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Abstract

This dissertation develops a negative binomial integer-valued generalized autoregressive con-
ditional heteroscedastic model of order p, ¢ (negative binomial INGARCH(p, q)) for overdis-
persed count time series data with potential extreme values. The model is formulated such
that its conditional distribution follows the negative binomial distribution, allowing the con-
ditional variance to exceed the conditional mean and dynamically adjust for overdispersion
based on past observations. Furthermore, the unconditional variance exceeding the uncon-

ditional mean demonstrates the model’s capability to capture extreme values in the data.

A simulation study evaluates the finite sample performance of the Yule-Walker, conditional
least squares, and maximum likelihood estimation methods for the three sparsely parameter-
ized negative binomial INGARCH(p, ¢) models. Results indicate that maximum likelihood
estimation is the most efficient and reliable approach. The conditional log-likelihood func-
tion is maximized numerically using MATLAB’s fmincon function, with constraints to ensure
stationarity and non-negativity of parameters. Conditional least squares estimates serve as

initial values to facilitate convergence and enhance stability.

For application, the negative binomial INGARCH(p, ¢) model is applied to syphilis count
data from the R ZIM package, originally sourced from the CDC Morbidity and Mortality
Weekly Report CDC MMWR. The dataset consists of weekly syphilis cases in Maryland,
United States, from January 2007 to May 2010, with 209 observations. The empirical mean
(3.47) and variance (9.28) confirm overdispersion, justifying the use of the negative binomial
distribution. Model performance is assessed and compared to the Poisson INGARCH(p, q)
and double Poisson INGARCH(p, g) models using the Akaike Information Criterion (AIC)
and Bayesian Information Criterion (BIC). Additionally, tail probabilities of residuals are
analyzed to evaluate the models’ ability to capture extreme values. Results from AIC, BIC,
and tail probability analysis indicate that the negative binomial INGARCH(p, ¢) model
outperforms the Poisson INGARCH(p, ¢) and double Poisson INGARCH(p, ¢) models.
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List of Symbols and Terms

Below is a list of some symbols, abbreviations, distributions, and statistical models used in

this dissertation, along with their corresponding meanings.

Symbols

0 Vector of parameters to be estimated.

6° Vector of true parameters.

1(9) Log-likelihood function.

Fi 1 o-field generated by a time series process up to time ¢t — 1.

vx (k) Autocovariance function of the time series process X; at lag k.
Abbreviations

YW Yule-Walker.

CLS Conditional least squares.

MLE Maximum likelihood estimation.

MADE Mean Absolute Deviation Error.

AIC Akaike Information Criterion.

BIC Bayesian Information Criterion.

Distributions

NB(r, p) Negative binomial distribution with parameters » > 0 and 0 < p < 1.
P(X) Poisson distribution with mean A > 0.

DP(\,7) Double Poisson distribution with parameters A > 0 and v > 0.

Statistical Models

GARCH(p, q) Generalized autoregressive conditional heteroscedastic model of order p, q.
INGARCH(p, q) Integer-Valued GARCH(p, q).

PINGARCH(p, q) Poisson INGARCH(p, q).

DPINGARCH(p,q)  Double Poisson INGARCH(p, ¢q).

NBINGARCH(p,q)  Negative binomial INGARCH(p, q).



Chapter 1
Introduction

Time series of counts are commonly observed in real-world applications and play a vital role
in understanding patterns and trends over time. Various fields generate such data, including
the insurance industry, economics, medicine, epidemiology, queueing systems, meteorology,
and communications. These datasets often consist of discrete, non-negative integer values
that represent the occurrence of specific events within a given time frame. Examples include
the number of road accidents reported daily, patient admissions in hospitals weekly, recorded
crime victimizations monthly, transmitted data packets in communication networks hourly,

and detected system errors in computing environments in real-time.

Analysing count time series is essential for developing predictive models, making informed
decisions, and implementing effective policies. However, these data often exhibit unique
statistical properties, such as overdispersion, which require specialized modelling approaches
for accurate analysis and forecasting. Overdispersion, where the variance exceeds the mean,
is frequently attributed to positive correlations between observed events or variability in
event probabilities (see Weil [45]). To address this challenge, numerous models have been
proposed for analysing count time series (see [12, 19-40]), with many researchers employing
overdispersed Poisson and binomial regression models. However, the Poisson distribution
assumes equal mean and variance, making it unsuitable for overdispersed data. In contrast,
the negative binomial distribution, a natural extension of the Poisson distribution, offers
greater flexibility by accommodating overdispersion, thus providing a more robust framework

for accurate analysis and forecasting.

The Poisson integer-valued generalized autoregressive conditional heteroscedastic (Poisson
INGARCH) model, introduced by Ferland [19], is a commonly used model for overdispersed
count time series. However, it has key limitations: it does not accommodate covariates, its
autocorrelation function is always positive, and its conditional mean equals the conditional
variance. This dissertation focuses on the last limitation, as it can compromise model per-
formance in the presence of extreme observations. To address this, we propose a negative

binomial INGARCH model that effectively handles both overdispersion and extreme values.



1.1 Statement of the Problem

Despite the development of various models for overdispersed count time series, including the
Poisson INGARCH model, significant challenges remain in accurately modelling datasets
with extreme observations. The Poisson INGARCH model’s assumption that the conditional
mean equals the conditional variance limits its ability to capture overdispersion, leading to
biased parameter estimates and poor predictive performance. This gap underscores the
need for a more flexible modelling framework that can effectively handle overdispersion and

extreme values in count time series data.

