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ABSTRACT

In this thesis, we recall three types of convexities in metric spaces, namely; Menger convexity,
Takahashi convexity and M-convexity. We then generalise these convexities to the framework
of Ty-quasi-metric spaces. Since the concept of convexities heavily relies on the concept
of betweenness, a fundamental concept in the study of axiomatic geometry, we begin by
generalising the concept of betweenness to Ty-quasi-metric spaces. We show that Takahashi
convexity implies Menger convexity in Ty-quasi-metric spaces. Lastly, we generalise the
concept of M-convexity to Tp-quasi-metric setting and present some best approximations in

these spaces.
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INDEX OF NOTATION

Below is a list of symbols that will be frequently used and a brief indication of their meaning.

(X,d) a metric space

(X,q) quasi-metric space
By(z,r) Open ball of radius r centred at x
Ca(x,r) Closed ball of radius r centred at x
Sa(x,0) Sphere of radius ¢ centred at z

cl(A)  closure of set A

N the set of natural numbers
R the set of real numbers
Q the set of rational numbers
inf Infimum (greatest lower bound)
sup supremum(least upper bound)
max(V) maximum
min(A) minimum
Po(X) the set of all nonempty subsets of X
Cy(X)  the space of continuous bounded functions
[zyz]a vy is between x and z in a metric space
B%(z,y) the set of points between x and y
F(X)  the space of real valued function
CBy(X) sub-collection of bounded convex elements of Zy(X).

X



CHAPTER 1

INTRODUCTION

1.1. Background

The concept of convex metric spaces which was first introduced by Menger [21] in 1928 has
received considerable attention by many different scholars [28], [29], [20], [II] and so on.
Menger used the concept of betweenness to develop the theory of convexity in metric spaces
as follows: Let (X, d) be a metric space and x,y,2z € X. Then z is said to be between x
and y if and only if z # z # y, implies d(z, z) + d(z,y) = d(z,y). A metric space (X,d) is
said to be convex [2I] provided it contains for each two points at least one point between
them. Thereafter, Menger [21] pioneered the Fundamental Theorem of convexity, which
states that: if (X, d) is a complete and convex metric space, then any two points of X can
be joined by a metric segment. This theorem is very important in the study of the geometry
of metric spaces. Henceforth, many other definitions of convexity in metric spaces have been
put forward. For example, in 1970, Takahashi [28], defined convexity in the following way:
Let (X, d) be a metric space. A mapping W : X x X x [0,1] — X is said to be a Takahashi
convex structure (7'C'S) on X if for all z,y € X, A € [0, 1],

d(u, W(z,y,\)) < Md(u,x) + (1 — N)d(u,y)

for all w € X. The metric space (X, d) together with a Takahashi convex structure (7°C'S)
W is called a convex metric space. Also, in 1988 Khalil [11] defined convexity in a metric
space in the following way: Let (X,d) be a metric space and z,y € X with d(z,y) = .
Then (X, d) is said to be M-convex if

Ca(z,r) N Cy(y, A\ — 1) = {2z},

where r € [0, A\] and Cy(z,r) ={y € X : d(z,y) <r}.
If we remove the symmetry property from a metric, we have a quasi-metric defined as : Let
X be a nonempty set and consider a function ¢ : X x X — [0,00). Then, ¢ is called a

quasi-metric on X if

(i) ¢(z,z) = 0 whenever x € X. (ii) q(z,2) < q(x,y) + q(y, z) whenever z,y,z € X. Fur-
ther, we shall say that ¢ is a Ty-quasi-metric provided that ¢ also satisfies the following
To-condition: For each z,y € X, q(z,y) =0 = q(y,z) = x = y. The pair (X, q) is called
a Th-quasi-metric space.

Recently, Kiinzi [19] in 2016 defined and investigated a convexity structure in the sense of

Takahashi in the more general Tj-quasi-metric spaces. He proved that various important



results about convexity structure in metric spaces can be generalised to quasi-metric setting.
He also showed later that convexity structure occurs naturally in asymmetric normed real
vector spaces and in g-hyperconvex Ty-quasi-metric spaces. Some studies on quasi-metric
spaces have been based on generalising the well known results in metric spaces to the quasi-
metric setting. For example, in [I4], [I9] and [24] we find the generalisations of classical
results in hyperconvex metric spaces to the quasi-metric setting. Results in these articles
confirm the surprising fact that many classical results about hyperconvexity do not make
essential use of the symmetry of the metric and, therefore, this is our motivation of general-
ising other convexities to the framework of quasi-metric spaces.

In this thesis, we recall three types of convexities in metric spaces, namely; Menger con-
vexity, Takahashi convexity and M-convexity. We then generalise these convexities to the
framework of Tj-quasi-metric spaces. Since the concept of convexities heavily relies on the
concept of betweenness, it is natural to start with the concept of betweenness in Ty-quasi-
metric spaces. We observe that, in Ty-quasi-metric spaces, there are at least five types of
betweenness, namely; g-betweenness, ¢~ !-betweenness, ¢*-betweenness, g*-betweenness and
q,q -betweenness. We show that ¢, ¢ '-betweenness implies ¢*-betweenness in Ty-quasi-
metric spaces (see Proposition . Also, we show that g-betweenness does not necessarily
imply ¢~ !-betweenness (see Example . Thereafter, we generalise the concept of Menger
convexity, from metric settings to the framework of Tj-quasi-metric space. Furthermore, we
recall Takahashi convexity structure in Tj-quasi-metric spaces. Then, we show that Taka-
hashi convexity implies Menger convexity in Ty-quasi-metric spaces (see Proposition .
Lastly, we generalise the concept of M-convexity to Tp-quasi-metric settings and present
some best approximations in these spaces. Also, we observe that, in Ty-quasi-metric spaces
if (X,q) is M-convex, then (X, ¢™') is M-convex too. However, M-convexity of (X, q) does
not necessarily imply M-convexity of (X, ¢*) (see Example .

1.2. Organisation of the dissertation

This dissertation is organized as described below.

Chapter 1. This chapter presents a background on convexities in metric spaces as investi-

gated by different scholars and the organisation of the dissertation.

Chapter 2. In this chapter, we recall some of the important definitions to be used through-
out the dissertation. In the first section we give definitions and some examples of metric
spaces, thereafter, we present a summary of notions related to normed spaces. The second
section briefly discusses the concept of quasi-metric spaces. Thereafter, we discuss the con-
cept of topologies and completeness in relation to quasi-metric spaces. Section three briefly

discusses the concept of asymmetric normed spaces.

Chapter 3. In this chapter, we recall convexities in metric spaces, namely; Menger con-

vexity, Takahashi convexity and M-convexity. Since these convexities rely on the concept of



betweenness, a fundamental concept to axiomatic geometry, the first section gives the con-
cept of betweenness in metric spaces, which was introduced by Blumenthal [4]. Thereafter,
we recall the properties of betweenness. In the second section, we recall Menger convexity
which was introduced by Karl Menger [21] and also recall the Menger Theorem of convexity.
In the third section, we discuss a notion of convexity for metric spaces which was introduced
in [28] by W. Takahashi. Then, we recall some geometric and topological properties which
result when a uniqueness assertion is added to Takahashi’s requirements. Thereafter, we
will end this section by recalling the connection between Takahashi and Menger convexity
in metric spaces. In the third section of this chapter, we start by recalling the definition
of strong convex metric spaces and M-convex metric spaces. Then we show that a metric
space (X, d) is strongly convex if and only if it is M-convex (see Lemma [3.4.8). Thereafter,
we will show that if (X, d) is strictly convex, then it is M-convex. We will end this section
by showing that a metric space (X, d) is M-convex if and only if any two points x and y
of X can be joined by a unique curve of length d(z,y). In the fifth section, we recall best

approximations in M-convex metric spaces.

Chapter 4. In this chapter, we start our own investigations. In the first section, we
introduce the concept of betweenness and midpoint in Tj-quasi-metric spaces which was
introduced by Blumenthal [4]. We show that ¢-betweenness does not necessarily imply
q -betweenness ( see Example . Thereafter, we will show that ¢, ¢ '-betweenness
implies gT-betweenness in Ty-quasi-metric spaces. We will end this section by generalising
a well known result [4, Theorem 12.1] for the relation of betweenness in metric spaces, to
the setting of Tj-quasi-metric spaces. In the second section, we generalise the concept of
Menger convexity [21], from metric settings to the framework of Ty-quasi-metric spaces. In
the third section, we recall the convexity structure in the sense of Takahashi in Ty-quasi-
metric spaces. We will end this section by showing the relationship between Takahashi and
Menger convexity in Tp-quasi-metric spaces. In the fourth section, we generalise the concept
of M-convexity from the metric setting to the framework of Ty-quasi-metric spaces. In the

fifth section, we generalise the concept of best approximations in M-convex metric spaces.

Chapter 5. In this chapter, we discuss the findings and results of our work, and present
some open problems to be studied in future.

Chapter 6 This chapter is the conclusion of this thesis.



CHAPTER 2

PRELIMINARIES

In this chapter, we recall some basic concepts to be used throughout the dissertation. For
more details, we refer the reader to [9], [19], [15], [24], [6]. In some cases we provide the

proofs as a motivation for generalisations to come, and for the sake of the reader.

2.1. Metric spaces

In this section, we recall the definition of a metric space and give some examples.
Definition 2.1.1. Let X be a set and d : X x X — [0, 00) be a function mapping X x X

into the set of nonnegative real numbers. Then d is called a pseudometric on X if
(i) d(z,z) =0forall z € X
(i) d(z,y) = d(y,x) for all z,y € X
(iii) d(z,y) < d(x,z)+d(z,y) for all z,y,z € X
The pair (X, d) is called a pseudometric space. If further, for x # y we have that
d(z,y)>0,

then d is a metric on X and the pair (X, d) is called a metric space.
Example 2.1.2. Let X = [, be a space whose elements consist of all bounded sequences

o0 o0

(,,)5%, of real numbers, with the distance between = = (x,)$°; and y = (y,)5%, taken as

doo(x7y): sup |$z_yz|

1<i<oo
for all ,y € X, then (X, d.) is a metric space.
Example 2.1.3. Let F(X) be a space of real valued functions f : X — R, together

with a special point g € X. Then zy induces a pseudometric on the space F(X) where
d: F(X)xF(X)—[0,00) is given by
d(f.g) = |f(xo) — g(z0)]

for all f,g € F(X).
Definition 2.1.4. Let (X, d) be a metric space. The open ball of radius € > 0 centred at
x € X is the set

By(z,e) ={y € X : d(z,y)<e}.

Similarly, a closed ball of radius € > 0 centered at x € X is the set

Ca(z,e) ={y € X : d(z,y) < e}.



We note that the collection of all open balls forms a base for a topology 7(d), and it is called
the topology induced by the metric d on X.
Definition 2.1.5. Let (X, d) be a metric space and (x,)n,eny be a sequence in X. We say
that (x,) converges to a point z if for every € > 0, there exists N € N such that for all
n> N,

d(zn, ) <e.

In this case we say that z is a limit of the sequence (z,) in X and we write lim z,, = .
n—oo
Definition 2.1.6. Let (X, d) be a metric space.

(i) A sequence (x,)nen in X is Cauchy if for all € > 0, there exists N € N such that for
alln,m> N,
d(xp, Ty) < €.

(ii) A metric space (X, d) is complete if every Cauchy sequence is convergent in X.
Definition 2.1.7. Let (X, d) be a metric space. Given A C X and x € X, the distance
from a point x to a set A is defined by

dist(x, A) = inf{d(z,a) : a € A}.

Definition 2.1.8. Let (X, d) be a metric space. Given A, B C X, we define a Hausdorff
distance between sets A and B by
d(A, B) = inf d(a,b inf d(a,b) ;.
(A,B) maX{ilelApggB (a,0), sup inf d(a, )}

Definition 2.1.9. Let (X,dx) and (Y,dy) be metric spaces, and let zp € X. A function
f X — Y is said to be continuous at a point zy € X if given € > 0, there exists a § > 0
such that

dy (f(x), f(20)) <€

whenever dx(z,zg) < ¢ for all z € X.

The function f: X — Y is said to be continuous on X if it is continuous at each point of
X.

Definition 2.1.10. Let (X,dx) and (Y, dy) be metric spaces. A mapping f: X — Y is

said to be an isometry or isometric map provided that

dY(f($)7f(y)) = dx(l',y)

whenever z,y € X.

Two metric spaces (X, dx) and (Y, dy) will be called isometric provided that there exists a

bijective isometry f: X — Y between them.

We next recall the concept of a norm defined on a vector space X over a field F.
Definition 2.1.11. Let X be a vector space over a field F. A norm on X is a map ||.|| :
X — [0, 00) that satisfies the following properties, for all x,y, z € X and « € F;

5



(i) ||l = 0.
(ii) [|z|] = 0 if and only if x = 0.
(i

)

iii) ||az|| = [afl|z]].
(iv

[z +yll < [l]] + [lyl]-
A normed vector space is a pair (X, ||.||), where X is a vector space and ||.|| a norm on X.

We give some examples of a normed vector space over a field F.

Example 2.1.12. Let X = [ be a space whose elements are sequences © = (z;)5°; of

complex numbers such that Z |z;|P < 0o. For each € X define

=1

o0 1
p
||, = ( g |:1ci|p) for 1 <p < o0.
i=1

Then (X, ||.||p) is a normed vector space.
Example 2.1.13. Let X = Cla, b] be the set of all continuous real valued functions on a

closed interval [a,b]. For x € X, define
[|#[[oc = sup |z(t)]-
a<t<b

Then (X, ||7]|~) is a normed vector space.

We note that each norm on X induces a metric d by setting d(x,y) = ||z — y|| whenever

z,y € X.

2.2. Quasi-metric spaces

In this section, we recall the definition of quasi-pseudometric spaces and give some of their
properties.
Definition 2.2.1. Let X be a nonempty set and consider a function ¢: X x X — [0, 00).

Then, ¢ is called a quasi-pseudometric on X if
(i) g(z,x) = 0 whenever x € X.
(ii) g(z,2) < q(2,y) + q(y, 2) whenever z,y,z € X.

In addition, we shall say that ¢ is a Ty-quasi-metric provided that ¢ also satisfies the following

Ty-condition: For each x,y € X,

q(r,y) =0=q(y, ) = v =y.

The pair (X, q) is called a Ty-quasi-metric space.
Remark 2.2.2. If ¢ is a quasi-metric on a set X, then ¢7! : X x X — [0,00) defined by
q Y, y) = q(y, ) for every z,y € X, often called the conjugate or (dual) quasi-metric of g,

6



is also a quasi-metric on X. The quasi-metric on a set X such that ¢ = ¢~! is a metric. Note

Vand ¢" =g +q7*

that if (X, q) is a Ty-quasi-metric space, then ¢* = max{q,q"'} = qV ¢~
are called the associated metrics of ¢ on X.
Example 2.2.3. Let X = [0,00) and define ¢(z,y) = max{z — y,0} for z,y € X. Then

(X, q) is a Ty-quasi-metric space.

Proof. Let x,y,z € X. Then we see that ¢(z,z) = max{z — z,0} = 0. Also, we note that
Q(xv y) - max{x—y, 0} = max{x—z+z—y, 0} S max{w—z, O}+max{z—y, O} = Q(xv z)—l—q(zv y)

Now, we observe that ¢°(z,y) = |z — y| whenever z,y € X. If ¢(z,y) = 0 = q(y, z), then it
implies that ¢°(x,y) = 0. Since ¢° is a metric , therefore, we have that x = y and so (X, q)

is a Tp-quasi-metric space. 0

The following describes some concepts related to asymmetric topologies of a quasi-metric
space [6].

The topology 7(q) of a quasi-metric space (X, ¢) can be defined starting from the family v, (x)
of neighbourhoods of an arbitrary point z € X: For any V' C X, we have that V € v,(z) if
and only if there exists 6 > 0 such that B,(z,d) = {y € X : q(z,y) < §} C V if and only if
there exist € > 0 such that Cy(z,e) ={y € X : q(z,y) <e} C V. Aset AC X is 7(¢q)-open
if and only if for every x € A, there exists § = J, > 0 such that B,(z,d) C A. We shall say
that A is a ¢g-neighbourhood of x or that the set A is g-open.

Taking into consideration lack of symmetry, a quasi metric q generates three different topolo-
gies (see [0] ), that we recall next.

Definition 2.2.4. Let (X, q) be a quasi-metric space, and = € X and 6 > 0. Then:

(i) the topology 7(q) is generated by the quasi-metric ¢, where the open and closed balls
are described as follows: B,(x,0) C X, where By(x,0) = {y € X : q(z,y) < d}, and
Cy(z,0) C X, where Cy(x,0) = {y € X : q(z,y) < 6}

(ii) the topology (¢ ') is generated by the quasi-metric ¢!, where the open and closed
balls are described as follows: B,-1(x,0) € X, where B-1(z,0) = {y € X : q(y,z) <
0}, and Cy-1(x,0) C X, where Cp-1(z,9) = {y € X : q(y,z) < 6}.

(iii) the topology 7(q™1) is generated by the quasi-metric ¢~*, where the open and closed

balls are described as follows: B,s(z,d) C X, where By (z,0) = {y € X : ¢*(z,y) < ¢},
and Cys(z,0) C X, where Cys(2,6) ={y € X : ¢°(z,y) < 6}.

The following Propositions give some properties of asymmetric topologies:

Proposition 2.2.5. Let g and p be quasi-metrics on X inducing the asymmetric topologies
7(q), 7(q7) and 7(p), T(p~') respectively. Then, T(q%) is finer than 7(p*) if and only if for
all z € X and € > 0, there is a 0 > 0 such that By (z,e) C B,s(z,9).

Proof. Suppose that 7(p®) C 7(¢°). Let z € X and € > 0 such that B,:(z,¢) is open in
7(p*), so it’s open in 7(¢*). Since the ¢*-open balls form a basis for 7(¢*), then for all z € X,

7



there is a § > 0 such that x € Bys(x,9) C B,s(x,¢) by the definition of a basis.

Conversely, suppose that for all z € X and € > 0, there is a § > 0 such that By (z,d) C
B,s(x,e). We need to show that 7(p°) C 7(¢*). Let U be open in 7(p°), we must show
that it is open in 7(¢®). Let € U. Since the p®-open balls forms a basis for 7(p*), there
is an € > 0 such that + € B,s(x,e) C U. By assumption, there is a § > 0 such that
x € Bys(x,0) C Bys(z,€). Thus, € Bys(z,6) C U. Since € U was arbitrary, U is open in
7(q®). Therefore, 7(p*) C 7(¢%). O

Proposition 2.2.6. ([6, Proposition 1.5]) Let (X, q) be a quasi-metric space, then whenever
r€ X and e > 0,

(i) any ball By(z,€) is T(q)-open, By-1(x,€) is T(¢)-open and Cy(x,€) is 7(q¢*)-closed.
The ball Cy(z,€) need not be 7(q)-closed. Also, the following inclusions hold

Bys(x,€) C By(z,e) and Bys(x,€) C By1(x,¢),
with the similar inclusions for the closed balls.

(i) The topology T(q*) is finer than the topologies T(q) and T(q™1), indeed 7(¢°) = 7(q) V
7(q7Y). This means that :

e any 7(q)-open(closed) set is T(q*)-open(closed), similar results hold for the topol-
ogy T(q ).

e the identity mappings from (X, 7(q¢%)) to (X,7(q)) and to (X,7(q7")) are contin-

uous,

o a sequence (Tp)nen n X is 7(q%)-convergent if and only if it is T(q)-convergent

and 7(q~')-convergent.

(iii) the topologies T(q) and T(q') are Ty, but not necessarily Ty (and so nor Ty, in contrast
to the case of metric spaces). The topology 7(q) is Ty if and only if q(x,y) > 0 whenever
x # y. In this case, 7(¢"') is also T\ and, as a bitopological space, X is pairwise

Hausdorff.

