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ABSTRACT

The contemporary smooth structures that describe the motion of particles on underlying
sets through the related specified differential geometry need to be assessed in the sense of
stabilising the advantage of working with one or another. Such a study is what we call a
comparative smootheology.

A diffeological structure,differential structure and a Frolicher structure are each a general-
isation of a smooth manifold structure. However, it is known that a smooth manifold is a
Frolicher space, a Frolicher space is a subcategory of a diffeology and a Frélicher space is a
subcategory of a differential space.In this study we will carry out a comparative study on the
three spaces and see to which extent the diffeologies, the differential structure in the sense of
Sikorski or the Frolicher structure will be more suited in describing any field of application
that require the tools of differential geometry.

The method of comparison will be based on comparing, their structures, their topologies and

their tangent structures.
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INDEX OF NOTATION

Below is a list of some important symbols to be used and a brief indication of their meaning.

R The set of real numbers
R™ n-dimension Euclidean space
Q a set of rational numbers
c> continuous and infinitely differentiable, all partial derivatives exist
C* continuous and differentiable, partial derivatives exist up to k* order.
F a non empty family of real valued functions into R for a Sikorski differential space
TF initial topology on F.
D a diffeology
D a diffeology on a set M
De indiscrete diffeology
D~ discrete diffeology
Fm collection of real valued functions f from M to R
Cm a collection of curves ¢ from R to M
RM from M to R

C*>(R) Infinitely differentiable on R
C>*(R,R)  Infinitely differentiable from R to R
C>(U,R) Infinitely differentiable from ¢ to R
oD a set of those real-valued functions whose precomposition with each element of D is
infinitely-differentiable
I[F a set of those parametrisations whose composition with each element of F is

infinitely differentiable

M a tangent space at a point p € M on a given space.
A inclusion map from a subset A of a given set.
Homge;(Q,R) a set functions from Q to R
1dr identity on R

x1
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INTRODUCTION :

1.1. Background

Differential geometry is the study of geometric objects by means of differential calculus.
During the era before 20th and 21st century, everything on differential geometry was based
on curves and surfaces. However, the differential geometry of 20th and 21st century lies on
differentiable manifolds developed mostly from the studies done by Johann Carl Friedrich
Gauss (1777-1855) and Bernhard Riemann (1826-1866).

(Classical differentiation in linear spaces of arbitrary dimension use Banach spaces structure,
but infinite dimension spaces appear in particular as function spaces, and these are not
essentialy Banach spaces. Any attempts to develop a theory of differentiation covering non-
normable linear spaces have always involved arbitrary conditions. It was then important
to think of reducing the differentiability of general maps to that of functions on the real
numbers that could consist of replacing the property of ”continuosly differentiable” by that
of "lipschitz differentiable” then further on think of using J Boman’s result (see [12]) and
reduce this property by a more natural theory of conceptual simplicity that leads to the

same categories of linear spaces, but in a more general setting.

The other aspect is that most spaces that are useful in various applications of analysis to
other sciences are not even linear spaces, but these spaces are to be used as the modelling
spaces for mechanical systems so that a kind of differential calculus on them is needed.

To this effect the theory of differentiable manifold was developed in 18th century and con-
stantly adjusted to finally have a modern presentation. The concept of a manifold originates
from the Euclidean space. For an n-dimensional real manifold can be viewed as the result of
gluing together the blocks of R™ (the real n-dimensional Euclidean space). The most essential

character of an n-dimensional real manifold is that there is an n-dimensional system of local



coordinates in an open neighborhood of each point of the underlying set.(see [4]). Basically,
a Manifold is a space that locally looks like some Euclidean space R™ and on which we can
do calculus (see [28]) or roughly speaking we view a manifold as a topological space for which
one can locally make charts which piece together in a consistent way (see [25]). Theories
were developed and more work was done based on the differentiable manifold. However,there
were also some problems encountered, such as how to deal with objects having corners, which
meant coming up or rather defining charts at the corners. Also the local modeling makes
it difficult to endow a large class of geometric objects with a smooth structure. In the mid
sixties, the need of working out a theory of differentiation without using norms appeared
through several works. Some more weaker structures were introduced in the literature, some
of these defining differential spaces, diffeological spaces and Frolicher spaces. We can cite
some contributions in this direction, begining with the paper by Jan Boman (1967) ([12]).
Differential spaces were introduced by Roman Sikorski, diffeologies or diffeological spaces by
Jean-Marie Souriau and Frolicher spaces result from the work of Alfred Frolicher, Andreas
Kriegl and Peter Micher. The structures are a generalisation of a smooth manifold. Each
of them comes equipped with its own topology and tangent structure. In this dissertation
we will gather and present the three spaces, we will compare their structures, their induced
topologies and their tangent structures so as to find out which ones are well behaved.This is

what we will call a comparative smootheology.

1.2. Organisation of the dissertation

This dissertation is organized as described below.

Chapter 1.
In this chapter we shall start by giving a brief background on the differential geometry of
smooth manifolds and the motivation for generalisation to new structures. We will introduce

the three structures and the individuals who introduced them.

Chapter 2.

This chapter is devoted to the study of smooth manifolds. We will give preliminary defini-
tions such as topology on a set, topological space, open cover, a chart, an atlas, a differential
structure and a differentiable manifold. We will give example and counter example of a
differentiable manifold. An example of a geometric set which is not a differentiable manifold
will be given. Smooth mapping between differentiable manifolds will be explained and exam-
ples given. In this chapter we will show that composition of smooth manifolds is a smooth

manifold and the sum smooth functions on a smooth manifold is a smooth function. We will



give the definition of a smooth function on a manifold and the pullback of smooth function.

We will end the chapter by giving the definition of a diffeomorphism with an example.

Chapter 3.

In chapter three we shall start by giving a brief background on the Sikorski differential
structure. Then we will give some preliminary definitions and concepts on the Sikorski
differential space giving some examples as well. An example of a Sikorski differential space
which is not a differentiable manifold will be given. Smooth mapping between Sikorski
differential spaces will be explained and example given. We will show that composition of
two Sikorski differential spaces is a Sikorski differential space. We will end the chapter by

giving the definition of functional diffeomorphism of two Sikorski differential spaces.

Chapter 4.

Chapter four looks at diffeological spaces. We begin this chapter with a brief background
on diffeolofies. Then we will give some preliminary definitions and concepts on diffeologies
with some examples. We will give the definition of indiscrete and discrete diffeological space.
An example of a diffeological space which is not a smooth manifold will be given. Smooth
mapping between diffeological spaces will be defined and example given. We will show
that composition of diffeological smooth maps is a diffeological smooth map. We will give
the definition of a difeological smooth function then we will end the chapter by giving the

definition of diffeomorphism on diffeological spaces.

Chapter 5.

In this chapter we introduce Frolicher spaces. Then we will give some preliminary definitions
and concepts on Frolicher spaces with some examples. An example of a Frolicher space which
is not a smooth manifold will be given. Smooth mapping between Frolicher spaces will be
defined and example given. We will show that composition of Frolicher smooth maps is a
Frolicher smooth map. We will give the definition of a difeological smooth function then we

will end the chapter by giving the definition of Frolicher diffeomorphism.

Chapter 6.

In chapter six we will compare the structures of the four spaces.

Chapter 7.
In this chapter the topology of each space will be discussed, thereafter we will do a compar-

ative study on the spaces based on their topologies.

Chapter 8.

In chapter eight we will do a comparative study of tangent structures on the spaces.

Chapter 9.



A chapter for the conclusion.



2

MANIFOLD SPACE :

We will need to consider and recall some useful definitions which will lead us to a formal or

rather more mathematical definition of a smooth Manifold.

2.1. Preliminary concepts and definitions :

definition 2.1.1. (A Topology on a set M )
Let M be a set, a topology on M is a collection T of open subsets of M satisfying the

following properties:
(1) M, 0 € 7 that is M, O are open.

(2) U O; € 7 ; 7 1is closed under arbitrary unions. That is the union of any family of open
i€j
sets 15 open.

n

(3) m O; € 7 ; 7 1is closed under finite intersections. That is the finite intersection of any
i=1
collection of open sets is open.

definition 2.1.2. (A Topological space )
A topological space is a pair ( M, ) where M is the underlying set and T a collection of
open subsets of M.



definition 2.1.3. (Open cover )

Let M be a topological space.A collection { U;}ic; of open sets in the topology of M is called
an open cover of M if UUZ' = M,that isV € M , 3 U; € {U;}iej such that z € U,.
definition 2.1.4. (Cha;“etj)

Let M be a topological space.A n-dimensional chart at x € M is a pair (U,p) where U is an
open neighbourhood of x called the domain of chart and

v U— p(U) C R" is a homeomorphism.

definition 2.1.5. (Topological manifold)

A topological manifold M of dimension n, is a topological space satisfying the following

properties
(1) M is Hausdorff .
(2) M is second countable .

(8) M is locally Euclidean, that is there is a local chart at each point x € M.
Example 2.1.1. (A cusp)
The graph of y = 23 mR%is a topological manifold (Figure 1). Since it is a subspace of R?,
it 1s Hausdorff and second countable. It is locally Euclidean, because it is homeomorphic to
R through the chart (z,23) — z. (see figure 1 the below)

figure 1 (A cusp)



definition 2.1.6. (Compatible charts)

Two charts (Uyp) and (Vab) are C*-compatible if UN V # () and the transition functions
voptioUNV)—(UNV) and

poy L p(UN V)= U NV) are Ck-diffeomorphisms of R™.

definition 2.1.7. (C*-atlas)

A C*-atlas is a collection A = {(Ui,p; )}iej, of charts such that;

(1) M =JU..
icj
(2) The charts are C*-compatible.

(3) Any chart,say (Vi,i0) compatible with any of the { (Ui, ;i )}iej, with
Vi N U; # 0 and the transition functions ¢ o ¢! and ¢ o ™! are
Ck-diffeomorphisms of R", then (Vi) € A . That is A is a mazimal atlas.
definition 2.1.8. (Differentiable structure on a manifold )
A n-dimensional differentiable structure on a topological manifold M is a maximal atlas of
compatible charts on M.
definition 2.1.9. (Differentiable manifold )
A differentiable manifold is a pair (M,A) where M is a topological manifold and A is a

mazimal atlas of compatible charts on M.

The figure below shows a trnsition map.
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figure 2 (A Transition map)

Example 2.1.2. ([J] [25])

The FEuclidean space R" :

The Fuclidean Space R™ is a n-dimensional differentiable manifold.A single chart that covers
the whole of R™ is (R™,idgn ) which is the unique atlas where idgn is the identity map idgn (x)
= x. Clearly R" is domain of chart since it is an open set of R™ and it covers R". Also
the usual Fuclidean topology of R™ is Hausdorff and has countable basis of open sets. Neaxt,
tdrn 1S a homeomorphism onto R™. So R™ is a topological manifold of dimension n. Finally,
transition maps (functions) are exactly idgn, which is a diffeomorphism of class C*°.
Example 2.1.3. (Counter example)

Let {(R, x), (R, 23)} be an atlas.

Let o(x) = x and (z) = 23 . We have o™ (z) = x and ¢ (x) = x3. Now the transition
functions will be, ¢ o p~H(z) = ¢ (V' (x)) = @(x3 )= 23 and this is not C*-differentiable
at x =0 . Although, ¥ o = (z) = ¢ (¢~ (x)) = ¢ (x) = 2* and this is C* on R. That is,
the charts (R, x) and (R, ) are not compatible. Therefore, the atlas {(R, x), (R, 23)} is

not a C* structure on R.



Example 2.1.4. ;

A geometric set which is not a differentiable manifold :

Let Set M ={ (z, y) : 2% = y*} . We have that 2*-y*= 0, (x —y)(x +y)= 0, and this is
equivalent to © = y or & = -y . Thus it is the union of two lines of R? which intersects at
(0,0). It is not a differentiable manifold because the local Euclidean property fails at a point
(0,0), that is if say U is an arbitrary neighborhood of the origin in R?, there does not exist
an open set Vin R and a smooth map ¢ : U — V C R whose derivative has rank one

everywhere.

