heavy string

subiscts 1t to an upthrust

at each pcint.

riven by

and its contribhution $ y(x) tn the overall deflection

(gl TYYAE
(S AR O E I o (1.2.7)
-

~werall defleetion v(x) can be

(1.2.8)

Thus interral cquaticn

K8 g r) p(n)an =md (x,E)aE (1.2.9)
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A DRIEF HISTORICAL REVIEYW OF INTEGHML FOUATTONS

The first censcelious direct use and sclution of an interral
equat 7o beck to_Abel. He published two papers, one in 1823
snd the second in 1026 [7af: 1}, 7.2]1 in which he considered

a sreneralizetion of the sc-called iscchronous nendulum problem

which reducss to
1 h a'(v)d
. I ._ﬁ;;gim (1.3.1)

whore  t(n) denotes the tiwe fall to the oririn O, from some
poiat 4, which 1s &% a neieht r above 0, and §=s(y) is

the intrinsic ecouotion of thoe curve wengured from 0, Abel solved
the equaticn (3.2.7) te rive

4 (1.3.2)

Ahel also showed that tne selution of the interral equation

5(3;);[}‘ older <1 (1.3.3)

& (x-y)

o}
FaN
o]
¥

—a

is aiven by

&/ ﬁ}.l@xi._u,} (1.3.4)

\)

Abel's achicvement in solving (1.3.2) is quite remarkable.

Wher fhel, vac Licuville, wha in 1837, concidered the
R 1 AP T . - , 7

ailx) + [e? - oz Mz} = ¢ (1.3.5)

. . L - .
wit a(a) = 1 6'{a) = ©, and showed that it could

' ints equations of the form

<
5
ot
B
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V
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5
e

VRS - ATy eer N ol LN A — of )\ (1'3‘6)



which are now called Volterra inteoral equations of the second kind.

-

Tiouviile solved his interral aquation by the *fethod of successive

.

approximation. ”

Vito Volterra (1860 - 1940) was the first tc recocnise the

importance of the theory and to consider it systematically. He
fipst met tS+h an interral equation in 1884 when dealinc with the
problen of digtrirution of electrie-charfes on a serment of the
surfacs of a sphere., However, it wag not until 1296 that he
seriously studicd them., To avoid some of the di€ficulties of

existence znd unigueness of solutions, Voltarra investipated the
A E 13

solution of toti: the first and second ¥ind, given respectively by

£ x(sit) () a6 = 7(s) (1.3.7)

and
e) - NS E(s,e) ¢(t) av = os)
<t

in wmich the Zernel K satisfies the condition

®(s,t) =0, if t>5. (1.3.8)

This corresponds to the :cimple case of a system cf algebrailc
Tinear cquations where the elements of the detcyminant abcve the =
main diarcnal ere all zero.

The interral equation (1.3.7) can he rocest .as an intepral
cquation (1...6, £o that 1t can sasily be solved by Picard's
process of succcssive approximation.

The next sirmificant develonment is due to IVAR FREDHOLM( 1866-1¢
who published two Damers [Ref: [111, np. 39-46; {121, pn.365-390]
with particular relerence 1o iinear interral cquations of the tyne

¥(s,t) #(t) dt = f(s) (1/3.9)



o

where it was assumed that :
(=,t) was continuous on D?;
A 1is constant parameter;
the data function f(s) was continuous on Dj

s) the unknown function was alsc continuous;

D being the fixed hase domain.

Equations of tais kind are nor called Fredholm interral equations

of the first znd seccond type, respectively. He showed that any

afies the Dirichlet problem also

harmonic function o  that satli

satisfies en equation of the form (1.3.10).

These pepers ny Fredholim nlaced the subject of integral equations

t1e0l footines and established

for the Tiret time on a firm metiudv

n rerard to:

[N

all useful criteria

once «miéd for

(2) existonce of solutions.:

(») unicueness of sclutions:

(e¢) construction of sclutions.

¢h equaticns, Fredholm was also

In his subsequent researches on suc

led to the related squation, narely

W)+ w £y K(Eys) ¢W(t) at = p(s) (1.3.11)
called the transposed »quetion. TiLe associated homogeneous
equations 1.3.10) and (1.3.11) are
= (1.3.12)

N

Ms) + ,r_;:(u,t) A+) at

Ws) + Wi, V‘(?: Yult) ¢t = © (1.3.13)

‘redhnlm, followin~ an observetion of Velterra geveral years

earlicr, snowed that an equatiocn of the type (1.3.10) could,by

suitable direretizaticn, he rerarded as a limitine form, of a system

. . a . . . s
PP T DU U U A ﬁiantn’m wvaly earrdod ot *hiag 1inmitine nrocess



and subgquently Justified the passare to the limit directly.

The theory and methods of solutions of the Fredholm equations
ere discussed in Chapters 2, 3 and 5.

Followed %y the epoch-making discevery of Fredholm, Hilbert
wrote a series of six papers in the period from 1904 to 1910. e
considered interrsl equations with real, syrmetric kernels (K(s,t)
= K(t,s), ¥ real) (see Chanter 4), and the theory of orthoronal

tranaformations. I'e showed that if A is not a characteristic

value of the resl, symmetric kernel, then the solution of

$E)+ 2 S2E(e,n) ¢ (8) ar = ¢ (s)
is siven by

e)y = fs) + A I =i o (8) (1.3.1%)

the serizs conversin~ absolutely and uniformly for all sele,bl,

s continucuz. In the second half of his life, Eilbert

e

when K

applied interral squations to both kinetic theory of gases and to

the theory of radiation.

At the sametime Sch midt, Reisz, Banach & Fre chet investigated
the very same nrchier in more rencral terms. They introduced new
concepts 1like the normed complete function spaces of Banach and
Hilbert; lincrr and ccompact operators ir these speaces. These
led dirsetly to the development of Functicnal fnalysis in mathematics

in its. present form.

So far only non-sincular into~ral equations have been considered.

Hewever, sinrular interrel equaticns of the form

o(e)il(s) w2482 7 Hb) gy v (s, 0)e(tdar = £(s) (1.3.1

geD



are alsc of perticular importance, even thourh they are not discussed
in this thesis. The foundations of the theory of these equations
were laid dcwn almost sirultencously but independently, Ty

Hilbert and Peince ré in the first decads of this century- -
However, it was not until 1921 that Ncether publihed her thecrems
for sinruler equations. A year 1ater Corleman pave his solution

to {1.2.16) ir the perticular case wher b is a constant,

— - -— s -t

K = o, anc T = 1-1,1% Tor the next two or three decades,
prosress ir the theory was due entirely to Tussian Mathematicians
anéd mention rust he made of the contritution of ihiskhelishvili,

whose intercet in these equations as arcused hy his work in the

theory of ~lasticlty.



jo2
6(—!

THE THEORY OF IRETHOLM i QUATIONS £AHD FREDHOIM'S THEORELDS

2.1 INTRQODUCTION

In e vast majority of caseS solutions of integral equations
are executed by recourse to iterative computational procedures.
Such procedures demand a certainity of:

(a) the existence of a solution;
() +the uniqueness of & solution; and
(c) the convergence of the iterative procedure used.

Important significance, herefore, attaches to an analysis
of the integrel ccuation nrior to its solution. This analysis
can in every cace he conductid using goneral $heorems
establishec by Frecholm for the particular class of linear integral
equation

823\ fpl‘(u,t)¢(t)‘t = f{s) (2.1.1)

celled Fredhcln integral equetions of the second kind, for Kernels
K, dato functiome £ apd sclution functicns ¢ in prescribéd
function spac:sS.

A fairly complete stotement of the possibilities in regard to

prescerived function space for wide

&

)

the scluticn of (2.1.1) in
categories of kernals ¥ end date function f is embodied in

what is lmown as the Fredholm Alternatives theorem. This

particular taocorerm is a complete analogue ~f a corresponding theorem
relating to tho anluticn of a system of Linear Algebraic equations
in a giver finite dirmensicnal vector shace.

e existence of such an anslofue for integral equations is

not altorether surprising, Tacouse, there is a special kind of

6]

of kernel i, cf the form §0L s)Bs (t), ass,t<b (or (s,t) € D?

wvhere D Z la, 51) called decenerato for which the integral

equation (2.1.1) can be easily shown to be exactly equivalent, in

- . m T



system of 2cquations of the type
n
Xe = A L. 2.0 X%, = [, i=1,2,....,0. 2.1.2
L E R T i S ( )

Morecver, non-Cegencrate kernels X oin important special spaces

T,

(e.g. ¥ e L,[D?1 cr Xe € [D?], etel cen be uniformly
approximated by sequences of degenerate kernels in the same
space. 1t can bc expected, therefore, that the solution alter-
natives thet carry cver from algebraic systems to integral
cquations with depsnerate ¥erncls, can be extended by a
cuitable limiting procedure to the case of integral equations
with cortnin fairly wids classes of non—degenerate kermels.
e limitin~ procedures referrad to, call for careful
executicn, and eppeal Lo well koown standard theoresms in
Mnelysis, In all eom.e i mwont ~f the Fredholm alternatives

1a conducted n two mein steses. In stapge (1), an approximating

Saquencé (Kn) of Jerenerate kernels that converges uniformly to

ot

¥ in the riven function space is introduced, and a corresponding
scquence of approxineting sntepral squations is set up. In stage
(2), standeri Justifieble 1imiting procedures are used to extend
tihe alzevreic equation soluticn alternatives for the sequence of
denenerste oporoximeting interral equations 1o the original
liritine equation
Yoo L. - hornels (i.e. kornele XK:D? »C ) with

!l = srix(s,¢)!cedt, whers interrals exist, at least, in
the lgbesgus sense, stepe (1) is impl@mented on the following.
ines. ‘pproxinsting dedenerate lernels Kn are available such
that  |1¥ - ¥ || can be made < cony e(>0), &/ s,teD?* with

2 choice of n sufficiently large, by a well known property of
lZlbhert Spaces. K ig cariivionad by the relation

ko= K o+ (K-%K) (2.1.3)

Tntroducing the operator notation

N R N vl o~ 2N N s



then intepral 2quation {2.1.1)5

f(s)

1]

¢(s) = A ID K(a,t) ¢(t) dat
has the equivalent operator form
p-AKod = f.
Wwith (2.1.3), this mey be re-written as
¢ ~ AK + (K - Kn)30¢ =, Ty

whicn is rearranged as

¢—A(K~Kn)o¢ & (f+>‘Kno¢) = g. (2.1.4)
Use may now be mede of the fact thet for Il < KEK
equations (2.1.4) has unigue solutions of the form :

o6 = o+ MRoyg); vhere (m=f+ XK, 0 $) (2.1.5}

where R 1is a 'resclvent kernol! available explicitly.
Rearranpement of (2.1.5) leads to &an equivalent integral
equation for ¢ with depenerate kernels. This impl@€ments stage g% P

d prepares the problem for stage (2) in which the alternatives
for degenerate wernels are extended by sdmissible limit proce-
aures.