Proof. (i) Let y € X be such that ¢(z,y) < d and ¢ = 0 — q(x,y) > 0. If z € X is
such that q(y,z) < e then q(z,2) < q(z,y) + q(y,2) < q(z,y) + & = 0, this shows
that By(z,e) € By(x,d). Hence By(x,¢€) is 7(¢)-open. Similarly, let y € X with
q(z,y) > e and § = q(x,y) —e > 0. If 2 € X is such that ¢(z,y) = ¢ '(y,2) < ¢
then q(z,y) < q(z,2) +q(z,y) < q(z,2) + 6, so that By-1(x,0) C B,-1(x,€). Hence
B,-1(z,0) is (¢~ ')-open
Next, we prove that Cy(z,€) is 7(¢7')-closed. Let y € X be such that y ¢ X\C,(x,€)
and setting § = ¢(z,y) — e > 0. Then B,-1(z,8) N Cy(x,€) = B, or equivalently
By-1(z,0) = X\Cy(z,€). Indeed, if z € By-1(z,5) N Cy(x, €), with ¢(z,y) = ¢ *(y, 2) <
J, then we have that q(z,y) < q(z,2) + q(2z,y) < e+ q(z,y) < e+ = q(z,y), a
contradiction. Therefore, X\C,(z,€) is 7(¢"*)-open and so C,(z,€) is 7(¢*)-closed.

8



Since q(x,y) < ¢(z;y) and ¢ Hz,y) < ¢*(z,y) for all z,y € X, then the given

inclusions hold.

(ii) Suppose that ¢ '(z,y) < ¢*(z,y). From ¢*(z,y) = max{q(z,y),q *(z,y)}, we have
that A € 7(¢°) is equivalent to the fact that for every € A there exists a quasi-metric g
and 6 > 0 such that By (x,d) C A. Since ¢(x,y) < ¢ implies that ¢*(x,y) < ¢(z,y) <9,
we have B,(z,d) C Bys(z,0) C A, so that A € 7(q). Hence, By(z,6) C By(x,0) and
so by Proposition we have 7(¢) C 7(¢®). Similarly, if ¢(x,y) < ¢°(z,y), then
A € 7(¢°) with z € A implies that there exist a quasi-metric ¢ and § > 0 such
that Bys(z,0) C A. As q(y,z) < 0 implies ¢(z,y) < q(y,x) < 6, it follows that
By-1(2,0) C Bys(x,8) C A, so that A € 7(¢7"). Hence, Bys(x,0) C B,-1(x,6) and so
by Proposition we have that 7(¢7') C 7(¢°). Therefore, we conclude that the
topology 7(¢*) is finer than the topologies 7(¢) and 7(qg™').

(iii) If z and y are distinct points in the quasi-metric space (X, ¢) then max{q(z,v), ¢(y, )} >
0. If ¢(z,y) > 0, then y ¢ B,(z,¢) where € = ¢(z,y). Similarly, if ¢(y,x) > 0, then
x ¢ B,(y,d), where 6 = q(y,z). Consequently, 7(q) is Ty and 7(¢') as well.
Next, suppose that g(z,y) > 0 for every x # y. Then y ¢ B,(z,q(z,y)). Since
q(y,x) > 0 too, © ¢ B,(y,q(y,z)), showing that the topology 7(¢) is 7;. Similarly,
(¢ is Ty.
Conversely suppose that 7(¢) is T} and let z,y € X, x # y. Then, there exists a
quasi-metric ¢ and 6 > 0 such that = ¢ By(y,¢), which implies that ¢(x,y) > .
Also By-1(x,d) N By(x,6) = 0 where § > 0 is given by 20 = ¢(z,y) > 0. Indeed if
2 € By-1(x,0) N By(z,6), then

Q(I7y) < q((lf,Z) + Q<Z7y) <0+0= Q('x’y)

a contradiction, which shows that (X, 7(q),7(¢"")) is a pairwise Hausdorff.

We present the following standard definitions.

Definition 2.2.7. If (X, ¢) is a quasi-metric space, then the pair (B,(z, ), By-1(z, s)) where
z € X and r, s € [0,00) is called a double ball. In general, (B,(z;,7:), (By-1(2s, S;))icr, With
z; € X and r;, s; € [0,00), is called a family of double balls.

Definition 2.2.8. Let (X,q) be a quasi-metric space. For any subset A of X, we call
clygANclg-1)A the double closure of A. Moreover, if A = cl gy ANcl
A is a doubly closed subset of X.

Definition 2.2.9. A subset A of a quasi-metric space (X, q) is said to be bounded if there

r(g-1HA, then we say

exists a real number M > 0 such that ¢(z,y) < M whenever x,y € A. Equivalently, a subset
A of (X, q) is bounded if there is an z € X and r, s > 0 such that A C Cy(z,7) N Cy-1(z, s).
Definition 2.2.10. Given a subset A of a quasi-metric space (X,d), the diameter of A,
denoted by diam(A) is defined as diam(A) = sup{q(z,y) : x,y € A}. We say that set A is
bounded if diam(A) < co.



Definition 2.2.11. Let (X, ¢) be a quasi-metric space. Given A, B € Z;(X) and x € X, a
mapping qg : Po(X) x P(X) — [0, 00) defined by

qu(A, B) = max {sup dist(a, B), sup dist(b, A)} )

a€A beB

is said to be the extended Hausdorff (-Bourbaki) quasi-pseudometric on %y(X). It is
known that ¢y is an extended Ty-quasi-metric when restricted to the set of all nonempty
subsets A of X which satisfy A = cl (AN clyg-1)A.

The following describe some properties of maps between two quasi-pseudometric spaces;
Definition 2.2.12. Let (X, ¢x) and (Y, gy ) be quasi-metric spaces. A map f: (X, qx) —
(Y, gy ) is said to be an isometry provided that gy (f(z), f(v)) = ¢x(z,y) whenever z,y € X,

that is, f is distance preserving.

Two quasi metric spaces (X, ¢x) and (Y, qy) will be called isometric provided that there
exists a bijective isometry f : (X, qx) — (Y, gy ) between them.

We next recall some basic concepts related to the convergence of sequences in quasi-metric
spaces;

Definition 2.2.13. Let (X, ¢) be a quasi-metric space.

(i) A sequence (x,) converges to x with respect to 7(q), called g-convergence or left-

convergence and denoted by x, — z, if and only if
q(z,x,) — 0.
(ii) A sequence (z,) converges to Wlth respect to 7(¢™ 1), called ¢~ !-convergence or right-
convergence and denoted by x,, —> x, if and only if

q(zp,z) — 0.

(iii) A sequence (z,) ¢°-converges to x if it is both left and right g-convergent to x. That is
s -1
T, - x = 1z, — 7z and T, — T.
Definition 2.2.14. A sequence (z,) in a quasi-metric (X, q) is called

(i) left g-Cauchy if for every € > 0, there exists n. € N and x € X such that

Vn>n. q(z,x,) <e.

(ii) right g-Cauchy if for every € > 0, there exists n. € N and = € X such that
Vne, qx,,x) <e.
(iii) left K-Cauchy if for every € > 0, there exists n € N such that
Vn,k:n.>k>n, qrg,a,) <e.
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(iv) right K-Cauchy if for every £ > 0, there exists n € N such that

Vn,k:n.>k>n, q(r,xg) <e.

(v) ¢*-Cauchy if for every € > 0, there exists n. € N such that
Vn,k>n.  q(r,,x;) <e.

Remark 2.2.15. (i) ¢*-Cauchy = left K-Cauchy = left q-Cauchy. The same im-
plications holds for the corresponding right notations. However, none of the above

implications are reversible.

(ii) A sequence (z,) in a Ty-quasi-metric space is left Cauchy with respect to ¢ if and only

if it is right Cauchy with respect to ¢~'.

(iii) A g-convergent sequence is left g-Cauchy and a ¢~ !-convergent is a right g-Cauchy.
(iv) A sequence is ¢*-Cauchy if and only if it is both left and right K-Cauchy.

The following results concerning sequences in quasi-metric spaces are true.

Proposition 2.2.16. Let (x,) be a sequence in a Ty-quasi-metric space (X, q):
(1) If (x,) is T(q)-convergent to x and 7(q~')-convergent to y, then q(x,y) = 0.
(ii) If (z,,) is 7(q)-convergent to x and q(y,z) = 0, then (z,) is 7(¢~')-convergent to y.

(iii) If (x,,) is left K-Cauchy and has a subsequence which is 7(q)-convergent to x, then

(xy,) is T(q)-convergent to x.
(iv) If (z,) is left K-Cauchy and has a subsequence which is T7(q~')-convergent to x, then

(1,,) is T(q"1)-convergent to x.

Proof. (i) Suppose that (z,) is 7(g)-convergent to x and 7(¢~!)-convergent to y , then
z, — z if and only if ¢(z, z,) — 0 as n — oo and z, — y if and only if ¢(x,,y) — 0

as n — 0o. Now, using triangle inequality and letting n — oo, we have that

q(z,y) < q(z, zn) + q(zn,y) — 0
and so we obtain that ¢(z,y) < 0 which implies that ¢(z,y) = 0.

(ii) Suppose that (x,) is 7(¢q)-convergent to x and ¢(y,z) = 0, then z,, — x if and only
if ¢(z,z,) — 0 as n — oo and ¢(y,x) = 0. Then using the triangle inequality and

letting n — oo, we have

9y, wn) < q(y, ) + (@, 20) = q(2,2,) — 0
and so q(y, r,) — 0 as n — oo. Hence, (x,) is 7(¢~!)-convergent to y.
(iii) Suppose that (z,) is left K-Cauchy and (z,,) is a subsequence of (z,) such that
lim ¢(z,z,,) = 0. For € > 0 choose ng such that ny < m < n implies q(z,, z,) < ¢,

k—>
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and let kg € N be such that ng, > ng and ¢(z,z,,) < ¢ for all & > k. Then, for
n 2> Ny, ¢(T,20) < q(@, Ty ) + (T Tn) < 26

(iv) Suppose that (z,,) is left K-Cauchy such that there exists a subsequence (z,, ) which
is 7(q~')-convergent to some z € X. For ¢ > 0 let kg € N be such that for all
k > ko, q(xn,,x) < €, and let ny € N be such that for all m,n € N, np < m < n
implies q(zp,z,) < €. For n > nyg, let k > ko be such that ny < n, &k € N. Then
q(Tn, ) < q(xn, xp,) + q(20,, ) < 2.

Definition 2.2.17. Let (X, ¢) be a quasi-metric space. We say that (X, q) is
(i) left K-complete provided that any left K-Cauchy sequence in X is g-convergent.

(ii) right K-complete provided that any right K-Cauchy sequence in X is ¢~ '-convergent.
Definition 2.2.18. Let (X, q) be a Ty-quasi-metric space. Then (X, ¢) is called bicomplete

provided that the associated metric space (X, ¢®) is complete.

2.3. Asymmetric normed spaces

In this section, we recall the definition of an asymmetric norm on a real vector space X and
give some examples.

Definition 2.3.1. ([6, p.10]) Let X be a real vector space and |.| : X — [0,00) be a
mapping of X into the set [0,00). Then ||.| is called an asymmetric semi-norm on X if for

all z,y € X and a € [0, 00) we have that
@) floz| = allz]
(i) 1o+ 91 < llo] +
If in addition, we have
(iii) ||z| = ||-=| = 0 if and only if z = 0,

then .| is called an asymmetric norm on X, and the pair (X, ||.|) is called an asymmetric

normed space.

We note that each asymmetric norm on X induces a Ty-quasi-metric g by setting ¢(z,y) =
|z — y| whenever x,y € X.

Remark 2.3.2. ([6, Remark 1]) If ||.| is an asymmetric norm on a real vector space X,

then the function |.|| : X — [0,00) defined by |z|| = ||—z|, whenever x € X is also an
asymmetric norm on X called the conjugate to ||.|. We note that the symmetrisation of
the asymmetric norm ||.| is the function ||.|| : X — [0, 00) given by ||z|| = max{||z|, |z||}

whenever x € X and is called a norm on X.

We now look at some examples of an asymmetric norm on a real vector spaces:

12



Example 2.3.3. ([6, Example 1.2]) If X = R is a real vector space, consider the asymmetric

norm defined for all € R by ||z| = 27 where 27 = max{z,0} is the positive part of .

Then |z|| = 2~ = max{—=z,0} and ||z|| = max{zT, 27} = |z|.

Example 2.3.4. ([19, Example 3]) Let (X, q) be a Ty-quasi-metric space, C,(X) be the real
vector space of continuous bounded real valued functions on X and || f| = sup,.y (max{f(x) —0,0})

whenever f € Cy(X). Then || f| is an asymmetric norm on Cy(X).

Proof. We show that ||f| is an asymmetric norm on Cy(X). Let f,g € Cy(X) and a € R.

We show that the three conditions of asymmetric norm are satisfied

1) lafl = supex max{of(z) - 0,0}]
sup,ex [amax{f(x) - 0,0}]
= asup,ex [max{f(z) - 0,0}]

= aflfl.

(i) [[f + g sup,ex [max{f(z) + g(x) — 0,0}
up,ex [mac{f(z) — 0,0} + ma{g(z) — 0,0}
sup,cx (max{f(z) — 0,0}) + sup,x (max{g(x) — 0,0})

= [+ 1lgl

IAINA

(iii) We first observe that ||f|| = max{]||f|,|] — f|} is a norm on Cy(X). Now, if ||f| =0
and || — f| = 0, and (X, ¢) is a Ty-quasi-metric space, then ||f|| = max{||f],|| — f|} =
max{0,0} = 0. Since ||f]| is a norm on Cy(X), then we have that f = 0.

Conversely, if f = 0, then we have that || f| = sup,¢ y [max{0 — 0,0}] = sup,cx(0) =0
and || — f| = sup,ex [max{—0—0,0}] = sup,cx(0) = 0. Hence, we have that ||f| =
0= — f| if and only if f = 0.
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CHAPTER 3

CONVEXITIES IN METRIC
SPACES

In 1970, Takahashi [2§] introduced a convex structure on a metric space which is called
Takahashi convex structure and is a generalization of the convex structure in the ordinary
sense. Earlier to it, in 1928, Menger [2I] proposed another concept of convexity in a metric
space, which is known as Menger convexity and is a generalization of convexity in the usual
sense as well. Later on Khalil [I1], defined strong convex metric spaces which is also the
generalization of convexity in ordinary sense.Therefore, we note that all the three convexities
are the generalization of the ordinary convexity:.

In this chapter, we recall convexities in metric spaces, namely; Menger convexity, Takahashi
convexity, strong and M-convexity (see [21], [28], [I1]). We will see that all these convexities
are the generalization of convexity structure in an ordinary sense and the converse is not true.
Since these convexities rely on the concept of betweenness, a fundamental concept to the
study of axiomatic geometry, we start by recalling betweenness in metric spaces. Thereafter,
we recall convexities in metric spaces and some best approximations for M-convex metric

spaces.

3.1. Betweenness in metric spaces

In this section, we recall the concept of betweenness in metric spaces. This notion was
introduced by Blumenthal [4].

Definition 3.1.1. ([4, Definition 12.1]) Let (X, d) be a metric space. A point z € X is said
to be between x and y if and only if = # 2z # vy,

d(z,y) =d(z,z) +d(z,v).

We shall symbolize this relationship by [xzy|s to mean z is between x and y in a metric
space X. We must also note that [xzy|s implies that x, y and z are pairwise distinct, since
d(xz,y) > 0.

Definition 3.1.2. ([23] Definition 2.1.0]) Let (X, d) be a metric space and z,y, z € X. For
any points x,y, z € X, the set

B(z,y) = {2 € X :d(z,2) + d(2,y) = d(z,y)}
is called the metric segment of x and y.
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Definition 3.1.3. ([4, Definition 13.3]) Let (X, d) be a metric space and z,y,z € X. Then
z is said to be a midpoint of x and y if and only if x # y # 2,

d(z,z) =d(z,y) = @

Theorem 3.1.4. ([4, Theorem 12.1]) In a metric space (X, d), the relation of betweenness

has the following properties:

(i)
(1)
(iif)

)

(iv

[xzy|q implies [yzx]; (symmetry of the outer points).
If [xzylq then neither [xyz]y nor [zzyls holds (special inner points).
[zzy]q and [zyw]y are equivalent to [zzw]; and [zyw]q.

If 2,y € X , the set BY(z,y) = {z} U{y} U B%(z,y) is closed, where B4(z,y) is the set

of all points between x and y.

Proof. (i) Let x and y be distinct points of X. If [xzy|q then d(z, 2) 4+ d(z,y) = d(z,y).

(iii)

Since X is a metric space, then the symmetry condition gives d(y, z) +d(z,z) = d(y, x)
which implies that [yzx],.

Since [xzy|q implies that « # z # vy, d(z, z) + d(z,y) = d(z,y) and [ryz|s implies that
r#y#z dz,y)+dy,z) = d(z,z). From the two equalities we have 2d(z,y) = 0
which implies that z = y, which contradicts that y # z. Hence, [zyz]; cannot hold.
Similarly, since [xzy|q implies that z # z # y, d(z,2) + d(z,y) = d(z,y) and [zzyly
implies that z # = # vy, d(z,z) +d(z,y) = d(z,y). From these two equalities we obtain
2d(z, z) = 0, which implies that x = z, contradicting that x # z. Therefore, [zzy],

cannot hold too.

Suppose [zzy]s and [zyw], holds, then we have x # y # 2z, d(x,z) +d(z,y) = d(x,y)
and ¢ # y # w, d(z,y)+ d(y,w) = d(z,w) for all z,y,z,w € X. Now, from
d(w, 2) + d(z,y) = d(z,y) and d(z,y) + d(y,w) = d(z,w) we get

d(z,w) = d(z,z) + d(z,y) + d(y, w). (3.1)
Applying the triangle inequality to Equation [3.1] we have

d(z,w) =d(z,z) +d(z,y) + d(y, w)
>d(x, z) + d(z,w)
> d(z,w).

This implies that d(x, z)+d(z, w) = d(x,w). Since each two points are pairwise distinct,
we have that [zzw]y. Now, substituting d(z, z) + d(z, w) = d(z,w) in Equation [3.1] we
obtain d(z,w) = d(z,y) + d(y, w) and also, since each two points are pairwise distinct,

we have that [zyw]s. The converse follows directly from the above argument.
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(iv) We show that if z is a limit point (or accumulation point) of B4(x,y), with x # y # 2,
then z € B%(x,y). Since z is a limit point, there exists a sequence {z,} that converges

to z, where z, € B%(x,y). Hence, we have
d(x, zp) + d(zn,y) = d(z,y)
for all n € N. From continuity of a metric d, we have
d(z,z) +d(z,y) = d(z,y)

and so we have that z € B(z,y). Therefore, B4(x,y) is a closed set.

3.2. Menger convexity in metric spaces

In this section, we recall the concept of Menger convexity which was introduced by Karl
Menger [21] in 1928. He used the idea of betweenness to define convexity in metric spaces.
We start by recalling the definition of convexity in the usual sense and give some examples
of in this case:

Definition 3.2.1. Let X be a linear space and A € [0,1]. A subset A of X is said to be

convex if for all z,y € A , we have

A+ (1= Ny e A.

A point of the form zA + (1 — Ay, A € [0, 1] is called a convex combination of x and y.
Example 3.2.2. (|23]) Consider the interval [a, b] € R. We show that this interval is a convex
set. Let u,v € [a,b] be two arbitrary elements. We need to prove that tu+(1—t)v € [a, b] for
all t € [0,1]. Since u,v € [a,b], then u,v < b. Ast € [0, 1], it follows that tu + (1 —t)v < b.
Using a similar argument tu + (1 — ¢)v < a. As uw and v were arbitrarily chosen, then
tu+ (1 —t)v € [a,b] for all u,v € [a,b] and ¢ € [0, 1].

We now recall Menger convexity in metric spaces and later show that convexity in ordinary
sense implies Menger convexity but the converse is not true.

Definition 3.2.3. ([2I], Definition 2.1.1]) A metric space (X, d) is said to be Menger convex
if for every x,y € X and for each t € [0, 1], there exists z € X satisfying the following two

conditions
(i) d(x,z) = td(x,y)

Remark 3.2.4. ([8, Remark 2.8]) A metric space (X, d) is said to be Menger convex if for
every x,y € X, there exists a point z € X such that

d(z,z) +d(z,y) = d(z,y).
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We notice that we have just added conditions (i) and (i7) in Definition to obtain the
result in above remark and so we observe that Menger convexity implies betweenness in

metric spaces but the converse is not true.

The following example shows that Menger convexity does not imply convexity in the usual
sense:

Example 3.2.5. ([I6, p.112]) Let X = Q be the set of rational numbers in [0, 1] and d be
a metric defined by d(z,y) = |z — y| for all 2,y € X. Then (X, d) is Menger convex. To see
this, let z,y € X, © # y, set z = xTer € X, then we have

B r+y| |2ze—x—y| 1 1
and 5 . .
T4y y—1r—y

That is, d(x,y) = d(x, z) + d(z,y) for all z,y,z € X.
On the other hand, the set of all rational numbers in [0, 1] is not convex. Since for every
two rational numbers there is an irrational number between them. Hence it is not possible

to join two points without leaving the set.