2.2. Smooth mappings between differentiable manifolds :

definition 2.2.1. (Smooth or C*-mapping between differentiable manifolds)

Let (M, A) and (N ,B) be C*-manifolds of dimension n and m respectively. A continuous
map h : M — N is said to be C*- differentiable at p € M , if for every chart (U,p) at p
and (V) at h(p),the local representation 1 o h o p=' of h is a differentiable function from
R™ to R™.

figure 3 (Smooth or C* mapping between manifolds)

Example 2.2.1. ;



Let M = R", N = R" and h = idg~. Then we have the map idgn: R® — R™. Clearly h
is continuous since (idgn )" (U) = U', U is open in R"™ for all U open in R™. We have the
local representation as idgn o idgn o (idgn )™' = idgn © idgn © idgn = idgn € C*°. Therefore
the map idg»: R" — R™ is smooth.

proposition 2.2.1. ( [2§]);

Composition of smooth maps between smooth manifolds is smooth:

Suppose F : M— N and G : N— S are smooth maps. Then the composition F o G : M
— S is smooth.

Proof.

Given p € M, choose charts (U,p) around p , (V,1) around F(p), and (W,¢) around G(F(p)),
with G(V) € W and F(U) C V. Then G(F(V)) € W, and we have: ¢ o (Go F) o o™! = (¢
o Govy 1 o (¢hoF opt); which is a composition of smooth maps between open subsets

of Euclidean spaces. O

definition 2.2.2. ( C*-differentiable function )

Let M be a C*-manifold of dimension n , a continuous map f :M — R is C*-differentiable
at p € M if for any chart (Uyp) at p

the local representation f o ! : R® — R is Ck-differentiable.

proposition 2.2.2. ;

Suppose {(Un, ¢0)}tac; s a smooth atlas for M. If f : M — R* is a function
such that f o ¢_' is smooth for each a , then f is smooth.

Proof.

We just need to check that f o ¢~! is smooth for any smooth chart (U,p) on M. It suffices
to show it is smooth in a neighbourhood of each point x = ¢(p) € ¢(U). For any p € U, there
is a chart (U,,p,) in the atlas whose domain contains p. Since (U,y) is smoothly compatible
with (U,,p.), the transition map ¢, o ¢! is smooth on its domain of definition,which

includes x. Thus f o ¢! =fo ¢ ! 0 ¢, o ¢! is smooth in a neighborhood of x. U

10



Theorem 2.2.1. ;

Let M be a smooth manifold. The sum of smooth functions on M is a smooth function.
Proof.

Let f,g € C*°(M). We need to check that f 4+ g € C*°(M). By definition it means that
for any chart ¢ : V — M (where V C R" ), the composition (f + g) o ¢ € C*(M). We
have that ((f 4+ g) o )(z) = (f + 9)(¢(z)) = f(e(2)) + g(e(x)) = ((fo @) + (g0 ¢))(z) =
(fow)(x)+ (gop)(z) for all z € V . Therefore (f+g)op = (fop)+(gop) € C®(M). O

~

figure 4 (C*-differentiable function)

definition 2.2.3. (Diffeomorphism)
A C* mapping F : M — N between C*° manifolds is a diffeomorphism if it is a homeo-

morphism and F~' is C.

11



Remark 2.2.1.
e Two manifolds are said to be diffeomorphic if there is a diffeomorphism between them.

e A C* homeomorphism is not necessarily a diffeomorphism.

Example 2.2.2. ;
We consider the maps F : S™ — R" and G : R" — S™ given by F(r) = ——~— and G(y) =
y

, respectively.
V1+y?

Cleary the two maps are smooth and it is easy to compute that they are inverses of each

other. Therefore they are both diffeomorphisms, and thus S™ is diffeomorphic to R™.
Example 2.2.3. ;

Let F : R". — R". be defined by F(t)=t3. Then F is C* and a homeomorphism, but it is
not a diffeomorphism since F~1(t)= t3 and this is not even of class C- it is not C'*™° | since
it 1s not continuous and differentiable at t = 0.

definition 2.2.4. (Pullback )[j]

Let M and N be smooth manifolds. Let h : M — N be a smooth map and f a smooth
function on N (f € Fpr ). The pullback of f under h denoted h*f, is the function defined on
Mbyh'f = foh.

M h '\

h*f f

figure 5 (pullback of a function under a smooth map)
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3

DIFFERENTIAL SPACES (in the sense of Sikorski) :

3.1. Background

The notion on differential spaces traces back to the work of N.Aronszajn ([I]) in the late
1960’s who expressed the need for a theory of smooth structures on arbitrary subsets of R,
and together with Marshall ([30]), they developed the theory of the so called sub-cartesian
spaces, which essentially are manifolds with singularities.Later Aronszajn and Szeptycki (
[2]) further developed the theory and applied it in the study of the Bessel potential in func-
tional analysis.The theory on differential spaces was further developed by R.Sikorski (Polish
mathematician) ([33]) in ”Differential Modules” (1972),where he introduced differentiable
structures, without referring to the locally Euclidean setting,hence the space known as dif-
ferential or Sikorski space.The concepts on a differential space allows us to explore or rather
investigate problems in differential geometry, which can not be investigated on differentiable

manifolds.

3.2. Preliminary concepts and definitions :

definition 3.2.1. (Sikorski differential structure)
Let M be a non empty set. A Sikorski differential structure on M is a non empty family F
of real valued functions into R, along with its initial topology Tx in which the f; , 1 € J are

continuous, such that the following conditions are satisfied ;

(1) (Smooth composition) For any positive integer n € N | functions fy , ... , fn € F and
for all smooth real valued function w € C*(R™ R) the composition w o (fy , ... , fn)
€ F.

(2) (Locality) Given a function g : M — R . If for every x € M , there exist an open

13



neighborhood V C M of z such that g |y, = f |y, f€ F. Then g € F.
definition 3.2.2. (Sikorski differential space )

A Sikorski differential space is a triple (M,7x,F) where M is a nonempty set , 7x is the

topology in which the f; , 1 € J are continuous and F is a Sikorski differential structure on

M.
(M,T]:,]:)

flr':fﬂ cF

R" R

figure 6 (Sikorski structure)
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Example 3.2.1. ;

(1) The set of all infinitely differentiable functions on R™, represented by the pair (R",A, )
for n € N where A, = C*(R",R) is a differential space.

(2) A C* n-dimensional manifold M is a differential space, since all smooth functions on

M determine a differential structure on M.

(3) Let M =Randp,ge M ,p# q. Let F ={f € C*R)| f(p) = f(¢)}. (M, F) is
a differential space.

Example 3.2.2. ;
Let M be the open interval (0,1) C R with the usual Euclidean topology T and a function f :
T > % Since f: x> % is not bounded as it approaches x = 0, it is not a C*°(R) function,
therefore any set of a collection say B of C*®(R) functions together with any function or
functions of the form f: z +— % 1s not a sikorski differential space.
Example 3.2.3. ;
A geometric set which is not a smooth manifold but is a Sikorski space :
The graph of function |z| : [-1,1] — R is not a smooth manifold, but it is a differential
space, that is, let M={(z,|x]) C R" | x € R}. Then (M,C>*(R?)) is a Sikorski differential

space.

3.3. Smooth mappings between Sikorski differential spaces :

definition 3.3.1. (Smooth mappings between Sikorski differential spaces)
Let (M, F) and (N, G ) be Sikorski differential spaces. A map F : M — N is said to be
smooth if for all h € G the composition ho F' € F.

This is illustrated in figure 7 below.

15
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figure 7 (Sikorski smooth maps)

definition 3.3.2. ([{3]);

Let M and N be sikorski differential spaces, a map ¢ : M — N is smooth if for every f
€ C¥N), ¢ f=FfopelC®M)

definition 3.3.3. ([{3]);

A map o : M — N is a diffeomorphism if it is a smooth homeomorphism with a smooth
muverse.

Example 3.3.1. ;

(Smooth Maps Between Manifolds). Given two manifolds M and N, the smooth maps
between M and N are exactly the usual smooth maps C= (M, N).

proposition 3.3.1. ;

The composition of two Sikorski smooth maps is a Sikorski smooth map:
Proof. (see also figure 8.)

Let M, N and P be sikorski differential spaces and let ¢ : M — AN and ¢ : N' — P be
smooth maps. Then for any f € C®(P), (¢ o p)*f = p*(¥*f) € C°(M) O
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definition 3.3.4. (Functional Diffeomorphism)
Let M and N be two Sikorski differential spaces. A map F : M — N is a functional

diffeomorphism if it is functionally smooth and has a functionally smooth inverse,that is, if
F: M — N is a bijection and F~' : N — M is smooth.
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4

DIFFEOLOGICAL SPACES :

4.1. Background

The work on diffeologies goes back to J.M . Souriau ( [34]) in the early 1980s, whose work
in physics prompted him to introduce and work on the theory of diffeological spaces. Earier
in the 1970, K . T . Chen ([I4]) had developed a theory on a smooth or differentiable space
which was later referred to as a “Chen Space ”. Souriau generalised the notion of smooth
spaces in the sense of Chen and obtained the smooth structure defined on an arbitrary set
by using plots from open domains of R™ . However, an earlier theory by P. Donato and P.
Iglesias - Zemmour ( [19]) on the irrational torus ; helped to motivate further development
on diffeologies. This structure was then intensively investigated by Souriau’s Phd student
P. Iglesias - Zemmour ([44],[45]) whose notion will be our main reference on the theory of
diffeologies. The theory of diffeological spaces tries to capture the essence of smooth spaces

It generalizes smooth manifolds.

4.2. Preliminary concepts and definitions :

definition 4.2.1. (Parametrisation of a set )

Let M be a nonempty set. A parametrisation of M is a function p : U — M, where U is
an open set of R™ for some n € N.

definition 4.2.2. ( Diffeology)

The diffeology D of a nonempty set M 1is a set of parametrisations of M satisfying the

following three conditions;

(1) (Covering) For every x € M and every nonnegative integer n, the constant function
p: R*" — {2} C M isinD.
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(2) (Locality) Let p : U— M be a parametrisation such ¥ x € U, 3 an open neighbourhood
YV C U of z satisfying p |y € D then p € D.

(3) (Smooth Composition) Let p : U C R" — M be a plot. For every n € N, for every
open subset ¥V C R™ and for every smooth map F :V — U, the composition P o F €

D.

definition 4.2.3. (Diffeological space)
A diffeological space is a pair (M,D) where M is the nonempty set and D is the diffeology.

on M.
(M.D)

oFeD

Fe(C®

Uc R”

figure 9 (Diffeological structure)
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Example 4.2.1. ([26])([{4));

(1) (Standard diffeology on a Manifold) The set of all smooth maps from open subsets
of R*, n € N, to a manifold M is a standard diffeology on a manifold.
Let M be a smooth manifold, then the smooth map o : U — M for an open set U
C R™ is a diffeology.
Proof.
we check for the three conditions in definition 4.2.2]

(i) Cleary, constant maps are smooth.

(ii) Let o be the smallest extension of the a;, then given x € U,, there is an i € I such
that x € U; and hence a|y, = «; is smooth. Now smoothness is a local condition,

so « is smooth on all of U,.

(iii) Composition of smooth maps are smooth.

(2) A diffeology for square ;
If we consider a square given by [0,1] x {0,1} U {0,1}x[0,1] C R?. The set of the
parametrisations of a square which regarded as parametrisations of R? are smooth, is

a diffeology.

Proof.
using definition [4.2.2]

(i) Every constant parametrisation regarded as a parametrisation in R? is smooth.

(i) A parametrisation in the square regarded as a parametrisation in R?, locally

smooth at each point of its domain, is smooth.

(iii) The composite of a plot of the square with any smooth parametrisation in the
source of the plot does not change its set of values regarded as a parametrisation

in R?, is smooth.

(3) Subsets of a diffeological space ;
Let (M,D ) be a diffeological space then the subsets (N,Dy ) of a diffeological space
(M,D) are also diffeological spaces.The plots of the subsets (N,Dy) are those plots
of (M,D ) whose image is contained in (N,Dy).