1.2 Aim of the Study

The aim of this study is to propose a negative binomial INGARCH model that can effectively
address overdispersion and extreme values in count time series data, focusing on its structure,

parameter estimation, and application to real-world data.

1.3 Research Objectives

(i) To formulate a negative binomial INGARCH model for overdispersed count time series.
(ii) To develop an approach for parameter estimation for the proposed model.
(iii) To apply the proposed model to real-world count data and assess its performance.
)

(iv) To compare the performance of the negative binomial INGARCH model to that of the
Poisson and the double Poisson INGARCH models.

1.4 Research Questions

(i) How can a negative binomial INGARCH model be formulated to effectively model

overdispersed count time series data?

(ii) What is an appropriate method for estimating the parameters of the proposed negative
binomial INGARCH model?

(iii) How does the proposed negative binomial INGARCH model perform when applied to

real-world overdispersed count data?

(iv) How does the performance of the negative binomial INGARCH model compare to that
of the Poisson and double Poisson INGARCH models in modelling overdispersed count

time series data?



1.5 Significance of the Study

This study contributes to the field of time series analysis by addressing the limitations of
the Poisson INGARCH model. The proposed negative binomial INGARCH model provides
a more flexible framework for modelling overdispersed count data, leading to improved pa-
rameter estimation and forecasting accuracy. This advancement is crucial for applications
in fields such as epidemiology, finance, and communications, where accurate modelling of

count data is essential for effective decision-making and policy development.

1.6 Literature Review

Time series models for count data have seen extensive development due to their wide-ranging
applications in fields such as epidemiology, finance, and environmental studies. Among these,
the Poisson INGARCH model, introduced by Ferland et al. [19], has been particularly
influential for modeling overdispersed count time series. This model has received significant
theoretical attention, with contributions such as Zhu and Wang [52] establishing conditions
for higher-order moments and Weif} [45] deriving equations for variance and autocorrelation.
Extensions to mixture models by Zhu et al. [52] and advancements in geometric ergodicity

and likelihood-based inference by Fokianos et al. [20] have enriched its theoretical foundation.

Despite these advancements, the Poisson INGARCH model exhibits limitations that hinder
its applicability to diverse real-world datasets. A key drawback is its assumption that the
conditional mean equals the conditional variance, making it unsuitable for datasets exhibiting
overdispersion or extreme observations. Heinen [27] proposed an alternative INGARCH
framework using the double-Poisson distribution, and Grahramani et al. [25] extended this
approach to higher-order models. Additional alternatives include INGARCH models based
on the generalized Poisson and Conway-Maxwell Poisson distributions [42, [51]. However,
while these models offer improvements in flexibility, they often face challenges in parameter

estimation and computational efficiency, particularly for large-scale datasets.

A notable study by Zhu [53] introduced a negative binomial integer-valued GARCH (NBIN-
GARCH) model, which extends the INGARCH framework by incorporating a GARCH-like
structure to model conditional variance dynamics in count time series. This study estab-
lished conditions for stationarity and ergodicity and developed an estimation approach based
on maximum likelihood. Additionally, the empirical results demonstrated the NBINGARCH
model’s superior performance in capturing overdispersion and volatility clustering compared
to Poisson-based alternatives. By allowing the variance to exceed the mean, the negative
binomial INGARCH model provides a robust framework for handling overdispersion and
extreme values in count time series. Furthermore, its ability to account for covariates and

complex autocorrelation structures makes it well-suited for real-world applications.

Building on this foundation, this research aims to further explore the negative binomial



INGARCH model by developing efficient parameter estimation techniques and evaluating
its performance against Poisson and double-Poisson INGARCH models using real-world

datasets.

1.7 Methodology

This section presents the methodology adopted in this study, which is structured into five
main subsections corresponding to the key steps of the research process. The steps include
model formulation, parameter estimation, simulation study, application to real-world data,

and model comparison.

1.7.1 Model Formulation

The negative binomial integer-valued generalized autoregressive conditional heteroscedastic
model of order p, ¢, denoted as NBINGARCH(p, q), is designed to handle overdispersed count
time series by allowing the conditional variance to exceed the conditional mean. Let {X;}
denote a time series of counts, and F;_; represent the o-field generated by {X;_1, X;_o,...}.
The NBINGARCH(p, q) process is formulated such that the conditional distribution of X

follows the negative binomial distribution:
Xi|Fi1 ~ NB(r, pr), (1.1)

where 7 is a positive integer representing the number of successes in a sequence of independent

Bernoulli trials, and p; is the success probability parameter that satisfies the relation:

1 . p q
; P n=a0 Y aXe + Y B, (1.2)
t i=1 j=1

with ap >0, oy > 0fori=1,...,p,and 8; > 0for j=1,...,¢q. Here, p>1and ¢ > 0.

This formulation implies that var(X;|F;,_1) > E(X;|F;_1) (see Corollary [3.1.5)in Chapter 3),
highlighting how the model dynamically adjusts for overdispersion based on past information,
capturing both serial dependence and clustering in the data. Similarly, it confirms that
var(X;) > F(X;), demonstrating the model’s ability to represent persistent overdispersion
across the entire series. This flexibility makes the NBINGARCH(p, ¢) process particularly
well-suited for real-world applications where count data exhibit high variability, such as in

epidemiological case counts, insurance claims, and financial transaction counts.