This is basically thc methed us sed by MHkhlin (Ref: (191,

Sec. 8, po34 - 465 Sec. 10, pp59-66), Tricomi (Ref: [32],
Sec. 2.3, DP55-64, Sec. 2.4, ppbl-66), snd others to establish
the Fredholm theoreme for Lgﬂutfn61s and f,¢ € LOLD],
where LZ[D} :g the Hilbert Space of square lebesgue integrable
functions f and g,

L I [)lf{s)‘,zds = Hsz?.-. finite, and (£,7) = JE(t) g(t)dt
: D

with integrals, at least, in the letesgue sense.

In this chapter it is proposad to tre .2t the very special Case
( though not wmdully reatrictad) of emmtinuous real valued kernels
K end continucus £, d with

ff(t) g(t) at.

]

(£, #)

This choice 1is dlcte+ed by the fact that,



(a) the proofs can easily be extended to complex valued
continuous kernels if so desired;

(v) the proof does not depend on previous results such as
the existence of sclutions for sufficiently "small"
kernels K, and gains in elegence from this;

(c) the proof uses concepts and theorems closely allied to
the theory of compact cperetors in which Fredholm

interral operators play e special role.

2.2 TEE SOLUTION ALTERNATIVES FOR LINELR SYSTEMS OF ALGEBRAIC
TQUATIONS.
. = (= DY
Let A (“]._‘J.), a5 € 6 (cr R,
es
!'bl
b= o, » by eC (or R),
\®
%
Xy
x =! . ; % €C (or 2),

e C(or )y I (éij) .

nxn

Then the system of linear equations

(I -XA)x = b orx, -

. (2.2.1)

noea s
-

|

=g



admits the following alternatives.

(8) The -det(I - M) # 0. In this case (I - ae)t
exists and (2.2.1) hos 2 unique solution, (given explicitly
by @ramer's rule) x = (I - A2 )-1 b, for every cholce b € ¢
in particular, the trivial solution x = 9 for the choice

r = 0.

() Thz det(I - AL) = 0. In this case (I-MA)_1

ﬁ.A

loes not exist and

[4

(I - x)x = O (2.2.2)
admits o maximel finite number T of linearly independent
non-zaro  solutlons  X., Xoy eees X ~alled eigen vectors

J- 4 Y

(which may, if npecazuerT, 02 nrocented 28 an orthcrmal set),
with @ ssocrated Lalves A

(¢) In the case (%), the transposed system

P ke 3 o
(1 -5y = a, A = (a;'j = ) (2.2.3)

. . . n
vields a2 unicue solution for any chcice C € ¢~ and the

transposed homo enecus gystem

(2.2.4)

~~

I
t

>4
e

o

l

(]

1s trivial (i.e. cdmits the unigue solution y = 0).

(D) TIn tho case (®), the hcmereneous transposed
equation (2.2.4) alsc has T 1ineerly independent solutions
Vis Tor wevees ¥ nd equetion (2.2.1) adnits a solution

ire (b, y.) = 0. f.e. b must ve crthogonal to every_non-
a———— - i e ettt

tpriviel sclution (elcen function)yl, For weees Yy of equation
(2.2..4) for eiren velue M the velues cof >\i g ¢ for which
equation (2.2.1) adrit non-trivial s-lutions) If equation

(2.2.1) is censistent for siren value A, with eigen vectors

b

(%4, SVIRRRY xr) ond X T X ¢ a solution, then a general

e

solution is = X _+ X A *y eeeeas T 4

3 8 X X 1% Azxg s Xryr where Ai
arc free constants, which may be fixed if necessary by the

Cda s it thmrrmmal 1ty condition (x’x:) = {Q, i = 1,2,...’ T,



5

This standard result in Linear algetra 711l be assumed.

Proofs of this may be found in SMIRNOV, Veol. III, (Ref: [29]

Sec. 2, TD 32 - 62).

THE SOLUTION ALTFPNATIVES FOR FREDHCLI'S IHNTEGRAL EQUATION
(2.1.1): & - MNgo¢ = £ OCOF TYPE {2).

The interral equation (2.1.1):
s(8) - A S K(s,t) o(tdat = £(e)

where D = 1{3,t/s,t € la,bl}l; T,d ¢ cipl (=

ot

he space of
continuous rzal valued functions on n?): and with fixed
Ae C;

(A)1 Las a unioue solution ¢ e D1 for each choice
£ ¢ c[P], in particular, the tpiviel sclution ¢ = O for the
cheice f = 9. 1In this case the paramcter ) is called
recular.

(B)1 The sasociated homogeneous eoquation

o(s) - }\fp K(s,t) o(t) at = 0, for = xo (2.3.1)

nossesses a finite rositive number r of linearly independent

solutions ¢ , ¢2 5 m———y ¢r (wvhich may be assumed orthonorma-
1

lized by Gram-Schmidt procedurs), A is called an eigen value

of multiplicity r of K with asscciated eigen functions

(C)1 T+ tre firet ease (A) , the transpesed integral
equesion Y(s) ~ X I wW(t,s) Wt)at = e(s)

- * 4 - .
asscefated with x2.1.¢}, slan pogsegses a unique solution



Tn the second case (B),, the transpesed homogeneous equation

0 (2.3.3)

¥(s) ~ AOIDK(t,s) w(1)dt
also has exactly T 1inearly independent solutions

A ?r (which alsc may be essumed orthonormal).

(D)1 If in case (B)l where equation (2.1.1) has for
A= Ao sigen functions ¢1,¢2, ————— » 0o, and (2.3.2) has

for ko associated eigen functions ¥ , ¥ ,-===» Wr, the
1 2

inhomogeneous equaticn (2.1.1) is consistent end therefore,
afmits soiutions iff the data function f satisfies the
Yy = S f(s) Wi(s)ds = 0,
a4

(i = 1,2,-===; r). In this ease if 4 is a sclution of
(2.1.1) the seneral sciution o7 (~,71.2) is

6 + Cy v + C PR SR S Y o S

‘o 171 2 2 r T
This cen he made unique by imposition of the T orthoconality

conditions ( &, ¢. = C.

- ORELIVINARY SPECIAL RESULTS

¥or the special case of continuous real valued kernel K
an’ continucus real valued functions f and ¢, with
(£,2) = fD £(4) g(t)dt. The proof given briefly below

employs the following standard results in real analysis.

DFFINITION 1.

F = {¢:D~»R} is sald to be = uniforrly hounded functi
set iff, there exists a fixed constent ™ > 0, such that

|#(c)] <. forell fe®, forall sebl (2.3.4)



DEFTHITION 2.

The functién set ¥ is said to be equicontinuous on

D iff, given 2ny €, there exists 6(g) such that for every
function f ¢ F, and all s e D, If(sz) - f(sl)] <g, for
5 i < . .

ARZELA'S THEORELM (The Principle of Accumulation for £)

Let F be (i) a uwiformly pounded function set on D
(ii) eguicontinuous cn D

Then, 7] 7 sequence  fy; £ . e = (f ) in F  which

P

convergres unifornly te a funetion £ oon D. (2.3.6)

A STANDARD APPLICATION

Let (a) (Kn) be & kernel sequence in c[p??

that converges uniformly to X on D*
() n De any menbher of the space H of piece wise
continucus functions n > R with uniformly hounded norm.
ie. |Injl?* = fD1h(t)|2 at < fixed My
Then the functicn gaquence
3 0= {n;: D~ B s = _)’D}\in(s,t) n(t)dt, neH,

is both uniformly 1 ounded and equicontinuous, snd by (2.3.6)

coentain & sub-seduines (V%> +hat tends uniformly tc a continuous
function g e C 01 . (2.3.7)

The uniforr Hounlzdnese and equicontinuity of these function

Sequerces cem Le asteplished oy conflirming the definitions using

the Schwarz ineguality fom Tt o oralo.

1



NOTE.

%

In the course of the proof given velow, the result (2.3.7)
will be frequently applied. The sub-sequence (g ., £ 57 ———)
; nl’ “n2
in this result will be denoted by (ﬁn) with the understanding
that all seguences i1l he medified to vetain only n = nl;hz,——-.