(4) The discrete and indiscrete diffeology ;
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Let M be a fixed set, D a set of diffeologies on M and any open set U in R™ for each n &
N, we have the following definitions;

definition 4.2.4. (discrete Diffeology)

The discrete diffeology denoted by D* is the finest diffeology on M, that is the smallest
element in D which is the collection of all locally constant functions U — M.

definition 4.2.5. (Indiscrete diffeology)

The indiscrete diffeology denoted by D° is the coarsest diffeology on M, that is the largest
element in D that contains any other diffeology and is the collection of all functions U —
M . It is a diffeology in which every function is a plot.

Example 4.2.2. ;

Dsiffeological space which is not a smooth manzifold:

The cross in R? equipped with the subspace diffeology is a diffeological space, and with the
subspace topology it is not locally Euclidean at the intersection, and so cannot be a topological

manifold.

figure 10 ( Cross)

lemma 4.2.1. (Generating families)
Given a family A, | i € I of diffeologies on a set M, the intersection (), A; is
again a diffeology.

Proof.

Here, we verify the three axioms of definition ; for A := (), Ay. By definition, each of
the diffeologies A; contains all constant maps, thus the same is true for their intersection,
(covering). every compatible family of n-plots in A is also compatible in each of the A;,
therefore the smallest and common diffeology is the element of each A;, hence it is also of

A since A; C A, (locality). Now, if p € A and f (smooth) are composable then p o f € A4;
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for all ¢ € I, therefore also p o f € A. (smooth composition). O

4.3. Smooth mappings between diffeological spaces:

definition 4.3.1. (Smooth mappings between diffeological spaces)

Let (M, D) and (N, Dyr) be two diffeological spaces. A map F : M — N is said to be
diffeologically smooth if for any plot P € Dy, the composition F'o P € Dyr. (see figure 11)
Example 4.3.1. ;

Any Smooth map between R"™ and a differentiable manifold.

proposition 4.3.1. ;

The composition of two diffeological smooth maps is a diffeological smooth
map:

Proof.

Let (M, D), (N,Dyr) and (P,Dp) be three diffeological spaces . Let f: M — N and g
: N — P be two smooth maps that is f o Dy C Dy and g o Dyr C Dp. Then we have
that (go f) o Dyy=go f oDy Cgo Dy C Dp. O

(M. D) N.Dy)

F
T

op € Dy

UCR"

figure 11 (diffeological smooth map)
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definition 4.3.2. (Diffeomorphism)

Let Let (M, Dp) and (N, Dyr) be two diffeological spaces . A map f: M — N is called a
diffeomorphism if f is bijective and if both f and f=' are smooth.

definition 4.3.3. (Diffeological smooth function)

Let (M,D) be a diffeological space. A (real-valued) diffeologically smooth function on M is
a diffeologically smooth map f: M — R where R is equipped with the standard diffeology.
Hence , for any plot p : U — M,

fope C®U,R). (see figure the diagram below.)

(M, D)

fope C®UR)

UCR" R

figure 12 (diffeological smooth function)

Remark 4.3.1.

(i) A function f: M — N between diffeological spaces is smooth if for every plot p : U
— M of M, the composite f o p is a plot of N .

(ii) In a case where n = 1, then we will have 1-plots into M and this gives a Frélicher

structure.
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5

FROLICHER SPACES:

5.1. Background :

Frolicher spaces where introduced by Alfred Frolicher who called them ”smooth spaces” |
then later on they where named after him by Paul Cherenack , Andreas Kriegl and Peter
Michor . Later more studies and publications have been done on Frolicher spaces by A .T
Batubenge et al . ([3[[7] [9][8][39][10]). This is a smooth structure generated on a set M
by a set of maps from R into M | called curves (or contours) and/or the set of maps from
M into R called functions . Frolicher spaces are a generalisation to an arbitrary set by J
Boman’s theorem ([12]); that is ” A function

f: R* — R is smooth if and only if it is smooth along Eucleadean smooth Curves ” ;

otherwise a Frolicher space is a generalization of a smooth manifold .

5.2. Preliminary concepts and definitions :

definition 5.2.1. (Frélicher Space )

Let M be a nonempty set . A triple (M,Ca,Fa) is said to be a Frélicher space if the
following property called compatibility condition is satisfied ;

PCpy :={f: M —R|foceC®RNR) forall c € Cpy} = Fp and
F'Fu={c:R— M| foce C®RR) forallfe Fy }=Cnm .
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definition 5.2.2. (Frolicher Structure )
A pair (Cp, F a) is called a Frolicher structure on M with the elements of Cq called struc-

ture curves on M and the elements of Faq called structure functions on M .

From the two definitions , M is a set, F o a collection of real-valued functions f from M

to R and Cy a collection of curves ¢ from R to M . We thus have the following diagram.

M

c
foce(C™

( \ ( \

X 7 X )

figure 13 (Frolicher Structure)

Theorem 5.2.1. (Boman’s Theorem)([27]) ;
Let f € map(R",R) be such that f o c is C*° whenever ¢ : R — R™ is C*°, then f is C™.
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Example 5.2.1. ;
We show that the canonical structure of R is generated by Fo = {idir}

Fo 5 TF, 2 orF,

I'F, = {c:R—=>R:foceC>® foral feFy}
= {c:R—=>R:ce C*R,R)}
Or'Fy = {f:R=>R:foceC®R,R) foral ce C*R,R)}
= C*[R,R)
For, if f ¢ C*(R,R), then particular choice ¢ = idg will yield a contradiction.

This first example above appears then as an immediate consequence of Boman’s theorem.
That is:
Corollary 5.2.2. If M is a smooth finite-demensional manifold, then

(C=(R, M), C%(M,R))

1s a Frolicher structure on M.

I’ and ® are order reversing , hence called contravariant functors . We have the following
lemma.

lemma 5.2.1. ;

Let C,,Co C M® and F,,F, C RM, where M is a non empty set. We have that:

(1) C1 - CQ = (I>C1 D) (I)Cz
(2) fl C.F2:>FF1 DFJT"Q
Proof.

(1) let c € Cy and f € ® Cy. Then foc e C®(R,R) for all ¢ € Cy , implying that C; C Cs.
In particular, foc e C*(R,R) for all ¢ € Cy, since by assumption C; C Cy. Hence f € ®C,
Thus ®C, C OC,.
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(2) let f € Fy and ¢ € I'F,. Then f € F, and therefore ,f oc € C*°(R,R). Thus , ¢ € ['Fy
since ¢ satisfies the compatibility condition with f € F;. Thus '/, C ' F;. O
proposition 5.2.1. ;

Let M be a non empty set . Let C, , Co C MF and F,, F» C RM. Then

(i) C C T®C
(ii) F C ®I'F
Proof.

(i) let ¢ € C and assume that ¢ ¢ I' ® C hence there is a function f € ®C such that foc
¢ C*°(R,R). This is a contradiction with the definition of ®C. Therefore c € I' & C
and thusC C I" ¢ C.

(ii) let f € F and assume that f ¢ ® I'’F hence there is a curve ¢ € I'F such that foc ¢
C*°(R,R). This is a contradiction since I'’F is by definition the set of curves ¢: R
M | foce C®(R,R) for all
f € F. Therefore f € ® I'F | and F C ¢I'F.

proposition 5.2.2. ;
The following identities hold for the functors ® and I':

(a) T =TT
(b)) > =0T d
Proof.

(a) By proposition5.2.1(ii) above, 7 C ®I'F always holds. Then applying lemma [5.2.1)(2)
we have that I'’F D I'®¢I'F which gives I' D I'®I'. But in proposition M(u) again
we have that ['F C I'®(I'F) for any set of curves (here we take ' F= C) thus I'éI'C
I' and the equality follows.
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(b)

By proposition [5.2.1fi) above C C I'® C holds, applying lemma [5.2.1(1) we have ® C
D ®T'® C which gives ® D ®T'® but by proposition [5.2.1f(i) we have that ® C C ®T(P
C) for any set of functions where we take (& C = F),

Thus ® C ®I'® and the equality follows.

Example 5.2.2. ;

(1)

(2)

Let M = R" be the n-dimensional Euclidian space and F, the set of all smooth
functions f : R —R . By Boman’s result ([12]), foc € C*(R,R) for each smooth
curve ¢ : R— R"™. Hence,

I'F, ={c:R—R"| foce C*°RR) foral fe F,} =C>®R,R") and PTF, :=
f:R" — R | foce C*°RR) forall c € T'F, = C*°R",R). Thus we have the
Frélicher structure (C*(R,R") , C>*(R"R)).

Let M = R be the real line and we let the set C, = idg, where idg is the identity map
on R. By definition 4.1 the structure functions are given by the set

OC, :={f: M —R | foce C*°RR) forall c € C,}. We have that foc = f o
idg = f. Thus ;

OC, ={f- M —R | fe C*°RR)} =C*RR).

The structure curves are given by ;

I'eC, :={c: M —R | foce C*RR) for all f € C,}. Here we want to show
that foc € C*(R,R) implies ¢ € C*(R,R), for any

fe ®C, = C*(R,R). assuming that ¢ ¢ C>°(R,R) then, by taking f = idg €
C*(R,R), we have a contradiction foc =idg o ¢ =

c¢ C*MR,R)). Thus,

I'eC, ={c:R—R| foce C*°RR) forall f € C*R,R)} =C*R,R).
Therefore we have the Frolicher structure given as

(C*(RR),C*R,R)).
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(3) Let M =R be the real line and we let the set F, = {(x , |z|) | x € R} the graph of
the absolute value function in R |, x — |x| is a frolicher subspace of R? which is not a
smooth manifold, since |z| fails to hold at x = 0.
structure curves are given by ;

I'F, : ={c:R—R| foce C®°RR) forall f€ F,}. Since f(x) = |x| | x € R), let
A € R then by the compatibility condition , we have that, (f oc)(A) = f(e(\)) = ¢(\)
€ C*°MRR) and (foc)(A) = f(c(\)) = |e(A)| € C*(R,R). Therefore,
I'F,:={c:R—R|¢A) e C*°RR) and |c(\)] € C*R,R)}

and

OI'F, :={f: R —R| foce C°RR) for all c € C*(R,R) such that |c| €
C*(R,R)}. Hence the Frélicher structure is given as (I'F, , ®I'F,).

(4) K ={(z,y) € R? | zy = 0} = {(x,0) x# 0} U {(0,y) | y # 0} is a frélicher Space
as a subspace of the frélicher Space R? but it is not a smooth manifold.

(5) The cone ¢ = {(x',2? 2> € R3 | (z')? - (z*)? - (z*)® = 0 } is a frolicher Space since
it is a subset of R but it is not a submanifold unless (0, 0, 0) is removed. since
(x1)? - ()% - (23)% = 0 has rank o at (0, 0, 0) and # 0 otherwise , so it is not a
smooth submanifold of R3.

Remark 5.2.1.

(3),(4) and(5) are examples of Frélicher spaces which are not smooth manifolds.

definition 5.2.3. (Finer Frélicher structure )
A Frélicher structure (C,F) is said to be finer than another (C,,F,) on the same underlying
set if C C C, or equivalentry if F, C F .

definition 5.2.4. (Coarser Frolicher structure )
A frélicher structure (C,F) is said to be coarser than another (C,,F,) on the same

underlying set if C, C C or equivalentry if F C F,.
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lemma 5.2.2. [38];

(1) Let C, be a generating set of the Frélicher structure (T®C,,®C,) on a set M. Let
(Crt, F ) be another Frélicher structure on the same set M whose generating set Cy
contains C,. Then (T®F,,®C,) is finer than (Cp,F ).

(2) Let F, be a generating set of the Fréolicher structure (TF,,®T'F,) on a set M. Let
(C i, F m) be another Frélicher structure on the same set M whose generating set F1
contains F,. Then (T.F,,®I'F,) is coarser than (Cpg,F am)-

Proof.
By making use of lemma we have that;

(1) C; 2 C, implies Fp = ®C; C OC,

(2) Fy D F, implies Cpy = I'Fy C T'F, 0

5.3. Smooth mappings between Frolicher spaces :

definition 5.3.1. (Frélicher smooth map )
Let (M,Cpf,F ) and (N ,Car,Fnr) be two Frolicher spaces .