However, to ensure the validity of the NBINGARCH(p, ¢) model, it is important to consider
the stationarity conditions. For the NBINGARCH(p, ¢) model to be first-order stationary



(stationary in the mean), a necessary and sufficient condition is that all roots of the equation

q p
1-— Z(rai + B;)2t — Z ra;z' =0 (1.3)
i=1 i=q+1
lie outside the unit circle, meaning their absolute values exceed 1 (see Proposition [3.1.7)).
This implies that the parameters must satisfy 0 < o; <1fori=1,...,pand 0 < 3; < 1 for

j=1,...,q, which ensures that the model exhibits stable behaviour over time.

1.7.2 Parameter Estimation

The model parameters 6 = (ag, a1, .., 0, B1,...,B)7 = (60,61,...,0,1,)" are jointly es-
timated using maximum likelihood estimation (MLE). It is natural to estimate 6 by maxi-
mizing the conditional log-likelihood function [(). However, it turns out that the estimates
have no closed form and the numerical optimization methods have to be used. Specifically,
the log-likelihood function [(#) is maximized with respect to € for selected values of r, where
searching for the maximizer of [(6) is implemented in MATLAB by using the constrained
nonlinear optimization function fmincon. Here the constrained conditions are ag > 0 and
the first-order stationarity condition (see Proposition in Chapter 3 for this condition).
We choose the conditional least squares (CLS) estimates as the corresponding initial values
and set \g = X and d\/00; = 0. The estimate 7 is determined by the r value that yields

the smallest Akaike information criterion (AIC) or Bayesian information criterion (BIC).

1.7.3 Simulation Study

A simulation study was conducted to evaluate the finite sample performance of the
Yule-Walker (YW), conditional least squares (CLS), and maximum likelihood (ML) esti-
mates for the three most sparsely parameterized NBINGARCH models: NBINGARCH(1),
NBINGARCH(2) and NBINGARCH(1,1), given as follows:

Xt|]:t—1 ~ NB(ﬂ pt); Xt|~7:t—1 ~ NB(Ta pt)u and Xt|~7:t—1 ~ NB(Ta pt)u

A=+ o Xy A=op+ a1 Xy +opXy o Ao =ap+ a1 X+ B,

respectively, where A, = (1 — p;)/p;. Three set-ups were considered as follows:

(i) NBINGARCH(1) with (a9, a?,r)T=(A1)(2,0.3,1)T and (A42)(4,0.3,2)7;

(i) NBINGARCH(2) with (a2, a?,a9,7)T = (B1)(2,0.4,0.2,1)T and (B2)(3,0.3,0.1,2)7;
(ifi) NBINGARCH(L,1) with (a2, a?, 89, 7)T = (C1)(2,0.2,0.4, 1)T and (C2)(3,0.1,0.3,2),

where 0° represents the true parameter values of the models. Following Davis and Wu
[12], the parameter estimation assumed that r was known. The log-likelihood function was

maximized using MATLAB’s constrained nonlinear optimization function fmincon, with the



CLS estimates as initial values. The imposed constraints were oy > 0 and the first-order

stationarity condition.

For the CLS estimation of NBINGARCH(1,1) models, we set p* = [/n], where | X | denotes
the integer part of X. The performance of the estimators was assessed using the mean
absolute deviation error (MADE), defined as

1 m
—>
j=1

0; — 09

The simulations were conducted with sample sizes of n = 100, 500, and 1000, using m = 200

replications for each scenario.

1.7.4 Application to Real Data

In this dissertation, the NBINGARCH(p, ¢) model is applied to an overdispersed count time
series of syphilis data. This dataset is included in the R software ZIM-package, sourced
from the CDC Morbidity and Mortality Weekly Report (CDC MMWR. It consists of the
weekly number of syphilis cases in Maryland, United States, from January 2007 to May
2010, comprising a total of 209 observations. The empirical mean (3.47) and variance (9.28)
indicate overdispersion, suggesting that a negative binomial distribution may provide a better
fit than the Poisson distribution. Other authors who considered this type of data include
the Baltimore City Health Department [2], the Centers for Disease Control and Prevention
[11], and the Maryland Department of Health and Mental Hygiene [37].

A time plot of the series, which shows no apparent trends or seasonality, confirms stationarity.
Autocorrelation function (ACF) and partial autocorrelation function (PACF) plots are used
to identify the appropriate order of the NBINGARCH(p, ¢) model. Model parameters are

estimated using the approach detailed in Subsection 1.7.2.

To assess model performance, the Akaike Information Criterion (AIC) and Bayesian Infor-
mation Criterion (BIC) are computed for different values of r. The model with the lowest
AIC and BIC values is selected as the best-performing model. A Pearson residual analysis

is conducted to evaluate the adequacy of the fitted model in capturing the data’s dynamics.

1.7.5 Model Comparison

The NBINGARCH(p, ¢) model’s performance is compared to the Poisson INGARCH(p, q)
and double Poisson INGARCH(p, ¢) models using the Akaike Information Criterion (AIC)
and the Bayesian Information Criterion (BIC) as evaluation criteria. Both AIC and BIC are
calculated from the log-likelihood functions of each model, with adjustments for the number
of parameters to penalise complexity. Lower values of these criteria indicate better model

performance by balancing goodness of fit and model simplicity.


http://www.cdc.gov/MMWR/

In addition to AIC and BIC, the models are further assessed based on their ability to capture
extreme values through the analysis of tail probabilities for residuals. Tail probabilities are
calculated by evaluating the likelihood of extreme residuals (values lying beyond a specified
threshold) under each model. Models that yield higher tail probabilities demonstrate a
greater capacity to account for extreme variations in the data, which is particularly important

for applications involving overdispersed count time series.