The nroof bheins recast sccordinrly will he deseribed by the

ginrle term re-indexing.
Teoomois

WEIRSTRASS THECRE

K e c{D* => :}a sequence cf degensrate kernels (Kn)

in  C[p?1 walch conversss uniforrly to

X on (2.3.8).
PROCF.
STAGE (1). The Llgebralc Fouivaleat for degenerate kernels
Given

n
5 -X Koo = £, where K, = % ai(S)Bi(t) (2.3.9)

and, O ond B, are linearly independent, £, 6 e clpl,

K, € cin?l,

i

i) = 2 Iy (8 0g(e) 85(9) f1) ar = o(a) = AE (000 )C

= f(s)
n
civine #(s) - A2 xa(s) = fle) (2.3.10)
j=1 J W
vhere L. T e :%) ’ o= L,2,---.n
B ’

Toking inner nroducths of (2.3.1&) 1r. auccession with 31,

n
)r" - X% Obs & :: = f_;’ (2.3.11)
. =1 i
wore £ = (£,8;) sy 7 (B o)



it can easily be showm that

n ——
L a.(s) [6(s) - AXEod - £l = O
71
=> #(s) - AKo ¢(&) = £(s), bty linear independence of { oy 1,

so that (2.3.11) = (2.3.10)

1
\'
~~
4]
AUS)
l_J
} wd
~

©. (2,210 <
y arK ) : 1low
The Fredholm's theorsms (!‘..)1,(13)1(6)1 and (D)l, now follov

r their algebraic counterparts A, B, c

irmediately 10T A,

S s e 2
P Ny YTert a0
and D as can efdliy Lo rerifiec.

imating cner vernel Sequence K for
STACE 2. The Apprexinating derenerate herne o

- ¢ 0ip?] and the spproximate interral eguation

s U

ceguence  Lor f2.1.1)

is NOT 1 lue - i1s regular) for
Case 1 % is NOT an eigen velue (or A e
an infinite suhoequence of (X ) whicn is selected as
gy ITafinite sunle
ing sequer \ or K(s,t).
our new approximating sequence (Kn) i (s,
i i S for every
(2.3.2) gelivers a unlque solution QEKQ),
. B . s
choies fe €Dl (p, = 0, £ = 0)., Two case

arisc herc.

i r021  —1a uniformly approximeting
Cage 1.1, aiven X{s,t) € CiP?), Lla uniformly app

e

kernzl

o 4 W B
e ¥ V b ) 4 pas SR o
( i) t»'hc‘,'t U.nllk,'f‘] r co "iV()l'OC V14

11) sc thet for all £ ¢ 0[D], equaticn (2.3.9) has a unicue
| solution p (8) in ¢I "}(CS 2-3.3.
’ n

.y R PP TR PTR - 1 S




STEP 1
Difl ~ .
For each f e ¢[Dl, o€ 1) Hnfl? <™
= { A fDKn(s,t) pn(t)dt / ne Np is uniformly bounded and
equicontinucus on D.

=>'f1 s subsequence gr(s) = A fbKn(s,t)pn(t)dt which converges

uniformly to g(s).

STEP 2

Orhi 2
ne-indexing sw(s) and representing the corresponding
kornel suL-sequence LY (Kq), then  la sequence of kernels (Kn)

so that for each f € cipl, a(s) = X fﬁKq(s,t)pn(t)dtconverges

y in clrl, vy (2.3.7), where

—~
)]

unifermly tc €
pple) = sy -2 S Kr(s,t) p (t)ct converees uniformly to
f(s) - y(s) = ols) (2.3.12)

By uniform convergence of (Knﬁs,t). pq(t)) to

K(s,t) . o(t) in D and taxing 1limits of (2.3.12), as n >

&e) = fle) - A Jq K(s,t) o(t)dt =—=-mmm==-" (2.1.1)
concrusIoa (1)

for each € cipl, 92 solution @ € cinl.

CONCLUSION

-
ae}
i~

coNCLUSICH (3)

Ter sny £ e CiDl , £ % o, let pn(s) + ¢&(s) for one

sclution sub- : and Y
5 sub-sequence o, and pn(g/+ @2(3) for another.

= >

¥

5 -
L e

(8) + O f(se) o e = e

A (ﬁ v, o A ,
(."2\0) + A fj"’(o,’t) <,;32(t>d't, = f(S}

'.‘ (C}l‘¢2)(8) + >\ fDK.(S,t)((bl - J: )t, = Q0 => d\ = ¢




]
- & -

5 & Tn case .1, for recular vVaues of A, 4 & unioue

© ———

golution for every choice f © cipl , in particular 4 = 0

e 8 R

for T = 0O

Case 1.2 - at least one ¢ c 0D so that !\pn}\ > o0
as n > ® where ¢ % o satisfies (2.3.9)
uniquely.

0

Take Bn - ’OYf%%fr , nel and advidin~ throurhout by \‘pnl‘

in (2.3.12), it follows that, ?l e unicue O such that

. £ v 2
5 (s) - '1"(‘%')".T"' = A S (8t 8 (%) at (2.3.13)
10!

il
J
3
T
Q
()]
o
=y
o
N
[0
Q
]
e )
(4]
(&)

vith H«SnH”- = 1, v/, Lee § & H(:
continuous functions).

Since gp(s) = =X ID Knﬁs,t)ﬁnﬁt)dt 31g uni®ormly hounded and
equicontinuous on B, by e

-{ a subsequence £ that tends uniformly +o r(s) e cidl ,

hy (2.3.12). Taking 1irits of (2.3u13), as n*®

-

1 o(s) e oo witn llell =1

<

ch that r(s) = Af,,}((s,t)g(t)dt.
Thus in case 1.2, the homogeneous equation (2.3.1), admits at

least one non-trivial solution o(e) = (s).

\ i3 en eifen value for  rll it a finite numrer of (Kn).

nigcarding this finite set and re-indexin” ("r). Than every

i

&) - My ?P(s,t) lt)et = O rdrite ot least one normalized
solution, ¢ = 9§, since e 112 = 1

s(g) = X/ ¥ (.55 5.(%) &t (2.5.34)

=y

]

ite

continuous on Dy DY (2.5.7)

o
0
-
=
o

1y hounded ané eau



s befcre, /Eﬁa sub-sequence (5n) converging uniformly
to c[B]
Also |]oll? = lim e,z = 1
N
Taking limite of (2.3.14), as n >
a(s) = Ay K(s,t)e(t)dt where ||o Il = 1.
Hence (2.3.1) admits normelized solutions.

FURTHER RESULTS

Suppose &(s) = A IDK(s,t)é(ﬁ)dt has exactly r linearly
independent (orthonormalized) sclutions ¢1, @2, - - - ¢r .

Let (KP) = a degonerate kernel sequeanTCOnverging

uniformly to K.
STEDP 1

With each n € N, assoclate the get of 1r functions

8,4(8) = ¢g(s) - M K_(8,4)0,(1)at, (12,2, -==, T) (2.3.15)
and take
1 r
1 - - e
. (s,%) K(s,%) * - L dni(s)¢i(t) (2.3.16)
Now,
6,5(8) = o;(s) = A I K (5,008, (1)as

bH.{s) - A 1 .
s () = 2 (s ,t) 6y()a

= 9 (S) - f’i(s) = 0
. eni(s) converges uniformly to 0 on D, e K;(s,t)

converras uniformly to X(s,t)
CONCLUSION

- S A

k! (s,t) given Dby (2.3.16) is a Cepenerate ernel
n 3 {

sequence that converses uniformly to X(s,t) on p?



that

Vl(s,‘c)¢ (1)t £ (8, 0)05(8)8

1T s
+ A X 7\.% n:.L(s) fD¢i (t)dt

.". Each K;(s,t) defined by (2.3.16) has eigen value A
and eigen functions ¢1 , ¢2 s =mmr b same as K(s,t).
STEP 3
w
Sunpose there is an infinite sub-se equence of K1 with
an additicnal linearly independent eigen function (¢n r+1)'
)
Te-indexing (K;) ond aseerting ‘that the new

saquence (K;) sdmits eigen functicons &, & ,m===y Qu o]
! 1

2 I n,r+1
assaciated with eigen value X. wow (K!) converges
n <
. . - 2 =
uniformly  to . ¥ on D ‘\¢n,r+l 12 = 1 geo
¢n,r+l eH o
= \ b L)é 3 p
¢n,r+l(s) NS (S,u)qn,r+1(‘b)d‘b (2,3.17)

which is a uniformly bounded and equicontinuous function set.

) that defines a

L T} a2 sub-sequence of (&
ot n,T+

functicn ér+1(s) in C[D) to which it converges uniformly

on D &s vefore

Tuis cives an elgen function @4 of K, where \\¢r+1\\

and (9 . ¢i) =0, enl Lrtl) 1inearly independent eigen
r+1
functions y ,¢ ———y ¢r+l’ for K associated with

v s aemtradicts the initlal premise.
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CONCLUSION
?ﬂ en infinite sub-sequence of (Kg) with eigen

functions besides d 5, ¢ —~~~,¢r.
1 2

STEP 4

- -1 4

For .(t,s) walc ; es uni r
K (t,s) n( ,8) which ccnverges niformly to K(t,s), any new
2 . . "
nas exactly T elgen functions Y. .. > Y=y ¥ .

ni n2 nr

g (s) = M(t,s) ¥y (1)as is unifcrmly bound
m( ) ID e ) nl(b)\u s unifermly bounded and

equicontinuous on D, and asn>® +the same argument as

that used earlier glves 2 function W, so that
Tl '

b.(8) = kfxg(t,s) Wi(t)dtf , for each 1 .

9]
3
tz}
Lae]
\

1f *x(t,s) has (r+1) orthonormal elgen functions
for A , then step L o => K(s.t) has (r+1) eigen
functions for x which contredicts the initial premise.
s K(t,s) has exactly T elgen functions
Wl, Wz,————, Wr with X .
Now, Bsuppose (2.1.1)
o(s) - %fxﬁ(s,t) Ht)at = f£(s)
has a sclution, A being 2n eigen value with multiplicity

+ ond eigen functions él, ¢, =y ér .
4

Then, hz_Step 5, E; le wz s T Wr so that
Wi(s) = kftﬁ(t,s)wi(t)dt, i = 1,2,-=-=, T

- L - tey) -afoas( S K(s, BT .

> (£, (&,%4) 23 (IDK(s,t)d( yAt) x WI(S)

waich reduces o

(f,“}{i) = ((:"Yi) - «rD é(t) Wi\ (D A (’L’v\‘y.j) - ($J\yi) = 0
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K;(t,s) oonverges uniformly to X(t,s) in D?

K%(t,s) has exactly T orthonormal eigen functions

fy W omm—m—— w y
l..\ij].,rlj| ‘2’n, ) ‘I',Il}’ \\lth >\’ a_'nd

s) = M (18N s, 1Y, _
Wi,ﬂ( ) XIDKn(t’s)'i,n(t)Q ) !‘Wl,n‘| 1

1s wniformly beunded and equicontinuous sequence in c¢I[D]
yhich defines exactly T (orthonormal) functions

o . . r
g ¢, —eemy ¥ in CDDL.