A map ¢ : M — N is said to be Frolicher smooth if one of the following equivalent
conditions is satisfied ;

(1) For each ¢ € Cpq , p 0 ¢ € Cyr .
(2) Foreachfe Fy ,fop € Fa .
(8) For each ¢ € Cpq , Foreach f€ Fua, fop oce CPR,R) .

As illustrated in the figure below.
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Example 5.3.1. ;

Let M be a Frolicher space , if we consider N = M and ¢ = idrg in definition then

identity map idyg on M is a Frolicher smooth map.

R

figure 14 (Frolicher smooth map)

proposition 5.3.1. ;

The composition of two Frolicher smooth maps is a Frolicher smooth map :
Proof.

Let (M,Cat, Fm),(N,CaryFar) and (P,Cp,Fp) be Frolicher spaces and let ¢ : M — N
and ¥ : N' — P be Frolicher smooth maps ; since f o ¢ € Fy and poc € Cy, we have
that the composite f o (1 o p)oc=(f o) o (poc)e C®R,R) for some f € Fp and
for some ¢ € Cpq . Hence, (¢ o ¢) : M — P is a Frolicher smooth map. O

Frolicher spaces along with Frolicher smooth maps , form a category.
definition 5.3.2. (Frélicher diffeomorphism)

A Frélicher dzﬁeomorphzsm is a Frolicher map with a Frolicher inverse. i.e ¢ : M — N,

where @ is smooth and =1 exists.
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6

COMPARATIVE STUDY OF STRUCTURES :

6.1. Manifold Structure vs Sikorski structure

Differential spaces in the sense of Sikorski are generalization of the manifold concept by
omitting the condition of existence of local diffeomorphisms to R™. The generalization
admit to considerations larger class of object than manifolds. The set of real-valued
functions f :M — R that are infinitely-differentiable is a differential structure, moreover
a differential space (M,F) is a manifold if every point of (M,F) has a neighbourhood

diffeomorphic to an open subset of R".

6.2. Manifold Structure vs diffeological structure

Diffeological spaces are a generalization of smooth manifolds to a category that is more
stable. Every smooth manifold M is a diffeological space, in particular, every open subset
of R™ has a diffeology. That is the one where the plots are taken to be all smooth maps
from open subsets U of Euclidean spaces to the manifold M, which is called the standard
diffeology on M. It is therefore easy to see that smooth maps in the usual sense between
manifolds coincide with smooth maps between them with the standard diffeology. The
smooth manifolds with smooth maps can then be seen as a full subcategory of the category
of diffeological spaces.[45]. In fact on a smooth manifold M, the set of parametrisations U
— M that are infinitely-differentiable is a diffeology. Stacey A in his comparative
smootheology research paper [35] pointed out that there are some similarlities between the
Manifold structure and diffeological structure. In each there is an underlying category of
objects to which one might wish to give a smooth structure. For manifolds, this is the
category of topological manifolds and for diffeological spaces, this is the category of sets. In

each there is a category which he called test spaces and a smooth structure consists of a
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family of morphisms to or from these test spaces and the object in question. In both
structures, this is the category of open subsets of Euclidean spaces. He further points out
that in each of the two structures, these families are not completely arbitrary. There is a
condition which must be met , which he called forcing condition. For manifolds, this
condition is that the maps from test spaces are diffeomorphisms on the overlaps. For

diffeological spaces, the condition is that a map which is locally a plot is again a plot.

proposition 6.2.1. ;

Given two smooth manifolds M and N, then C*(M,N) = [M,N] that is the
usual smooth maps coincide with the smooth maps in the diffeological sense :
Proof.
see [26] p 157 O

6.3. Manifold Structure vs Frolicher structure

A Frolicher structure is a generalisation of a manifold structure and it is known that every
smooth manifold is a Frolicher space. However, some Frolicher spaces are not smooth
manifolds. (see remark . Furthermore, we note that for the Frolicher space, the
smooth structure is formed by pairs of both curves ¢ € Cxs and functions f € F , whilst

for the manifold, curves are not part of the defining axioms of its smooth structure. see [9]

Theorem 6.3.1. ;
Let (M, A) be a smooth manifold then (M, A) is a Frélicher space.

Proof.

By foc= foy ot oc through local charts and boman’s theorem [5.2.1]) (see [12] )
the manifold structure induces a frolicher structure on M | so through local charts at each
point of M , f € C°°(M) satisfy f o ¢~ : ¢(u) C R" — R is C* (definition of smooth
function on a manifold). By Boman’s theorem f o ¢)~! being smooth implies that f o ¢!
o (1 oc)is C™ as (¢ o ¢) is a C*° -Euclidean curve by definition of smoothness for ¢ on the
manifold M , and so f oyt o1 oc= foce C®, which shows that smooth functions

on M generate a frolicher structure . Thus a smooth manifold M is a Frolicher Space. [

As illustrated in the figure 15.
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figure 15 (Smooth manifold generates a Frolicher space )

Most of the notes in the following three sections are with reference to a joint project of
Batubenge A., Patrick Iglesias Z., Watts J and Yael k. (see [10], [42], [43]).
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6.4. Sikorski Structure vs Frolicher structure

Frolicher spaces and differential spaces are both a generalisation of smooth manifold,
however it is known from the works of Paul Cherenack [I5] that Frolicher spaces constitute
a full subcategory of the category of differential spaces. We let ( M,Crq,F a1 ) be a
Frolicher space and we very much know in real sense that a Frolicher structure can not
exist without the curves. Now suppose we ‘ommit’ the smooth curves in the structure
(I'F,®I'F) then F is a Sikorski differential structure. It is clearly true by the compatibility
condition satisfied by C and F on M that ®I'F is the generating set of 7. Now, suppose we
let (M, F) be a differential space. the differential structure induces a Frolicher structure.
However, it is a property of Frolicher spaces that this Sikorski structure F considered as
generating set will be a subset of the set of all Frolicher structure functions. That is, we

have the inclusion F C ®I'F. We show the above explanation in the following theorems.

Theorem 6.4.1. ;
Let ( M, Cr, Fa ) be a Frélicher space, then (M , Fp ) is a Sikorski

differential space.

Proof.
We need to show that the two axioms in definition 3.2.1] are satisfied.

(i) Since the space is Frolicher by assumption,then for all ¢ € Cpq we have (f; o ¢ ) €
C*[R,R), (i=1,...n). Thatis (f1 oc ,....fn, 0 ¢) € C°(R,R").For every smooth w €
C*(R™R) the composition w o (f1 o ¢ ,...,fn 0 ¢) € C®°(R,R). Hence , by the
compatibility condition that defines a Frolicher smooth structure on M ; w o (f1 0 ¢ ,....fn
o ¢) € Fa ,which satisfies the smooth compatibility condition of definition . As

illustrated in the diagram below.
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(fl o o fn oc ) c COO(R,RH‘ w E OOO(R”JR)

figure 16

(i) Let ¢ : R— M be a smooth curve in M and f € Fp .Let 2 be a point in M and A
an open covering of M. There exist a neighbourhood U; € A such that x € U; and gy, =
fiu, foreachieI. foce C®°(R,R), therefore gy, o ¢jc-1(1,) € C*(R,R) for some
function g : M — R defined on M. The sets ¢~ }(U;) cover R, thus goc € C°(R,R).
Hence g € Fuq , since ( M,Caq,Faq ) is a Frolicher space . O

Theorem 6.4.2. ;
Let (M, F) be a Sikorski differential space. Then F induces a Frélicher structure on M.

Proof.

Let TF:={c: R— M| foce C®forall f e F} and

OI'F :={f M —R| foce C™® for all c € T F} We know that (I'F, ®T'F) is a
Frolicher structure on M, with F C ®I'F (see lemma) and this shows that all Sikorski

functions in F are Frolicher structure functions in (I'’F, ®T'F) hence the proof. O

definition 6.4.1. (Reflexive differential structure)
A differential structure F s reflexive if ®IILF = F.
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Theorem 6.4.3. (Reflexive Theorem)([10]);
There is a natural isomorphism of categories of Frolicher spaces to reflexive differential

spaces.

Furthermore (see [42]) if we Let = to be the forgetful functor from Frélicher spaces to
differential spaces : Z(X,C,F) = (X, F), and = takes maps to themselves.

We now state the following theorem:

Proposition 6.4.4 (Frolicher Stability). Let X be a set, and let Fy be a family of

functions on X, Cy be a family of curves into X.
1. Let C =TFy and F = ®I'Fy. Then X equipped with C' and F is a Frolicher space.
2. F=®Cy and C =T®C,y Then X equipped with C and F is a Frélicher space.

Proof.
(see [42], pages 26-27).
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6.5. Sikorski Structure vs diffeological structure

Due to the fact that Diffeological spaces and Sikorski differential spaces are each a
generalisation of a smooth manifold,the two structures are related in one way or the other
and can be compared. We note that in their definitions, both have locality and smooth
compatibility conditions.Each structure use the category of sets as the object where a
smooth structure can be developed. With reference to Stacey A s paper [35] we see that
the test space for each structure is the category of open subsets of Euclidean spaces. That
is an open set of R™ for some n € N for diffeological spaces and R for a Sikorski space ,
though it should be noted that for a diffeological space maps are into the set, whilst a
Sikorski differential space consists of maps out of the set.

Batubenge et al [10] compares the two structures using the terms ”compatible” and
"determines” which are defined as follows;

definition 6.5.1. (”Compatible” )

Given a set M with a collection D of parametrisations and a collection S of real-valued
functions, we say that D and F are compatible if f o p is infinitely-differentiable for all p €
D and fe F.

definition 6.5.2. (”Determine” )

Given a set M with a collection D of parametrisations and a collection F of real-valued

functions, we say that ;

(i) D determines the set ®D of those real-valued functions whose precomposition with
each element of D is infinitely-differentiable, @D :={ f: M — R |V (p: U — M)
€D, fopeC®(U)};

(i) F determines the set ILF of those parametrisations whose composition with each
element of F is infinitely-differentiable, IIF := { parametrisations p: U — M | Y f
eF, fopeC>®(U)}.

Remark 6.5.1.

In this way the diffeological structure and a differential structure determine each other.
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lemma 6.5.1. [10/[}2];
Each of the operations D — ®D and F — ILF is inclusion-reversing, we have

the following ;
(i) D C []9D.
(il) F C OILF
Proof.

(i) Let p € D. By definition of ®D, for any f € ®D, f o p is smooth. Since f is arbitrary
we have that p € 119D.

(ii) Let f € F. By definition of ILF, for all g € F, g o p is smooth, then p € IIF. Thus
f opis smooth for all such p. Since p is arbitrary we have that f € ®ILF.

proposition 6.5.1. ;

Let D be a family of parametrisations, there exists a family of real valued
functions that determines D if and only if

1D = D. :

proposition 6.5.2. ;

Let F be a family of real-valued functions, there exists a family of
parametrisations that determines F if and only if

SIIF = F :

definition 6.5.3. (Reflexive Diffeology )

A diffeology D is reflexive if 11D = D.

39



Theorem 6.5.1. ;
Let (M, D) be a diffeological space and ®D :={ f: M — R | V(p: U — M)

€D, fope C*°(UR) } . Then the set D is a Sikorski differential structure
on M
Proof.
Here we need to show that the axioms in definition 3.2.1] are satisfied.
(i) Let f1, ... , fn € ®D and let w € C°(R™ R), for any positive integer n € N . Let (p:
U — M) € D, then the composition w o (f; , ... , fu) o p € C(U,R), since w €
C>*(R™R) and (f1 , ... , fn) op € C®°(U,R") as f; € ®D , so that each coordinate

(i)

function f; o p € C*°(U,R), for i = 1,....,n. Now p is arbitrary therefore w o (f; , ... ,
fn) € ®D. Therfore ®D satisfies the smooth composition property of Sikorski
differential structure on M.

As illustrated in figure 17.