This evaluation approach provides a clear framework for assessing model performance. The
use of AIC and BIC ensures that both the overall fit and the trade-offs associated with
model complexity are systematically addressed. Additionally, the analysis of tail probabilities
highlights each model’s ability to represent overdispersion and capture extreme fluctuations
effectively. By combining these complementary metrics, the methodology offers a robust and

reliable basis for comparing the NBINGARCH(p, ¢) model to existing alternatives.

1.8 Limitations and Future Work

1.8.1 Limitations

Computational Complexity

The NBINGARCH (p, q) model, while effective in addressing overdispersion in count time
series data, can be computationally intensive. The estimation process involves iterative
optimization techniques that require significant computational resources and time, especially
for large datasets or higher-order models. This limitation could restrict its application in

real-time or large-scale data analysis.

Assumptions of Stationarity

The model assumes stationarity in the underlying time series data, which may not always
hold in practical applications. Non-stationary data can lead to biased parameter estimates
and unreliable predictions. While techniques such as differencing or transformations can

address non-stationarity, they may also obscure important features of the data.

Model Interpretability

The NBINGARCH (p, q) model, while effective in capturing overdispersion and temporal
dependencies, can be challenging to interpret for non-technical stakeholders. The complexity
of the model parameters and their interactions may hinder its adoption in fields where
interpretability is critical, such as public health or policy-making. Simplifying the model or

developing tools to enhance result interpretability could help address this limitation.



Data Requirements

Reliable parameter estimation for the NBINGARCH (p, q) model often requires large
datasets with sufficient observations over time. In cases where data are sparse or incom-
plete, the model’s performance may be compromised. Future work could explore methods

to handle small sample sizes or missing data effectively.

1.8.2 Future Work

Improved Computational Efficiency

Future research could focus on developing more efficient algorithms or approximation meth-
ods to reduce the computational burden of the model. Techniques such as parallel computing

or machine learning-based optimization could provide promising solutions.

Relaxing Stationarity Assumptions

Extending the model to accommodate non-stationary time series would make it applicable to
a broader range of datasets. This could involve integrating trend and seasonality components

or developing hybrid models that combine INGARCH with other statistical frameworks.

Model Extensions
Future studies could explore:

(i) Incorporating alternative distributions for count data, such as zero-inflated models
(which account for excess zeros by modeling them separately) or hurdle models (which

distinguish between zero and non-zero counts).

(ii) Developing multivariate extensions of the NBINGARCH (p, q) model for analyzing

multiple correlated time series simultaneously.

Application to Diverse Domains

While this study focuses on epidemiological data, future research could investigate applica-
tions in other fields such as finance, environmental science, and social media analytics. These
applications would demonstrate the versatility and robustness of the model across various

disciplines.

Real-Time Implementation

Developing real-time forecasting systems using the NBINGARCH (p, q) model could pro-
vide practical tools for decision-making in dynamic environments such as disease outbreak

monitoring or stock market analysis.



1.9 Organisation of the Dissertation
The rest of the dissertation is organised as follows:

Chapter 2. This chapter contains the requisite preliminaries needed to understand the
content of this dissertation. The style is intentionally concise, as this chapter is designed
to serve as a reference rather than a comprehensive exposition. Section 2.1 provides a de-
tailed overview of the negative binomial distribution, including its mathematical formulation,
properties, and applications. In Section 2.2, we discuss three commonly used approaches for
estimating parameters in time series analysis: Yule-Walker estimation, conditional least
squares estimation, and maximum likelihood estimation. Each of these approaches has its
own advantages and is suited to different types of time series models. Finally, in Section 2.3,
we outline the steps involved in conducting simulation studies, along with their significance

in assessing time series models.

Chapter 3. This chapter introduces the negative binomial integer-valued generalized au-
toregressive conditional heteroscedastic model of order p, ¢, denoted as NBINGARCH(p, q),
and outline an approach for parameter estimation. Section 3.1 defines the model, detailing
its key assumptions, mathematical formulation, and fundamental properties. We also derive
the first- and second-order stationarity conditions and present some equations to compute
the autocovariance and autocorrelation functions. Section 3.2 provides a detailed example
for the specific case of p = 1,¢ = 1. Finally, in Section 3.3, we discuss the Yule-Walker and
conditional least squares estimation methods for specific cases of the NBINGARCH model,

followed by the development of the maximum likelihood estimation approach.

Chapter 4. This chapter presents a simulation study to evaluate estimation approaches,
followed by a real data example demonstrating the application of the NBINGARCH(p, q)
model. Specifically, Section 4.1 compares the finite-sample performance of the Yule-Walker,
conditional least squares, and maximum likelihood estimates through a simulation study. In
Section , the NBINGARCH(p, ¢) model is applied to an overdispersed count time series
of syphilis data.