172 T
Now, for each 1 % 1,2,w===- , T
1im (£,¥ Y (=€, ) = (£,%,) = O.
n>e 1,1 L1 1

Intrcduce

f (s)
0

i

T
f(s) —ii €50 ?in(s) which - f(s),as n>
Then for each 1 g1,

Wi =

. . By deg senerate Fredholm £He0TY
fn(s) = #(s) - A S Kl\s,t)«,(t)dt

n the orthogonality

!
oy

nas a unique solution &s) = pn(s)

conditicn (pn,¢i) = 0,

Thus we have the situation of case 1, in which case

pn(s) + p(s) vwhere (p,¢i) = 0, and
f(s) = 1im (S) = o)A f o e,t) o(t)ds,
1100

where !{pn\\ > ®, @ag e as in case (1.2).

0

(2.1.1) admits ¢ norrriize” soluticn o(s), where
5.) = 0, 1= 1,2,-m-" , T
i

This would demand the existence of an (r+1)

eigen function o in addition 1o ¢1,¢2,——-—~, ¢r which

an "™
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CONCLUSION.
(f’vi) = 0, i= 1,2, ————— , Ty

=> (2.1.1) has @ wnique solution ¢ = 0 which is orthogonal

1o & b - y Py

1 2

This completes the Fredholm theorems for all

¥(s,t) € CID?]

2.4 TLLUSTRATIVE EXAMPLE
Selve the intesral equaticn
s(s) - A {ﬂ[ccs?s cos2t + cos3 secedtle(t)at = 0 (2.4.1)
Solution

The equation (2.4.1) becores

ale) = A cos?s {w cos2t a(t)dt + A cosBs{ﬂcosat A t)at
= ( X cos’s * sz c0s3s (2.4.2)
where, G o {“¢(t) cos2t dt
(2.4.3)

c, * STa(t) cos® t dt
0
Substituting (2.4.2) into (2.4.3), =nd integrating,
AT
(x-7700 = °
(2.4.4)
AT
AR | o = 0
The eigen values are AT & A= §- which is finite
ne < o 1 ,“,’ 2 ,“.’ et

py thecrem (fz)1 .
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A . N .
Tor k] = i~ the elgen sometion becomes ¢ (s8) = cos?s;
» 1
and for KZ =,51 , the eigen function becomes ¢ (s) = cos3s.
2
Thus by (B),, the sigen values A= é-, A= §_ have
1 1 il 2 ™
correspending linearly independent elgen functions
¢1(s) = cos?s; ¢2(s) = cos3s.
The transposed equation of (2.4.1) 1is
Y(s) + 1 {ﬁl=nszt cos2e + cosdt cos’s] ¥(t)dt = O (2.4.5)

and sclving this equation as bvefore, the eigen values

% s p? %- and thelr linearly independent

hecomes W =
1

35 vhnich confirms

i

eigen functions Wl(s) cos28; WZ(S) = cos

(0), -

For a particular f(s) = cos3s, equation (2.4.1)

becomes

&(s) - A {ﬂ[coszs cos2t + cosds ccs’tle(t)dt = cos3s (2.4.6)
and A = W% & . Using (D)
< 1 1 T (&) 1

(£f(s), ¥ (s))~ gﬂCGSBS cosls ds = 0O,
. )

[
(0]
)

(g) ie orthogonal to Wl(s) and the equation

(2,3.6) 1is consistent and .. admits solutions.
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CHAPTED THRERE

NEUMANN SERIES, nESOLVENT KERNEL AND FREDHOI}M DETERMINANT FORM OF THE

RESOLVENT KERNEL

NEULANN SENTES SOLUTION FOR FREDHOLM EQUATION (2.1.1) AND

L2 - KERNELS.
[ I———
The Fredholm integral eguation (2.1.1):
_ b, e
&s) = f(s) + X;”h(s,t) H(1)3t
may be solved by the method of successive approximations, in
the following soens

s(s) = £(s)+ xfgx(s,ty {508k
- f(s) + MOR(s,t) [R(2) * APK(1,x)8(x)ax] at
= f(s) + XJZ K(s,t) £f(t)at + AszKz(s,t)¢(t) at

where K (s,t) = fb K(S,X)K(x,t)dx.
2 x=a

Proceeding formally, agsuming the validity of change of order
of integration at each step, we finally arrive at 2 solution

in the form of the infinite series (called a Neumenn Series)

wnich may be expressed in the form

ss) = fs) + ML R(s,32) £(1) b
where
By = EaAT L) K (s,%) (3.1.1)
+nd the sequence of iterated Kernele (Km) is defined by the
recursive relation; Kl(s,t) = K(s,t)
K2(s,t) = ng(s,x)K(x,t)dx

.—......—.-_._-.-..-._._.__-..—...-——_————_--._...-—_-—-——_.-..-——,.....——.-...--——»—_-——



b, ,
Kn(s,t) = faﬂ(s,x) Kn_l(x,t)dx
. (3.1.2)
= (KoKn~l)(s,t) = (Kn_loK)(s,t)

R(s,t;A) 1is called the resolvent rernel of the equation (2.1.1).
The velidity of this solution depends on the uniform
convergence of (3.1.1). Using(3.1.2) in conjunction with the
Schwarz inequality and Fubini's theorem with the assumption
that X € LZ[Dzl anéd f € L2[D} . It is possible to show
(pef:{31], Sec. 2.1, p49-51) that the series 'p(s,t3A)f(t)!

has majorant

As) s(2) A€ (aho)?

e ) (3.1.3)
b ? y :

where Als) = [faKz(s,t)dt] , B(t) = [faKz(s,t)ds]

and | K% = fgfg K(s,t)ds at < N>

resulting in the theorem that follows.

THEOREL (3.1.4)

To each quadraticelly integrable xernel K(s,t), there
corresponds a resolvent kernel % g,t;A) which is an analytic
function of A, regular at least inside the circle | A | < ‘!K\l_l
and revresented there by the power geries (3.1.1). Iet the
maximal domain of existence of the resclvent kerpel in the complex
A-plane he H. Then, if £f(x) belongs to the class L2, the
wnique quedratically integrable sclution of Fredholm's equation
(2.1.1), valid in H , is given by the formula

o(s) = £(s) - 2 S0 R(s.t30) £(1) ¢t (3.1.5)

(B,ef: [31], S‘QC. 2.1’ p 52)-




0
3]

|

v PO -

The resolvent a(s,t ;A) cen be represented as a Neumann

series only in the disc Al < Tﬁl{-rr
S

THE PARTICULAR CASE OF THE VOLTERiA KFRNEL

The Vvlterra Kernel v(s,‘o) may be regarded as a kernel of

type (3.1) with the added stipulation thet
€
V(S:t) = O('t'> S) {_‘.." e —-f”‘;z/t:v‘\

%(e,t), (£< 8);

il
|
Tl
W

i

a<s<b

|

Q 2 = "-‘
(-),t) € .D - a < t < b u,"
i

/’\

- i /,/
y 4
S \
rd

]
i

7 ‘

:L ..:;. \\S\
Tn this case the Neumann series constructed on the same lines

where K € L,[D?].

as in (3.1) is found to have majorant

) N n
Wy, ey ] 3 R (3.2.1)
n=o vn!

where A(s), B(t), and N are defined as in (3.1.3) which

converges uniformly on the whole ccmplex A-plane, since the

power series 2‘3 -Z-I:- has an infinite radius of convergence.
n=o vn!

Therefore, this series can be uszd to represent R(s,t3A),

on the whole A-plane.

This is the essential aistinction of Volterra kernels as

against Fre dholm kernels.
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THE FREDHCIM DETERMINANT FORM FOR R(s,t32)

The Neumsnin Series (3.1.1) for the equation (2a:1),
represents the resolvent R(s,t;)) @as a regular function of

A, each s,t €D in the restricted dgomain |A] < dtia

el

This function may theoretically be continued analytically into
the whole A=-plane.

1t would clearly be adventageous to have an explicit form
for the function »(s,t;\) which wculd serve to represent it
on the whole A-plane, and help to fdentify its singularities.
If R(s,t;k) represents this function over jta whole domain of
regularity H, then the questions that irmediately arise are
(i) Will the solufion ct111 hove the form

s(s) = £(8) + My Ms,t5h) f(t)at, Y A e Hs

(i1) will R(s,t;\) satisfy the fundamental relation

R(s,t; )*K(s,t) = MEK(s,x)R(x, 432 )dx
£ 3. 35
= MR(s,x;\)K(x,t)dx
or R+ K = AKoH .

The answers to both (i) and (ii) are in the affirmative.
The affirmetion of (ii) follows at once by Analytic Continuatior

the effirmation of (1) results (¢c.f. Theorem b3 1k )

B
(o7

i related question (iii) is: Cen the sinpularities of

the complete analytic function R(s,t;k) he identified and

®

classifiled, and what eclution can be expected when A = one of

these gingularities.

One representation of the complete analytic function
R(s,t;A) was given ©y Fredholnm (mee: B1), Sec.2.3, pp57-58).
Using a aiseretization of the integral squation into a sequenc
of systems of linear algebtraic eguations and passing to the

1imit as the discretization was made infinitesmal.
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in eseential tool in the justification of the limiting
procedure was Hadmard‘stheorem(}{ef‘ . [51], Appendix 1I, P223)
for the bounds of 2 class of infinite determinants.