(fl y e

, Jn) op € C*(UR")

figure 17

Let M be equiped with the initial topology induced on M by the set ®D. Let f : M
— R be a function satisfying, for every x € M there is an open neighbourhood V of
x with respect to the D-topology on M and let a function g € ®D be such that g |y
= f|y.....x . We need to show that f € ®D. Let p:U — M € D ,then from x we
have that g o pl,-1y) = f © p|,-1(), where the pre-image p~'(V) is an open set in U C
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R™. Now each such g o p is smooth in U and since smoothness is a local property,
then fop: p ' (V) C U — R is smooth. Now the open sets p~*(V) cover U,
therefore fop € C*°(U,R) and since p € D is arbitrary, we have that f € ®D. Hence

proof of the locality condition.

O

Theorem 6.5.2. ;
Let (M, F) be a Sikorski differential space and I1F := { parametrisations p :
U— M|VfeF, fope C®(UR) }.Then the set II.F is a diffeology on M.

Proof.

we need to show that the three axioms in definition [4.2.2] are satisfied.

(i)

(i)

(iii)

Here we need to check that IIF contains all the constant maps into M. Now if p: U
— M is constant then for any f € F the composition fop: U — M is a constant

function, hence smooth.Thus the covering axiom is shown.

Let p: U — M be a parametrisation such that for every x € U there is an open
neighbourhood V C U of x such that p |y € IIF .we need to show that p € IIF. Let
f € F then for any x € U, there is an open neighbourhood V C U of x such that f o
p |v is smooth. Now smoothness on U is a local condition therefore f op: U — M
is smooth. Since f € F is arbitrary we have that p € II.F, hence shows the locality

axiom.

Let U and V be open subsets of Euclidean spaces, and let F : V. — U be a smooth
map. Let (p: U — M) € ILF then for any f € F, we have that f o p € C*(U,R).
Now, composition of two smooth maps is smooth therefore (f op) o F = f o (p o F)
€ C*(V,R). since f € F is arbitrary, p o F € TIF. Which is the smooth
compatibility axiom. See figure 18 below . 0
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figure 18

6.6. Frolicher Structure vs Diffeological structure

Every Frolicher space is a diffeological space as noted also by Tore C A [37]. In Frolicher
spaces we see that structure curves ¢ : R— M appear as plots in diffeological spaces
[44],[45]. We see in the following theorem that the two structures are interrelated.
Theorem 6.6.1. ;

Let ( M,Cp,Fr ) be a Frélicher space, then ( M,Cr,Frq ) ts a diffeological

space.

Proof.
To prove that ( M,Crq, F ) is a diffeological space , we need to show that Cpq defines a
diffeology on M. That is it should satisfy the three axioms in definition 4.2.2

(i) Firstly , since constant curves are structure curves in the Frolicher structure and
observing that in C; we only have maps ¢ : R— M as plots , if we let U = R then

the axiom of covering is satisfied.

(ii) Let ¢ : R— M be a curve in M. Let x € R then ¢(x) € M. Assume that c¢(x) € O,
with O € 7¢,, the curvaceous topology of (M,Ca,Fr ). Let a € Cpq such that V =

a1(O) € T and V is the neighbourhood of x. Now, assume that Ay = Cy.ee.. *,

42



then for any f € Fq , we have that foa € C°(R,R).Therefore (f o )y = flav) ©
ajy, from x we have that fj,ny focy € C°(R,R). Since foa € C*(R,R) which is a
continuous function, then (f oc);y € C*°(R,R) which shows that ¢ € Cy4 and the
proof holds true for all x € R, which satisfies the axiom of locality. As shown in

the diagram below.

M

foce C®R,R)

U=R foae C®R,R) R

figure 19

(iii) Let p : R— M be a smooth curve in M . Then for every smooth function F : R—
R and f € Faq, we have that fop € C®°(R,R).Since F € C*°(R,R), then (fop) o F
€ C*(R,R) that is po F' € Cpy, thus p o F' has same property as p, hence po F' is a
1-plot i.e po F' € D;. see figure 20 0J
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(M, Cm, Fum)

R F € C*(R, R) R

figure 20

Theorem 6.6.2. ;
Let (M , D) be a diffeological space then (M , D) defines a Frélicher structure
(M,CM,J_"M ) on M

Proof.

Let (M,D) be a diffeological space and p : U — M € D, with U C R™. Then for all V €
Trm and F € C°(V,U) , one has (po F' : V — M) € D. Now for all f € ®D, fop €
C*(R,R). Therefore, p: R — M and f:M — R satisfy the compatibility condition for
a Frolicher structure on M. Hence, proving that a diffeology contains a Frolicher structure

underlying it.This is illustrated in figure 21 below. 0
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figure 21

F e C>V,U) fo(poF)e C>V,R)
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Summary of the comparative study of structures:

(M,C 7-7:/\/1)

C = 1 dimensional plots

Fu =D FeFu

(M, D)

(M, F)

figure 22
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7

COMPARATIVE STUDY OF TOPOLOGIES :

7.1. Topology of Manifold

Smooth or differentiable manifolds are modelled on Euclidean spaces, whose topological

space satisfy the Hausdorff, second countable and locally Euclidean properties.

In general the topology on a manifold ,
(1) Is Hausdorff.

(2) Has a countable basis of open sets.

see definitions [2.1.1] [2.1.2] [2.1.5| and [2.1.9]

7.2. Topology of Sikorski space

definition 7.2.1. (Topology on a Sikorski differential space.)

Let (M 77, F) be a Sikorski differential space. 75 is the topology induced on M by the
family F , that is the weakest topology such that all functions from the family F are
continuous and the set {f*(a,b) C M| fe F, (a,b) CR } is a sub-basis for the
topology of M .
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lemma 7.2.1. .
Let G be the set of all F - smooth functions on M then 7¢ = Tr.

Proof.
Since G denotes the set of all F - smooth functions on M, we have that F C G which
implies that 77 C 7g . On the other hand for any w € C* ( R™ , R), the composition w o

(f1, ..., fn) is continuous with respect to 7z which gives 7¢ C 7 , therefore ¢ = 77 . [

7.3. Topology of Diffeological space

Any diffeological space is equipped with a natural topology with respect to all of its plots .
This topology is called the D - topology , and is not an extra structure but just a
topology naturally carried by a diffeological space . That is , the final topology induced by
its plots , where each domain is equipped with the standard topology .

definition 7.3.1. (D - open set)

Let (M, Dpy) be a diffeological space. A subset B of M is D - open if

p~Y(B) is open in U for each plot p : U — M.

definition 7.3.2. (D - Topology)

The D - Topology is the the finest topology induced on M by a collection of D - open
subsets of M such that the plots are continuous .

Example 7.3.1. ;

(1) Discret diffeology ;
The D-topology of the discrete diffeology is just the discrete topology.

(2) Indiscrete diffeology ;
The D-topology on an indiscrete diffeological space is indiscrete. Given any set M,
the collection P (M) of all possible maps into M with open domain is a diffeology.
The only open sets are M and the empty set, so the -topology is the indiscrete
topology.

(3) Smooth Manifold ;
The D-topology on a smooth manifold with the standard diffeology coincides with the

usual topology on the smooth manifold.
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lemma 7.3.1. ([{1]).
Let A C M be a subspace (i.e A is equipped with the subspace diffeology) then every set U
C A open in the supspace topology is D s-open.

Proof.
Trivial.
proposition 7.3.1. ;

Smooth maps are D - Continuous , that is continuous for the D - topology
()

Proof.

Let Dj; and Dy be the diffeologies on M and N . Then for every plot Pin M , fo Pisa
plot for AV . That is f maps every plot P € D), into the plot f o P € Dy (see definition

. Let A, C N be D-Open, and let A = f~(A4,) . For every plot P € Dy, , p~(A)
=p Y (fYA,)) = (foP) (A, . But fo Pisaplot of Dy and A, is D - Open , therefore
(f o P)"1(A,) is open . Hence , p~!(A) is open for every plot P € Dy, . We have that A =
f~Y(A,) is D - open , thus f is D - continuous . O

7.4. Topology of Frolicher space

Several studies have been done on topologies of the Frolicher space, Frolicher A and Kriegl
A, [21] in their book ”Linear spaces and Differentiation Theory” showed that the subbasis
for 7x,, , the topology induced by all structural functions is {f~! (0, 1)} e, , and
Dugmore B,[18] in his thesis gives the basis as B = {f™ (0, 00)}fer,, -

Cherenack p [I5] observed that the topologies 7#,, and 7¢,, coincide when the Frélicher
space under consideration is a smooth manifold.In his PhD Thesis [13], A Cap defines a
balanced space as a Frolicher space whose initial topology coincides with the final topology
that is 7£,, = 7¢,, and that it is Hausdorff if the two topologies are Hausdorff. More

studies and investigations on the topologies of a Frolicher space have been done by
Batubenge A and Tshilombo H .([6],[7],[8],[9],[38])
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definition 7.4.1. (Frélicher Topologies)
A Frolicher space carries two natural topologies induced by functions and by curves on the
Frélicher space (M, Caq , Fm) ;

(1) The curvaceous topology :
This is the final topology induced by all smooth curves in Cpq , given by T¢,, = {U C
M| ctU) e mr}, were c € Cpy .

(2) The functional topology :
This is the inital topology induced by all smooth functions in Fy; , that is the

collection 77, ={U C M |U = U FYV)} were V € 1R .

fe€Fm
Remark 7.4.1.

The functional topology is the weakest topology in which all functions are continuous (see
BLIY, [22)) . It has subbasisU = {f~" (0, 1)}per,, [7] and basis B = {f' (0, 00)}tern,
[18] , respectively.

lemma 7.4.1. ;

Let (M , Cm , Faa) be a Frélicher space with 77, and 7¢,, the underlying
natural topologies on (M , Cyn( , Fr) , the property 77, C 7¢,, holds.

Proof.
Let U € 7f,,. ThatisUd = U f~1(V) where V is open in R. For an arbitrary ¢ € Cpy ,
fe€FMm
c'U) = Y U =1(V)) = U (foc)'(V)erc, but VE TR and foc is C™,
fEFM FEFM

Hence ¢! (U) is open in R as arbitrary union of elements of 7y , thus U € 7¢,, implying

Tru C Tey - 0]

proposition 7.4.1. ;
Let (M , Crpy y Frq) and (N, Cnr , Fu) be Frélicher spaces and ¢ : (M , Cp
Fm) — (N, Cx , Fa) be a map. If ¢ is smooth then it is continuous for the

topologies 7r,, and 7¢,,
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Proof.

We recall that 77, ={Uy CM|U=h" ), Iemg,he€Fupy} Nowep: (M,Crm, Fpm)
— (N, Cn, Fur) is smooth iff 0,Cry € Cy < 0 1 (7a7) € Taq . Let U € 7y for
continuity we need to show that ¢~'(U) € 7x,, which will suffice since 7£,, C 7¢,, so that
o ' (U) € Tx,, shall lie in 7¢,, we have that ; U € T, < there exist I € 7g such that U =
h™'(I) ; h € Fy hence ¢ '(U) = ¢ ' (h™(I)) = (h o p) “}(I) but h 0 ¢ € T since ¢ is
smooth by assumption, therefore (ho ) Y(I) =V € 77, . Thus V € 7%, . O

7.5. Topology of Frolicher space vs Topology of Sikorski differential

space

It is proved in chapter [ unit 6.4 that every Frolicher space is a Sikorski differential space,
a result due to P.Cherenack [I5]. The proof shows that every Frolicher structure (smooth)
functions has properties stated in the definition of the Sikorski differential structure on the
same underlying set. We also observe to prove this, we still use structure curves failing
what it would not be workable. Furthermore, we see that both the topology on the Sikorski
differential space and the one on the Frélicher space are induced by the functions which
form the smooth structure.

Nevertheless the above outlined similarities do not imply that the two structures are the
same.