The following Proposition gives an equivalent definition of Menger convex metric space. This
result will be extended to Ty-quasi-metric setting with minor modification.

Proposition 3.2.6. ([23, Lemma 2.1.2]) Let (X,d) be a metric space. Then (X,d) is
Menger convez if and only if for every x,y € X with x # y we have

Ca(z,m) N Cy(y,r — \) #0,

where r = d(z,y) and every A € [0,7].

Proof. Suppose that for every x,y € X with x # y we have
Cd('ra )‘) N Cd(y7r - )\) # (2)7

where r = d(z,y) and every A € [0,7]. Let z,y € X, 0 <t < 1. Then 0 < ¢r < r. Let
ry =tr and ro = r —tr ier +ry =r =d(x,y). Then there exists z € Cy(z,71) N Cy(y,2)
such that d(z,2) <r and d(z,y) < 7.

Now, using the triangle inequality we have,
d(z,y) < d(z,2) +d(z,y) Sri+ra=r=d,y)

and so d(x,y) = d(x,z) + d(z,y), thus we have that d(z,z) = r, = tr = td(z,y) and
d(z,y) =ro =1 —tr = (1 —t)d(x,y). Hence, (X,d) is Menger convex metric space.
Conversely, suppose that (X, d) is Menger convex. Let z and y be distinct points of X such
that d(x,y) = r and A € [0,7]. We want to show that

Ca(z, \) N Cy(y,r — N\) #£ 0.
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A

To do this, let t = —, so that 0 < t < 1, and by Menger convexity of (X,d), there exists
r

z € X such that

d(z,z) =td(z,y) =tr =X and d(z,y) =1 —-t)d(z,y) =1 —t)r=r—A

This implies that z € Cy(z, ) and z € Cy(y,r — A) and so z € Cy(z,\) N Cy(y,r — A) .
Hence,
C’d(xu )‘) N Cd(y,’f’ - /\) 7é @

]

Remark 3.2.7. A subset A of a convex metric space (X, d) is said to be Menger convex if

for every x,y € A, any point between z and y also lies in A.

We now give the fundamental theorem of metric convexity which was introduced by Menger
(1928) in [21]. We start by stating, without proof the Caristi’s Theorem, and later use it to
prove Lemma [3.2.11} The proof of Caristi’s Theorem can be found in [§].

Definition 3.2.8. Consider a function f: X — X and a point o € X. The function f is

said to be upper (resp. lower) semi-continuous at the point zg if

f(zo) > lim sup f(x) (resp. flzg) < h_}m inff(:v)) :

T—xQ T—>T0

Definition 3.2.9. ([8, Definition 1.2.1]) Let (X,d) be a metric space. A self-mapping
f X — X is said to be a Caristi’s mapping if there exists a lower semi-continuous

function ¢ : X — [0, +00) such that

d(z, f(r)) < p(z) — o(f(2)),
for all z € X.

The following theorem will be used to prove Lemma[3.2.11]and Lemma [3.2.12] and later these
Lemmas will be used to prove Theorem [3.2.14

Theorem 3.2.10. (Caristi’s Theorem) Let (X, d) be a complete metric space and let ¢ :
X — [0, +00) be a lower semi-continuous and bounded function. Suppose that f : X — X

is an arbitrary self-mapping which satisfies:

d(z, f(2)) < @(x) — o(f(2)),x € X.
Then f has a fixed point.

Lemma 3.2.11. ([8, Lemma 2.1]) Let (X, d) be a complete metric space with x,y € X,z # v,
and suppose 0 < X\ < d(z,y). Let S = S(z,y,\) = {2z € B(x,y) : d(x,2) < A\}U{z}. Then
there exists a point zy € X such that

(i) zx € S(z,y, \).

(ii) u € BY(z,y) and [vzyulq implies d(x,u) > .
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Proof. (i) For each z € S with d(z,2z) < A there exists y, such that [zzy,]s. In this
case we define a mapping G : S — S by G(z) = yy if d(z,2) < X and G(z) = z if
d(z,z) > A. Also define ¢ : S — (0,00) by ¢(z) = XA — d(z,2). Since the metric
d is continuous and A is a constant, then ¢ is continuous on S. For z € S and from

d(z,G(2)) =d(x,2) + d(z,G(z)), we have

d(z,G(2)) =d(z,G(2)) — d(x, z)
=A—A+d(z,G(z)) —d(z, 2)
=A—d(z,z) = (A —d(z,G(2))) = p(z) — p(G(2)).

Since S is a closed subset of a complete metric space X, then by Caristi’s theorem, we
have G(z) = z for some z € S. This implies that d(z,z) = A and so we can choose
on=z€S8

(ii) Let u € B%(z,y) and that there exists 2’ € S with d(z,2’) < X such that [zz'u];. Then
it follows that d(x,u) > A. Hence the result.

]

Lemma 3.2.12. ([8, Lemma 2.2]) Let (X,d) be a complete Menger convex metric space
with x,y € X,x # vy, and suppose 0 < X\ < d(x,y). Then there exists 2’ € S such that [x2'yl4
and d(z,2") = .

Proof. By Lemma [3.2.11] there exist z) € S such that
(i) 2y € S(z,y, ).
(ii) u € BY(w,y) and [rzyulq implies d(x,u) > ).

Let A" = d(z,y) — A and again applying Lemma we obtain y, € X such that
(@) yy € S(y, 22, N)-

(i1) u € By, zy) and [yyyu]s implies d(y,u) > X"

’

Case 1. Suppose zy = yy. Since zy = yy € S(y, 2x, A'), we have d(y,zy) = d(y,yy) < A
and also z) € S(z,y,\), gives d(z, zy) < A. Now, using the triangle inequality

d(z,y)

< d(l’, Z)\) + d(Z)\, y)
<A+ X =d(z,y).

Thus, d(z,y) = d(z, z)) +d(2y, y). Since d(z,y) = A+ N = d(x, z\) +d(2,,y), then it follows
that d(z, zy) = .

Case 2. Suppose zy # y,’. In this case since X is convex in the sense of Menger, there exists
w € X such that [z \wy,|s. By assumption the relations [zz)yls, [2ayyyla and [zxwyy g

hold. It follows from transitivity of betweenness that [zwylq, [zzaw]4, [ywzala and [yy,la
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also hold. Now, [zwyls and [zz\w|q imply d(z,w) > X by (ii) while [ywz,]qs and [yyyw]q
imply d(y,w) > X by (i1)". Therefore, d(z,y) = d(z,w) +d(w,y) > A+ X = d(z,y). This is

a contradiction and so using the same argument as in case 1, we have that d(z,w) = A. 0O

Next, we state without proof Banach Extension Theorem, which will be used to prove The-

orem [3.2.141

Theorem 3.2.13. (Banach Extension Theorem) Let f be a bounded linear functional on

a subspace Z of a normed space X. Then there exists a bounded linear functional f on

X which is an extension of f to X and has the same norm ||f||x = ||f||z where ||f||x =
sup  [f(z)] and [|fllz = sup [f(x)]
zeX,||z||=1 z€Z,||z||=1

We end this section by looking at the fundamental theorem of convexity which was pioneered

by Menger[21]. This theorem is very important in the study of the geometry of metric spaces.

Theorem 3.2.14. If (X,d) is a complete and Menger convex metric space, then any
two points xz,y € X can be joined by a metric segment.i.e there exists an isometry ¢ :
[0,d(z,y)] — X with ¢(0) = z and ¢(d(z,y)) = y.

Proof. Let xzg,z1 € X,x9 # x;. By Lemma [3.2.12] there exists 1, € X such that
d(zo, x1/2) = d(x1/2,71) = %d(mo,xl) i.e x1/9 is a midpoint of the pair (xg,z1). Let A =

d(xg, 1) and define the mapping F' by taking
F(O) = Xy, F()\/2) - 331/2, F()\) = T1.

Again by Lemma [3.2.12] there exists points 21,4 and 3/, which is a pair of (x¢,2;/2) and

(w12, 1) respectively. Define
F(N4) = 214, F(3\/4) = 234

We show that F' is an isometry on the set A = {0, A/4,A/2,3\/4, A\}. That is,
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d(F(0), F(\/4)) = d(wg, 214) = }ld(ajo,xl) _ % _ ’0 - 2' — (0, \/4).
d(F(0), F(V/2)) = d(xg, 21/2) — %d(mo,xl) - g - ’o - ;' — d(0,7/2).
d(F(0), F(3)\/4)) = d(g, 231) — Zd(wo,xl) 32 ‘0 - % — d(0,3)/4).

d(F(0), F(\) = d(zo, 1) = A = [0 — | = d(0, ).

AP A, F(32) = dloyn 1) = ) = Jalan ) = 7 = | - g‘ — (V40 2).

A(F(A/4), FOV) = (s, 1) = zd(xo,xl) _ % _ ‘2 _ )\‘ A\ /4, 0)

A(F(A\/2), F(3A/4)) = d(21 2, 3/) = }Ld@go,xl) -~ 2 -~ ‘% - % = d()\/2,3)/4)
d(F(\/2), F(\) = d(w1/2, 1) = d(20,21/2) = ;d(xo,xl) g = '3 - /\‘ = d()\/2,)\).
d(F(3M\/4), F(\)) = d(x3/4, 1) = d(x1 )3, 34) = id(xo,xl ‘— - )\’ — d(3\/4, \).

Hence, the mapping F' is an isometry on the set A = {0,A/4,A/2,3)X/4,\}. By induction
we obtain the points {z,/n},1 < p < 2" —1 for all n € N in X such that the mapping
F : p\/2" — xp/on is an isometry. Since {pA/2"} is a dense subset of [0, \] with F* an
isometry defined on this set, and since X is complete, by Banach extension theorem, we can
extend F to the entire interval [0, A] by the function ¢, and thus obtaining a metric segment

in X joining xy and x;. [

3.3. Takahashi convexity in metric spaces

In this section, we recall the concept of Takahashi convexity in metric spaces. This concept
was introduced by Wataru Takahashi [28] in 1970 and later it was extensively studied by
Machado (J20]) and Talman(]29]). We will end this section by showing that Takahashi
convexity implies Menger convexity.

Definition 3.3.1. ([29, Definition 1.1]) Let (X,d) be a metric space. A mapping W :
X x X x[0,1] — X is said to be a Takahashi convex structure (T'C'S) on X if for all
z,y € X and A € [0, 1],

d(u, W(z,y,\)) < Ad(u,x) + (1 — N)d(u,y)

for all w € X. The metric space (X, d) together with a convex structure is called a convex

metric space.
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Note 3.3.2. A Banach space and each of its convex subsets are also convex metric spaces
but the converse is not true.

Definition 3.3.3. (|28]) A subset K of a convex metric space X is said to be convex if
W(z,y,\) € K for all z,y € K and X € [0, 1].

The following example shows that Takahashi convexity does not imply convexity in the usual
sense:

Example 3.3.4. ([29, p.112]) Let X be the set of rational numbers in [0,1] and d be a
metric defined by d(x,y) = |z — y| for all z,y € X, and a mapping W : X x X x [0,1] — X
defined by W(z,y,\) = Az + (1 — A\)y. Then we have

d(“? W(.T,y,)\)) = ”LL - W(‘Taya )‘)|
S Au—af+ (1= A)|u—y|
= M(u,z) + (1 — Nd(u,y),

for all w € X. Hence W is a Takahashi convex structure on X, and so (X, d) is convex in
the sense of Takahashi.
However, the set of all rational numbers in [0, 1] is not convex. Since for every two rational
numbers there is an irrational number between them. Hence it is not possible to join two
points without leaving the set.
Definition 3.3.5. ([20]) A TC'S W on a metric space (X,d) is said to have Property (I)
provided that

d(W(z,y, A1), W (z,y, X)) = [Ar — Aold(z,y)

for all z,y,2 € X and A\, s € [0, 1].

We now give two examples of convex metric spaces in the sense of Takahashi (see [28]) :

Example 3.3.6. ([28, Example 2|) Let (X, d) be a metric space with the following properties;
(a) Forall z,y € X,

(b) For all z,y € X and A € [0, 1]

dAz+ (1 —=N)y,0) < Ad(x,0) + (1 — N)d(y,0).

Then the metric space (X, d) is convex.

Proof. Let x,y € X and for every A € [0, 1], define a mapping W : X x X x [0,1] — X by
W(z,y,A\) = Az + (1 — N)y. We show that (X, d) is convex in the sense of Takahashi. Thus
for all w € X and property (a), we have

du, W(z,y,\)) =dAz+ (1 — Ny, u)

d
dAz+ (1 =Ny —u,0)
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Now, we can write u = Au + (1 — A\)u and using property (b) we have,

d(u, W(z,y,\) =dAx+ (1 — Ny — u,0)
=dANz—u)+ (1 = X)(y —u),0)
M(z —u,0)+ (1 —N)d(y —u,0)
M(u, z) + (1 = N)d(u, y).

IN

Hence, W(z,y, A) is a convex structure on X and so (X, d) is a convex metric space. O

Example 3.3.7. (|28, Example 1]) Let I be the unit interval [0,1] and X be the family
of closed intervals [a;,b;] such that 0 < a; < b; < 1. For I; = [a;,b;], I; = [a;,b;] and
A € [0, 1], we define a mapping W by W (a;, bj, \)=[Aa; + (1 — N)a;, Ab; + (1 — A\)b;] and define

a metric d in X by a Hausdorff distance i.e
d(L;, I;) = sup{|inf{a = b[} = inf {|a = c[}[}.
Then the metric space (X, d) is convex.
Proof. We prove that (X, d) is a convex metric space by showing that d(I, W (I;, I;, \)) <
M1y, I;) + (1 — N)d(Iy, I;). By the Hausdorff distance
M (I, L) + (1 — N)d(I, 1)
= > (suptlinf fle 0} = g {la = )} )+ (1= %) (suplljnf (la — 1) ~ i (o = e} )
S : o B : B o B B
> sup {1 i (a1} = inf (= f) + jnf (1 = Al = 1) = inf (1 = Mo~ e} }

ael

_ irg;{|;glg{A|a—b|}+;gIg{<1 — Nla— b} - (;gg{A|a—c|}+;g£{<1 —A>|a—c|}) |}
> ilé§>{|blglfk{|a—bl} _ (;glfj{x|a—c|}+;g;{<1 —A>|a—c|}) |}

Now, we have that

inf (Mo — e} + inf {(1 = Ao — e} = Ce[iggbi]{la ey nf ()

> {!a—c|}

ce[Aa;+(1— )\)a] Abi+(1—=X)b
—  inf — )
R T

Thus, we have that
AL, 1) + (L= Nd(L, ;) 2 sup{|inf {Ja = b} = __inf  {la=cl}}
=d(Ix, W(1;, I;, \)).
Hence, d(1,, W (I;,1;,N)) < Ad(Iy, I;) + (1 — N)d(I, I;) and so (X, d) is convex. O

We have the following properties of convex metric spaces;
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Proposition 3.3.8. ([28, Proposition 1]) Let {K,}aca be a family of conver subsets of

convex metric space (X, d), then (), Ko is also a convex subset of (X, d).

Proof. Let { K, }aca be afamily of convex subsets of the metric space X and let K= (1,4 Ka-
For any z,y € K, then by the definition of indexed family of sets, z,y € K, for all a € A.
Since each of these sets are convex , then for all @« € A and A € [0,1], W(x,y,\) € K,.
Hence, we have that W(x,y,A) € K. Since x and y are arbitrary in K and so (1,4 K4 is
convex subset of (X, d). O

Proposition 3.3.9. ([28, Proposition 2]) The open balls Bq(x,c) and closed balls Cy(z,€)

are convex subsets of the convex metric space (X, d).

Proof. Let y,z € By(x,¢) and fix o € [0, 1], then W(y, z,a) € X. We need to show that

W(y, z,a) € By(z,e). Now, since X is a convex metric space, we have
d(z, W(y,z,a)) < ad(z,y) + (1 — a)d(z, z)<ac + (1 — a)e = .
Therefore, W (y, z,a) € By(z,¢) and so By(z,¢) is convex.
Similarly, we can show that Cy(x,¢€) is a convex subset of (X, d). O

Proposition 3.3.10. ([28, Proposition 3]) Suppose that (X, d) is a convex metric space and
A € [0,1] then
d(z,y) = d(z, W(z,y,\) +dW(z,y,\),y)

forall z,y € X.

Proof. Since X is a convex metric space, and using the triangle inequality, we obtain
d(z,y) < d(z,W(2,y,\) +dW(z,y,A),y)
< Ad(z,x) + (1= A)d(z,y) + Ad(z, y) + (1 = A)d(y, y)
=d(z,y).
Therefore, we have that d(z,y) = d(z, W(z,y,\)) + d(W(x,y,\),y) for all z,y € X and
A€ [0,1]. O

Proposition 3.3.11. ([29, Proposition 1.2]) Let W be a TCS on a metric space (X, d). If
z,y € X and X\ € [0,1], then

(i) W(z,y,1) =z and W(z,y,0) = y.
(i) W(z,z,\) = .
Proof. (i) Since W is a TCS on X, then for any x,y € X and A € [0, 1], we obtain that
d(x,W(z,y,1)) < ld(z,z) + (1 — 1)d(z,y) = 0+ 0.d(x,y) = 0 and so we have that

d(x,W(x,y,1)) < 0 which implies d(z, W (z,y,1)) = 0 and therefore, W (z,y,1) = x
for all z,y € X. A similar argument shows that W (z,y,0) =y for all z,y € X.
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(ii) Since W is a T'C'S on a metric space X, then for every z,y € X and A € [0, 1], we have
that d(x, W(x,z,\)) < Md(z,z) + (1 = N)d(z,z) = X.0+ (1 — X).0 = 0 and so we have
d(z,W(z,z,\)) < 0 which implies that d(z, W (z,z,\)) = 0 and so W(z,z,\) =

whenever x € X.
O

Lemma 3.3.12. (28, Proposition 1.2]) Let (X,d) be a Takahashi convex metric space. For
any x and y in X and X € [0, 1], we have

d(d?, W(l’,y, >‘)) = (1 - )‘)d('ray)

and

d(W(x,y,)),y) = Md(z,y)

Proof. Let z,y € X and A € [0, 1], we want to show that d(xz, W(z,y,\)) = (1 — N)d(z,y).
Since W is a TC'S on X , we have that

d(z, W(z,y,\) < Ad(z,z) + (1 — Nd(z,y) = (1 — Nd(z,y). (3.2)

Next, using the triangle inequality and W being a T'C'S on X, we have

d(z,y) < d(z, W(z,y,\) + d(W(z,y,A),y)
= Md(z,y) + d(z, W(z,y, ),
which implies that
Hence, by combining and (3.3)), we have d(z, W(z,y,\) = (1 — A)d(z, y).
Similarly, we have
d(W(z,y,A),y) < Ad(z,y) + (1 = N)d(y,y) = Ad(z,y). (3.4)

Also, using the triangle inequality and W being a TC'S on X, we obtain

d(z,y) < d(z, W(z,y,\)) +dW(z,y,\),y)
< d(W(z,y,A),y) + (Ad(z, 2) + (1 = N)d(z,y))
(1= Nd(z,y) +dW(z,y,\),y),

which implies that
Ad(z,y) < d(z, W(z,y,A)) (3.5)

Hence, combining (3.4) and (3.5 we obtain d(W (z,y,\),y) = Ad(z,y). O
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Definition 3.3.13. (28] p.145]) Let (X, d) be a metric space. We say that (X, d) is strictly
convex provided that for each x,y € X and A € [0, 1], there exists a unique W(z,y,\) € X
such that

(i) d(z, W(z,y,A) = (1 = A)d(z,y)

(i) d(W(z,y,),y) = Ad(z,y).
Definition 3.3.14. (|29, Definition 1.3]) Let W be a T'C'S on a metric space (X,d). We
say that W is a strict TCS if for any w € X there exists (z,y,A) € X x X x [0, 1] for which

d(z,w) < Md(z,z) + (1 — N)d(z,vy),

for every z € X, then w = W(x,y, \).
Lemma 3.3.15. ([29, Lemma 1.4]) Let W be a strict TC'S on a metric space (X,d). Then
for every x,y € X and o, f € [0,1], we have

W(W(z,y,B),y,a) = W(z,y,ap).
Proof. Let z € X. Then we have

d(z, WW(z,y,P),y,0)) < ad(z, W (z,y, §)) + (1 — a)d(z,y)
< a(fd(z,x) + (1= p)d(z,y)) + (1 — a)d(z,y)
= afd(z,x) + (1 —af)d(z,y).