As might be expected the 1imiting form of Cramer's
deterninant solution for algebraic systen takes the form of a
ratic of two determinants in the Fredholm presentation, in which
R(s,t;\) has the form

Hoyen) - 2 (3.3.2)

provided that p()\) ¥ 0. Here the 1imiting forms N e,t3N)

are power series in A which have the forms

e tsh) = K(s,830) + T (Y g (5,00 (3.3.3)
1 D n
o A\
D()\) = 1 + Z (-—L? C )\n (3'304)
_ . n
n=1

where the respective coefficients are given by the formulae

b b
7T ) Ksstg)mmmmmK(s )
j )

| K(tl,t) K(tl,tl) ------ K(tl,tn)
Bn(s,t) = ‘5'"; —-& 1{(’02,1;) K(tz,tl) ------ K(tz,tn) dtl-——dt
"""""""""""""""""""""" (3.3.5}

J K(t,t) Kty By==m="" K(t %)

a a

n - times



and B, (\,;) - K(s,t)
b f,b
- f
t | K(‘ol,"sl) RL%, By dorers K(tq,t,)
! " K(t,t ) 1‘(%2, )——-—-V(tz,t )
| ‘ !
i —— ‘“'\\ K( 4,8, ) K(Bqrtq)=""" K(t45%,) dt,---0ty
| .
= il _________________________________
X ! (3.3.6)
3 ] ®(t_,t,) KT N ¥(t V)

The functicn Ns,t;A) e ealled thre “podholn Minor and D(X)

R

'meFmﬂukﬂ&mtrnn

L 5 . Y- o0
wpen the kernsl g,t) 1is rounded or quq&z(s,t)ds dt < ®,
{ = L+ %

esch of the series (2.3.3) and 3.3.4) converges for all
yalues of X. Tne pesolvent kernel (3.1.1) is an analytic
function < A, except for those velues of A\ which are ZeTos

of the function ). The 1etter arc the singularities
of the resolvent kernel ﬁ{sﬁt;%), and aﬁgisolated singularities
of pole TLype:

oply in very rars cases is it rogsible to compute the
coefficients B (u.u) and G of the series (3.3.3) =nd

) and (3.3.6). However,

7

(3.3.4) from the formulae (3.3.

these formulae yield the recursion relations;

Bnﬁs,t) = CDK( 3) - nf KKs,x)vp 1(x,u,ux (3.%:%)
¢ = 5, (nx)a (3.3.8)
“n a n-1 Lad s



Knowing that the coefficients C_ = Bo(s,t) = K(s,t),

formulae (3.3.7) eand (3.3.3) can be used to find Cq»

Bl(s,t), Cys Bg(s,t), 03, in successive steps.

While this recursive procedure mey alleviate the
computetional. gifficulties in this forrulation, the main

computaticnal prollum.remains in +the general case.
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HILBERT - OCHIDT  HECRY P07 TREDEOLM THTECRAL POTATTONS OF_THE SECOND
FIND WiTH SOATIRIC (ERIELS.

4.1 INTRODUCTION

A yagt number of problens in Phyeics ond Fnoineering may be
foemulatcd as oifferential sque +ione subiect to the houndary
conditions of Tiriehlot or Toumers or wixod tyme.

Tn mogt muck cames, the 1inear differential overator D
of the nroblem is aclfadjoint, I osuch cases 2 nraen's function
K(s,t), neceas~rily syrmatric th g snd b, 2y he used to

e in the form of an interral equetion where

+the boundary conditions are Wit into the equation (e.f., Chap.l,

e

probplom on 1oaded string). It is ev vident, therefore, that
Fpredholr equations with svmmetric kernels cr1l for special
attention.

The theory of such integral equations hes heen developed

7 i St BT

in detail by HILBITT and SCHMIDT, end provides the most
cotive reans of ensurine the sxistence and uniqueness of

aclutions ©f houndary value nroblems { of Sturm Touville type)

Fad

in thotr difforential form. and of conatructing such solutions

o -
i

DY numericnd proceduras.,

4.2 DEFIN o

r—em— n———— L PDTH

complex wrlue’ Fernel 1g oallied evoetric if it coincides

o 3 A A

with ite own econiusoto.  i.e. ety = "(n,8), (s,t)e D?,

B W, V= Z(e,t).
e ctrie kernel 13 called

wernel 13 gyrmetric, then, as ia ensily verified, all
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1.6, & (8)
1
]
(= = ;%
;\l

the noximum value of the integral
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in 4he sample spacc &
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s

BRARK

e — 1 th oo—

ar thecrem is

rm .

ds portical s an analogue of

’

woll mown result (essumed

~

T
R' namely:

n
Ax,x) = I

+the following

here) in rleebreic quadratic form

. PR - A\ L]
If nooxex, (0., =0, is
s qeq A ji ii
L i=1
o cusdratic form on T, thcn 4 atiaine a2 maximum
N
) .
value "1( T oat 2 reoint
{1 (2 (1) (Lhy .
x‘*> = (x%“) . x;“’.~w_—, y; ‘Y in the sample space
4 n ! N IR
‘x e R I!Iy{; = 1, vhers
{ 1 1
Aol L - i
S GO (4.3.2)
- i,j=2 — °
ROOF
STEF 1 The case of real symmetric derenerate Kernels

A symmetric degenercte kernel Kn(s,t) 21,

e

] £
= ? (t)B (s) oan always be recast in the form
i=
n
v . Ve —
v{s,t) = % o, w(s)w (e} , (c,, = €..)
S | id ii
i,§=1 7 ¢ - :
. - . 1 - ag" .
and O = fw, il = 1,2,-w-, M} is an nonormal
] {0 y 5
gset in ¥ LRe s et
1
in thic Tors it is easy to see thet
T, ) = SR {s,t)d(s)Mt) 45 dt, ¢ ¢ ©
T)Z 1
is exvctly eozivalent 1o ~n 23 Tocic madratie
n
. , n
0 {x.x) = 0,. %, %, , % = {(x.)Yenm
Tt e L 1371737 = R
1 b J =a i )
the {1-1) correspondence hetween ¥ and ¢

B (t)

the auadratic

finite function

Torm

- bains riven by
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D

STEY 2 Fxtension to any ronl continuous gymmaetric

NS e I A R |
o A ——

ernel T(s.t)

2
/ 1 ‘¥ uni mlv T
iny sueh kornel TX uniformly on D

: conorate loe S
by o sequence (Kﬂ) of symmotric drrencrate kerneis in the

same SPace.

Tet J (b0 = rrx (a,1) o(s) &ft) ds dt,
Let I (.0

=
—_~
p—
!
.
.
-
it
SON
T
2
-
+
S—
~
9
N
ot
f“\‘
m
=N
+

p f N\ '
where K{n) ¢

o
=
D
3
o3
da

Furthermore by Sc neguality

[3(e,0)]?

A
N

|%(s,t)}? dsdt x

fo(s) A(£)1? dasat

A
3 B
“~
=
™~
0]
CJ~
S
o
[
9]
LR
C.L
1
[we]
-
>
m
~1

end  {J(e,eMe e T} is 7. a tounded set in 7,
ar L IS RAS b

2
O
ot
jny
]
[t
¢
=
I—y—j
g
AN
_\V
>
—
i
3
D
ol
[
0
t+
6

4

Wo now orocced to show that the supremin i actunlly attained

. -
hy J(4.6) at some point b €% . Tn fach,

N ) ~ .
g and (*(“‘) (¢ ¢ . ) tends uniformly
; = 1w ¥, and (0 g »

W=D

5

1 o 4 N G ia oo a ' ahed bhae sia
4 the required Turction ag g egtablished balow
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STEP 3.1

——— A A S

By Scehvarz$ineguality, any € > o, (5.t) € N?,

and for each ne M, ¢ € X
1

I7 (¢,6) - 104,01 rf K (s,8) - ¥l2,8))8(s) a(t)dsdt|?

n 2
< (b -a) el
N for coch A e T , oy € > 0,
1
- | 1 <
, N I ) for all n >ng
=>  lsuwd, - oeup Pse - el fop 11 a vmy
= > %K}‘L)_Y i;(_ E(L‘—Sz . eince mex _i:’;}:L ; and mex J=K1

.'ﬂ) > ¥ ag n > o« (4.?.3)

Corollary

An)y . . o
The st of resl max {K_( v is bounded,\7/n e M.

STEP 3.2

s A et St

{n)
(A

Consider the set { & ln € @1 which is known to have
.

the property

{ (w 3
!{_l‘l) (1;"‘1‘“ (s) = Jo%, (s.%) c*z(ln) (t) at (4.3.4)

Id

i AnY

for emch meN. 77 eI .
1 1

Novy (E«'_n) + uniformly to ¥ in D7,

An) (n) n .
'g i‘( and .. (4*(1 )) is 2 uniformly bounded

cquicontiruous function set as vas ghown ip Chanter 2.




By Arzela's theorem, there cxists o sequence denoted

\ p 3
n : : n)
by (¢E ’} after reindexing so that(ﬁg ) -+ uniformly to a

specific function él in c¢[pl. After reindexing we,

thercfore, have

(Kn) +> uniformly to X on D?

/
(‘f;n)> + uniformly to ¢ on D

By uniform converrence, it follows that,

h
He,6) = 1im J (¢("*>, Andy o qan )y
L 1 1 e 3 KE
{
A.lSO (¢ i e %) ) = lim (¢\*1) ) (h(n)) 10 O.o (‘) € Z
s 1 1 %o 1 1

: . aorn) L (n) (n)
Also K cbl - fD K(.n,t,)(b:(t)dt-ll,ni_}{l e»l - ;‘DKn(s,t)(zal (t)

lence the theorem.

=

4., THE SEQUENCE OF MAXTIIZATION?/ INIMIZATION PROBLIMS

Let (1) I represent the function space {¢ € cini/llell= 1}
(11) = I d,0) agsune positive values in Zl
Then the first meximization problem for the leading positive eigen
values Al or first positive characteristic value Kl is the problem

stated in the previcus theorem which a2ssoried that

. . : . - 1
%(4,4) atteined its first positive mex &1( il v )
i Al

ot ¢ = L , where
1 1
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Similarly if IJ{(&,8) Thappens 1O take nerative values in

v, we have a corresnonding first minimization problem for

J(&,) which is equivelent to the mexinizaticn problem for

~3(#,4), whose golution hy the theorem (4.3.1) delivers the

. . , . s - , 1
first negative echaracteristic value B,l( Y ) and its
Ay

aggsociated eifen function .

The semple space L is now subjected to the additional
' 1

constraint (5,6 } = C 1o rive 2 second sample space

1
g o= {aecmt g Netto=n (e ) E 0} .
) _

m

T(h,h)  takes positive values (end / or nerative values)
in X? . we formulate the second maximization/minimization problem
namely; meximize JHe,s) in

2

where J otteins positive values. This maximization problem

is now shown to be equivalent to the followine associated

Mepgimize T.(6,8) = ffKﬂ(s,t}¢(s)¢(t} dsdt T

L DZ RS 1

e
o]

31 (2)0, (%)

=1 A
1
- - ~ \
av  theorern (4.3.10;
el . 1
i (&,7) attaing a positlve maxirmum K?( = 5 )
i 2 \y
et o point & € % where

X, o () = ¥ (s.t)s (t) at (4.4.2)



Note =lsc the followine:

(1) (ﬂz,hl) - 0, This follows directly from (4.4.2) Dby
_ b () ¢, (t)
usins K1=K - o so that the solution
1
& €I X
A z(:j .
(11) for ¢ €T (e,6) = J,(e,4) olso is casily

1i1) o) éz(s) = fp Yl(s,t)¢2(t)dt = fEK(g,t}wz(t)dt.