The Frolicher smooth structure on a set is determined by a pair of paths (curves) from R
into M together with scalar valued functions from M into R. None of the two (functions
or curves ) alone can form the Frolicher smooth structure. The paths and the scalar
functions subject to a compatibility condition will then be called structure functions and
structure curves respectively.(see definition [5.2.2). So looking at the two spaces we have
that (M, Caq,F ) as a Frolicher space implies that (M, Faq) is a Sikorski differential
space.(see chapter @ unit 6.4 theorem . However the converse is not true because
there are no curves in the Sikorski differential structure.

Now, suppose we need a Frolicher structure (C, F) associated to a differential structure F
on a set M, then the curves for this Frolicher structure are induced by applying the I"
function on F as in definition [5.2.1] That is I'F := {¢: R — M | fo ¢ € C*(R,R) for all
f € F } = C and by the compatibility condition we have that ®I'F := {f: M — R |foc
€ C®(R,R) for all c € 'F = C } and this will provide the set M with the Frolicher
smooth (structure) functions. We recall that F C ®I'F, that is generating a Frolicher
smooth structure using a differential structure will produce more smooth functions on M.

Consequently, the difference of these structures becomes obvious on subsets and on
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cartesian products.Therefore what follows is now to check the two structures based on their
subsets and thereafter compare their topologies.

Let (M, F) and (M, Ca,F a) be Sikorski differential space and Frolicher space
respectively, on the same underlying set M. We recall by definition that the topology
of (M, F) is the one induced by the functions of F in which all functions in F are
continuous.

A subbase for this topology is given by {f'(a , b)};ex, where (a, b) C R.

Recall also from definition that a Frolicher topology on (M, Cay,F aq) is the one
induced by structure functions in F r, such that all functions in F, and all curves in C
are continuous.

A subbase for this topology is given by {f*(a, b)}sex, (0, 1) C R.

Besides this functional topology the curvaceous topology on (M, Cay,Faq) is the one
induced by curves in C, and whose members are subsets of M, the inverse images of
which along curves are open sets of R.

definition 7.5.1. ;

Let (M, F) be a Sikorski differential space. The Frélicher structure associated to F is
defined by (Ca,Fa), where Cpy =TF:={c: R— M| foce C®R,R) forallfe F}
and

Fu=90T'F={f: M—R|foce C®R,R) forallc e Cyy =TF }

Theorem 7.5.1. ;

Let M be a non empty set. Let F be a Sikorski differential structure and (Cpq,F r) be the
Frolicher structure associated to F; then F C ®IU'F = F . That s, the set of Frolicher
structure functions is finer than the Sikorski generating structure.

Proof.

Since F is a generating set for (Caq,F r), one has F C ®T'F. For let f € F and assume
that f ¢ ®I'F. Hence, there exists ¢ € I'F such that f o ¢ ¢ C°(R,R). This is a
contradiction with the definition of I'’F, therefore f € ®I'F. Thus F C ®I'F. U
definition 7.5.2. ;

Let (M, F) be a Sikorski differential space and A C M. A function f:A — M is smooth
if for every x € A there exist a neighbourhood ¥V C M of z and a function F € F such that

fiany = Flaqy.
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Remark 7.5.1.

Cleary, we can see that smooth functions on a subset of a Sikoski differential space are just

local restrictions of functions on the ambient space, therefore these functions will satisfy the
conditions in definition |3.2.1.

7)

(8.

FeF

figure 23
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Remark 7.5.2.

The set A endowed with such a differential structure is called a differential subspace of M,
and denoted by (A, F 4 ).

Theorem 7.5.2. ;

Let (M, Cp, F ) be a Frolicher space, and A C M. There is a Frolicher structure (C 4,
F4) on A induced from (Ca, Fa) such that (A,Ca,F 4) is a Frélicher subspace of

(M, Crt, F ).

Proof.

(M, Cm, Fum)

figure 24
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First we consider the map f:4 — R, then f = f o iy, where f € Fa. Also for the map ¢
‘R — A, we have that c=i40¢, ¢ € Cpq.
Thus foé= foisoc

=fo(igo0¢0)

Now f o ¢ € C*(R,R), therefore f o ¢ € C=(R,R)

fOZZ{f: A%R‘f:fOiAGfA,fG./—"M}

The structure curves are given by;

I'Fo(A) ={c: R— A|goce C°RR), g= fla, f € Fum}

The structure functions are given by

rF,(A)=f: A—R| foee C?RR), forall ¢ € [.F,(A).

Therefore,

(TF,(A), PTF,(A)) is the Frolicher structure induced on A C R. O

Example 7.5.1. ;
We consider Q the set of all rational numbers. Since Q C R and R is a canonical Frolicher
- space, we have that Q C (R, Cg, Fr), thus Q — R with ig the inclusion map.

QcCcR

Y

foiocec*RR) Ir

figure 25
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Now, we let Foqy := {i : Q = R | i = idgg} = {i} and M = Q,
Fo) ={f:Q—R|[f=ygq g€ C*RR) }
The structure curves are,
Co =I'F o)
={c:R—=Q|ggocec C®RR), foral fe Foq}
={c:R—=Q| foce C®RR), forall f€ Foq}
={c:R—Qlioc=idgoc=ce C?R)}
={c:R— Q| ce C®R)and ¢(R) C Q}
= Q% N C>®(R) (which is continuous)
We need to characterise Cq, knowing that Q% N C*(R) is the set of C™ functions on R
restricted to Q;
From the above, for a ¢ € Cq such that c|R] = Q, we have that ¢ € C>*(R,R), that is, c is
continuous in the usual sense. Now we show that such a c s a constant map ¢, : R —
Q, k€ Q s constant for all ¥ € R .
suppose that for ri, ro € R, with ry # 1o implying c(r1) # c(rs). Assume without loss of
generality that c(ry) < c(rz) and since Q is dense in R, by the intermediate value theorem,
for each s € [c(r1), c(r2)] C R, there exist 7 € Cg, that is T € [r1, ro] such that s = ¢(F).
This means that ¢ will take all real values (rational and irrational) between c(ry) and c(ry).
But by definition of ¢, we have that ¢(R) C Q, that is, all ¢(T) are rational
numbers. Therefore we have a contradiction since the range of ¢ consists of only rational
numbers. Therefore, c(r1) = c(ra), for all v, r9 € R with ry # ry. Thus, ¢ is a constant
function.consequently, the generated curves in Q are given by,
Co:={c:R— Q| )=k where k € Q, k is constant for allT € R }.
Therefore for all g € C*°(R,R), gg 0 ¢ € C*(R,R) implying that g € R® The functions for
the structure are given by,
Fo = aTF,q
= ®Cq
={f:Q—R| foceC®R), forall c € Cq,
where f = g, g € C*(R,R)}
={f:Q—R| foc € C®R) such that c;(T) = Fk,
where 7 € R and k € Q} Hence,
Fo={f:Q—R| fi € C*(R), fy(F) = f(k), for all T € R.
We now need to characterize Foy C RQ, the set of real-valued functions with the source Q
such that f o ¢, € C®(R). Thus for any f € RY, for any k € Q, f (k) determines a

constant function,

fo 1 Q—R, fi(t) = (f o a)(T) = fler(r)) = f(k).
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Therefore, since f o ¢, € C*(R) We have that f € Fq if and only if Fo = R<.

Finally from this example, we see that the Frélicher structure on Q C R is generated by {i}
= {idg} = {idri} which yields only constant maps ¢ : R — Q as structure (smooth)
curves. The structure (smooth) functions are given by all real-valued functions on Q.
Remark 7.5.3. (Important)

Let (M, F) be a Sikorski differential space and (Cpq,F am) be the associated Frolicher
structure on the same underlying set. Let A C M. It follows from the above constructions
that the Sikorski subspace function set F (A) is weaker than the corresponding Frolicher
subspace function set F 4.

Since the underlying topology on (A, F(A)) and (A, Ca, F 1) are not the same, it lead us
to a question that ; in which case does the differential structure F equals the set of
structure functions for the Frolicher structure generated on M by F,? This argument
motivated Batubenge [3] to introduce a class of Sikorski spaces which yield a Frolicher
structure in such a way that F = ®U'F,, the so called Pre-Frolicher spaces.

definition 7.5.3. (pre-Frolicher space )

A pre-Frélicher space is a Sikorski differential space (M, F ) with the structure F such that
F = OU'F in the induced Frélicher structure (M, T'F, ®T'F) on M.

The diagram below explains the pre-Frolicher space.

(M, T'F,, PI'F,)

(M, OLF) (M, F)

) smooth

composition

I'F, F
I ocalisation

.FO == {Oé(),@l, }

figure 26
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Example 7.5.2. (Counter) ;

As seen in example Q as a Sikorski differential space is not a pre-Frolicher
space.Infact Q C R. if F, is the standard Sikorski structure on R, C*-functions on R are
the elements of F. Therefore, F|lg = C®(R,R) |g by the locality aziom.But in yielding the
Frélicher associated structure on Q from C*°(R,R) , one has T'F = constant paths ¢ : R
— Q and F = ¢(c : R — Q, ¢ = constant)= Homg(Q,R). Clearly, Homs(Q,R) #
C®(R,R) |g . Thus, Homs(Q,R) = {all functions f : Q — R} and C*(R,R) |p =
{restrictions to Q of all C* functions f : R — R}

Theorem 7.5.3. ;

Let (M, F) be a Pre-Frélicher space. Let (M, T'F, ®T'F) be the associated Frélicher
space. Then the weakest topologies on (M, F) and (M, T'F, ®T'F) coincide, moreover, the

tangent spaces coincide.

Proof.

The proof is straight forward since F = ®I'F. It follows that 77 and 7¢rz have the same
base. O
Remark 7.5.4.

Two topologies are said to coincide on the same underlying set if they have the same bases.
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7.6. Topology of Sikorski space vs Topology of diffeological space

We proved in chapter [6] unit 6.5 that the diffeological and Sikorski differential spaces are
compatible and determine each other. No further discussion was done based on the
relationship of the topologies underlying the two structures. Batubenge et al in their paper
[10] analysed the topologies basing on the subsets under the same underlying set. They
pointed out that if M is a set and A C M its subset then the differential structure on M
also determines a topology on A without ambiguity. The initial topology corresponding to
the subset differential structure on A coincides with the subset topology on M induced by
the initial topology on M. Also, the D-topology corresponding to the subset diffeology on
A might differ from the subset topology on A induced by the D-topology on M. This can
occur with the subset A = Q of M = R (see similar example [7.5.1]) .

Theorem 7.6.1. [/2];

Let (M,D) be a diffeological space. Let Tp be the strongest topology on M such that all
parametrisations in D are continuous, and let Tep be the weakest topology on M such that
all functions in ®D are continuous. Then Te¢p C Tp.

Proof.

Let V € Top . Let p € D be fixed, we need to show that p~'(V) is open in U := dom(p).
To this end, let u € p~!(V). Then there exists an open set ¥/ containing p(u) and

k
contained in V of the form W := ﬂ 1 ((as, b))
i=1
for some open intervals (a;, b;) C R and functions f; € ®D. But then u € p~!(W) C
p~ (V). But
k

ptW) = ((fiop) ™ ((ai. by))

i=1
Since f; o p is a smooth function on U for each i, we have that p~'(W) is a finite

intersection of open subsets in U, and hence itself is open. Thus p~!(V) is open in U. Hence
the proof. O
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7.7. Topology of Frolicher space vs Topology of diffeological space

corollary 7.7.1. ;
Let (M,D) be a diffeological space. Let D = Dy, the diffeology of 1-plots, then theorem
gives similar result as (M,Dy) is considered as a Frolicher space.
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8

COMPARATIVE STUDY OF TANGENT STRUCTURES :

8.1. Tangent structures on the manifold

We note that there is a linear approximation at each point of a smooth manifold. We now
construct these linear spaces associated with a smooth manifold M at each point x € M,
the so-called tangent spaces and their dual so-called cotangent spaces. These spaces are
isomorphic to the modeling Fuclidean space. Thus, the dimension of the manifold is that
of each tangent space and each cotangent space. This linear structure is fundamental for
several so-called exterior operators on the manifold.( [4]) There are different ways of
defining tangent vectors to a manifold M.The approaches are equivalent in the sense that

they end up defining the same objects and the same space.

(1) Curves approach:
A vector tangent to a manifold at one of its points is tangent to a curve on the

manifold.