Since W is strict TC'S on X, then we have W (W (z,y,3),y,a) = W (z,y,af). O]

Y
Y

Definition 3.3.16. (]29]) Let (X, d) be a metric space with TC'S W. We say a TC'S W has

(i) property (S) provided that
dW (z,y, \), W (2,9, \)) < Md(z,2") + (1 — N)d(y,v)

whenever z,y, 2,y € X and X € [0, 1].

(ii) condition (C) provided that W (z,y, \) = W(y,z,1 — X) whenever z,y € X and \ €
[0, 1].

(iii) Property (J) if, W(W (z,y, 5),y, ) = W (x,y, af3). whenever x,y € X and «, 5 € [0, 1].

We now investigate the continuity property of a strict TC'S W.

Theorem 3.3.17. (|29, Theorem 1.5]) If W is a strict TC'S on a metric space (X, d), then
for every pair z,y € X with z # y and X\ € [0, 1] the function A : [0,1] — X defined by
h(A) = W(z,y, ) is an embedding of [0, 1] into X.

Proof. Let A, Ay € [0,1], and assume, without loss of generality, that A\; < Ay. Then by
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Lemma [3.3.12| and Lemma [3.3.15 we obtain that
A
AW (25, 20), W (9, ) = d(W (2,9, X070), W,y A0)
2

A
=dWW(x,y,  \2), v, —1), W(z,y,A2)) by Lemma [3.3.15

A2

=(1- %)d(W(x,y, A2),y) by Lemma [3.3.12

2

A

=(1- )\—I)AQd(x, y) by Lemma [3.3.12

2
= (A2 = M)d(z,y).

Hence the proof. O

It does not appear that even a unique T'C'S W is necessarily continuous as a function from
X x X x [0,1] to X. However, we have the following:
Theorem 3.3.18. ([29, Theorem 1.7]) Let W be a TC'S on a metric space (X, d). Then W

is continuous at a point (z,z,\) of X x X x [0, 1].

Proof. Let (x,,,yn, \n) be a sequence in X x X x [0, 1] which converges to (z,x,\). In view
of Proposition [3.3.11] it suffices to show that (W (z,, yn, As)) converges to . Let e > 0, since
the sequences (x,) and (y,) both converge to x, there is an N € N such that d(z,x,) < ¢
and d(x,y,) < ¢ for all n > N. Now,
d(x, W(xp, Yn, A\n)) < Apnd(z,2,) + (1 — N\p)d(x, yp)
=Me+ (1 —Ay)e
=g, forall n>N.

Hence, W(zy, Yn, An) converges to z = W (z,x, \). ]

The following Theorem shows that if X is compact, then the sequence (W (xy,, Yn,, Any.))
converges to (z,y, \) with = # y.

Theorem 3.3.19. ([29, Theorem 1.8]) Let W be a strict TC'S on a compact metric space
(X,d). Then W is continuous as a function from X x X x [0, 1] to X.

Proof. Let (2, yn, An) be a sequence in X x X x [0, 1] which converges to (z,y,\), and let
w be a limit point of the sequence (W (xy, Yn, An)). Choose a subsequence (W (Zy, , Yn, s Any))

which converges to w. Then for any z € X, we have
d(z, W (@, Yngs Mny.)) < Anpd(2, 20, ) + (1 — A )d(2, Yny,)
for all n € N. By continuity of a metric d, we have
d(z,w) < Ad(z,z) + (1 = N)d(z,y).

By Definition [3.3.14] we have that w = W (z,y, A). It follows that W (x,y, \) is the only limit
point of the sequence (W (x,,, yn, An)). Since X is compact, (W (x,, yn, \,) must converge to
Wiz, y, \). O
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In the next proposition we show that Takahashi convexity implies Menger convexity. How-
ever, the converse is not yet known.
Proposition 3.3.20. ([25, Proposition 2.1.8]) Let (X,d) be a metric space. If (X,d) is

Takahashi convex, then it is Menger convex.

Proof. Suppose that (X, d) is Takahashi convex metric space, let z,y € X and let A € [0, 1].
Let z = W(z,y,1 — \). By Lemma [3.3.12) we have that
d(:L‘, Z) = d(l’, W(l'a Y, 1- )‘))
=1 = (1=X)d(z,y)

= Md(z,y).
And
d(z,y) = dW(z,y,1 = A),y)
= (1= A)d(z,y).
Hence, Takahashi convexity implies Menger convexity. O]

3.4. M-convexity in metric spaces

In this section, we first recall the concept of strong convexity in metric spaces. Thereafter,
we recall M-convexity in metric spaces and study the convexity of balls in relation to prox-
iminality of convex sets in M- convex metric spaces [I1]. We begin by recalling the definition
of a strongly convex metric space as defined by Borsuk [23] in 1959:

Definition 3.4.1. ([23, Definition 2.2.1]) A metric space (X, d) is said to be strongly convex
if for every x,y € X, and for every t € [0, 1], there exists a unique z € X such that

(i) d(x,z) = td(z,y)

Remark 3.4.2. A metric space (X, d) is said to be strongly convex if and only for every

x,y € X, there exists a unique point z € X such that
d(z, 2) + d(z,y) = d(z,y).
This can easily be seen when we add conditions (i) and (#¢) in Definition [3.4.1]

We note that every ¢ € [0, 1] determines a unique value of a point z in the segment B4 (x,y).
The following example shows that strong convexity does not imply convexity in the usual
sense:

Example 3.4.3. ([16, p.112]) Let X be the set of rational numbers in [0, 1] and d be a
metric defined by d(z,y) = |x — y| for all z,y € X. Let z,y € X, x # y, then we can find a

unique point z = x—;ry € X, such that,
d(z,y) = d(z,z) +d(z,y)
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for all z,y,z € X. Thus, (X,d) is a strong convex metric space
However, the set of all rational numbers in [0, 1] is not convex. Since for every two rational
numbers there is an irrational number between them. Hence it is not possible to join two
points without leaving the set.
Remark 3.4.4. We notice that every strongly convex metric space is Menger convex, but
the converse is not always true as can be seen from the example below.
Example 3.4.5. ([23, Example 1.6]) Let X = R? be a Euclidean space and define a metric
d: X xX —[0,00) by

d(z,y) = max{|zy — y1|, [z2 — v}

where x = (21,91), y = (22, y2). Then (X, d) is Menger convex but not strongly convex.

Proof. Let x,y € X,z # vy, set z = (x1+y1 x2+y2> then

2 72
}:max{

1 1
= Emax{ |1‘1 - yl| ) |$2 - y2| } = §d($ay)-

1+
2

T2ty
2

1 — U

2

To — Y2

2

xry — y | L2 3

d(z,z) = max{

|

1
A similar argument shows that d(z,y) = 5(1(3:, y) for all z,y € X. Hence,

d(z,2) +d(z,y) = %d(x,y) + %d(x,y) =d(x,vy).

Therefore, (X,d) is Menger convex metric space. To see that it is not strongly convex.

1
Consider the points = = (0,0), y = (1,0) and fix t = 5 € [0,1]. We notice that
d(z,y) = max{|1 —0],|0 — 0]} = max{1,0} = 1.

Since (X, d) is Menger convex, we obtain the following equations;

1 1
d(z,z) = 5 and d(z,y) = ) (3.6)
. . 1 1
where z = (z1, z3). Now, we observe that two distinct points z = 33 and z = 2 0

satisfies the two equations in [3.6, Therefore, there is no unique value of z that solves the

two equations and so (X, d) is not a strong convex metric space. ]

Definition 3.4.6. ([11, Definition 1.1]) A metric space (X, d) is called M-convex if for every
two distinct points « and y in X with d(x,y) = A, and for all » € [0, \], there exists a unique
z, € X such that

Ca(z,r) N Cy(y, A\ — 1) = {2z}

Remark 3.4.7. If z, = 3d(x,y), then z, is the midpoint of = and y.

The following Proposition shows that strong convexity and M-convexity are equivalent in a

convex metric space.
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Proposition 3.4.8. ([23, Lemma 2.2.2]) Let (X,d) be a convex metric space. Then (X,d)

18 strongly convex if and only if it is M-convez.

Proof. We first show that if (X, d) is M-convex then it is a strongly convex metric space.
Suppose that X is M-convex. Let xz,y € X be such that d(z,y) = r and 0 < ¢ < 1. Then
0 <tr <r. Letr =trand ry = r — tr then we have that r + 7, = r = d(z,y). Since X is

M-convex,
Cd(QJa 7’1) M Cd(y7 7’2) = {Zt}7

this implies that d(x, z;) < ry and d(z,y) < . Considering, the triangle inequality, we have
that

d(z,y) < d(z,2) +d(z,y) <mi+re =71 =d(2,y)
and so d(z,y) = d(x,2) + d(2,y). Hence, we obtain
d(x,z) =1 =tr =td(z,y) and d(zy,y)=ro=7r—tr=(1—1t)r=(1—-1t)d(z,y).
Next, we show that z; € X is unique. Suppose that there also exist z; € X such that
d(z, z,) = td(x,y) and d(z,,y) = (1 — t)d(z,y). Since X is M-convex, then
2z € Cy(z, ) N Cyly, ) = {2z}

and so z = z,. Hence (X, d) is a strong convex metric space.
Conversely, suppose X is strongly convex. Let z,y € X with d(z,y) = A and r € [0, A]. We
show that

Ca(z,m) N Cy(y, N — 1) = {2}

Let t = % so that 0 < ¢t < 1. Then by the strong convexity of X, there exists a unique
2, € X such that d(z, z,) = td(z,y) = r and d(z,,y) = (1 — t)d(z,y) = A — r. That is,

zr € Cy(z,r) N Cy(y, A — ).

Suppose that there also exist z/. € X such that z/. € Cy(z,r) N Cy(y, A — r). Then we have
d(x,z) <randd(y,z) <X—r. Now,

d(z,y) < d(z, z,) + d(z,y)
<r+A—r
=A=d(z,y)

which implies that d(z,y) = d(z, 2..) + d(z.,y). Hence, we obtain
d(z,z)=r and d(y,z.)=\—r.

Since
dw,2)) =7 = d(z,2) and d(y,2) = A —r = d(y, 2,

it follows that 2z, = z, and so we have

Ca(z,r1) N Cyly,re) = {2}

and so (X, d) is M-convex metric space. O
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Definition 3.4.9. ([11, p.585]) Let (X, d) be a metric space and A C X. Then A is said to

be convex if for every z,y € A, then

for all ¢ € [0, 1] where d(z,y) = \.
Definition 3.4.10. ([23, Definition 2.1.3]) An M-convex metric space (X,d) is said to be
strictly convex if for all z,y € Cy(z,r) with A = d(x,y), we have

Cd<x7 (1 - t))\) N Cd(y7 t)\) g Bd(za T)'
forall0<t<landall z€ X and r > 0.

We note that for normed linear spaces, it was proved in [12], that strict convexity charac-
terises M-convexity. We recall the following:

Theorem 3.4.11. ([II, Theorem 2.4]) Let (X, d) be a strictly convex metric space, then
(X,d) is M-convex.

Proof. Let x,y € X and A\ = d(x,y). Since (X, d) is strictly convex then we have that
E(t) = Cy(z, (1 = t)A) N Cy(y, tA) # 0

forallt € (0,1). Suppose that 21, zo € E(t), then we have that d(x, z;) < (1—t)\, d(z, 22) <
(I —=t)X and d(y, z1) < tA, d(y, z) < tA. Now consider

d(z,y) <d(z,z1) +d(z1,y) < (L =N+ tX =X =d(z,y),

and so d(z,y) = d(z,z1) + d(z1,y). That is z; is between = and y and so we have that
d(xz,z1) = (1 —t)X and d(y, z1) = tA.

Similarly, we obtain d(z,y) = d(z,29) + d(29,y). That is z; is between z and y and so we
have that d(x, z5) = (1 —t)A and d(y, z2) = t\. Let d(z1, 22) = a and since z; and zo between
x and y, then @ < A and X being strictly convex, then we have that

Ca(z1, (1 = s)a) N Cy(zg, sa) € Cy(x, (1 —)X) N Cy(y,tA) C By(z,7)
for all s € (0,1). This implies that
Ca(z1, (1 = s)a) N Cy(z2, sa) C By(z, 7).

Since z; and 2o between x and y then we have that d(x,y) = d(x, z1) + d(z1, 22) + d(22, )

and so
d(z1,22) = d(z,y) — d(z, z1) — d(22,9). (3.7)
But we know that d(z,y) = d(z, 22) + d(22,y), thus substituting this in 3.7, we obtain
d(z1,22) = d(z,29) —d(x,21) = A —tA — (A —tA) = 0.
Since d is a metric, we get z; = z3. Hence (X, d) is an M-convex metric space. O
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The converse of Theorem [3.4.11| need not be true as is clear from the following example.

Example 3.4.12. ([11} p.16-18]) Let X = Cy(z, p) be closed ball of Sy, of radius p with =7 <
p < %, where Sy, is a spherical space whose elements are ordered 3-tuples & = (1, 72, 23)
of reals with x? + x3 + z3 = r?, and distance d is defined for each pair of elements x and y as

d(xz,y) = rcos ! <m1y1 + m:;h + xgy?’) i

To see that (X, d) is M-convex. Let z,y € X such that d(z,y) = %r = )\, then we need to
find a point z € X such that

Ca(x, p) N Caly, A — p) = {z}

where p € [0, %r} Now, let

zGC’d<x,%>ﬂCd<y,%>.

Then we have that d(x,z) = d(y,2) = %d(x,y) = —. Suppose that there exists another

2 e Cy (x, %) N Cy (y, %), then d(z,2') = d(y,7) = 3d(z,y) = % Thus we have that

d(xz,z) = %T =d(z,7') and so z = z’. Therefore,
o Trooar
)T
i\rg)nCalv g —g) =1
Hence, (X, d) is M-convex. To see that (X, d) is not strictly convex. We just have to check
- . . . . wr
that the conditions for strict convexity are not satisfied. That is, for any =,y € Cy <z, 7)
we have that d(z,w) < g, d(y,w) < % = d(z,w) < g However, letting x and y be

the points of X such that d(z,2) = d(z,2) = 5 = =,y € C4 (z, %) , then all the points

w € X between r and y have the property that d(z,w) = & = d(y,w) = d(z,w) = 7,
contradicting strictly convexity.

We recall the characterization of M-convexity by Khalil(1988) in [11], using line segment.
Definition 3.4.13. (|11} p.580]) Let (X, d) be a metric space. For x,y € X, a curve joining
z and y in X is an image under a one-to-one continuous map v of a closed interval I = [a, b]
into X such that v(a) = x and v(b) = y.

Definition 3.4.14. ([11, p.580]) Let (X,d) be a metric space, I = [a,b] a closed interval

and v : I — X a curve. We define the length of a curve denoted by () as

I(v) = Slrllp Z d(y(ai-1),v(a;))

where the supremum is taken over all n € N and {a = ag,a; ...,a, = b} is a partition of
[a, b].

Let (X,d) be an M-convex metric space and z,y € X. For each n, let us define a set
E(n) C X as follows:
E(O) = {CL(OvO) =, a(07 1) - y}
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E(1) =A{a(1,0) = z,a(1,1),a(1,2) = y}

where a(1,1) is the midpoint of z and y. Assume that E(n) has been defined such
that E(n) = {a(n,0) = z,a(n,1),a(n,2),...,a(n,2") = y}, where a(n, k) = mid(a(n,k —
1),a(n,k+1)),0 < k < 2" Then we define E(n + 1) as follows:

En+1)={a(n+1,0)=z,a(n+1,1),a(n+1,2),...,a(n +1,2"") =y},

where
mid(a(n, (kgl)), a(n, EHY)) if k is odd
a(n, k) =

a(n, %) if k is even

for 0 < k£ < 2™. For each n we have,

2" -1

d(z,y) =Y _ dla(n,k),a(n,k+1)).

0
Further, for all positive integers 0 < t < 2", we have

2" —1

d(a(n,t),a(n,s)) = > _ d(a(n,k),a(n, k + 1)).

Set A(x,y) = U;2oE(n) and Glz,y] = clry@)A(z,y). Then Glx,y] is called a line segment
joining = and y.

Definition 3.4.15. ([I1, p.582]) Let (X, d) be M-convex and for every =,y € X such that
d(z,y) = X and each t € [0, 1], define

L(Ivy) - U (Cd(xv (1 - t>/\) N Od(y7t)‘)) = U (Cd(xa A— T) N Od(y7r)) :

0<t<1 0<r<A

It follows from the construction of Gz, y| and Definition 3.3.7 that L[z,y] = G[z,y].
Theorem 3.4.16. ([I1, Theorem 1.1]) Let (X, d) be an M-convex metric space and x,y € X.

Then G[x,y] is a curve of minimum length joining = to y.

Proof. Let d(z,y) = 1, and Q be the rational numbers in [0, 1]. Define the map: v : Q —
Alz, y] such that v(r) = a(n, k) € E(n), when r = 3¢ and 0 < k < 2". We show that v is an
isometry from @ onto A(z,y). Now

A(+(r).1(s)) = d(a(n.r).aln, ) = 3 d(a(n. k), a(n. k + 1)
k=s
= " da(n, k), aln, k + 1)) = d(r, s).
k=0

This implies that d(y(r),v(s)) = d(r,s) and so ~ is an isometry. Let t € [0, 1], and ¢, be a
decreasing sequence in () such that ¢,, — ¢. Since t,, is a Cauchy sequence in () and v is an

isometry on @, it follows that (t,) is a Cauchy sequence in G|z,y]. Further, d(v(t,), x) is

33



a decreasing sequence. Thus d(7(t,),x) — t. Since (X, d) is M-convex, there exists z € X
such that

We claim that v(¢,) converges to z. Since d((t,), x) is a decreases to t then d(y(t,),z) > t,

and using the fact that (X, d) is M-convex, then we can find a unique z, such that
Ca(z,t) N Cy(y(tn, rm —t) = {20},

where r, = d(v(t,),x). Furthermore, d(y,v(t,)) + d(y(t.),x) = d(z,y), and d(y(tn), 2n) +
d(zp,x) = d(y(tn), x). It follows that d(y, z,) + d(zn, ) = d(z,y). But d(z,,z) = t, since
(X,d) is M-convex then we have that z, = z. Since d(v(t,), z,) — 0, y(t,) — 2.

We now define y(t) = z. This establishes the extension of 7 from Q to [0,1]. But 7 is an
isometry on ). Hence 7 is continuous (and an isometry by construction) on [0,1]. This

completes the proof of the theorem. n

We give the characterisation of an M-convex metric space.
Theorem 3.4.17. ([I1, Theorem 1.2]) Let (X,d) be a metric space. Then (X,d) is M-

convex if and only if any two points x and y in X can be joined by a unique curve of length
d(z,y).

Proof. Let (X, d) be M-convex, and z,y € X, with d(z,y) = A. By Theorem [3.4.16] there is
a curve of length A joining z to y, namely G[z,y|. Let v be another curve of length \ joining
x to y. Since v is connected and (X, d) is M-convex, it follows that z; = zt + (1 — t)y €
for all t € [0,1]. Hence G[z,y) C 7. Now, since () = [(G[z,y]) = A\. Hence v = G(x,y).

Conversely, let (X, d) be such that any two points of X are joined by a unique curve of
minimum length. If z,y € X, d(z,y) = A, let v be the unique curve of length A joining x to
y. Let E(t) = Cy(z, (1—t)A\)NCy(y, tA),0 < ¢t < 1. Since 7 is connected, E;(t) = yNS(z, (I—
t)N)) # 0, Ex(t) = yNS(y,tA) # 0. We claim that E(t) # (0. For if E(t) = () then there exists
21 € Ey and 25 € Es such that d(z1,22) > ¢ > 0. The set {7y }(x),v (z1),7 (22),7 " (y)}

is a partition of the domain of . Hence
(v) > d(x,21) + d(z1, 22) + d(22,y) > d(z,y) + .