. . . . s 1
This yields the second positive cheracteristic value (K? =3 )
and sacond sigen function & for K so thet Kl 2 K2-

2

gimilarly, if 7 takes negetive values e have the
second minimum characteristic value K-Z’ with s2ssociated

¢iren function ¢12 .

Wo next procced to the sample space

s = {e&e ciol/lell = 1,(¢,¢1) =0, (¢, y= 0}, If J

takes positive values o maximize J in T by introducing

o
&
/ N N 4y
+ {s) *l(t/ (23 =
R I - in T and retting a
2 A 1
1 2
aolution (K Yy 4n ¥ , as bhafore.
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B

o . ?‘( g )
p(2) The series 1 i
1 N
AT,
i

converse. T(g) bheine a continuo

Proct.
pllieaero

P

s 2
This 18 ©

for orthopofmelvector sete @ viz

orthonorael gset of vectors in an

n immediate consequence

!
t(g) ard I — noth
1

A2,
A

s hounded function on D.

Jet

*

with Bessel's nequality

i

(

if €

inner product vector

and  w» & X, Gy 7 (x.e.). Then 7 le, 1% ¢ 112,
i i ST '
e L
4 this cage the compenant G, of v(g,t) for any fixed
g o DAa ¢.le
foas) A =
- ;_2(3)
. L ] ] 2 P L4 - - V:L by
Heasel's fnequality =2 T e £ fr)xiz(s,t)dt = T(s)
4 }\2
i
which i continuons and hounded on D.

™ ”‘..Z(g) o

NS se D mmp <R
4 1 >\ i 1
uniformly to M) £ sy on 1

By Lebesgue's convergance the

pogitive ne interra

PN

fupstions can

[+ 9]
1
e o - ! { 2 4. .
IR e I S L 12 ds =
1 ) oA :
AT,
<
[«al
. < 1
L T AONVELFES.
1

converges

.
orer o series

of convergent

srated term BV tern.

o }:} =]
45‘,{??"‘.’.{5‘:"1});2@.Sdt = 7g'l‘(s)ds = B
D ’ ‘



Corollary.

1f A& 4ig an infinite set A >+ as n+*

n
P(3) The set (A,®) represents the totality of all eigen
values with eigen unetions oi v

Proof Tet A= © , with »=X represent a new eigen

s

value and associated eiren function

i.e. %-T(s) = [ ¥(s,t) ¥(t) at.

The case when O 4 any A,
&

- =

1, 1.
)’ 5 T a R o . o = —-— A
For ench i e T as before ;:r&x””’i.) = ”X.(“X’”i)
i

and .. (X, ) B R o Se T

The cage when © = 8sone x, 5 with agsacinted eiren

et

punctions & . === s P (A, has multinlicity » or
1 S

2

neceszarily rinite) mmd X is lineer independent of 5 ,——--¢r.
1

In this case we¢ can orthonormalize the set

X, b =, sc that (K,¢i) = 0

-

™us in 2ll cases (x,ﬁi) = 0, v/iel, anynew

eigen function ¥ 1s orthofonal 1o ever: e e o and |l =2,

3 e, ¥ o aach of the ssmple space T,y e .
12

1.a. frow , & ary N,

H

.
1 S

. ~ N Lo \ . - -
Lo FoutYyay (e} K =20 |z1'2 < every K -

) of n A o}

n - 0, by the corcllary in P(2) since




A5 =

k(s,t) does not admit eigen functions hesides those in the

set @

QEFINITION

A = +totality of eipen velues of ¥ is called the

spectrun of K.

o = the orthonormal set of sigen functions generated by ¥,

P(4) ®(s,t) 1is derenerate <=2 A 1is finite.

Proof
.
() If K is derenerate => A 18 finite,
& 5 x an . :
follows at once DY reduction tokequlvalent algebralic

system.

(i1) Suppose A = kl Xz,n—-w, Kn,

then after a sequence of n meximum/minimum problems
for J(4,%),

Whi6) =0, e e, -

o> ff K(s,t)e(s)d(t)asat = O, xg/ &g %

D n

a0t K.n(s,t)ct(s)f.‘s(t)ds at) = 0,Vee Z

D

n 6,(s)05(t)

b 4 o dn) s BT B %(s,t) = T —m—gm—— =
o it 1 Ay

=> ¥ 1is degenerate.

P(5) 111 eigen values k{(e A) are real.




Proof  A(s) = A S, (s, t) (1) at

foa(e) ) de = A ﬂQ@(sxqs,t)A(t)ds<ﬁ

vsa Sy (n) #(s) ds = A S/ #s) K(s,t) o(t) ds dt
* D
= %75 ele)y vs,t) () ds dt
D
Hoenee 7 = A
Thus A 1a real.

) be the complete

sequenceg of eiren values nnd orthonormal eipen functions of

o renl symmetric kernel X on D?,

(

Thenn the interral ¥ - transform

tlo

1) h Dbe any piecewise function n >R .

o(s) = IDK(sgt) n(t) dt

can be developed in o (Fourier) series I 7, &i(s) ,

Y, in @  which converces absolutely and

miformly o (s) on D,

Proof

(o,

PN
[
~
jon)
P

Step 1 7L

i
[\
-

a= {f ¥(s,t) n(t) at)
n

= iy h(t)dt fDK s,t) éi(s)ds




- TY e m—m— ”'i:’ “s h'_'\. = (h ’ Q_-L )
3 i
: (4.5.1)
r = -

Corollinry.
A LA e

‘s i A4ty for Fourier cormponents
Ry Reszzl's incquality Yot Fourier coml

5 (4.5.2)
5 oht, < .
e O
. !
Step 2. ~ e
L . h,
) Yy = LA (s)
o . PR 2y T o &, S) = ?_“ et (8
Consider the zeries Lfy \1( Y 5
a2 )
n A7, 8
n . 2 n Vs ,
ounlity, | D= E | g Ry T e (4.5.3)
By the Jauchy inequalltV, - i ; N [
| 1731 £

nvepres uniformly to
ey b p(2) R — converse
Mow by & s

™e) c ciDl, ¢S ™

5 ) =S g 'd f‘d or ' m >\|l €
o) - \; : nw l ALY " 2 f\ BA a:tl n > O( )
(] y N

’ ) \ 7 T\
e ¢ "g) < MF L, = SeD
and D e S S , 77
m P c
i
g ? RS b e, Ny N> nq(s);\js e D,
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By the Gencrel mrineiple of convergence

0

v o &, (g) converges uniformly to o sum
i i

1

v(s), v € C(D),

(%3]
i.e. T, ﬁi(s) = v(s)
1 ]

then,

e

4 — ° 74
s e(s) - v.ls) = S K

and for sny choice of a function

N w(s) (#(e) - vn(S))ds

i

By the previous section

L/

'n T

n 2. {s), (1)
- ‘7 iim ,)1_ ,
- 1

.
e

-+
c e N/ L
A . —
el i=n

noh,a,
e id
W) At ¢ L e
LS

3

,1) n(t) at

o~

we C(T)
Ir v {s,t) wls) n(y) ds dt

n2 o

'}n( ""rl 5 h )

]
e cln? .

(4.5.4)

partial sum of

v (8))-

(4.5.5)

! > w? . h?
f\‘_g{\ 7} = > L ) -
. 1 _ (v =) - T {(h.n)].
Tn\x’f,'{l\,‘ = .?f x" + h, o+ ) - T v, {,n(ﬁ,-*)}
1 2
renl 12+ gl 2+ Lln!!
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- s v  and  w»  with noyms wounded by
O EAENS a7 chricog 7 and T 2

13 and vY Schwarz
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L1tz
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N

1
v th norme b(\klﬂﬂ,ed by .

LA
)
alh
i
N

RO an MmO,

(4.5.6)
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=D
apt 47 s < B B
P oo y, it nore ;
O CrO1LCO 3

‘ \ -
o v (2 to vls) o om T

Ay uniform eenvemTenes
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rowle)(r(s) - wis))ds =

. .
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any cholce w, 8¢ wnab “-¢ {

= - te A(s) = r(s)
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; o k(t)
o). = .o

e
8,(8)6,(%)

feg e 4 TOP BEGH

. '.;".,\.( g"t) = 5:
1

The converrence nelinr absolutcly and uriformly

n D .

=}

Nowr,

! , . 1 ' 2.2
n :’pi(s) ¢, (1) ‘ n | % CLAEEE
¥ e 3 .,.‘.:7_.,.., bg - B i ¥ 7
. / j, ‘o | e ‘ : 2 ! T
= e ! L ! - _E
[¢ 9}
nini's theorer states that if X uj(s) 3

x,(t) = (K(o,t) éi(o\ ) = I X(o,t) 6.(c)do

of positive functions that tends poiat wise to u(s)

then the convergence is necegsarily uniform.

L. 5" e s
1 3 .2 1 12
i

-t
-

- A . !

S

o v sttt SO S o el n_ o
2 ' e
I4S

S

in

gnd b

v‘jﬂ

converre uniformly o

a convercent series

A(s),

gii T e e e converte absclutelv and unif ormly on D?
1 2
A B
o 4 (8) ¢,(t)
il 7 (8,5) = I e [ CONVETTES shsolutely and
S 1 12
& uniformly on D?



Corollery
» (8] .
2 e = K (s,s) converres ahaolutely and uniformly
1 )\2 ~
on P2 (e.f. P(2)).

: )dd = % = }4\-.-"-‘-- o 'T \‘ S )

“
“
—~
[©
-
o+
N
f
-
]
N
—~~
0]
Q
~s
-t
)
~

o 0y(s) 74(8)

> v (s +Y = 7 ;_,_m yhich 28 hefore
o ¥ A =
Ti
convarges ebsolutely and uniformly on DT . Continuins in this
- [ea}
> 7 (1), (8)
wr 3 r W R P TR ik | Y dged )
ACED g R 4 Mo me B B ey 2,
n D n -
.
i
&, (%)
v (t) = S E - (o.8) ()0 = 1
. ‘pip-lt T L n-1
ik
: v (s,t) = I Eaal “TRieh converees
e n ] )\n

®
4
b

. 2 "
absolutely oné uniformly to D° , nz < .