(2) Derivation approach:

A tangent vector at a point of a manifold is defined as a derivation of functions on
the manifold at this point. That is , we think of a tangent vector as defining a
directional derivative.

definition 8.1.1. ;

A smooth curve on a smooth manifold M is a smooth map ~y:(a,b)— M , where (a,b) is a

non empty interval in R

definition 8.1.2. ;

Let M be a smooth manifold and ¢ : [ TR — M . A map c is called a smooth curve

through p € M if for all chart (U,p) at p

poc:I—p(U)CR"
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Example 8.1.1. ;

We consider We will take this interval I = [0,1] C R. The curve v : I — M such that
7(0) = p and (1) = p’ is said to join the points p and p of the manifold M.

definition 8.1.3. ;

Let M be a differentiable manifold of dimension n. A smooth curve ¢ : R — M such that
c(0) = p € M is called a curve through p. Now let ¢; and cy be curves through p, ¢y is said
to be tangent to co at p if for all local chart (U, ¢) at p € U on M one has

(¢ 0c1)(0) = (¢ 0c)(0). where p oc; : [ C R — R™.

definition 8.1.4. ;

Given a smooth manifold M and a point p € M, the tangent vector to M at p is an
equivalence class of differentiable curves

c:(-€,e)— M where ¢(0) = p and

c1~ ey == (¢ 0¢1)(0) = (¢ 0c)(0).

definition 8.1.5. ;

For a point p € M we let C*(p) be the set of functions such that;

(i) f:U— R wherep e d C M and U is an open set.
(ii) f € C>(p).

Remark 8.1.1.

recall that an open subset of a manifold is a manifold.

definition 8.1.6. (Tangent Vector to a smooth Manifold )
A tangent vector v, to a smooth manifold M at a point p € M is a is a map
v: C®(p) — R that is a linear function from the set of functions defined and

differentiable in some neighbourhood of p into R, which satisfies,
(1) vy(af + Bg) = avy(f) + Bv,(g) (Linearity)

(2) vp(fg) = f(P)vp(g) + gP)vp(f) (Leibniz rule),

(3) vy, (constant map) = 0
definition 8.1.7. (Differentiable function)
A function f: M — R is differentiable at a point p € M if in a chart ¢ at P, the
function fop~t:R" — R is differentiable at (p).
definition 8.1.8. (Tangent Space)
The set of all tangent vectors at the point p € M forms the tangent space T, M of a
manifold M at the point p. That is ,the collection of all vectors obtained by differentiating
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differentiable curves through p of M gives T, M.

Remark 8.1.2.

If there are n partial derivatives %, ....... us%n then T, M s a tangent space of dimension n
at the point p. A tangent vector can be associated to a differential operator acting on
functions on M. That is v € T, M whenever v is a linear operator

v :F (M) — R where F(M) is the ring of smooth functions on M. ( [11])

In what follows we will denote % =0,

definition 8.1.9. ;
Let (z;,...,x,) be local coordinates about a point p € M. That is there exists a chart
(Us,ip;) with p € U; and p;(q) = (x1(q), x2(q), ..., xn(q)) for all ¢ € U;. We define ;
%‘p 3 Coo(p) — R by
g lof = 0ulf 0 97" )(x1(p), 22(p)s s 2a(p))
=0u(fow;") 0 ¢i(p)
Theorem 8.1.1. 8%|p is a tangent vector to M at p.
Proof.
Let f,g € C*°(p) be defined on a common open set U in M that contains p then
g lo(f +9) = 0u((F + g) 0 97" )(1(p), 22(p), -, 2(p))
= Jufo i +gowr ! )(x1(p), 22(p), - xa(p))
=0, (fo g7 )(@1(p) 22(p), s 2a(p)) + Ou (g 0 7 )(@1(p), 22(p), vy 2n (D))
= gorly () + 52l (8)

[Linearity]|
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72 p(fg) = 0,((fg) 0 ;) (z1(p), z2(p), ..., zn(p))

= 0u(fo it . gow ! )(@1(p), 22(p), . 2u(p))
= 0u (fo @i ") (21(p), 22(p), -- MMXg0¢ZXm() 2(p), -, #n(p))
+(f 0 ;) (@1(p), 22(p), - ()ﬁ%(gowz)@n() 2(p); -+ 2 (p))

:%WMWH®WM)

[Leibniz Rule]
It is clear that ;

52-|, (constant map) = 0. O
definition 8.1.10. ;

Let T, M be the tangent space at a point p of a smooth manifold M of dimension n with
dual space denoted by T*M. Then T* M 1is called the cotangent space at p € M.
definition 8.1.11. ;

Given a smooth manifold M |, a Cotangent bundle denoted T* M 1is the disjoint union of
cotangent spaces at p € M | that is

M = | T M

pEM

8.2. Tangent structures on Sikorski differential spaces

definition 8.2.1. (Tangent vector)
Let (M,F) be a differential space . A tangent vector v at p € M is a derivation v : F —
R at p, that is a linear map such that ,

v(f.9) =v(f)-9(p) + f(p)v(g) for all f, g € F.

Remark 8.2.1. [77]

The real number v(f) is called the directional derivative of the function
f € F in the direction v and is often denoted by the symbol O, f. Thus the above definition

can be rewritten as ;

0u(f.9) = 0uf-g(p) + f(p)-Ovg , for all f,g € F .

definition 8.2.2. (Tangent space);

Let (M, F) be a differential space. A tangent space T,M s the set of all tangent vectors to
(M,F)atpe M.

definition 8.2.3. (Tangent cone) [15];

Let (M,F) be a differential space .Suppose c(a) = p . A tangent cone T,,CM at p € M is
the set ;
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T,0M = {V.| c € I'F, ¢(a) = p} , where V. is the derivation defined by setting
Vo(f) = lim foc(ti - goc(a) ,andTF :={c: R —M | foce C*R, R)},
—a —
forall fe F.
definition 8.2.4. (Tangent bundle);

Let (M,F) be a differential space. A tangent bundle to (M,F) is a triple (TM,M,x),

where TM is the disjoint union of the tangent spaces at p € M, that is TM = U T,M
pEM

and 7 is the canonical projection m : TM — M : v, — q.

definition 8.2.5. (Differential of a C* function)[;0];

Let (M,F) be a differential space. The differential of a function f € C™ is a mapping df :
TM — R defined by the formula df (v) = (v, df).

definition 8.2.6. (Cotangent space);

The cotangent space on a differential space (M, F) at p € M is the set of all differentials
of functions at the point p and will be denoted Ty M.

definition 8.2.7. (Cotangent bundle)[0);

The cotangent bundle (T*M,M,T) of a differential space (M, F) is the disjoint sum of

cotangent spaces where T*M = U 17X , with the canonical projection

pEM
T:T"M — M :d,f — p.
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8.3. Tangent structures on diffeological spaces

In this section, the construction of tangent structures on diffeologigical spaces are with
reference to the work by M Laubinger ([26],[27]).For the other construction on the same,
see ([41],[16]).

Given a diffeological space (M, D) and a point x € M, we construct a vector space T, M
and a linear map d,, : T,V,, — T, M for each plot p centred at x. The maps d, will be
interpreted as differentials of the plots which satisfy the chain rule for plots of the form
p o g where g is a smooth map with g(0) = 0 gives a reparametrization as shown in figure

27 below.

(M.D)

gq=pP°yg D

Vq

figure 27: Reparametrization
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The chain rule here implies that the corresponding diagram of differentials should

commute. as shown in figure 28 below.

(M,D )

TOVq TOVp

figure 28

We need d, . 4 = d,, o dog, which gives the chain rule for the composition p o g.

Let S, denote the the tangent space T,V,. Let the direct sum &, := @ S,, be equipped

p €D
with the final diffeology with respect to the injections i, : S, — S, and u € S, with its

image under ,. We define a linear subspace Sx of S, as
Sﬂc ;= (dg(u) — (ip 0 dog)(u) | g =pogand u € TV, )
Where ( ) denotes the linear span in S,. Hence the following definition.

definition 8.3.1. (Tangent space)
The tangent space to a point x € M 1is the quotient space T, M = Sx/gx
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definition 8.3.2. (Tangent bundle)
The tangent bundle denoted TM 1is the disjoint union of all tangent spaces to M at
v € M. That is TM = | ] TuM

reM
definition 8.3.3. (Plot delivation)[|1]

The p induced plot derivation is the map d, : C*°(M) — R given by

dy(f) == d,(f op), where p € D is a plot.

Example 8.3.1. ;

Let p € D be locally constant at x € M, then d, = 0.

proposition 8.3.1. [/1/;

Let p € D, then the induced plot derivation d, : C*°(M) — R is a smooth derivation at x
on the algebra C*°(M).

Proof.

(i) Let g : V — C*®°(M), then the map ¢.p:V x R — R is smooth. For each v € V,
dp(q(v)) = do(q(v) © p)

_ dgplv,w)
ou
Hence the map v — d,(q(v)) is smooth, since ¢.p is smooth and the partial

|(U70), for u € V.

derivative of a smooth map is smooth.This implies that d, : C*°(M) — R is smooth.

(ii) Let f,g € C*°(M)
do[(f + 9) o p)] = do(f © p) + do(g 0 p) and
do[(fg) o p)] = do(f o p)g(x) + f(2)do(g o p),
which satisfies the leibniz rule. Hence dp : C*°(M) — R is a derivation on C*°(M).
0J
definition 8.3.4. (Tangent cone);

Let (M, D) be a diffeological space, the tangent cone is the set given by
Ca(M) :={d, | p € D}.

Remark 8.3.1.

The tangent cone is the collection of plot derivations on M. That is a cone in the vector

space of derivations on M.
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Example 8.3.2. ;

(Tangent space of a discrete diffeological space);

For any discrete diffeological space (M, D), which is the collection of all locally constant
functions U — M then by example[8.53.1] the tangent space at any point x € M is the

ZETO Space.

8.4. Tangent structures on Frolicher Spaces

Let (M,Cp,Fam) be a Frolicher space. In this category, one defines a tangent vector at

x € M using either structure curves or structure functions. That is by first considering the
fact that f ocis C* for arbitrary f € F and c € C. If we consider curves and assuming
¢(0) = x , then one defines a curvaceous tangent vector as the derivative of foc at t =0,
which clearly is a derivation at = ([9]). In this regard, Frolicher spaces have two types of

tangent vectors defined on them.
(1) Operational Tangent Vector : A tangent vector from the structure functions.
(2) Kinematic Tangent Vector : A tangent vector from the strucure curves.

Operation Tangent Vectors

definition 8.4.1. (Operational Tangent Vector)([3],[36],[39])

Let (M,Cr,Frm) be a Frélicher space. The operation tangent vector at p € M is a map v :
Fa — R which satisfies the linearity condition and the Leibniz rule, that is for all

fyg9 € Fam, a, 8 € R we have

(i) v(af + Bg) = av(f) + Bv(g).
(i) v(fg) = f(p)v(g) + g(P)v(f).
Remark 8.4.1.

The map v is also called a smooth derivation at p € M.
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Example 8.4.1. [36] ;
The cross in R? given by the set S := {(x,y) € R* | zy = 0}. S as a subspace of the
Frélicher space R? has a Frolicher structure. We set S = S8; U Sy, with S; =
{(2,0) | x € R} and Sy = {(0,y) | y € R}. The structure functions are given by F, = {f :
S — R fi=Nhs, h € Fre}.
Where

fi(z,0) along S

f2(0,y) along S

fx,y) =

f1 and fo are real functions that intersect at (0,0). An operation tangent vector v on S is a
linear derivation along S1 or along S5. That is v = % orv = %—’;2.
proposition 8.4.1. (/3] ,[39]) ;

Let (M,Cpq,Fnm) be a Frélicher space and p € M. . Let v : Far — R be a linear map.
Then v is an operational tangent vector to M at p € M , if and only if v satisfies the

following conditions:
(i) v(f) = 0 if fis constant.

(i) viez = 0, where o := {(f = f(p))(g — 9(p)) | f,9 € Fr}
Proof.