Chapter 5. In this chapter, we discuss the results and implications of the negative binomial
INGARCH model, reflecting on its effectiveness in addressing overdispersion in count time se-
ries data. The aim and objectives of this dissertation are restated and discussed in Section 5.1
while the employed methodology to achieve these goals is discussed in Section 5.2. In Section
5.3, we discuss the structure of the negative binomial INGARCH(p, ¢) (NBINGARCH(p, q))
model, including its formulation, suitability for modelling count time series with overdis-
persion and extreme values, and the stationarity of the model. Approaches for parameter
estimation of the model are discussed in Section 5.4. Here, we discuss the Yule-Walker and
conditional least squares estimation methods for specific cases of the NBINGARCH(p, q)
model, followed by a discussion on the development of the maximum likelihood estimation

approach. A simulation study to evaluate parameter estimation approaches is discussed



in Section 5.5. Here, the simulation study compares the finite-sample performance of the
Yule-Walker, conditional least squares, and maximum likelihood estimates. In Section 5.6,
we discuss the application of the NBINGARCH(p, ¢) model to an overdispersed count time
series of syphilis data. In Section 5.7, we discuss the comparison of the performance of
the negative binomial INGARCH model to that of the Poisson and the double Poisson IN-
GARCH models.

Chapter 6. In this final chapter, we summarize the main findings of our research and
underscore their implications. We offer recommendations based on our insights to guide
future actions and initiatives. The summary of the main findings is given in Section 6.1

while the recommendations are given in Section 6.2.

Appendices. These appendices provide supplementary materials supporting the main con-
tent of the dissertation. Appendix A presents the data set utilized for the real data example
discussed in Chapter 4, offering a detailed overview of the variables and data collection meth-
ods. Appendix B contains the MATLAB code employed for the simulation study outlined
in Chapter 4, facilitating a deeper understanding of the computational processes used in the
analysis. Finally, Appendix C includes the MATLAB code relevant to the real data example

in Chapter 4, further illustrating the practical implementation of the methods discussed.
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Chapter 2
Preliminaries

This chapter contains the requisite preliminaries needed to understand the content of this
dissertation. The style is intentionally concise, as this chapter is designed to serve as a
reference rather than a comprehensive exposition. Section 2.1 provides a detailed overview
of the negative binomial distribution, including its mathematical formulation, properties,
and applications. In Section 2.2, we discuss three commonly used approaches for estimating
parameters in time series analysis: Yule-Walker (YW) estimation, conditional least squares
(CLS) estimation, and maximum likelihood (ML) estimation. Each of these approaches
has its own advantages and is suited to different types of time series models. Finally, in
Section 2.3, we outline the steps involved in conducting simulation studies, along with their

significance in assessing time series models.

2.1 Negative Binomial Distribution

The negative binomial distribution is one of the most prominent discrete probability distri-
butions in probability theory and statistics, widely used in modelling the number of failures
observed before achieving r successes in a sequence of independent Bernoulli trialdl] Its
relevance spans diverse fields such as epidemiology, ecology, and insurance. This section
provides a detailed overview of the negative binomial distribution, including its probability

mass function, properties, and applications.

2.1.1 Definition and Some Examples
A discrete random variable X is said to follow a negative binomial distribution with param-

eters 7 > 0 and 0 < p < 1 if its probability mass function is given by

1
P(X:x):(mjil )pr(l—p)x, z=0,1,2,.... (2.1)

1A Bernoulli trial is a random experiment with exactly two possible outcomes, “success” and “failure”,
in which the probability of success is the same every time the experiment is conducted.

11



Here, X represents the number of failures observed before achieving r successes in a sequence

of independent Bernoulli trials, where each trial has a success probability of p.

Indeed equation (2.1)) defines a valid probability mass function, since

Some examples of random variables that generally follow the negative binomial probability

distribution (that is, they obey equation ({2.1)) are as follows:

(iii)

The number of failed attempts before achieving a specified number of successful sales

in a business setting.

The number of defective items inspected before finding a certain number of non-

defective items in quality control.
The number of missed targets before hitting a specified number of bullseyes in archery.
The number of rainy days before observing a fixed number of dry days in meteorology.

The number of unsuccessful customer calls before achieving a certain number of com-

pleted calls in telecommunication.

The number of failed clinical trials before achieving a specified number of successful

outcomes in medical research.
The number of rejected job applications before receiving a fixed number of job offers.

The number of unsuccessful free throws before scoring a certain number of successful

free throws in basketball.

The number of broken machine parts before producing a set number of flawless com-

ponents in manufacturing.

The number of unsuccessful fishing attempts before catching a specified number of fish.

12



2.1.2 Moments and Properties

We write X ~ NB(r,p) to indicate that the random variable X follows a negative binomial
distribution with parameters r > 0 and 0 < p < 1. A key property of the negative binomial

distribution is that its variance exceeds its mean, a phenomenon known as overdispersion.

Proposition 2.1.1. If X ~ NB(r,p), then the expected value and variance of X are

E(X) = rd=p and wvar(X) = rd—p

p p?

)

respectively. Thus, the variance of a negative binomial random variable exceeds its mean.

Proof. First we derive the expression for the mean as follows:

=1
= -1
=3 >p"<1—p>w, by equation (2.1)
r —
r=1

E(X)= ri (y +5_ 1)pq1(1 _py

y=0
rl—p)i(zﬂrq—l) .
_riop) P )
P = y
1— = —1
-re- » 2 sinee Z<y+g >pq(1—p)y=1,

y=0
which is the required expression for the expected value of X.

Next, we prove the expression for the variance. In order to do this, we first derive an
expression for F(X?). Since we can write X? = X(X — 1) + X, we have

BE(X?) = E[X(X — 1)] + E(X), (2.2)

13



where

=+ (x(ai;)?&i)i)!pr(l —pr

=(r+ 1)Ti (x+r_ l)pr(l —p)*

r+1
1y (m‘;ﬁ; 1)zm —p)

Re-indexing the summation by letting y = z — 2 and ¢ = r + 2 gives

EX(X-D]=r(r+1)) (y +Z - 1)pq—2(1 _ )2

=r(r+ 1)(1 ik > (y+q_ 1)17"(1 -p)’

p? y

y=0

1—p)? - —1
:T(T+1)( 2p)7 since Z<y+q )pg(l—p)yzl
P
y=0

Now, using the method of computing variance, we have
var(X) = B(X?) — [B(X)]?