Hence E(t) # (. Now, we claim E(t) C . Let z € E(t). By the hypothesis, there exist
unique curves 74 and 44 joining x to z and z to y, respectively, such that I(+}) = d(z, 2)
and I(v}) = d(z,y). We may assume by using a standard scaling down method that the
domain of 44 is [0, (1 — ¢)A], and the domain of % is [(1 — t)A, A]. Consider the function
7 [0,\] — X, defined by

ooy ) i(s) on [0, (1 —)A]
Yo(s) =
Y3(s) on [(1 =)\, A

Then 75(0) = z,v5((1—t)X) = 2,94 (\) = y. Also 7f is continuous, and (1) =1(¥}) + () =
d(z,y) = l(v). Consequently, 7§ = ~, for all ¢. Hence E(t) C v. Finally, E(t) consists of one
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point for each ¢ € [0, 1]. For otherwise, one can easily see that /() > d(z,y). Thus (X, d) is

M-convex. O

3.5. Best Approximation in Metric Spaces

In this section, we recall the concept of best approximation in a convex metric space (X, d)
and give some properties of the metric d in terms of proximinality and Chebychevity of some
subset G of X.

Definition 3.5.1. Let G be a closed subset of a metric space (X, d). For a given z € X \ G,

a best approximation or nearest point to x from G is an element y € GG such that

d(xz,y) = dist(x,G) = inf d(z, 2).

zeG
The set of all best approximations to x from G is denoted by Pg(x). That is
Po(z) ={y € G : dist(x,G) = d(z,y)}.

Definition 3.5.2. Let G be a closed subset of a metric space (X, d). Then;

(i) G is called Proximinal if each z € X has a best approximation in G i.e Pg(z) # 0
for each z € X.

(ii) G is called Chebyshev if each x € X has a unique best approximation in G. i.e the set

Pg(x) consists of a singleton point.

(iii) A set valued function p : X — (X)), mapping each x € X to the set Pg(x) is called

the nearest point map or a metric projection.

We now give some properties of the metric d in terms of proximinality and Chebyshevity of
some set in G.
Theorem 3.5.3. (|11, Theorem 2.1]) Let (X,d) be a Menger convex metric space. Then

the following are equivalent.

(i) (X,d) is M-convex.

(ii) Cq4(z,7) is Chebyshev for all z € X,r > 0.

(iii) Pa(z) N Pa(y) =0 for x # y and all closed balls A in X.
Proof. (i) = (i1) Let Cy(z,r) be any closed ball. Let z € X \ Cy(z,r) and d(z,2) = s =
r -+ A. Then dist(x,Cy(z,7)) = A. Since X is M-convex, then Cy(x,\) N Cy(z,7) = {y} for
some y € X. This implies that P, (x) = {y} and so Cy(z,r) is Chebyshev.
(i1) = (¢it) Suppose that Pa(x) N P4(y) # O for some A = Cy(z,r) and some z,y € A,

then w € Pa(z) N Pa(y),
d(w,z) = d(w,y) = dist(w, A).
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Then we have that x and y are best approximating elements of A = Cy(z,r) and therefore,
contradicting (ii). Hence, Pa(x) N P4(y) = 0 for some z,y € X and x # y.

(1i) = (i) Let x,y € X and d(z,y) = A. By convexity of (X,d), there exists a t € [0, 1]
such that Cy(z, (1 — t)A\) N Cy(y,tA) = E(t) # 0

If 21,20 € E(t) and 2, # 2, then

xr € PA(Zl) mPA(Zg) 7&@

where A = Cy(y,tA). However this contradicts (ii). Hence (X, d) is M-convex. O

Definition 3.5.4 ([I1]). Let (X,d) be a metric space. For z € X and r > 0, the set
Sa(z,r) ={y € X : d(z,y) = r} is called a sphere centred at = with radius r > 0.
Theorem 3.5.5. ([I1, Theorem 2.2]) Let (X, d) be an M-convex metric space. The following

statements are equivalent:
(i) closed balls in X are convex.

(i) If A is a closed convex subset in X and x ¢ A, then P4(z) is convex.

Proof. (i) = (i7) Suppose that Cy(z,0) is convex. Let A be a closed convex subset of
X and z ¢ A. We show that the set Ps(z) is convex. If P4(z) = () then it is trivially
convex. Suppose that P4(z) is Chebyshev, that is P4(z) = {z}, then P4(z) is convex, since
every singleton set is convex. Suppose that Py(z) # 0, and let 21,20 € Pa(x) such that
d(z1,29) = A\. Since 21,25 € Pa(x), we have that d(z,z1) = d(x, z2) = dist(z, A). So that
if dist(z, A) = r, then we have that d(x, z1) = d(z, 22) = r then 21,20 € Cy(x,r). Since we
have assumed that closed balls are convex, they contain a curve joining the points z; and
zo. That is, L[z1, z5] € Cy(z,r). Also since A is convex, we get L[z1, z5] C A. Consequently,
L[z1, 2z2) C Sy(x,r) and so [(L[z1, 25)) = dist(x, A) = r. Hence L[z1, 23] € Pa(x). Therefore,
Py(x) is convex.

(11) = (i) Let Cy4(2,7) be a closed ball in (X, d) and x,y € Cy(z,r). Suppose that Cy(z,7)
is not convex, that is, Cy(z, (1 —t)A) N Cy(z,tA) ¢ Cy(z,7) where X\ = d(z,y). By Theorem
,  and y can be joined by a unique curve of length A = d(z,y). If v is this curve, then
by Theorem 7 is a convex closed set in (X, d). By connectedness of v, there exists at
least two points z; and 25 such that {z1, 22} C vNSy(z,7). Then 21, 20 € P,(z). However,

L[z, 2] € Py(z). This contradicts (i7), and so Cy(z,r) is a convex. O

Theorem 3.5.6. (|11, Theorem 2.3]) Let (X, d) be an M-convex metric space in which every

proximinal convex set is Chebyshev. Then Cy(z, ) is convex for all z € X and r > 0.

Proof. Let x,y € Cy(z,r) with A = d(x,y). If possible, let {Cy(z, \—r)NCy(y,r)} ¢ Calz,7)
for some r € [0, A]. By Theorem [3.4.17] there exists distinct points 21, z2 € Sq(x, r) such that
Lz, z2] = v is not contained in Cy(z,r). Since 7 is compact (being the continuous image
of [0,d(z1,22)]), then ~ is proximinal. But 21,2, € P,(z) contradicting Chebyshevity of ~,

since v is convex. Hence Cy(z,7) is convex. O

36



Theorem 3.5.7. ([I1, Theorem 2.5]) Let (X, d) be a strictly convex metric space. Then

every proximinal convex set in (X, d) is Chebyshev.

Proof. Let G C X be proximinal and convex. Let z € X \ G such that Pg(z) contains more
than one element. Let dist(z, G) = r, and consider {z1, 22} C Pg(2). Since {z1, 22} C Ps(2),
then we have d(z, 21) = d(z, 22) = dist(z,G) = r and so {21, 22} C Cy(z, 7). Let d(z1,22) = A.
Since {21, 22} C Cy(z,r), it follows from the strict convexity of (X, d) that

w(t) = Cy(z1, (1 = t)A) N Cy(29,tA) € By(z,1).

The convexity of G implies that w(t) € G. Since every strictly convex space is M-convex,
we have that w(t) is a singleton set. Hence, d(z1,22) = A = 0 and so z; = 2. Hence G is
Chebyshev. O]
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CHAPTER 4

CONVEXITIES IN
T;-QUASI-METRIC SPACES

In this chapter, we begin investigating convexities in Tj-quasi-metric spaces, namely; Menger
convexity, Takahashi convexity, strong and M-convexity. In metric spaces we saw that,
these convexities rely on the concept of betweenness, a fundamental concept in axiomatic
geometry. Therefore, we start by presenting betweenness in the more general setting of Tj-
quasi-metric spaces. Thereafter, we present convexities in Ty-quasi-metric spaces and some

best approximations for M-convex Ty-quasi-metric spaces.

4.1. Betweenness in Tj-quasi-metric spaces

In this section, we discuss the concept of betweenness and midpoints in Ty-quasi-metric
spaces. This concept was first introduced by Blumenthal ([4]). We show that g-betweenness
does not necessarily imply ¢~ !-betweenness.

Definition 4.1.1. (Compare with Definition Let (X, q) be a Ty-quasi-metric space
and x,y,z € X. Then a point z is said to be;

(i) g-between x and y if and only if z # 2 # y,

q(z,2) +q(z,y) = q(z,y).
(i) ¢ '-between x and y if and only if z # 2 # y,

q9(y,2) +q(z,2) = q(y, ©).
(iii) ¢°-between z and y if and only if x # z # y,

(2, 2) + ¢ (2,9) = ¢°(2,9).
(iv) q,q '-between x and y if and only if x # z # v,
q(z,2) +q(z,y) = q(z,y) and q(y,2) +q(z,2) = q(y, 2).

(v) g'-between z and y if and only if 2 # z # v,

¢ (z,2) + ¢ (z,9) = ¢ (z,y),

where ¢ = ¢+ ¢ L.
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We shall symbolize these relations in Definition by [z2ylq, [x2zyle-1,  [T2y]gs, [:Bzy]g_l
and [zzy],+ respectively. Also, since ¢ is a Tp-quasi-metric, then [zzy|, implies x,y, z are
pairwise distinct, since ¢(x,y) > 0.

Remark 4.1.2. The following example shows that g-betweenness does not necessarily imply
g~ '-betweenness.

Example 4.1.3. Let X = {1,2,3,4} be a four point set, and let ¢ be a Ty-quasi-metric
defined by the distance matrix

0121

1 01 2
M=

21 01

2110

that is, ¢(i,j) = ¢;; whenever i,7 € X. We show that 3 is ¢g-between 2 and 4 but 3 is not
q '-between 2 and 4. We notice that ¢(2,4) = 2, ¢(2,3) =1, q(3,4) = 1. Hence

Q(27 3) + Q(37 4) = Q(Q’ 4)

This implies that 3 is g-between 2 and 4.
On the other hand, ¢(4,2) =1, ¢(4,3) =1 and ¢(3,2) = 1. Hence

q(4,3) +a(3,2) # q(4,2).
Therefore, 3 is not ¢~ '-between 2 and 4.

The following Example shows that ¢*-betweenness does not necessarily implies ¢~ !-betweenness.
Example 4.1.4. Consider again the four point set X = {1,2,3,4}, and let g be a Ty-quasi-

metric defined by the distance matrix

01 21

1 01 2
M =

2101

2110

that is, ¢(¢,7) = ¢;; whenever 4,7 € X. Then, one sees that ¢* = ¢V ¢~' is defined by the

matrix

N N = O
_ = O =
= O =N
S = NN

We show that 3 is ¢°-between 2 and 4. To see this we notice that, ¢°(2,4) = 2, ¢°(2,3) = 1
and ¢°(3,4) = 1. Hence,
°(2,3) +¢°(3,4) = ¢°(2,4).

Therefore, 3 is ¢°-between 2 and 4.
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Remark 4.1.5. We notice in Example above that 3 is ¢°-between 2 and 4 but 3 is
not ¢~ -between 2 and 4. In general, we note that ¢*-between x and y does not necessarily
imply ¢~ !-between x and v.

Proposition 4.1.6. Let (X, q) be a Ty-quasi-metric space and x,y,z € X. If z is q,q *-

between x and vy, then z is ¢ -between x and y.

Proof. Suppose that z is ¢, ¢~ !-between x and y, then ¢(z, 2) +q(z,y) = q(z,y) and q(y, z) +
q(z,z) = q(y,x). Adding the two equations q(z, z) + q(z,y) = q(x,y) and q(y, 2) + q(z,x) =
q(y, z) gives
q9(z,2) + q(z,2) + q(z,y) + a(y, 2) = q(z,y) + q(y, ).
Therefore,
¢ (z,2) +q"(zy) = ¢ (,9)

and so z is ¢"-between z and y. O

We now introduce the concept of midpoints in Ty-quasi-metric space.
Definition 4.1.7. (Compare with Definition [3.1.3) Let (X, q) be a Ty-quasi-metric space
and x,y,z € X. Then z is said to be a

(i) ¢-midpoint of z and y if x # z # y,
q(z,2) = q(2,y) = %Q(%y)-
(ii) ¢ '-midpoint of z and y if x # z # y,
dly:7) = a(s, ) = 5aly,2).
(iii) ¢®*-midpoint of x and y on (X, ¢°) if and only if x # 2z # vy,

£(5,2) = P (5y) = (@),

2
(iv) ¢, ¢ '-midpoint of x and y if and only if z # y # z,
q ‘Z‘J q 7:1:
q(w,2) = qlz,y) = ( 5 v) and q(y,2) = q(z,2) = (y2 ).

Let us note that the second condition in Definition 4.1.7]is just the first condition formulated
for the dual Ty-quasi-metric. Evidently Definition is analogous to Definition [3.1.3]
Remark 4.1.8. We notice that the following example shows that a point z can be g-midpoint
of  and y but not necessarily ¢~ *-midpoint of x and v.

Example 4.1.9. Let X = {1,2,3,4} be a four point set, and let ¢ be a Ty-quasi-metric
defined by the distance matrix

N = O
— = O
[ e TS )
S = N
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that is, ¢(i,j) = ¢;; whenever 7,5 € X. We show that 2 is ¢-midpoint of 1 and 3 but 2 is
not ¢~ '-midpoint of 1 and 3. We notice that q(1,3) =2, ¢(1,2) =1, ¢(2,3) = 1. Hence

Q(172) = Q<273) = %Q<173)

This implies that 2 is g-midpoint of 1 and 3.
However, ¢(3,1) =1, ¢(3,2) =1 and ¢(2,1) = 1. Hence

03,2) = 4(2.1) # 5a(3,1).

Therefore, 2 is not ¢~ '-midpoint of 1 and 3.
Example 4.1.10. Consider again the four point set X = {1,2, 3,4}, and let ¢ be a Ty-quasi-

metric defined by the distance matrix

01 21

1 01 2
M =

2101

2110

that is, ¢(¢,j) = ¢;; whenever i, j € X. Then, as before ¢° is given by the matrix

N N = O
= = O =
I e R i V]
O = NN

We show that 2 is a ¢*>-midpoint of 1 and 3. To see this we notice that, ¢°(1,3) = 2, ¢°(1,2) =
1 and ¢°(2,3) = 1. Hence,
01,2 = 7'(2,3) = 50°(1,3).
Therefore, 2 is a ¢*>-midpoint of 1 and 3 on (X, ¢°).
Remark 4.1.11. We notice in the Example 4.1.16 above that 2 is a ¢°-midpoint of 1 and 3

but 2 is not a ¢ '-midpoint 1 and 3. In general, we note that ¢*-midpoint of z and y does

not necessarily imply ¢~ *-midpoint of x and y.

We now generalize a well known result introduced by Blumenthal [4] in metric spaces to the
setting of Ty-quasi-metric spaces.
Theorem 4.1.12. (Compare with Theorem (3.1.4))

Let (X,q) be a Ty-quasi-metric space. Then the relation of ¢,q '-betweenness has the

following properties:
(i) If [:Ezy}g_l then [yzx]g_l (symmetry of the outer points).
(i) If [:L*zy}g*l then neither [xyz]gfl nor [zxy]{l holds (special inner points).

(iii) [aczy]gfl and [xys]‘qfl are equivalent to [xzs]gfl and [zys]gfl.
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(iv)

If 2,y € X, the set BI (z,y) = {z} U{y} UBI ! (2,y), where BI"}(z,y) is the set of

all points ¢, ¢*-between x and y is 7(¢°)-closed.

Proof. (i) If [wzy]? " then x # =z # y, q(z,y) = q(z,2) + q(z,y) and q(y,z) = q(y,2) +

(i)

(iii)

q(z,x) and so by definition, we have that [yzx]gfl.
Since [:Bzy]g_l implies © # z # v,

o(x,2) + q(z,y) = q(z,y) (4.1)
and

a(y,2) + a(z,2) = q(y, v) (4.2)
Also, [xyz]?[l implies © # y # z,

q(z,y) +q(y, z) = q(, 2) (4.3)
and

qa(z,y) +q(y, ) = q(z,2) (4.4)
Adding Equation 4.1| and Equation |4.3] we obtain

a(zy) +q(y,2) =0 (4.5)
Adding Equation and Equation 4.4 gives

qa(y,2) +q(z,y) =0 (4.6)
Furthermore, adding Equation 4.5 and Equation 4.6| we have

2q(z,y) + q(y, 2)) = 0.

This implies that ¢ (z,y) = 0. Since ¢ is a metric, z = y. This contradicts that
z # y. Hence, [:vyz]?l does not hold. Similarly, [zxy]{l cannot hold too.

Suppose that [a:zy]g_l holds, then we have that x # y # z,

q(z,z) +q(z,9) = q(z,y) (4.7)
and

q(y,z) +q(z,x) = q(y, x) (4.8)
Also, suppose that [xys}?l holds, then we have that x # y # s,

q(z,y) +q(y,s) = q(x, s) (4.9)

and
q(s,y) +q(y, z) = q(s,x) (4.10)
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Adding Equation [4.7] and Equation [£.9) obtain the equation

q(z,2) +q(z,y) + qly,s) = q(z,s) (4.11)

Also, adding Equation 4.8 and Equation [4.10| we have

q(y, 2) + q(z,7) + q(s,y) = q(s, v) (4.12)

Now, applying the triangle inequality to Equation [4.11] we have

q(z,8) = q(z,2) + q(z,9) + q(y, s)
> q(w,2) +q(z,5)

> q(z,s)

which implies that ¢(z, s) = q(x, z) + ¢q(z, s). Now, substituting this result in Equation
[.11] we obtain ¢(z,s) = q(z,y) +¢q(y, s). Similarly, applying the triangle inequality to
Equation we obtain ¢(s,z) = ¢(s, z) + ¢(z,x) and also substituting this results
in Equation we have q(s,z) = q(s,y) +q(y, z). Since each two points are pairwise
distinet and ¢(z,s) = q(z,2) + q(z,s) and q(s,z) = q(s,2) + q(z,x), then we have
that [xzs]g_l. Also, since each two points are pairwise distinct and also ¢(z,s) =
q(z,y) + q(y,s) and q(s, z) = q(s,y) + q(y, z), then we obtain [zys]g_l. The converse

follows directly from above argument.

(iv) We show that if z is a 7(¢°)-accumulation element of Bf{l(x, y), with & # z # y, then
z € Bg_l (x,y). Since z is a 7(¢°)-accumulation point, there exist a sequence {z,} that
is 7(g)-convergent and 7(¢!)-convergent to z, where z, € Bgil(ac, y). Therefore,

Q(x, 20) + a(zn,y) = q(x,y)
and
0(y, 2n) + (20, x) = d(y, v)

for all n € N. From the continuity of the Ty-quasi-metrics ¢ and ¢~!, we obtain

q(z,2) + q(z,y) = q(z,y)

and
9y, 2) + q(z,2) = q(y, ©).
Therefore, z € Bgil(x, y) and so Bgil(x, y) is 7(q*)-closed.

4.2. Menger convexity in Tj-quasi-metric spaces

In this section, we generalise Menger convexity, which was introduced by Karl Menger [21]

in 1928, to the framework of Ty-quasi-metric spaces.
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Definition 4.2.1. (Compare with Definition [3.2.3) A Ty-quasi-metric space (X, q) is said

to be Menger convex if for every distinct points z and y of X and ¢ € [0, 1], there exists a
point z € X such that

(i) q(y,2) = (1 = t)q(y, x) and q(z, x) = tq(y, ).
We notice that condition (ii) of Definition is formulated for the dual Tp-quasi-metric.

We observe that if ¢ has symmetry, then we have that ¢(z, z) = q(z,z) = tq(z,y) = tq(y, v)
which implies ¢(z, z) = tq(x,y). Similarly, ¢(z,y) = (1 — t)q¢(z,y) = q(y,2) = (1 — t)q(y, z)
which implies ¢(z,y) = (1—t)q(x,y). Hence, obtaining the conditions (i) and (ii) of Definition
3.2.3

Remark 4.2.2. (Compare with Remark[3.2.4) We notice that a Ty-quasi-metric space (X, q)
is said to be Menger convex if for any two distinct points x and y of X, there exists a point
z € X with x # z # y such that

q(z,2) +q(z,y) = q(v,y) and q(y,2) +q(z,7) = q(y, ).

We notice that we have just added conditions (i) and (ii) respectively in Definition to
obtain the result in above remark.