Reanlvent Xernel n(g,t:A).

p(2) . /n explicit evpression for

.
|, Ps,tsA)0E ?;‘f-n(s,t),«

h 1g o leumann Ser ries.

127 4 23T b cmmm——ee—

Rs,t:\) = v gyh ) MAL, + ARy AR,

@ 0,(8)8, (%) @ py(sd(t)
= PR T T SR A2 T e+ e
3 )\?. 1 )\3
i

)2 %y <
=), <l

PN

o0
e A AR e &



3]

o ¢ (s) ¢,(%)
e Bet) = Ket) + AL pr e
v ARy

.

lx|<1xi\

2 3 .
(_k ! ¢ A+ ) reduces to a seometric

Since " ; o
D S .
i i i
. A
gseries whose sum is Ty
i

This expansion continues analytically on the whole A-plane as

a meromorkic function of A with simple poles at A = Ai’

d\ A + 3
+(s) b, (1)

residues at A = A, i

i __.....T._;;.,«_.

which can be used to

P(2) Fxplicit solution for Fredholr equation with symmetric

..... s —

Kernels ¥, In terms of ite spectrum A and total

orthonormal airen function set P .

Let  9(s) - 1 £ K(s,t0(t)at = #(s), £ e c[nl,
Then W(s) - #(5) = & SK(e,t) y(t)at

1
~

= A x Y-transform of ¥

1

C;0.(s)
——g——, 0, = (0,0
i

i
>

ooo(s) - f(s)

=1

((/”'5°6)) (1‘1-_> => C'i <15’\’_-L> == ‘X_:;': ((j)i,(ﬁi) - 0 5 i #j



i

(4i5.6) => w(s) ~ f(s) A § XfT?§?TT Ai(s)

o f

Caoou(s) = f(s) + AL ‘L-—”@(J)
Loa,-x  *

It is notcod that

n 4,(s) (1)
K ol . ky a = a =
(1) 1im f}._)(l{\s,t) - I -m«-ﬂw—m Yasdt =0 #>  K(s,t)
n-+o 1
o 6, (s)<h (t)
y ““‘T"“‘“

(i1) if ¥ 1is positive definite, f.e. He,0) >0, X/ e,

L 1
IERCIALY
. ? ~¢—7—«--- conver~as uniformly then the
@ ¢,(s)05(t)
spectrum A 1is positive and the rpnrosent?tjon E '———_?T_“—"
ki
= T(/s t)
n'

applies for n = 1aS w el
The results above for real symetric Fernels can be extended to
peneral syrmetric kernels X € c[p?1. (Ref.: 191, Sec. 12..

pP73 - 381: Sec 17, PP99 - 103, Secs. 18 % 19, PP. 103 - 105).

(4.6) *N_TLLUSTRATIVE F/MPLE

Take the case of the real, continuous, syrmetric ¥ernel on

N2 = 0<s.t <1, defined by

2}
c

i
—
o

AN
)
IA
ot

®(s,t) = { (4.6.1)
tf(s ~1) , t<s <l

which is the Creen's function for the differential operator

32
T = & on p = 0,1

dg?




ot

under homorenacus houndery conditions (1) = 0. = ¢(o) .

A

tpen values and eipen functions of

[0
_le

The comrlete set (1,0} of
K can be comnuted from the eiren value problen for L, Tiz.,
complete solutions of @ and A vwhere

g1(e) + A 8(s) = 0, sen = (ogs<D) (4.6.2)
s(0) = 0 = &(1) (4.6.3)

The boundery conditions (2.6¢.3) demand solutions & of (4.6.2) of
periodic tyne

a(s) = 0y fos A s+ 0, Sin /A s.
The boundary conditions yizld the eiren velue set

A= {A = n?r?,n=1,2, -} (4.6.4)
snd the associated normalized 2iren function set

& = { b (s) = /2 8%nnms, n=1,2, -===- } - (4.6.5)

The theorems listed atove can now be confirmed and illustrated.

1. the first eigen value M2  4ic the meximum of

A4,6) = [N ®(s,t)6(s)o(t)dsdt, v et = loe cil/|lel|?=1}

= JF als)as T, b8 8 )at]

= g‘¢<s>dw {{St(s—l)¢(t)dt + le(t-1)e{t)at]
s

which is found after some cowputaticon to reduce to



» ")
yniieit expression fnr the resclvent kernel (s,t; 2)

3
)
D
D

is given hy

® 5 ain nls Sin nlit |
K(S,t) + 2 T ’ ‘

1 nZUZ(nZgIZ_x)

(g, t:\)

i

where ¥(e,%) is defined as in (4.6.1), for

I l<in2i2]. This expansion continues anzlytically on the |
HEA IS R A . ey XT
whole A-nlanc as a moromophlic funetion of A with simple
. 22 —- 1 ) e
poles at A = ntT. n ‘

L -3 s .

The explicit sclutlorn Tor

>
—~
0
—
'
>
—~
—
=
—
[&]
T
~—
i)
A~
ct
~—
[T
ct
1t
4
—~
[95]
~
i)
—
i
)]
~
m
[0
o=
)
romd

o0 0
[a] i
— - 4+ )\ Z oin n s
s &(s 8 . 22 o
n+l
o sn s a5 = e al- £25TE) - A
a_rl(l Jre Hin nhs 48 - ! nIT nTI
]

o (s) ()as = [}SinTs fin 2Ms ds = 9
1

~{

The marticular casc of ¥(s,t) which converees to
. tne pa o Crt > O G

0;2: (s) &, (t)

A

1 ......_.._—-—.....— in the mean.
12!,2

- “ 5in Tns Sinflnt
2'.1;2

12
ig uniform eonverrent on [0, 117 .

=

n



AavATIFD FIVE
» AEVIEW OF SUTRICIL TTHODS FOR FRITICN POTATIONS OF

e ens

SFuOND KT‘\";.

-_.—-—...—-—u W

5.1 INTROTUCT

PRPIEIOR v

maiag chianber Presen +g a survey of wgrori cel Methods for

Iy

linear Fredholn tnterral souations o

+he secornd ¥Kind i.2.

(5.1.1

whera, T = (2 »1, a<8,b$h, the Gata function f € ool

an the Xerrel T e 7 2] are riven and the intervel fa 3y

may he finite or infinite,

m-e
e

[9)]

ections that follow will discuse 2 variety of mathods

rop Frodhelm equations a? the type (5.7 .1). “hich of the emphas

will bhe OP vractical aspects of the ™ ethods, and nroofs of

thaorcticel results will penerally ne amitted.

5.2 s NYSTROH METHOD

Surmese a end B are finite, £ e cfN? and ¥ € cIn?)

then tho sirplest way to desl with the irmtegral eqna wtion

(5.1.1) is tc 2pI nrovirmate the interral hy one of the standard

quadrsiurc rules (e.m. the simnson Or Ceniss rules). The

quAacTeiure rule is writhan as

™
B _ T . \
Y LRI WL C DL
]-_-‘ sl iid
o 10
-ﬁfnarc {«.:‘ s n‘ ) "'I\’: {‘w
PRI A i=l [ S A "‘:‘c_ 4 =1

wel-nta for the particuler n-point gquadrature,

- r
111-‘- DT i 18 ’1:] R

(5.

n B .
Y. are “he noints and

rule on the



O N denotes the Aprroxitatls salution of (5.?.1)

T

rature

;,.‘
)
Qn

ohtain:d by replecing the interral in (~.1.0) by the

rale (5.2.7), then ¢, sabisfias

(5.2.2)

A oset of n linear squations for the N UNFNOTNE

e, A {8 ) may he rhtoeined B osetiine S F s
7 ! o
o m nj

L .2 - P R N4
P I wnl ny ni nooni ni
i=1
g1, mees T
whare
] Kd — ;
A "| e _r
611 =
, . .
. o, 171}

™ie get of linear couations, torothow with (5.2.2)

eonstitiute the ‘lystron method., The only assurption required in

ama.

hevond the continuity

convoreencs theory af the Vystron mothoed,

trat the intorrotion rule (5.2.7) shoul

L s
6]

of £ ot I,

converte to the owsct interral as 7% cor 3ll  continuous

r pocr—en

. 2 7
functions £, Tho analysis carriocd ~ut in the grace oo,

then shows that & converses tc & e n > OF in other

words, én(s) converres unifermly o Ae).

ryoprarmad  for the Mornuter,

<

L4 SERTE Y -+ o N ¢ wey oy
T Nwgthmon methed T8 2rgl

. . ‘ .
Ths nrogrem uess et ther  Ofwpacn’s rile or the Noues rule,

eulting svaten of Linear

(

and,

agqieti “ethed,



i

it

n prief, the iterstive mathed is as follows:
p

: - . . N 2 oy 3 il 4+ Y

a suitstle interer n  of procoerate size, "OT which the

squationa (5.2.3) can b solved dircctly. For m > n, write

s (s) = f(s)+ f st ¢ (1) at.

as
A = £+ ¥ 9O
v m 7Y
= £+ (v ~-¥%) + K A
m n m n m’
= £ + (¥ P+ I{mfm) + Kn ¢"L ;
(o)
and this eouaticon is solved fterstively, i.o. , civen ¢m ’
(1) (2)
one constructs ﬁm P e e T £
,1”*1) (\
{ s\ o P . P v \ e AT
(T -x) ¢ £ (X, - K0+ (X K DT ¢

Sonversines of the iterative schare is gquaranteed, {f n

¥
e
v

sufficiently lar-e.

PRODUCT TWTECRATICMN METHOD,

Surnese the kernel takes the form
w(s,t) = hls,t) m(s;t) (5.3.1)

where 12,4 15 a emooth funeticn »f + for each t in D,

whercas hz.t) 1s sin~ular. Then the nroduct - interration

method mey te very appropriate particulsrly so if the sinsular

factor h{s.t) con he chosen to he 2 functicn of a standard tyve,

ircduet-interration rulc 1o Pt ned hy arproximeting

Jjust the smooth mart of the interrend by an internolating

function ~rd araln interreting excctly.