= E[X(X — 1)+ E(X) — [E(X)]*, by equation (2.2)
1-p? r(l-p) r*(0-p?

=r(r+1) pe + P pe

_r(l—p) [(T+1)(1—p)+p—r(1—p>}
p p

_r(l-p) [T(l—p)+1—p+p—r(1—p)]
p p

r(l—p) (1

D (5)

_rd—p)
P

which is the required expression for the variance.
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Another important characteristic of a negative binomial random variable X is its moment

generating function, M (t), defined for all real values of ¢ by

Mx(t) = E(e').

Proposition 2.1.2. If X ~ NB(r,p), then the moment generating function of X is

p r
= (m) |

Proof. By the definition of the moment generating function,

=0
- —1
— Z e (JE rr . p"(1—p)*, by equation ({2.1)
/'" p—
=0
r+r—1
— 1 — T tx
p> (T as e
(r4+r—1 x
= 1— t)
r > () (e
=0
- —1
=p" <x tr >z”, where z = (1 — p)e
r—1
=0
~ (r+r—1
=p(1—2)" *is th i i f(1—2)"
p'(1—2)"", since ; ( . )z is the series expansion of (1 — z)
= T(l —(1 —p)et>7
Y R
1—(1—pet )’
which is the required expression for the moment generating function of X. O

Remark 2.1.3. The expected value and variance of a negative binomial random variable can

also be derived from its moment generating function.

The negative binomial distribution possesses several interesting and useful properties. One
such property relates to the sum of independent negative binomial random variables. In the
following, we present two propositions that demonstrate this property. We shall also present
a corollary which is a direct consequence of these two propositions, specifically considering
the case where the individual random variables are not only independent but also identically
distributed.
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Proposition 2.1.4. If X; ~ NB(ry,p) and Xy ~ NB(rq,p) are independent, then
X1 + X2 ~ NB(Tl + 7‘2,])).

Proof. By the definition of the moment generating function,

| I
Dj

t(X1+X2)
M, +x,(t) 1))

("
_ ( tX1 th)
B(e™

N E(e'¥?), since X; and X, are independent

(t)Mx, (t)

Mx,
T1 o
p . .
( et> <1 —(1 —p)et> , by Proposition [2.1.2
r1+r2

This is the moment generating function of a negative binomial distribution with parameters

r1 + ro and p. Since the moment generating function uniquely determines the distribution
of a random variable, it follows that X; + Xo ~ NB(r1 + 79, p). O

This result can be extended to n independent negative binomial random variables.

Proposition 2.1.5. If X, X,,..., X, are independent random variables such that X; ~
NB(ry,p) fori=1,2,...,n, then

Proof. Let S, = > " | X;. By the definition of the moment generating function,

Ms, (t) = E(etsn) _ E<et2?—1X¢> _ E(ﬁe“”)

E(etxi), since X1, Xs, ..., X, are independent
Mx, (t

1- (1—p) ) '

This is the moment generating function of a negative binomial distribution with parameters

s ||':jz

l

.
Il
—

by Proposition [2.1.2

Il
:j:

s
Il
—

/-~
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>, r; and p. Since the moment generating function uniquely determines the distribution

of a random variable, it follows that

iXZ-NNB (in,p).

]

Corollary 2.1.6. If Xy, X5, ..., X,, are independent and identically distributed (i.i.d.) ran-

dom variables, each following a N B(r,p) distribution, then

Xn:Xi ~ NB(nr,p).

i=1

Proof. 1t follows directly from the Proposition that

Xn:Xi ~ NB (Zn:r,p) = NB(nr,p),
i=1 i=1

as required. This completes the proof of the corollary. O

2.1.3 Some Applications of the Negative Binomial Distribution

The negative binomial distribution is widely used in various fields to model the number of
failures required to achieve a predetermined number of successes in a sequence of independent
Bernoulli trials. It is particularly valuable when the data exhibit overdispersion, where the
variance exceeds the mean. In this subsection, we present examples of its applications
across different domains, demonstrating the flexibility and utility of the negative binomial

distribution in modelling real-world phenomena across diverse disciplines.

1. Customer Arrivals in a Queue

In a queueing system, the negative binomial distribution can model the number of failures
(unsuccessful customer services) required until a specific number of successful services (e.g.,
processed customers) is achieved. For instance, if the probability of successfully serving a
customer in a single interval is p = 0.2 and we are interested in the probability of requiring
10 arrivals (failures 4 successes) to successfully serve 3 customers, we can calculate this
probability using equation as follows:

PX=17)= (Z) (0.2)3(0.8)" &~ 0.302.

Here, X is the number of failures, and r = 3 is the target number of successful services.
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2. Epidemiology

In public health, the negative binomial distribution is used to model the number of days
required to observe a certain number of new cases during a disease outbreak. For instance,
during a flu epidemic, it can predict the number of days until a specific number of hospital

admissions occur, accounting for the variability in daily case numbers.

If the probability of a daily admission is p = 0.3, and we want to find the probability of
requiring 7 days (failures + successes) to observe 3 hospital admissions (successes), we can
calculate this probability using equation (2.1)) as follows:

P(X =4)= (g) (0.3)*(0.7)* ~ 0.0595.