Example 4.2.3. (Compare with Example Let X = Q be the set of rational numbers
and ¢ be a Ty-quasi-metric defined by ¢(x,y) = max{x — y,0} for all z,y € X. Then (X, q)

is a Menger convex Ty-quasi-metric space.

Proof. Let x,y € X, v # vy, set z = IT“/ € X, then we have

q(zx, z) :max{x—z’()} :maX{x—m—;yyo}

20 —x —y 1 1
= max{T,O} =3 (max{:v —y,O}) = Eq(x,y)

q(z,y) :max{z—y,()} :max{x;y —y,O}

:max{x;y,()} = % (max{x—y,0}> = %Q(x»y)

Thus, q(z,2) + q(2,9) = 3q(z,y) + 39(z,y) = q(z,y) for all z,y,2 € X.

and

In a similar manner,
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and

q(z,x) :max{z—x,O} :max{xj;y —x,O}

{1520} ] (-0} - e

Thus, q(y,z) + q(z,2) = 3q(y,z) + 3q(y,z) = q(y,z) for all z,y,z € X. Therefore, by
Remark (X, q) is a Menger convex Tp-quasi-metric space. O

The following Proposition is adapted from Proposition [3.2.6 but here we use the property
of double balls.

Proposition 4.2.4. Let (X, q) be a Ty-quasi-metric space. Then (X, q) is Menger convex if
and only if for every x,y € X with x # y we have

Cy(z,r) N Cpr(x,8) N Cyly, 1 — 1) N Cy1(y, A2 — s) # 0,
where q(z,y) = A1, qy,x) =Xy and 0 <r < Ay and 0 < s < Ay,
Proof. Suppose that for every x,y € X with x # y we have

Cylz,7) N Cy1(z,s) N Cyy, Mt — ) N Cy=1(y, Ao — 5) # 0,

where ¢(z,y) = A1, q(y,z) =X and 0 <r < X\ and 0 < s < A\y. Let x,y € Xt € [0,1]
with Ay = g(z,y) and Ay = q(y,z). Then 0 < tA\; < A and 0 < tAy < A\y. Let 7y = t\; and
o = A1 —tA = (1 — t)A1. Also, let s; = tAy and so = Ay — tAg = (1 — t)A\y. There exists

z € Cylz,r1) N Cy1(z,51) N Cy(y, r2) N Cy=1(y, 52),

so that Q<x72) < T, Q(Z,SU) < s1 and q(y,Z) < s9, Q<Z7y> < T

Consider

q(z,y) < q(z,2) +q(2,y)
<ry+nr

=\ = q(z,y).
Then g(z,y) = q(x, 2) + q(z,y). Also,

q(y, ) < q(y, 2) + q(z, 7)
< 81+ 82
= A2 = q(y, v).
Then q(y,z) = q(y, 2) + q(z, z). Therefore, we have
(i) q(z,2) =r =tq(x,y) and q(z,y) =19 = (1 — t)q(x,y)
(i) q(y, 2) = 51 = (1 = t)q(y, z) and q(z, ) = s3 = tq(z, y).
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Hence (X, q) is Menger convex.
Conversely, suppose (X, q) is Menger convex. Let x,y € X be such that ¢(z,y) = A\; and
q(y, ) = Ag. Let r € [0, A\1] and s € [0, \y]. We want to show that

Cy(z,r) N Cpr(x,8) N Cyly, \1 — 1) N Cy-1(y, A2 — s) # 0.

Let t = y-, then t € [0,1], and by the Menger convexity of (X, q) there exists z € X such
that

q(z,2) =tq(z,y) =th =7
and

Q<Z7y) = (1 - t)Q(‘T?y) = (1 - t))‘l =M

Also, by letting t = /\iz, we have ¢t € [0,1], and by Menger convexity of (X, q), there exists
z € X such that

9y, 2) = (L =t)q(z,y) = (1 =Hh = A — s
and
q(z,x) = tq(x,y) = thy = s.
This implies that

2 € Cy(z,r) N Cyp1(z,5) N Cyy, \i — 1) N Cy-1(y, A2 — 5).

Hence
Cy(z,r) N Cypr1(x,8) N Cyly, \1 — 1) N Cy-1(y, A2 — s) # 0.

4.3. Takahashi convexity in Tj-quasi-metric spaces

We now recall the definition of Takahashi convexity in Tj-quasi-metric spaces. This was
extensively studied by Kiinzi [19]. We will later show the relationship between Takahashi
convexity and Menger convexity in Ty-quasi-metric spaces.

Definition 4.3.1. (Compare with Definition Let (X, q) be a Ty-quasi-metric space.
A mapping W : X x X x [0,1] — X is said to be a Takahashi convex structure (7'C'S) on
X if for all x,y € X and X € [0, 1], the following two conditions are satisfied:

(1) Q(uv W(l‘, Y, /\)) < )‘Q(uv l’) + (1 - )‘)q(u7 y) and
(i) q(W(z,y,\),u) < Ag(z,u) + (1 — N)g(y, u) whenever u € X.

The Ty-quasi-metric space (X, q) together with a convex structure W is called a convex

Ty-quasi-metric space.

We note that condition (7i) is formulated for the dual Ty-quasi-metric and so by definition
if W is TCS for (X, q), then it is also a TC'S for (X, ¢ !).
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Definition 4.3.2 (Compare with Definition [3.3.3 ). Let (X, ¢q) be a Ty-quasi-metric space
with TC'S W on X. A subset K of X is said to be convex provided that W(z,y, \) € K for
all z,y € K and X € [0, 1].

The following proposition shows that the intersection of convex subsets in Ty-quasi-metric
spaces is convex:

Proposition 4.3.3. (Compare with Proposz'tz’on Let (X, q) be a To-quasi-metric space
with a TCS on X. Let {Ki}aca be a family of convex subsets of X, then (),cq Ko is

conver.
Proof. Follows in the same way as Proposition [3.3.8| O

The following proposition shows that the closed and open backwards and forward balls in
Th-quasi-metric space with T'C'S are convex:

Proposition 4.3.4. (Compare with Proposition Let (X, q) be a Ty-quasi-metric space
with W as TCS on X. Then for any x € X and § > 0 the open balls By(z,d) and B,-1(x,6),
and the closed balls Cy(x,0) and Cyp-1(z,6) in X are convex subsets of X.

Proof. Follows in the same way as Proposition |3.3.9, O]

Proposition 4.3.5. ([19, Remark 2]) Let (X, q) be a Ty-quasi-metric space with W as TC'S
on X, then W is a TCS for the metric ¢* = q+q ' on X.

Proof. Let x,y € X and X € [0,1]. Since W is a TC'S on (X, ¢q), then we have that
q(u, W(z,y,A) < Aq(u, z) + (1 = Nq(u, y) (4.13)

and
q(W(z,y,A),u) < Ag(z,u) + (1= Na(y,u). (4.14)

Also, since W is a TC'S on (X, ¢~ ') we have that
¢, W (z,y, ) < AgH(u, ) + (1= Ng ™ (u, ) (4.15)
¢ (W, y, ), u) <A H(z,u) + (1= Mg (y,u), (4.16)
Now, adding (4.13)) and (4.15]) we obtain

g (u, W(z,y,N) = q(u, W(z,y,\) + ¢ (u, W(x,y,\))
<A (q(u, ) + ¢ (w,z) + (1= N) (¢(u,y) + ¢ (u, )
= >‘q+(u7 I) + (1 - A)q+<u7 y)

Hence we have ¢ (u, W(z,y,A)) < Agt(u,z) + (1 — N)g™(u,y).

Similarly, adding (4.14) and (4.16|) we obtain ¢t (W (x,y, A),u) < Ag™(z,u) + (1 —N)g* (y, u)
and so W is a TC'S with the metric ¢*. O
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Proposition 4.3.6. ([19, Remark 4]) If W (z,y,\) is a TCS on a Ty-quasi-metric space
(X,q), then W=z, y,\) := W(y,z,1 — \) whenever z,y € X and X\ € [0,1] is a TCS on
(X, q).

Proof. Let x,y € X and X € [0,1]. Since W(z,y,\) is a TC'S on X, then
q (u. W™ 2,9, ) = q (u, W(y,z,1 - X))
< (L= Ng(u,y) + (1 = (1= A)q(u, )
and similarly,
g (W, y, M), u) = ¢(W(y, 2,1 = A\),u)
< (1 =Ngly,u) + (1 = (1 = A)g(z, u)
whenever v € X. Hence, W~1(z,y,)) is a TC'S on X. ]
The next two results give some general properties of a Takahashi convexity structure in
Ty-quasi-metric spaces:

Proposition 4.3.7. (Compare with Proposition|3.5.11)) Let (X, q) be a Ty-quasi-metric space
with TC'S W on X. Then we have the following for all x,y € X and A € [0, 1]:

(i) W(z,z,\) =z and

(it) W(y,z,0) =z and W(y,z,1) =y.

Proof. We note that the proof of these properties relies on a Ty-property:
(i) To see this, let z,y € X and A\ € [0,1], then gz, W(z,z,))) < Ag(z,z) + (1 —

ANgq(z,z) = 0. Similarly, ¢(W(z,z,\),z) < Ag(z,z) + (1 — N)g(z,z) = 0 and so
W(x,z,\) = z by the Ty-property of (X, q).

(i) Let z,y € X and A € [0,1], then we have that ¢(z, W(y,z,0)) < 0.¢(x,y) + (1 —
0)¢(z,z) = 0 and also, ¢(W(y,x,0),z) < 0.q(y,z) + (1 — 0)g(z,z) = 0 and so by
To-property we have W(y,z,0) = z. Similarly, ¢(y, W(y,z,1)) < 1l.q(y,y) + (1 —
Dg(y,z) = 0 and also ¢(W(y,z,1),y) < 1.q(y,y) + (1 — L)g(x,y) = 0. Thus by

To-property we have W(y,z,1) = y.
]

Proposition 4.3.8. (Compare with Proposition|3.5.10}) Let (X, q) be a Ty-quasi-metric space
with TCS W. For any x,y € X and X € [0,1], we have

q(z,y) = q(z, W(x,y,\)) +q(W(z,y,\),y)
and

q(y, ) = q(y, W(z,y, ) + q(W(x,y, ), v).

48



Proof. Let x,y € X and X € [0,1]. Since W is a TC'S on Ty-quasi-metric space (X, ), then

by the triangle inequality we have

q(z,y) < q(x, W(z,y, \) + ¢(W(z,y,A),y)
< Ag(w,x) + (1 = Ng(z,y) + Ag(z, y) + (1 = Na(y, y)
= (1= Na(z,y) + Ag(z,y)
= q(z,y)

and thus ¢(z,y) = q(z, W(z,y,A)) + ¢(W(z,y,A), y).
Similar argument shows that q(y, z) = q(y, W(x,y, \)) + ¢q(W (z,y,\), z). O

From the conclusions of the above Proposition we can also derive the following results.
Proposition 4.3.9. (Compare with Lemma Let (X, q) be a Ty-quasi-metric space
with TC'S W. For any x,y € X and X € [0,1], we have

(i) q(z,W(x,y,\)) = (1= N)q(z,y) and ¢(W (x,y,A),y) = Aq(x,y).

(i) q(y, W(x,y,\)) = A(y, z) and (W (z,y,A),x) = (1 = N)q(y, z).

Proof. (i) Since X is a Ty-quasi-metric space with TC'S W, for any z,y € X and X € [0, 1],

we have

q(z, W(z,y,A)) < Mgz, ) + (1 = A)g(z,y) = (1 — Ng(z,y)
which implies
q(z, W(z,y,A) < (1= Ag(z,y) (4.17)

Using the triangle inequality and the fact that W is a T'C'S, we have that

q(z,y) < qlo, W(x,y,\)) +q(W(x,y,\),y)
< q(z, W(z,y,\) + Aq(z,y) + (1 = Nq(y,y)
- Q(xv W(l‘, Y, /\)) + )\Q(I’, y)

which gives

Hence, combining and gives q(z, W(z,y,\)) = (1 —N)gq(x,y) whenever z,y €
X and A € [0,1]. A similar argument shows that ¢(W(x,y,A),y) = Aq(z,y) for all
r,y € X and \ € [0, 1].

(i) Similarly, for any z,y € X and X € [0, 1] we have that

q(y, W(z,y,A) < Mgy, z) + (1 = Nq(y,y) = Aq(y, x)
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which gives

q(y, W(z,y,\)) < AM(y, ). (4.19)

Using the triangle inequality and the fact that W is a T'C'S, we have that

a(y,x) < q(y, W(z,y,A) + ¢(W(2,y, ), z)
Q(y7 W(x7y7 A)) + )‘Q(ma l‘) + (1 - )\)(](y,fli)
Q(y> W(JT, Y, )‘)) + (1 - )‘)Q<y7x)

IN

which implies
Aq(y, @) < qly, W(z, y, A)). (4.20)

Hence, combining and we have that ¢(y, W(x,y,\)) = Aq(y, x) for all z,y €
X and A € [0,1]. A similar argument shows that ¢(W(z,y,A\),z) = (1 — X)g(x,y)
whenever z,y € X and A € [0, 1].

]

Takahashi [28] does not require any continuity in his definition of convex structure for metric
spaces. However, we can sometimes make the assumption that W satisfies some additional
properties of continuity. We next give a result for a general convexity structure of Ty-quasi-
metric space that is analogous to a well known result in metric spaces.

Proposition 4.3.10. (Compare with Theorem Let W be a TCS on aTy-quasi-metric
space (X, q). Then for anyx € X and X € [0, 1], W is continuous at (z,z, X) in X x X x[0, 1]
where X carries the topology 7(q) or 7(q71).

Proof. Let ((x,yn, A\n)) be a sequence in X x X x [0,1] converging to (z,z,\) where X
is equipped with the topology 7(¢). By Proposition we have that W(z,z,\) = =,
so it suffices to show that W (z,, y,, \,) converges to z. Since the sequence (x,) converges
to x with respect to the topology 7(q), for any € > 0, there exists N; € N such that
q(z,x,) < € for all n > Nj. Also, since (y,) converges to x with respect to the topology
7(q), for any € > 0, there exists Ny € N such that ¢(x,y,) < ¢ for all n > Ny. Now, for all
n > N := max{Ny, N2} and using condition (i) of Definition we have

q(2, W0, Y, An)) < Anq(, ) + (1 = An)q(2, Yn)
<Ae+ (1 =Ny)e
=AE+e— N\

= E.

Hence, we have that W (z,, yn, An) converges to x with respect to topology 7(¢) . Similarly,
by condition (ii) of Definition 4.3.1 the analogous results holds if we work with the topology
7(¢7!) on X. O
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We now look at the standard convexity structure in an asymmetric normed real vector space
X.

Definition 4.3.11. ([19, Definition 2]) Let (X, q) be a Ty-quasi-metric space with TC'S W
on X, then W is said to be synchronised if W~ (z,y,\) = W(x,y,\) whenever z,y € X
and A € [0, 1].

Definition 4.3.12. (Compare with Definition 3.3.26) We say that a TC'S W on a Ty-quasi-
metric space (X, ¢) has condition (C) if W (z,y, A) = W(y,x,1 — X) whenever z,y € X and
A€ 0,1].

Example 4.3.13. ([19 Example 4]) Let A be a convex subset of a real vector space X
equipped with the asymmetric norm ||.|. Then S(z,y,\) = zA+ (1 — Ny for all z,y € A
and A € [0,1] defines a synchronised convex structure for the Ty-quasi-metric space (A, q)

where ¢(x,y) = ||z — y| whenever x,y € A.
Proof. For any x,y € A and X € [0, 1] we have

q(S(z,y,A),u) = [|S(x,y,A) — ul
=lzA + (1 = Ny — ul
=lzA + (1 =Ny — (ur+ (1 — Nu)]
= [Az —u) + (1= A)(y —u)|
< Az —uf+ 1 =Ny — ul
= Ag(z, u) + (1 = Nq(y, u)

Hence, condition (i) of Definition 4.3.1 is satisfied by S(z,y, \). Similarly, for any x,y,u € A
and A € [0, 1],

q(u, S(z,y,A)) = [u—S(z,y, N
=lu—a2A— (1= Nyl =[(ur + (1 = Nu) = (zA+ (1 = AN)y)]|
=[Au—2)+ 1 =AN)(u—y <Au—=z|[+ (1= N)|u—yll
= Aq(u, z) + (1 = A)g(u,y)

Hence, condition (ii) of Definition 4.3.1 is also satisfied. Therefore, S(z,y, ) is a TC'S on
A. To show that S(z,y,\) is synchronised convexity structure on A, we need to show that
S(z,y,\) = S(y,z,1 — \) whenever z,y € A and X € [0,1]. To see this, we have

S(z,y,\) = Az + (1 =Ny
=(1-14+Nz+(1-Ny
=A== z+(1-Ny
=S(y,z,1 = N)

Hence, indeed S(z,y, A\) whenever z,y € A and A € [0, 1] is a synchronised convexity struc-
ture on A. n
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Remark 4.3.14. ([19, Remark 7]) We note that the crucial property in the preceding result
is the condition that S(z + u,y + u, A) = S(x,y, A) + u whenever z,y,u € X and X € [0, 1].
Such convexity structure W in a real vector space X is said to be translation-invariant.

Proposition 4.3.15. ([19, Remark 8]) Suppose that W (x,y, ) and W'(z,y, ) are convezity
structures in an asymmetric normed space (X, ||.]), then for each o € [0,1], W, (x,y,\) =
aW(z,y,\) + (1 — a)W'(z,y,\) is also a convexity structure for a Ty-quasi-metric space

(X, q) where q(x,y) = ||z — y| whenever z,y € X.

Proof. We show that W, (z,y, \) satisfies the two conditions of Definition 4.3.1. For any
z,y € X and X € [0, 1], we have

q(Walz,y, A),u) = [[Walz, y, A) — ul
= |laW(z,y, A) + (1 — a)W'(z,y,A) — ul
= |laW (z,y,\) + (1 — )W (z,y,\) — (qu + (1 — a)u)|
af[W(z, y, A) —ul + (1 = a)|[W'(z,y, A) — ul
= aq(W(z,y,A),u) + (1 — a)g(W'(z,y,A), u)
< adq(z, u) + a1 = A)q(
= alq(z,u) + A1 — a)q(
= N(z,u)(a+1—a)+ (1 —=Nqy,u)(a+1—a)
= Aq(z,u) + (1 = Nq(y, u),

IN

proving (i) of Definition [4.3.1] A similar argument shows that W, (z, y, ) satisfies inequality
(#4) of Definition 4.3.1] Therefore, W, (z,y,A) is a TC'S on X. O

Definition 4.3.16. (Compare with Definition |3.3.13)) Let (X, ¢) be a Ty-quasi-metric space.
We say that (X, q) is said to be strictly convex if for each z,y € X and A € [0, 1], there
exists a unique w(z,y, A\) € X such that

(i) q(z,w(z,y,\)) = (1 = Nq(z,y) and q(w(z,y, N),y) = Aq(z,y)

(ii) q(y,w(z,y,\)) = Ag(y, z) and q(w(z,y, A), ) = (1 = N)q(y, ).

From Proposition [4.3.9] we observe that, any T'C'S W satisfies the conditions of Definition
4.3.16, and see that a strictly convex Ty-quasi-metric space admits at most one convex
structure.

In the following example, we show that a Ty-quasi-metric space (X, ¢) may be strictly convex
but (X, ¢°) is not strictly convex. Therefore, we can conclude that strict convexity on (X, q)
does not necessarily imply strict convexity on (X, ¢°).

Example 4.3.17. ([19, Example 5]) Let R? be equipped with the asymmetric norm ||z| =
max{||z1],||z2|} where x = (z1,22) and the associated Tp-quasi-metric q. Let us consider
the points z = (0,0) and y = (2,0) in R?. Then we have that

q9(z,y) = [z =yl = [(0,0) = (2,0)] = [[(=2,0)| = max{|| - 2], [[0]} = 0.
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Also, we have

q(y, =) = [ly — 2| = [(2,0) = (0,0)] = [[(2, 0)] = max{]|2], [|0]} = 2.