We assume that v is an operational tangent vector. That is v is a linear derivation.

(i) Let ¢ € R be constant and f : M — R, a function such that f(z) = c for all
xr € M. Then we have that;

Hence v(1) =0
Thus v(f) = 0, as required.
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(ii) v is a derivation at p € M, thus v satisfies the Leibniz property given by
v(f.9) =v(f)g(p) + f(p)v(g) for all {, g € Fas. Then
0 =v(f.g)- f(P)v(g)- g(p)v(f)
v((f.9) = f(p)(9) — 9(p)(f))
v((f.9) = f(p)(9) — 9)(f) + f(p)g(p))
(g(f = f(p)) —9)(f — f(p))
(f = f@)(g—9g(P)wevinne. *

Conversely we assume that the linear map v vanishes on constants and on the set af,
={(f—f)(g—9lp) | f,g € Fm } we need to show that v satisfies the Leibniz
property.

I
2 <

From x 0= v((f - f(p))-(9 — 9(p))
=o((f.9 — f(p)g —9()f + f(p)g(p))
= v(f.9) — f(p)v(g) — g(p)v(f) + v(f(p)g(p))
= v(f.9) — f(p)v(g) — g(p)v(f)
Thus v(f.g) = g(p)v(f) + f(p)v(9) O

definition 8.4.2. (Operational Tangent space)([3] ,[15] , [31])

Let (M,Cpq,Fnm) be a Frélicher space. The operational tangent space to M at p € M is
the set of all operational tangent vectors to M at p € M and is denoted by T,M .
definition 8.4.3. (Operational contangent space)([3],[36])

Let (M,Crq,Fm) be a Frélicher space. The operational cotangent space at p € M, denoted
Ty M, is the algebraic dual of T,M.

Remark 8.4.2.

The elements of T* M are linear forms or linear functionals on M called tangent covectors
or covariant vectors.

definition 8.4.4. (differential of smooth map); ([3] ,[25] , [30])

Let (M,Caq, Far) and (N ,Car, Far) be Frolicher spaces and let i : M — N be a Frolicher
smooth map. Let p € M and v € T,M. The Frélicher smooth linear map ,,(v) : T,M
— TypN defined by 1., (v)(g) = v(g o) is called the differential of 1 at p € M.
Remark 8.4.3.

1. The Frolicher smooth linear map 1., (v) is sometimes called the tangent linear map.

2. The operation cotangent space Ty M is a linear Frolicher if T,M s finite
dimensional, then we have that dim T,M = dim T; M.
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Theorem 8.4.1. ([3/,[36])
Let ¢ : (M,Cp,Fm) —> (N ,Cxr,Far) be a Frolicher smooth map and v € T,M. The pair
(v,9) induces on N an operational tangent vector in the neighbourhood 1)(p) € N.
Proof.
By deﬁnitionm (2), for each h € Fyr, hoyp € F pq, since ¢ is smooth. Now for v € T, M,
in the neighbourhood of ¢ (p) € N, we define the map ¢,,(v) : Far — R by ¢,,(v)(h) =
v(h o). We need to show that 1,,(v) is a linear map and satisfies the Leibniz property.
Let po € R and h € F since v is linear, then by definition of ¢,,(v) we have that;
Di(0) (1) = v((11h) 0 )

= v(p.(hov))

— (ko)

= by 0)(h),
Suppose g € Fn and h € Fpr; Then we have ;
Uup(v) (g + h) = v((g+ h) o)

— ((go) + (hov))

— o(go ) +ulhov)

= Yup(v)(9) + Yp(v)(h)
Hence, 1,,(v) is linear.
Now let g € Fpr, h € Fy and q := 9(p) € N. since v satisfies the Leibniz rule and by
definition of 1,,(v) we have that,

Uap(v)(g.h) = v((g.-h) 0 ¥)

= o((gob).(h o)

= (ho)(p)v(god) + (gov)(p)u(hoy)

= h((p))up(v)(9) + g((p))Yup(v)(h)

= Ma)up(v)(9) + 9(a)vup(v)(h)
which satisfies the Leibniz property.

Therefore (v,1) induces an operational tangent vector on A in the neighbourhood

q=1(p) eN. O
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Kinematic Tangent Vectors

In kinematics, the velocity vector is always tangent to the path of motion and its
magnitude is determined by taking the time derivative of the path function. This motion
for a body is usually described by curves. The rate of change determines the velocity and
direction of the tangent at any point of the path of motion. This type of vector will be
called kinematic tangent vector.

definition 8.4.5. (Kinematic tangent vector([3],[36])

Let (M,Ca, Fum) be a Frolicher space. We denote by C'yf the set of all structure curves c :
R — M such that c(a) = p with ¢ € Cy , a € R being the foot point and p € M a point
where the curves pass. A kinematic tangent vector to the space M with foot point a € R is
the derivation given by ;

Ke,(f) :== % (f o c)i=a , where f € Fpq .

definition 8.4.6. ([3/,[15],[31],[36])

Let (M,Crq,Fm) be a Frélicher space.

1) Tangent cone space :
g
The tangent cone space at a point p € M denoted by T,CM 1is the set of all kinematic

tangent vectors at p.

(2) Contangent cone space :
The contangent cone space denoted T;CM is the algebraic dual of a linear tangent

cone space.

(3) tangent cone bundle :

The tangent cone bundle denoted TCM is the direct sum of the tangent cone space.

(4) Contangent cone bundle :
The contangent cone bundle denoted T*CM 1is the algebraic dual of the tangent cone
bundle.
Example 8.4.2. ;
For a set Q of rationals, the set Cq consists of constant maps ¢ : R — Q and Fg consists
of all functions f : Q — R. Let p € Q such that c(a) = p. Then the kinematic tangent

vector to the set Q is the derivation,

d t
(f(c;t_( ) lt=a = U, since the curves in Q are constant maps.
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8.5. Tangent structure of Frolicher space vs Tangent structure of

diffeological space

Any diffeology induces a Frolicher structure when we consider the diffeology as 1-plot.
Theorem 8.5.1. ;

Let (M,D) be a diffeological space and F : (M, D) — (N, Dyr) a smooth map. Then
(M, D) together with 1-plots of D is a Frélicher space.

Proof.

By definition F is smooth, that is if p is a plot in Dy, then F op € Dy. Now if p is a
1-plot, then it is a curve in the Frolicher space thus one has the same characterisation.
Therefore tangent structures for 1-plots are exactly tangent structures for the Frolicher
space called cones. 0
corollary 8.5.1. ;

Let (M,D) be a diffeological space and (M,Ca,F am) be Frilicher space, then the tangent
structures on (M,D) coincide with the tangent structure on (M,Cr,F pm) when (M,D) is
a 1-plot.

Remark 8.5.1.

We recall that plots can be multi-dimensional whilst in Frolicher spaces we only have one
dimension paths or curves which are 1-plot. Therefore for Frolicher spaces there is no need

to construct tangent structures starting from FEuclidean spaces.
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8.6. Tangent structure of Sikorski space vs Tangent structure of

diffeological space

We recall that in the Sikorski differential structure,curves are not part of the structure.
However, we recall that when difining tangent vectors on a Sikorski differential space we
use curves. We first define curves because curves are not in the structure. That is, a path
or curve from an interval I of R is called a differentiable curve if its composition with a
structure function gives a smooth function and this coincides with the composition as in
the Frolicher structure, although in the Frolicher setting the curve is globally defined on R.
If we consider tangent cones on Sikorski differential space, we see that they use curves or
paths which are 1-plot in diffeologies. In this comparison one can deduce that the tangent
structures on diffeologies are more wider because they use multi-dimensional paths from R™
into the smooth space, whilst Sikorski differential spaces use one dimensional paths from R
into the smooth space.Therefore, for diffeological spaces the construction of tangent
structures on them will only coincide with those of the Sikorski differential space only when
the diffeological space has 1-plot only.

corollary 8.6.1. ;

Let (M ,D) be a diffeological space and (M,F) be Sikorski differential space, then the
tangent structures on (M,D) coincide with the tangent structure on (M,F) when (M,D)
1s a 1-plot.

5



8.7. Tangent structure of Sikorski space vs Tangent structure of

Frolicher space

We recall the definition of a pre-Frolicher space, as given in section 7 unit 7.5. Then we
have the folowing theorem.

Theorem 8.7.1. ;

Let (M,F) be a Sikorski differential space and (M, T.F, ®LF) be the associated Frolicher
space. Then the tangent spaces on M and M coincide if (M, I'F, ®I'F) is a pre-Frélicher
space.

Proof.

In effect v € T, M is a linear map which is a derivation on F. Now F C ®I'F in general,
and F = ®I'F for (M,F) a pre-Frolicher space. Therefore, oM = T, M only in the case
where F = ®I'F. Otherwise the tangent spaces for Frolicher spaces and Sikorski
differential spaces do not coincide. 0]
Example 8.7.1. (see [15]) ;

(1) The rationals as a Frélicher subspace of R have trivial tangent spaces equal to their
tangent cones: Since contours must have constant values, the tangent cones must be
trivial. Let ¢ € Q . The function f : R — R such that f(q) =1 and f(r) =0 if
r # q belongs to Fg. Since f> = f, one can show that, for any derivation D at q,
D(f)=0. Let g € Fg and g = fg. Then, D(g') = f(q)D(g). Since g(q)g" = (¢')*,
D(g') =0 and thus D(g) = 0. Hence, the tangent space at q is trivial.

(2) Q as a differential subspace of R has scalars f : Q — R which are locally in the
usual topology the restrictions of locally smooth functions on R. Thus, the tangent
space to a point ¢ € Q is the same as the tangent space when q is regarded as a point

of R and one dimensional.
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CONCLUSION:

In this study, we have compared three spaces each a generalised manifold structure to
investigate how they relate to one another in terms of their smooth structures, topologies
and tangent structures. In chapter 6 we did the comparative study of the three structures
and Confirmed P .Chenerack’s statement that a Frolicher space is a differential space in the
sense of Sikorski. An important fact is that there are some sets on which the Frolicher
structure and the differential structure, although generated by the same function set, don’t
have same structure functions. An example is given by the set Q of rational numbers, with
Fo = {idg} as generating set. For instance, the differential structure on Q is formed by
the restrictions to Q of all the smooth functions on R. But, as from the definition of a
Frolicher structure, we first test the curves generated by {idg}, which clearly are all
constant maps from R to QQ as proved in example using the intermediate value
theorem of real analysis. Then it turns out that all real-valued functions on Q are made
smooth in this smooth structure. The Frolicher structure on Q is therefore discrete in that
it contains all real-valued functions. We also proved that a diffeological structure can only
be a Frolicher space if it is considered as a 1-plot. In the same chapter we defined sets D
and ILF on the spaces (M,F) and (M,D) respectively and proved that (M,D) is Sikorski
differential space and vice versa.

In chapter 7 we see that the the initial topology 7r,, induced by all smooth functions so
called functional topology is the weakest topology in which all functions are continuous and
that 7z,, C 7¢,, the curvaceous topology on a Frolicher space. We compare the topologies
on a Frolicher space and diffeological spaces and conclude that they only coincide when the
diffeological space is a 1-plot. It is shown in chapter 7 that topologies for a Sikorski
differential space and a Frolicher space will only coincide in the case of a pre-Frolicher
space.

In chapter 8 it is clear from theorem that the tangent structures on the Sikorski space

7



and tangent structures on the Frolicher space do not coincide but will only coincide in the
case where (M,F) is a pre-Frolicher space. We see in both structures that the definition of
tangent vector satisfies the Leibniz property. P.Cherenack (see [15]) used the term tangent
cone for the curvaceous tangent vector on a differential space where as A Batubenge (see
[3]) called it Kinematic tangent vector on a Frolicher space.

When we consider the diffeological space and the Frolicher space, tangent structures for
1-plots are exactly tangent structures for the Frolicher space called cones.

All in all through this study we have illustrated Andrew Stacy’s (see [35]) statement that
the smooth structure in the sense of Frolicher is the best behaved, provides the underlying
set with the weakest topology and defines geometric quantities in particular tangent

structures in a more natural way.
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