Here, X is the number of failures, and r = 3 is the target number of successful admissions.

3. Quality Control

Manufacturing industries use this distribution to determine the number of items that need
to be inspected before finding a specific number of defective products. For example, in a
factory producing lightbulbs, it may predict the number of bulbs tested until five defective

ones are identified.

Assuming the probability of finding a defective bulb is p = 0.05, we want to find the proba-
bility that 12 items (failures + successes) must be inspected to identify 3 defective products

(successes). We can calculate this probability using equation (2.1]) as follows:
11 3 9
P(X =9) = N (0.05)°(0.95)” ~ 0.0084.
Here, X is the number of failures, and r = 3 is the target number of defective products.

4. Insurance and Risk Analysis

The negative dinomial distribution helps insurers estimate the number of claims filed before

reaching a total payout threshold.

For instance, if the probability of a claim exceeding a certain payout is p = 0.1, we can
calculate the probability of requiring 9 claims (failures + successes) to reach 2 significant

payouts (successes) using equation ([2.1)) as follows:

8

PX=17)= (1) (0.1)2(0.9)7 ~ 0.0477.

Here, X denotes the number of failures, and r = 2 is the target number of significant payouts.
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5. Marketing and Sales

In marketing, the negative binomial distribution is applied to predict the number of customer
interactions required to secure a set number of sales. For example, if a sales team has a 25%
success rate (p = 0.25), the probability of making 8 interactions (failures + successes) to

close 3 sales (successes) can be calculated using equation (22.1)) as follows:
7 3 5
P(X =5) = 5 (0.25)°(0.75)° ~ 0.1055.
Here, X is the number of failures, and r = 3 is the target number of sales.

6. Ecology and Conservation

Ecologists use the negative binomial distribution to model the number of individual obser-

vations required to count a predetermined number of rare species in a given area.

For instance, if the probability of observing a rare species in a given attempt is p = 0.1,
the probability of needing to make 10 observations (failures + successes) to observe 4 rare

species (successes) can be calculated using equation (2.1)) as follows:
9
P(X =6) = (3) (0.1)*(0.9)% ~ 0.0291.
Here, X denotes the number of failures, and r = 4 is the target number of rare species.

7. Sports Analytics

The negative binomial distribution is used to analyse the number of attempts a player needs

to achieve a certain number of successful actions, such as goals or free throws.

For example, if a player has a 70% success rate in making a free throw (p = 0.7), the
probability of needing to take 9 shots (failures + successes) to score 5 successful free throws

(successes) can be calculated using equation ([2.1)) as follows:

P(X =4) = (i) (0.7)°(0.3)* ~ 0.1980.

Here, X is the number of failures, and r = 5 is the target number of successful free throws.

8. Finance and Economics

In financial modelling, the negative binomial distribution can describe the number of losing

trades required before achieving a fixed profit target.

For instance, if a trader has a 40% probability of making a profitable trade (p = 0.4), the

probability of making 6 trades (failures + successes) before achieving 4 profitable trades
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(successes) can be calculated using equation (22.1]) as follows:
5 4 2
P(X =2)= 5 (0.4)*(0.6)* =~ 0.0576.
Here, X denotes the number of failures, and r = 4 is the target number of profitable trades.

9. Reliability Engineering

Engineers use the negative binomial distribution to predict the number of operational cycles

before observing a set number of mechanical faults in a system.

For example, suppose the probability of a fault in a single cycle is p = 0.02. The probability of

needing 22 cycles (failures + successes) before detecting 3 faults (successes) can be calculated
using equation (2.1 as follows:

21
P(X =19) = (2 ) (0.02)%(0.98)" 2 0.0006.
Here, X is the number of failures, and r = 3 is the target number of mechanical faults.

10. Traffic Accidents

The negative binomial distribution can model the number of weeks with no accidents (fail-
ures) required until a fixed number of accidents (successes) occur at a specific intersection.
For example, if the probability of an accident in a given week is p = 0.3, and we want the

probability of requiring 5 weeks to observe 2 accidents, we can use equation (2.1]) to compute:

P(X =3) = (11) (0.3)*(1 —0.3)% = G) (0.3)%(0.7)* ~ 0.185.

Here, X is the number of failures, and r = 2 is the target number of accidents.

2.2 Parameter Estimation in Time Series Analysis

In this section, we discuss three commonly used approaches for estimating parameters in time
series analysis: Yule-Walker (YW) estimation, conditional least squares (CLS) estimation,
and maximum likelihood (ML) estimation. Each of these approaches has its own advantages

and is suited to different types of time series models.

2.2.1 Yule—Walker Estimation

The Yule-Walker equations provide a straightforward approach to estimating the parameters
of autoregressive (AR) models. This method uses the autocovariance function of the time
series to derive a system of linear equations that relate the model’s parameters to the observed

data. By solving these equations, parameter estimates can be efficiently obtained.
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Consider an autoregressive model of order p, abbreviated as AR(p) and defined as:
Xt = alXt_l + CLQXt_Q + -+ CLpXt_p + &4, (23)

where €, is a white noise process with mean zero and constant variance, and ay,aq, ..., a,

are the parameters to be estimated. The Yule-Walker equations are expressed as:
P
j=1

where vx (k) denotes the autocovariance of the AR(p) process X; at lag k. To estimate the
parameters a, as, . . ., a,, the autocovariances yx (k) are computed from the observed data,

and the resulting system of equations is solved.