Thus, ¢(z,y) = 0 and ¢(y,x) = 2. Therefore, we obtain the system of equation at (z,y):
q(z, W(z,y,A)) = 0, q(W(z,y,A),y) = 0, q(y, W(z,y,\)) = 2X and q(W(z,y,\),z) =
2(1 — A) with A € [0,1] and W(z,y,A\) = (W(z,y,\))1, (W(z,y,\))2). We now show
that W (z,y, A) is unique. Since g(x, W(z,y,\)) = 0, then

0= q(z, W(z,y,A) = [1(0,0) = (W(z,y, )1, (W(z,y,A))2))|
= [[(=(W(z,y, \)1, =(W (2,5, A))2)|
= max{|| — (W(z,y, \)ul, [| = (W (2,9, A))al}-

Now, for max{||— (W (z,y, \)1]|, || = (W (z,y, A))2|} = 0, we must have that ||(W (z,y, \))1| >
0 and ||(W(z,y,A))2| > 0. Also, since ¢(W (z,y,\),y) = 0, then

0=qW(z,y,A),y) =[[W(z,y,A) -y
= [[((W(z,y, )1, (W(z,y,A))2) — (2,0)]
= [[(W(z,y, )1 — 2, (W(z,y,A))2)]
= max{|[|(W (z,y, A))1 = 2/, [[(W(z,y,\))2[}.

Now, for max{||(W(z,y, )1 — 2|, [|(W(z,y, A))2|} = 0, we must have (W (z,y,\)); <2 and
(W(z,y,A))2 < 0. Hence, we see that 0 < |[(W(z,y,))1| < 2 which can be written as
(W(x,y,A\))1 = 2 — 2\ for all A € [0,1] and also (W(x,y,A))2 = 0 and therefore, we have
W(x,y,\) = (2 —2X,0) for all A € [0,1]. Therefore, W(x,y, ) is unique for each X € [0, 1]
and so (R?, q) is strictly convex Ty-quasi-metric space.

Let us now look at the symmetrised metric space (R?,¢*) with the same points z and y.
Then we have two equations ¢*(y, W (z,y, X)) = 2tA and ¢*(W(z,y,\),z) = 2(1 — A). Now,

22 =q¢"(y, W(z,y,A) = |ly = W(z,y, N
= 1(2,0) — (W(z,y, )1, (W(z,y,N))2)]|
=12 = (W(z,y, ), =(W(z,y,))2)]
= max{[|2 = (W(z,y, )il || = (W (2,y,A))2[}.

Now, for max{||2 — (W (z,y, \))1l,|| — (W (x,y,\))2|} = 2A, implies that |[(W(z,y, A))1| >
2(1 = X) and ||(W(x,y,\))2| > 2 for all X € [0,1]. Also, similarly

21=X) =¢*(W(z,y,A),y) = [[W(z,y,A) —
= [[(W(z,y, )1, W(z,y,A))2) — (2,0)]
= [[((W (2,4, \)1 — 2,(W(z,y,\))2)]
= max{|[(W(z,y, A)1 — 2|, [[(W(z,y,A))2[}.
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Now, for max{||(W (z,y, \))1 —2|, |[|(W(x,y,A))z2|} = 2(1 =), implies that ||(W (z,y, \))1| <
2(1=X) and ||(W (z,y, )2 < 2(1—=A) forall A € [0,1]. This gives us (W (z,y, A)); = 2(1—=X)
and 2\ < [|(W(x,y, A))2| < 2(1—X) forall A € [0, 1]. Hence, we have W (z,y, \) = (2—2X, 2))
if A < % and W(z,y, \) = (2—2\,2—2)) if A > % as the solution to these equations. Also, we
have that W (z,y,\) = (2 — 2X,0) with A € [0, 1] also solves the system of equation. Thus,
the system do not have a unique solution. Therefore, (X, ¢®) is not necessarily a strictly

convex Ty-quasi-metric space.

We now introduce another condition related to strict convexity in Ty-quasi-metric spaces in
the spirit of an analogous condition due to Talman [29] in metric spaces.

Definition 4.3.18. (Compare with Definition Let W be a TCS on a Tj-quasi-
metric space (X, q). We say that W is a unique T'C'S if for any w € X such that there exists
(x,y,\) € X x X x [0, 1] with

q(z,w) < Ag(z,z) + (1 = N)g(z,y) and q(w,z) < Aqg(z,2) + (1 = N)q(y, 2)

whenever z € X, we have that w = W (x,y, \).
Lemma 4.3.19. (Compare Lemma Let W be a unique T'CS on a Ty-quasi-metric
space (X, q). Then for every x,y € X and o, § € [0,1], we have

W(W(x,y,ﬁ),y,oz) = W(x,y,ozﬁ).
Proof. Let x,y € X and «, 8 € [0,1]. Then

q(z, W(W(z,y, ).y, @) < ag(z, W(z,y,8)) + (1 — a)q(z, y)
<a(Bq(z,z) + (1= B)q(z,y) + (1 — a)q(z,y)
= aBq(z,z) + a(l = B)q(z,y) + (1 — a)q(z, y)
= afq(z,z) + (@ — af + 1 - a)q(z,y)
= afq(z,2) + (1 — af)q(z,y).

Similarly,

q(W(W(z,y,B),y,a),2) < ag(W(z,y,8),2) + (1 — a)q(y, 2)
< a(Bq(z,2) + (1= B)q(y, 2)) + (1 — a)q(y, 2)
= afq(z,z) + a(l = B)q(y, z) + (1 — a)q(y, 2)
= afq(r,z) + (@ —af +1-a)q(y,2)
= afq(z, z) + (1 — af)q(y, 2).

Thus by uniqueness of W, we have that W (W (z,y, 8),y, ) = W(x,y, af). ]

The following Proposition is as a result of a theorem in metric setting:

Proposition 4.3.20. (Compare with Theorem Let (X, q) be a Ty-quasi-metric space
with a unique TC'S W such that X is 7(q%)-compact. Then the mapping W : X x X X
[0,1] — X is continuous, with respect to T(q*) topology.
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Proof. Let z,y € X and A € [0,1]. Consider any sequence ((zn,¥yn,An)) in X x X X
I converging to (z,y,A) with respect to 7(¢®) topology 7(¢°), and let W be any 7(¢°)-

accumulation point of the sequence W (z,, yn, An). Then for any z € X we have,

q(z, W(Inkv Yny )‘nk)) < Ankq('z?xnk) + (1 - )\nk)q(z7ynk)

for all n € N. By continuity of a Tj-quasi-metric ¢, we have

Similarly, we get that ¢(W, z) < ¢(z, z) + (1 — A\)q(y, z). By uniqueness of convex structure
in Definition 4.3.18, we get W = W(x,y,\). We therefore conclude that W (z,y, A) is the
only 7(¢*)-accumulation point of the sequence W(x,,y,, A,) for all n € N. Since X is

7(g¢*)-compact, we have W (2, yn, \n) converges to W(z,y, A). -

It should be noted that the given condition(/) in Definition is not suitable for a Tp-
quasi-metric space (X, q) that is not a metric. To see this, if ¢ is a Ty-quasi-metric with

property (C') in Definition 4.3.12] and Property (/) in Definition m, then we have

11 —0]¢(z,y) = ¢q(W(z,y,1),W(x,y,0)) by property (I)
Q(W(ya Z, 1-— 1)7 W(yv x, 1-— O)) by Property (C)
q

=qW(y,z,0),W(y,z,1)) = [0 — 1]q(y,x) by property(I)

for all ,y € X. This implies that ¢(x,y) = ¢(y,z) and so ¢ must be a metric. Hence, for a
To-quasi-metric space (X, q) we suggest that property (I) be formulated to property(I’) as
follows:

Definition 4.3.21. ([19, p.10]) A Ty-quasi-metric space (X, ¢) with TC'S W is said to have
property(I’) if for every x,y € X and A\, As € [0, 1], we have

Q(W(xvya )‘1)7 W(%% >\2)) = (/\1 - /\2>Q(x7y) if )‘1 > >\2

and
Q(W(xa Y, /\1)7 W(Iv Y, )‘2)) = (>‘2 - Al)q(ya l‘) if )‘2 > )‘1'

The following Proposition is a generalisation of a well known result in metric spaces [29]:
Proposition 4.3.22. (Compare with Theorem 3.3.24) If a TCS W on a Ty-quasi-metric
space (X, q) is unique, then for every x,y € X with x # y the function h : I — X defined

by h(X) = W(x,y, \) satisfies property (I') of Definition |4.5.21]

Proof. Let A1, Ay € [0,1]. We show that the function h : [0,1] — X defined by h(\) =
W(z,y, ) for all z,y € X satisfies property (I’) in Definition [4.3.21] Suppose that A\; < As.
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By Lemma and Proposition .3.9] we have

A A
Q(W(x> Y, >\1)7 W(l’, Y, )\2)) = q(W(W(l’, Y, )\2)\_;)7 Y, )\_1)7 W(,I’, Y, )\2)) by Lemma 4.3.18
2
A
=(1- /\—l)q(y, W(x,y,A2)) by Proposition 4.3.9
2
A
=(1- A—l)qu(y, x) by Proposition 4.3.9
2

= (A2 — A1)a(y, z).

Thus, the second equality is established.
Similarly, we note that if TC'S W on a Ty-quasi-metric space (X, ¢) is unique, then it satisfies
condition (C') in Definition [4.3.12, Now, for A\; > A2, we have

q(W(x,y, )‘1)7 W(‘T?y7 )‘2)) = q(W(x, Y, 1- )‘1)7 W(*T7y7 1- )‘2)) = (>‘1 - >\2)Q(‘7;7 y),

which proves the first equality. Hence h = W (x,y, \) satisfies property (I’) in Definition
4.3.211 O

We next introduce and discuss briefly an interesting property of some convexity structures
that will turn out to be very useful in our subsequent investigations. We start with the
following definition of a well-known property (S).

Definition 4.3.23. (Compare with Definition Let (X, q) be a Ty-quasi-metric space
with a TC'S W. We say that (X, q) has property (S) provided that

q(W(x,y, \), W(z',y', X)) < Mgz, ") + (1= Na(y,y)

whenever z,y, 2,y € X and X € [0, 1].
Proposition 4.3.24. [19, Remark 11]

(i) If a Ty-quasi-metric space with a TC'S W has property (S) in Definition together
with the condition that for any x € X and X € [0,1], W(z,x,\) = x then conditions

(1) and (ii) of Definition hold.

(ii) If we replace q by q~*, then we get a condition equivalent to property (S) of Definition
[£.3.23

(#ii) The standard convez structure on a convex set of an asymmetric normed real vector

space X has property (S) of Definition |4.5.25

(iv) Property (S) of Definition together with property (I') of Definition |4.3.21] for
a TCS W on a Ty-quasi-metric space (X, q) imply continuity of W : (X, 7(q)) X
(X, 7(q)) x ([0, 1], 7(u*)) — (X, 7(q))-

Proof. We only prove (iii) and (iv) as (i) and (ii) follows directly.
(iii) To see this, let W(z,y,\) = Az + (1 — Ny and W(2',y/,\) = A2’ + (1 — Ny’ for any
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z,y, ',y € X and A € [0, 1] then

q(W(z,y, A), W(z',y', A) = [[Az + (1 = Ny — (A2’ + (1 = \)y')|
= [[Az —2) + (1 = AN (y — ¥
<Az =2l + (1 =Ny — ¥l
= Ag(2,2") + (1 = Na(y,y)

(iv) Let ((zpn,Yn, An)) be a sequence in X x X x [0, 1] converging to (x,y,\) with respect to
the topology 7(q) X 7(¢) X 7(u®). By using the triangle inequality, property(I’) of Definition

4.3.21| and property(S) of Definition 4.3.23] we obtain

qW (2,9, A), W (2, Yns M) < g(W (2,9, A), W, 9, M) + (W (2,9, An), W(Zn, Yns An))
< A= Aalg(m, y) + Mg, 20) + (1= An)q(y, Yn)

for all n € N. Since (x,) and (y,) converge to x and y with respect to the topology 7(q)
respectively and A\, — A\ with respect to the topology 7(u*), we have that

qW(x,y,\), W(xn, Yn, A\n)) — 0 for all n € N and so (W (z,, Yn, An) converges to W (zx, y, \)
with respect to the topology 7(¢). Hence, continuity of W follows. O

In the following we assume that the Ty-quasi-metric space has a T'C'S W that satisfies
property (S) in Definition [4.3.23] Furthermore, we shall work on the sub-collection CBy(X)
of bounded convex elements of Z,(X) (all nonempty subsets of X).

Proposition 4.3.25. ([19, p.13]) If W is a TCS on a Ty-quasi-metric space (X, q) which
satisfies property (S) in Definition[4.5.23, then for any A, B € CBy(X) the set W (A, B,\) =
{W(z,y,\):x € A,y € B} is bounded.

Proof. Let z,2' € A and y,y' € B. We show that q(W (z,y,\), W(2',y',\)) < co. Now,
since A, B € CBy(X), they are bounded i.e the diameter of A and that of B are finite
(diam(A) < oo and diam(B) < o0). Further, since W has property (S) in Definition 4.3.23]

we have that
Hence, W (A, B, \) is bounded. ]

We now investigate an additional property that allows us to define a T'C'S on an appropriate
subspace of CBy(X), which is induced by W. We start with the following definition:
Proposition 4.3.26. ([19, Lemma 3]) Let (X, q) be a Ty-quasi-metric space with a TCS
Wwhich satisfies property (S) in Definition [4.3.23. If A € CBy(X), then its double closure
clygANclyg-1)A also belongs to CBy(X).

T(q~

Proof. We show that cl-(oANcl.(4-1)A is bounded and convex. Suppose that the diameter of
A is less than m (i.e diam(A) < m) and z,y € clygANcl.(-1yA. Then for any € > 0, there
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exists a,a’ € A such that ¢(x,a) < e and ¢g(a’,y) < € and thus by the triangle inequality we
have that

q(z,y) < q(z,a) + q(a,d’) + q(d’,y) = qa,a’) + 2e < diam(A) + 2e < m + 2e.

Ase — 0, q(z,y) < m. Hence m is the upper bound of diameter of the double closure of
A. Tt therefore, follows that the double closure of A is bounded.

We now show that cl, AN clrg-1)A is convex. Fix A € [0,1]. For a,b € clyg AN cl (1A,
there exists sequences (a,) and (b,) in A such that ¢(a,a,) — 0 and ¢(b,b,) — 0.
Furthermore, by property () in Definition we have

q(W (a, b, \), W (an,bn, \) < Aq(a, an) + (1 — N)q(b,b,) — 0

which implies that (W (a,, b,, \)) converges to W (a, b, \) with respect to the topology 7(q).
Hence, W(a,b,\) € clyyA, since (W(an, by, A)) € A whenever n € N by convexity of A.

Thus cl; ;) A is convex. Similarly, cl.,-1)A is convex. Hence the proof is complete. O]

We end this section by now showing that Takahashi convexity implies Menger convexity

in Ty-quasi-metric spaces. The proof of the following follows in the same way as that of

Proposition [3.3.20]
Proposition 4.3.27. (Compare with Proposition |3.3.2() Let (X,q) be a Ty-quasi-metric
space. If (X, q) is convex with TC'S W, then it is Menger conver.

Proof. Let x,y € X and 0 <t < 1. We need to show that conditions () and (77) of Definition
are satisfied. Let z = W (x,y,1 —t), then by proposition [4.3.9

q(,2) = q(z, W(z,y,1 —1))
= (1= =1)a(z,y)
= tq(z,y)

and

a(z,y) = q(W(z,y,1-1),y)

= (1 =1)q(z,y).
Hence condition (7) of Definition is satisfied. Also,

Q(ya Z) = Q(ya W<:U> Y, - t))

= (1 =t)q(z,y).
and
q(z,7) = q(W(z,y,1 = 1), )
= (1= =1)qly, )
= tq(y, ).
Hence condition (#i) of Definition is satisfied. O
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4.4. M-convexity in Tj-quasi-metric spaces

In this section, we generalise M-convexity to the framework of Tj-quasi-metric spaces. We
begin by introducing the concept of strong convexity in Ty-quasi-metric spaces. We notice
that this concept was introduced in [19] for Ty-quasi-metric with TC'S W where it was called
strict convexity.

Definition 4.4.1. (Compare with Definition A Ty-quasi-metric space (X, q) is said
to be strongly convex if for each pair of points x,y € X and every t € [0, 1], there exists a

unique point z € X which satisfies the following two conditions:
(i) gz, 2) =tq(z,y) and q(z,y) = (1 — t)q(=z,y).
(i) q(y,2) = (1 —t)q(y, =) and q(z,z) = tq(y, v).
We notice that condition(ii) of Definition is formulated for the dual Ty-quasi-metric.

We observe that if ¢ has symmetry, then we have that ¢(z, z) = q(z,z) = tq(z,y) = tq(y, v)
which implies ¢(z, z) = tq(x,y). Similarly, ¢(z,y) = (1 — t)q(z,y) = q(y, 2) = (1 — t)q(y, z)
which implies ¢(z,y) = (1—t)q(x,y). Hence, obtaining the conditions (i) and (ii) of Definition
B.411

We now generalise the concept of M-convexity, introduced in [I1], to the framework of
Ty-quasi-metric spaces.

Definition 4.4.2. (Compare with Definition A Ty-quasi-metric space (X, q) is called
M-convex if for any x and y in X with ¢(x,y) = A and ¢(y, z) = A2 and for every r € [0, \{]
and s € [0, \y] there exists a unique point z,s € X such that

Cy(z,m) N Cy=1(z,5) N Cy(y, M1 — 1) N Cy=1(y, A2 — 5) = {25}

Remark 4.4.3. If r = % and s = %, then z,, is a midpoint of z and y. Also, if (X, q) is M-

convex, then (X, ¢™!) is M-convex too. However, M-convexity of (X, q) does not necessarily
imply M-convexity of (X, ¢°) (see Example [4.4.5)).

We now show that for any Tp-quasi-metric space (X, q), M-convexity and strong convexity
are equivalent.

Proposition 4.4.4. (Compare with Propositz'on Let (X, q) be a Ty-quasi-metric space.
Then (X, q) is M-convez if and only if it is strongly convez.

Proof. Suppose (X, q) is M-convex. Let z,y € X with ¢(z,y) = A\ and ¢(y,x) = Ay and
0 S t S 1. Then O S t)\l S /\1 and 0 S t/\g S /\2. Let r = t)\l and 9 = /\1 — t/\l Then
we have that r1 + 7y = Ay = ¢(z,y). Also, let s; = tAy and sy = Ay — tAy. Then we have

s1+ s2 = Ay = q(y, z). Since X is M-convex, we have
Cy(z,m1) N Cy1(x, 51) N Cy(y,r2) N Cy=1(y, s2) = {2}
Since z; € Cy(z,11), we have q(z, z) <1 =t = tq(z,y). Also, z; € Cy(y,re) implies that
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q(ze,y) <ry=(1—t)A; = (1 —t)q(z,y). By the triangle inequality

q(z,y) < q(z,2) + q(z,y) <tq(w,y) + (1= t)q(x,y) = q(z,y)

and so q(z,y) = q(z, z:) + q(21,y). Therefore, we have

q(z, z) = tq(z,y) and q(z,y) = (1 —t)q(z,y).

One can use the same argument to show that

q(y, z) = (L =t)q(y,x) and q(z,x) = tq(y, v).

For uniqueness, suppose z, € X also exists such that ¢(z,2)) = tq(z,y), q(z,y) = (1 —
t)q(z,y) and q(y, z;) = (1 = t)q(y, ), q(z, %) = tq(z,y). Then

2, € Cy(x,r1) N Cy1(x, 81) N Cyly, r9) N Cy-1(y, s2) = {2}

and so z; = z,. Hence, (X, q) is a strongly convex Ty-quasi-metric space.

Conversely, suppose that (X, q) is strongly convex. Then we need to show that it is M-
convex. To do this, let z,y € X with ¢(x,y) = A1,q(y,z) = Ao, 7 € [0, \] and s € [0, \a].
To show that

Colz,r) N Cp=1(z,8) N Cyy, M1 — 1) N Cy=1(y, Ao — ) = {25},

let t = /\L and t = 5=, that is ¢ € [0,1]. Then by strong convexity of (X, ¢q), there exists
1
a unique z.; such that q(z, zps) = tq(z,y) = q(zrs,y) = (1 = t)g(z,y) = N\ — r and

9y, 2rs) = (L =1)q(y, 2) = Ao =5, qlzns,7) = tQ(x, y) = s. That is,
Zrs € Cyx, 1) N Cy-1(x,5) N Cyy, \1 — 1) N Cy=1(y, A2 — 5).