Yore precisely, river o> 0 gelect a setb of n
muadrature peints O o, mmomes ow in fn.h?, and a
correspondine n - dimencional srece of internclating functions,

<

whick will be acsurmed hes o basie {1_,, =-=-=-T.__} satisfying

1.8 ) = 8. (5.3.2°

Given a function ¢ e CID!, dencte by D 7 the unioue function

%

in the n-dimensional svace that coincides with ¢ 2t Sni’- ------ |
g . It is csesily seen that
nn
n
p (1) = ¢ L (t)l(s )~ (5.3.3)
n 527 0 ni

for it then follows Trmedintelv from (5.2.2) that

D ﬂ(tr.) = o(t_.), § = lye---, 7.

1] n

Since we sre here seeking an anwprovriate solutieon for

A

ss) = f(s) + fb n(s,t (s, t)a(s)at, a < s <P,

we approzimate just the smnotb fector M(s,t)a(t) hy the
interpolatory anproxl imation (5.3.2). Thus the approximate

equation is

n
s (s) = f(s)+ r\ n(s.t) © L ley(s,s e gLy (5.3.4)
n = g=1 !

n
- W [alrY fa )
- f( S > +_§?:1 ‘:ﬁ.< > ( S c )f' n\ {‘pf\. i

vhere
5.08) = [ ou(s,t) ()t (5.3.5)

Tquation (5.3.4) ig analowie 0 007 “ratror equation (5.2.2).

Tn just the same way we cbhia in from (2.2.2) a set of linear

(5, -w (e (s .8 1e (s ) = (S (5.3.



and 1

U

"
1D

ey ey R
hig method Lo

gatisfics

< o : (5.3.

. Y - -~

1im ,":.fi(},'t = 0. o < ) (5'3'E
sud|

then ¢ 077 Tor n and converres

wiiforsly to o .

2T ARITO
B AT ]

mothod 1s an

noion metned:  Tor each n

one selects a hasis set Ty meey, of real-valued

fanecticns del & by o linear

combinsation

Trmeliately, o a2et of

a
& 9
Nty



= s . (5.4.3)

o
5 -

variant of the ahove,

]

s g AT met AP A hy
avect equation A=f£ + T 4, g Toe aprroximetion of O DY

it
)
+

~
7

: . nentd A maes T en leads
tnetead o (7,4.1). The enlloeation mrocodure then leads

1) into the

imetd ! hich ‘ to as
to ohtein ¢ nev aprrosim2ilon nr; which we may refer to as
&

the itersted, colloeation mathod, ond which is miven by

(¢) = flg) + [/ e t}ﬁi(t\ It (5.4.5)
al + % oo, fbK(sjt) o (+)dt (5.4.6)

where “the coeffice

=.4.3).

A empditicn that is certainly sgasentisl 1f the coliocation

of aeuecess. is that the

nolynonial, of the

Tro corvarsanee, for the

. . . "
colinestion svproximetion » to

T

evept solution ¢ can
usualls be eatahlished witheut di0f1lculty. Tt Jeet requires
that for every

that the ncdes

) , g A ¥ eeee, T that
= ¢ 0ol , the unique linear combinaticn off U - ’

incid 11 pvarce uniformly
coincides with copvarce u y



On the other hand, for the case of nolynomi=ls (and trisnometric

’

functions) it is imrossible to choose the necdes {qu} 80
that the urique polynomial of depree < n  that coincides with

o at the nodes 3 ,--=-,5 _ Converces uniformly to ¢ for

all continucus functicns . However, it is well known that some
choices of nodes have vary much better internolatior properties
than others, and that arons the best are the CHebyshev nodes and

the Clenshew-{urtis nodes, hecause ccnvercence is assured provided

K gotisfies (5.2.7) ond (5.2.%) o 111, See. 4, »p 62-66].

Surpose X is a smooth Kermel, if we wish to use the

collocation methed, choose the hasis function Hnﬁ’m'"’Unn as

where | Sri} is a suftable set of points in [a,b]
satisfying

{5,.8.9)

A
(971
A
!
i
§
i
i
A
)]
A
o

a

D

Assume that tese points are chosen so that the set

Q4
e
j=)
[

kv
3
D
s |
[oN
[}
o
ct

{U ,---, U _} so obtained is lineerly

The Rateman Method is obtained v usine the hasis functions

(5.5.1) in the vaerient (5.4.4) of the collocation method,

sa thet we have as our arnroximate sclution

A8 2540 (-5.57%)
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Choosine the pointe elready used in the definition £8.5.1),

the equaticns that dotermine the coefficients in (5.5.3)

i o) i
s )= RS, . £)K(%,8_,)athe . = .gz{(sm,t)f(t)dt

ol
g e CE A 3 ]
)i T R a Dl

".Jo

(5.5.4)

4 should he noted that the Bateman

1 purmerienl Anelvste, perhans hecause no aatisfactory

u)
ct
7
)
+
b
3
3

HhanTry F\].St heg ne {_u.l.dﬂnce in

{e_,}, end that the matrizx on the left

, of (5.5.4) will agqually be not vory el conditioned.

One point in its fayour 1s Tl T ~hoice of the points

to any nartienlar madrature rule.

k) T 1.-.—,-7-[(\ Al fT\ *7 il 1'?'4- At

T D

GALERY

The aeleriin Method, 1ike the collocation method, 1s an

A U ke s

expension method, 1n which the exact solution ¢ is

n
= T s, U, Werse for ezch n {U 1./7‘1,-----,11} {5.6.

in the sct of nagig function, as hefore.

The coefficients in the Galerkin ncthod are determined bY

b L e .
Seepe (o,n) = [ ATY n(t) w(t)dt = inner nroduct in



o
(e
i

Ty ,u,) - (U kU )a, = (7 ,,f), i=1, - n (5.6.3
iften these interrals will be evaluated numerically. TE K

is smooth, thenthere is at least cne situation in whiceh the

caleulation of the approximate Interrals cen be made relatively

effic]

,.1.

ent: if +he intervel iz [-1.,1! and the haslis functions are
Chebyshev polynomials, and if w(t) Ie chosen tc be (1 - tz)%
then the fast Fouriar ftronsform technicue mev ba used.

The Calarkin method converrmas, 17f £ e L,0! and K is a

. Fey2 . Qo 1 -
compact operator in Y. iD°}, and its error appro:

&

{9
o
peii
o
oD
(6]
ju)

symptoticall

~

the least nossible orrom Tar en apmroximetion ©F the form (5.6.1).
y metion

A varieant is obtained if An denctes the “alerkin anproxi-

mation, then the iterated Galerkin arproximation is

Tt may be shown quite generally (see, [1] n. 69) that

¢; converges to ¢ faster than 4 does : specifically, that

el - 41 s 8 1]s, - #]] (5.6.5)



Another veriant of the falerkin method kmovm as the

Patroy-Calerkin method ie obtained by renlacin® (5.6.3) hy

n
e R T o S S L '
121 3 nj’ ":ﬁai) (Vesr * Tni /%01 ni’

1
—_
A
5
- 5
%
-
~~
\t
B
o)}
.
o
Nt

vhare g T ; is 2 seecond s of linearly indenendent

functions in L?{Z“

A YOS A 7 BRS st o S g A a0




A NUMERICAL ¢ OUWTN'TO T _PROBLE™

-_A LOADED ELASTIC STRING

.1 THE PROBLIM

The methematical formulation of this problem is dealt
in Chapter One, pases 2 and 3. The prasent Chapter examines

and implerents the wmmerical solution of the integral equation

{1.2.9):

i w8 -
y(x) + w L (x,E)dg
where,
{x,E) 1ie the Creen's function dzfined in (1.2.5);

v{x) +*he deflection defined in (1.2.8) is *the solution

function;

w 13 the lineer deoneity of the string;

L

I 1s the resistant elastic constant ¢f the foundation; and

(¥
x ¥

T is the initial tension in the string.

symmetrice, continuous, end absolutely integrable square.

i
™

&x €)

a .a | g a* a
- rola(x,e))2 axdg = 24, 4 =" . (6.1.1)
e ¥ 180 a0 90
e S lo(x,7)]2dxdg < = ,
0> "0

Introducing a non-dimensionel lensth v = ¥/2  and writing
A = k/v, with [0.a]l = In0,1) , the interral equation (1.2.9)

takes tha fo rm

Y(x)+ X J olx,s)¥(s)ds = gl (x,s)ds ) (6.1.2)
0
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The alrabreic anknovms comprise the values h of the unknown

i

P -

v at 21 contspaced

Let Y = Y.

is represented as 2 1inear corbination of  tan set ¥, usine Simpeon's

rule for a spacing h = == -

The error in the corputation of encr intecrsl moy he egtimoted
0 . . .
to be eround 2.17 x 10 ~, since the orror of the Simpron's rule can

in this case be computed frov

A . . . ] “y ey o I ¥ yd
The values (?.r(z;_:,s_.]. Voo 1,3=0,1, eeem on gre cecurate to 16
1 N

decimal places.

R . 1 . L e 3 T
Thine elrobrale nyster

T - T
wde i

the elements of the co:fTiel

o)

ot metrly  Foand the dats vector

are computed to within an sccuracy of o1,



1
! -.'.),

The actual comnutabion of a solution voetor is undertaken for
3 RTa) T SR RS
s periicular case A=l, using 4 mininac, micro comruter witd &

—routine for the inversicn of the coofficient matriy L(for detalls

5. eomnuter print outs i Aprendix 1.

™ o= Moyl lan o T!!
ax A it
P
[ad
=Ly
. o

i tr the mrosent coge could ho oagsesged ag D= VX 0.

1C 1in e PR el v st ablad

e
. B — Ao N T ol [ g
Taking the lrrger srror propegatlcn o (g 7, the relative

sulting crror of 21 onerations may bo satimeted to he sround

3

-0 iy
%2.17x1n 7, which would swcunt 1o n(1n

@)

).

-8
Thus to the sccuracy such that the rmayirur error is of (10 )

b

e solutions of the discratized pichlém is rreserted belor in

ppendix 3.
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APPENDIX 1

COMPUTER PROGRAM FOR THE SOLUTION OF THE
INTEGRAL EQUATION OF THE SECOND KIND BY
SIMPSON'S RULE.
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