For uniqueness, suppose z,; € X also exist such that 2/, € Cy(x,r)NCy-1(z, s)NCy(y, A1 —7)N
Cy1(y; A2 —s). Then q(z,z,) <7, q(z,,y) < A —rand gy, z,) <X —s, q(z,,2) < s

7 T‘S r8)
Now

q(xay)SQ( ) rs)+q( rs?y)<r+>\1_r_>\1_q<x y)

!/

czn ) =1 and q(zl,,y) =\ —r.
Similarly, it can be shown that ¢(y,z) = q(y,z.,) + q(z.,,z). Thus q(y,z.,) = Ao —

which implies that ¢(z,y) = ¢(z, z.,) +q(z.,,y) and so ¢(x

s, and q(z,,x)=
Since q(z,zl,) = r = q(x Zrs), q(zle,y) = M —71 = q(zs,y) and q(y,zl,) = Ao — s =
9y, zrs),  q(zl.s,x) = s = q(2,5, ). Therefore, 2/, = z.; and so

Cylz,r1) N Cyi(x, 51) N Cyly,12) N Cy=1(y, S2) = {25}
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In the following example, we show that a Ty-quasi-metric space (X, ¢) may be strongly convex
but (X, ¢°) is not strongly convex. Since M-convexity and strong convexity are equivalent
on any Tp-quasi-metric space, we conclude that M-convexity on (X, q) does not necessarily
imply M-convexity on (X, ¢°).

Example 4.4.5. ([19, Example 5]) Let R? be equipped with the asymmetric norm ||z| =
max{||z1],||z2|} where x = (z1,22) and the associated Tp-quasi-metric q. Let us consider
the point z = (0,0) and y = (2,0) in R% Then we have that

q9(z,y) = [lz =yl = [(0,0) = (2,0)] = [[(=2,0)| = max{|| — 2], [|0]} = 0.

Also, we have

q(y,x) = |ly — 2| = [I(2,0) = (0,0)] = [[(2, 0)] = max{||2], [|0]} = 2.

Thus, ¢(z,y) = 0 and ¢(y,x) = 2. Therefore, we obtain the system of equation at (z,y):
q(z,y) =0, q(z,y) =0, q(y,2) = 2t and q(z,x) = 2(1 —t) with t € I and z = (21, 22). We

now show that z is unique. Since ¢(z, z) = 0, then
0=q(z,z) = [(0,0) = (21, 22)| = [|[(—21, —22) = max{[| — 21|, || — 2}.

Now, for max{|| — z1],|| — 22|} = 0, we must have that ||z;| > 0 and ||z2| > 0. Also, since
a(2,y) = 0, then

0=1q(zy) = [lz =yl = [l(21,22) = 2,0)] = |[(z1 = 2, 22)| = max{[[z1 = 2], ||z2]}.

Now, for max{||z1 — 2|, ||22]} = 0, we must have ||z;] < 2 and ||z3| < 0. Hence, we see that
0 <||21| < 2 which can be written as z; = 2—2t for all t € [ and also ||z2| = 0 and therefore,
we have z = (2 — 2t,0) for all t € I. Therefore, z unique for each ¢ € I and so (R?,q) is
strongly convex Tj-quasi-metric space.

Let us now look at the symmetrised metric space (R?,¢*) with the same points z and y.

Then we have two equations ¢°(y, z) = 2t and ¢*(z,z) = 2(1 — t). Now,

2t =q(y,2) = lly = 2[ = [1(2,0) = (21, 22)| = [|(2 = 21, =22)| = max{||2 = 21|, [| — za}.

Now, for max{||2 — z1], || — 22|} = 2t, implies that ||z;| > 2(1 —t) and ||25] < 2t for all ¢ € I.
Similarly

200=1) = ¢*(2,9) = llz =yl = (21, 22) = (2,0)] = [[(z1 = 2, 22)| = max{[[21 = 2] ||z}

Now, for max{||z; — 2/, ||22|} = 2(1 — t), implies that ||z;| < 2(1 —¢) and ||2z5] < 2(1 —¢) for
all t € I. This gives us z; = 2(1 —¢) and 2t < ||z9] < 2(1 —¢) for all ¢t € I. Hence, we have
2= (2-2t,2t)if t < 5 and z = (2 — 2t,2 — 2¢) if ¢ > £ as the solution to these equations.
Also, we have already seen that the other solution to these equations is z = (2 — 2¢,0) with
t € I. Thus, the system does not have a unique solution. Therefore, (X, ¢*) is not necessarily

a strong convex Ty-quasi-metric space.
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Definition 4.4.6. (Compare with Definition [3.4.9) Let (X, q) be a Ty-quasi-metric space
and A C X. Then A is said to be convex if for every z,y € A,

Oq(l’, (1 — t)/\1> N qul ((L’, (1 — t>/\2> N Cq<y, t)\l) N qul(y, t/\2> g A

for all t € (0,1), A1 = q(z,y) and Ay = q(y, x).

Definition 4.4.7. (Compare with Definition [3.4.10)) Let (X, ¢) be a Menger convex Ty-quasi-
metric space. Then (X ¢) is said to be strictly convex if for any x,y € Cy(z,r1) N Cy-1(2,1r2)
with z € X we have that

Colz, (1 =t)A) N Cp1(z, (1 — t)A2) N Cy(y, th) N Cy-1(y, tAs) C Cylz,71) N Cy=1(2,73)

where q(z,y) = M1, q(y,z) = X and all t € (0, 1).
Theorem 4.4.8. (Compare with Theorem [3.4.11)) Let (X, q) be a Ty-quasi-metric space. If
(X, q) is strictly convex, then (X, q) is M-convex.

Proof. Let z,y € X with ¢(x,y) = A\ and ¢(y,x) = Ay. By strictly convexity of (X, q), we

have
E(t) = Cyz, (1 —t)A\) N Cy=1(z, (1 — t)A2) N Cyly, tA1) N Cy=1(y, tAs) # 0
for all t € (0,1). Suppose that 2y, 29 € E(t), then

Q(.T, Zl) S (1 - t)>\17 q(zl,x) S (1 - t>/\27 Q(yvzl) S t)\27 q(Zl;y) S t/\l
and
Q(xa 22) S (1 - t))\la Q(Z%x) < (1 - t))\2> Q(ya 22) < t)\27 Q(ZQ,y) S t)\l
Now
qa(z,y) < q(z,21) + q(21,9)
< (1=t +tN
=i = q(z,y).
Thus q(z,y) = q(x, 21) + q(21,y) and so ¢(x, z1) = (1 = )Ar and q(21,9) = th
Similarly, we have q(y,z) = q(y, z1) + q(z1, ) and so q(z1,x) = (1 — t) Ay and ¢(y, 21) = tAs.
And also, for the point zy, we have q(z,y) = q(x, 22) +q(22,y) and so g(x, z5) = (1 —t)A; and
Q(227y) = t)\l and q<y7$) = Q(y, Z2) + Q(Z27$) and so Q(ya 22) = t)\Z and Q(227$) = (1 - t))‘2
Then by strict convexity of (X, ¢q), we have
Cy(z1, (1 = 8)k1) N Cy=1(21, (1 = s)k1) N Cy(22, ski) N Cy(za, ska)
C Cylz, (L =t)A) N Cp=1(z, (1 = t)A2) N Cyly, tA1) N Cy=1(y, tA2)
for all s,t € (0,1), where q(z1,20) = k1 and ¢q(z1, 22) = ko. Since the points z; and 2z, are
q,q -between x and y, then we have
q(z,y) = q(x,21) + q(21, 22) + q(22,y) and (4.21)
q(y, ) = q(y, 21) + q(21, 22) + ¢(22, @), (4.22)
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and

q(z,y) = q(x, 22) + q(22,21) + q(21,y) and (4.23)
q(y,z) = q(y, 21) + q(22, 21) + q(21, 7), (4.24)

Now, from we obtain, ¢(z1,22) = q(x,y) — q(x, z1) — q(22,y), but q¢(z,y) = q(x, z1) +
q(21,y). Hence, q(z1,22) = |q(21,9) — q(22,y)| = [tA1 —tA| = 0.

Also from [4.23] we get ¢(z2,21) = |q(22,y) — q(22,y)] = |(1 — t) A2 — (1 = ) Ao| = 0.

Since X is a Tp-quasi-metric space and ¢(z1, 22) = 0 = q(22,21) = 21 = 23 then we have

that (X, q) is an M-convex Ty-quasi-metric space. O

4.5. Best approximation in 7Tj-quasi-metric spaces

In this section, we introduce the concept of best approximations in Ty-quasi-metric space,
this notion was introduced in metric spaces by Khalil [I1], in 1988:
Let (X, q) be a Ty-quasi-metric space and A C X. Due to asymmetry, we consider two

distances from = to A:

q(z, A) = inf{g(z,y) : y € A}

(A, x) = inf{q(y, z) : y € A}
Observe that ¢ '(z,A) = q(A,z). Also, let the set valued maps Py : X — 24 and
P! X — 24 be defined as follows:

Py(z) ={y € A:q(z,y) = q(z, A)}

Pyl(x) ={y € A qly,x) = q(A,x)}
denote a metric projection on A. An element y € Ps(z) is called a g-nearest point to x in
A. While an element § € P, (z) is called a ¢~ l-nearest point to x in A. The set A is called

(i) g-proximinal if P4(x) # 0 for every z € X.

(ii) g-semi-Chebyshev if n(P4(z)) < 1 for every x € X, that is every € X has at most

one g-nearest point in A where n(P4(x)) is the number of elements of the set P4 (z).

(iii) g-Chebyshev if n(Pa(z)) = 1 for every z € X, that is every z € X has exactly one

g-nearest point in A where n(Px(x)) is the number of elements in the set Pa(z).

The corresponding notion for the conjugate Ty-quasi-metric ¢! are defined similarly.

We now give some properties of the Ty-quasi-metrics ¢ and ¢!

in terms of proximinality and
Chebyshevity of some set A (compare with properties in [11]).
Theorem 4.5.1. Let (X, q) be a Menger convex Ty-quasi-metric space. Then the following

are equivalent.

(i) (X,q) is M-convex.
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(ii) Cy(z,71) N Cy-1(z,79) is ¢-Chebyshev and ¢~ '-Chebyshev for all z € X and ry,7r, > 0.

(iii) Pa(z) N Pa(y) = 0 and P, (z) N P (y) = 0 for all x # y and all double balls A in X.

Proof. (i) = (ii) Let Cy(2,7m1) N Cy-1(z,72) where z € X, r1, 75 > 0 be double closed balls.
Let x € X \ Cy(2,71) N Cy-1(2,73) and

q(z,2)=s=rm+\
and

q(z,x) =m =19+ Ao.
Then

q(x,Cy(z,m1) N Cy-1(2z,12)) = A1 and  q(Cy(z,71) N Cyp-1(2,72), ) = Ao,
Since (X, q) is M-convex, we have that
Cy(x, M) N Cy=1(2, A2) N Cy(x, 1) N Cy-1(2,73) = {y}

for some y € X. Thus Pa(z) = P;'(y) = {y} where A = C,(z,71) N Cy1(z,12) for
z € X,r1,r2 > 01is a double ball. This implies that Cy(z,71) NCy-1(2,73) is ¢-Chebshev and
g~ '-Chebyshev for all z € X, 7,75 > 0.
(it) = (i4i) Suppose that Pa(x) N Pa(y) # 0 for some A = Cy(z,r) N Cy=1(2,12) for some
z€ X,ry,ry>0and x,y € A. Then w € Py(x) N Pa(y),

q(w, ) = q(w,y) = dist(w, A).

Then we have that x and y are g-nearest element of A and therefore, contradicting (7).
Hence, Pa(z) N Pa(y) = () for some z,y € X and & # y. A similar argument also shows that
if (44) holds, then P;'(x) N Py (y) = 0.

(17i) = (i) Let x,y € X and ¢(z,y) = A\; and ¢(y,x) = \o. Then by convexity of (X, q),
there exists a ¢t € [0, 1] such that

Oy, (1= HA) N Cpt (y, (1 — £)A0) N Cyl, A1) N Cpr (3, tAe) = E(t) £ 0

If 21,20 € E(t) and 2, # 2, then
x € Pa(z1) N Pa(22) # 0

where A = Cy(2,71)NCy-1(2,12) for z € X, rq, 79 > 0. However this contradicts (i77). Hence,
(X, q) is M-convex. O

Definition 4.5.2. (Compare with Definition [3.4.15) Let (X, q) be a Ty-quasi-metric space
and X be M-convex, then for every x,y € X such that ¢(z,y) = A1, ¢(y,x) = Ay and each
t € 10, 1], we define

L(z,y) = U (Cylz, (T =t)A) N Cy(z, (1 = t)A2) N Cy=1(y, tA1) N Cy-1(y, tA2))

0<t<1
= U (Cq(x,r) NCy(y, A1 — 7’)) N U (Cq_1(x, $) N Cy1(y, A2 — s))
0<r<A 0<s<As
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Theorem 4.5.3. (Compare with Theorem [3.5.5) Let (X, q) be a Ty-quasi-metric space.
Suppose that (X, ¢) is M-convex in which all double closed balls are convex. If A is a double

closed convex set in (X, q) and x ¢ A, then Pa(z) and P;'(z) are convex subset of X.

Proof. We prove that Ps(x) is convex, the proof of Pgl(x) is similar. Suppose that A is
a double closed convex set in (X, q) and x ¢ A. If Pa(x) = 0, then it is trivially convex.
Suppose that P4(z) # (), and let 21,20 € Pa(z) and q(21,22) = A and q(22,21) = Ag. If
q(x,A) = r; and ¢(A,z) = 1y, then 21,29 € Cy(x,m1) N Cy=1(x, r2). Since we have assumed
that closed balls are convex, then L{zq, 25] C Cy(x,71)NCy-1(x,72). Also since A is convex, we
get L{z1, 2] C A. Consequently, L2y, 25] C Sy(x, 1) N Sy-1(x,7r2). Hence L{zq, 25] C Pa(x).

Therefore, P4(z) is convex. O

Theorem 4.5.4. (Compare with Theorem [3.5.6) Let (X, ¢q) be a Ty-quasi-metric space. If
(X, q) is M-convex in which every g-proximinal convex set is g-Chebyshev, then C,(z,71) N

Cy-1(z,72) is convex for all z € X and 71,7y > 0.
Proof. Let x,y € X, q(z,y) =\ and q(y,z) = A\a. Let
{Cy(z, (1 =t)M) N Cyr(x, (1 = t)A2) N Cyy, tA1) N Cy=1(y, tA2)} € Cylz,71) N Cy-1(2,72)

for some ¢ € [0,1]. Suppose that there exists distinct points z1, 20 € Sy(2z,7r1) N Sy-1(2,r2)
such that v = L(z, 22) is not contained in Cy(z,r1) N Cp-1(2,72). Since 7 is compact
(being continuous image of [0,q(z1, 22)]), then ~ is g-proximinal. Bet z1,2, € dist(z,7),
contradicting the g-Chebyshevity of «, since 7 is convex. Hence Cy(z,71) N Cy-1(z,72) is

convex. O]

The following theorem is analogous to Theorem [3.5.7in metric settings, but here we use the
property of double balls.
Theorem 4.5.5. Let (X, q) be a strictly convex Tj-quasi-metric space. Then every g¢-

proximinal convex set in (X, q) is ¢-Chebyshev.

Proof. Let G C X be g-proximinal and convex. Let z € X \ G such that Pg(z) contains more
than one element. consider {z1,22} C Pg(z) and q(z1,22) = A1 and ¢(22,21) = Ag. Since
{z1,22} C Pg(z), then we have q(z,21) = q(z,22) = q(2,G) = ry and q(21,2) = q(22,2) =
q(G, z) = ry. Thus {21, 20} C Cy(2,711) N Cy-1(2,72). Since {21,220} C Cy(2z,71) N Cy-1(2,72),
it follows from the strict convexity of (X, ¢) that

w(t) = Cyz, (1 =t)M)NCyr(z, (1 =) A2) NCy(y, tA1) NCp=1(y, tAa) € Cy(z,71)NCy-1(2,72).

The convexity of G implies that w(t) € G. Since every strictly convex Ty-quasi-metric
space is M-convex, we have that w(t) is a singleton set. Hence, ¢(z1,22) = A\ = 0 and

q(22,21) = A2 = 0 and so z; = 2. Hence G is ¢-Chebyshev. O
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CHAPTER 5

DISCUSSION

In this thesis, several results concerning convexities, namely; Menger convexity [21], Taka-
hashi convexity [19] and M-convexity [II] were extended from metric spaces to general
Th-quasi-metric settings with minor or no modifications to both the assumptions and proofs.
We observed that all these convexities are a generalization of convexities in a linear spaces,
but the converse is not true. We refer the reader to Example [3.2.5] Example [3.3.4 and Ex-
ample [3.4.3

In chapter four, we started our own investigations. Since these convexities rely on the con-
cept of betweenness, a fundamental concept to the study of axiomatic geometry. Therefore,
we started our discussion with the concept of betweenness and midpoint in Tj-quasi-metric
spaces which was introduced by Blumenthal [4]. We discussed that g-betweenness does not
necessarily imply ¢~ !-betweenness. Thereafter, we also discussed that ¢, ¢~ !-betweenness
implies gT-betweenness in Ty-quasi-metric space. We finalised this section by discussing a
well known result [4, Theorem 12.1] for the relation of betweenness in metric spaces, to the
setting of Ty-quasi-metric spaces.

In the second section, we discussed the concept of Menger convexity [21] from metric setting
to the framework of Ty-quasi-metric spaces. We extended Proposition to Ty-quasi-
metric setting with minor modification to both the assumption and the proof. We failed
to extend Theorem to Tp-quasi-metric spaces due to the fact that it does not use
symmetry in its proof.

In the third section, we recalled the convexity structure in the sense of Takahashi in 7Tj-
quasi-metric spaces. We discussed various important results about convexity structures in
metric spaces can generalised to the quasi-metric settings. We also showed that convexity
structures naturally occur in asymmetric normed real vector spaces. We ended this section
by discussing the relationship between Takahashi and Menger convexity in Tj-quasi-metric

spaces.

In the fourth section, we discussed the concept of M-convexity [I1] from the metric set-
ting to the framework of Tj-quasi-metric spaces. We started by introducing strong convexity
in Ty-quasi-metric spaces, and thereafter, we showed that a Ty-quasi-metric space is strongly
convex if and only if it is M-convex (see Proposition [1.4.4). We also showed that a Tp-
quasi-metric space (X, q) may be strongly convex but (X, ¢°) is not strongly convex. Since
M-convexity and strong convexity are equivalent on any 7p-quasi-metric space, we concluded
that M-convexity on (X, q) does not necessarily imply M-convexity on (X, ¢*) (see Example
. We ended this section by showing that if (X, q) is strictly convex Ty-quasi-metric
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space, then it is M-convex. In the fifth section, we generalised the concept of best ap-
proximations in M-convex metric spaces. Then we showed that if (X, ¢) is an M-convex
To-quasi-metric space, then the double closed ball Cy(x,d) is convex if and only if there is
a closed, convex subset G of X and x ¢ G such that g-proximinal and ¢~ !-proximinal sets
are convex. We ended this section by showing that, if (X, ¢) is an M-convex Ty-quasi-metric
space in which double closed balls are convex, and A is a double closed convex set in X and
x ¢ A, then Py(z) and P;'(z) are convex subsets of X.

In this dissertation we did not manage to answer the following questions:
Problem 1. Is it possible to generalize Menger convexity [21)] which was introduced by Karl

Menger to asymmetric normed spaces?

Problem 2. [s it possible to generalize M -convexity [11] which was introduced by Rashido

Khalil to asymmetric normed spaces?

Problem 3. Under what conditions can the Fundamental Theorem of Menger convexity be

generalised to Ty-quasi-metric spaces?

Problem 4. Under what conditions can we say that a Ty-quasi-metric space (X, q) is M-

conver by considering a unique curve of length q(x,y)?
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CHAPTER 6

CONCLUSION

This study has revealed that a number of results on convexities in metric spaces can be readily
generalized to Ty-quasi-metric spaces with minor or no modifications to both the assumptions
and the proofs. There are, however, some results which could not be generalized meaningfully
from metric setting to the general context of Ty-quasi-metric spaces (see Theorem 3.4.15,
Theorem 3.4.16 and Theorem 3.2.14). We notice that these theorems do not depend on
symmetry, hence making them impossible for us to extend them to the quasi-metric setting.
In conclusion, we find a surprising fact that many classical results about convexities do not
make essential use of the symmetry of the metric and, therefore, making more interesting

observations in quasi-metric setting.
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