This method is computationally efficient and is particularly useful for stationary time series
data, as it assumes the statistical properties of the series do not change over time. However,
the Yule-Walker approach has some limitations. It is restricted to pure AR models and
does not perform well for models containing moving average (MA) components or for non-
stationary time series. In such cases, alternative methods like conditional least squares or

maximum likelihood estimation may be more appropriate.

2.2.2 Conditional Least Squares Estimation

Conditional least squares (CLS) estimation is a widely used approach for estimating pa-
rameters in time series models, particularly in autoregressive integrated moving average
(ARIMA) models. CLS estimation minimizes the sum of squared differences between the

observed values and the predicted values, conditioned on past observations.

Consider a first-order autoregressive (AR(1)) model defined by
Xy =aX; 1 +é&, (2.5)

where ¢; is a white noise process with mean zero and constant variance, and « is the param-

eter to be estimated. The CLS estimate of « is obtained by minimizing;:

N

S(e) = (w0 — az_y)*. (2.6)

t=2
CLS estimation has several advantages, including computational simplicity compared to
maximum likelihood estimation (MLE) and greater robustness to certain violations of model
assumptions. However, it can be sensitive to the choice of initial conditions and may not

perform well with non-stationary data or data with heavy-tailed residuals.
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2.2.3 Maximum Likelihood Estimation

Maximum likelihood estimation (MLE) is a powerful and flexible method for estimating
parameters in a wide variety of statistical models, including time series models. The MLE
approach involves constructing a log-likelihood function based on the assumed probability
distribution of the observed data. By maximizing this log-likelihood function with respect
to the model parameters, we obtain the parameter estimates that are most consistent with

the observed data. Consider a first-order autoregressive (AR(1)) model defined by
Xy = aXy 1 +é&y, (2.7)

where g; ~ N(0, 0?) is a white noise process, and « and o2 are the parameters to be estimated.
The MLE estimates of o and o2 are obtained by maximizing the log-likelihood function:
N
1 () — axyq)?
2y 2 t t—1
(o, 07) = Z (—Elog(%m ) — T) .

t=2

To derive this log-likelihood function, we first observe that the AR(1) model is given by
Ty = Q1 + &y,
where &; ~ N(0,0?), thus the conditional distribution of z; given x; i is:

ze|zi_y ~ N(az,_i,0?).

The log-likelihood function for the observed data s, ...,y can then be derived as follows:
N N
(o, 0%) = logH f(@e]wp1) = Zlog f(@i|wi)
=2 t=2
N 1 (v — axy_q)?
= Z log exp| ——————~—
P 2mo? 20°

-3 (v () - 55)
=3 (Ltonforot) - L omal)

MLE is known for its asymptotic efficiency and normality, offering precise estimates for well-
specified models. Its advantages include statistical efficiency and asymptotic unbiasedness,
making it suitable for complex and non-stationary models. However, MLE also has some
limitations: it can be computationally intensive, especially for large datasets, and it requires

correct specification of the error distribution.
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2.3 Simulation Studies in Time Series Analysis

Simulation studies are fundamental in time series analysis, providing a systematic approach
to evaluate the performance of statistical models under controlled conditions. By generating
artificial data based on specified models and parameters, researchers can rigorously test
the effectiveness of various estimation methods. This section outlines the steps involved in

conducting simulation studies, along with their significance in assessing time series models.

2.3.1 Steps Involved in Conducting Simulation Studies

The process of conducting simulation studies in time series analysis typically involves the

following steps:

Step 1: Define the Objective

Clearly outline the objectives of the simulation study. This includes identifying the specific
estimation methods to be evaluated (e.g., maximum likelihood estimation (MLE), conditional

least squares estimation (CLSE) and the time series models of interest.

Step 2: Specify the Model and Parameters

Select the time series model to be simulated and specify the parameters. For example,
if using an integer-valued autoregressive (INAR) model, define the appropriate parameter

values (e.g., autoregressive coefficients) and the distribution of the error term.

Step 3: Generate Artificial Data

Utilize the defined model and parameters to generate artificial time series data. This can be
done using statistical software or programming languages such as R or Python. It is essential

to create multiple datasets to ensure the robustness of the results.

Step 4: Apply Estimation Methods

For each generated dataset, apply the selected estimation methods (e.g., MLE, CLSE) to

estimate the model parameters. Record the estimated values for further analysis.

Step 5: Evaluate Performance Metrics

Assess the performance of the estimation methods by calculating relevant performance met-
rics. Common metrics include mean absolute error (MAE), mean squared error (MSE),
mean absolute deviation error (MADE), or root mean squared error (RMSE). Since the true
underlying model is known, it is possible to directly compare the estimated results with the

true parameters or assess forecasting accuracy.
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Step 6: Conduct Monte Carlo Experiments

If necessary, perform Monte Carlo experiments to examine how estimation methods behave
under varying conditions, such as different sample sizes or noise levels. This step helps to

understand the robustness of the methods across different scenarios.

Step 7: Analyze Results

Analyze the results obtained from the simulations. This includes comparing the performance
of different estimation methods and interpreting how changes in model parameters impact

forecasting accuracy.

Step 8: Report Findings

Finally, compile and report the findings of the simulation studies. Include visual aids such
as graphs and tables to effectively communicate the results. Discuss the implications of the

findings for practitioners in the field of time series analysis.

2.3.2 Significance of Simulation Studies

Simulation studies provide valuable insights into the effectiveness of estimation methods in
time series analysis. For instance, they can help assess the performance of MLE and CLSE
when fitting an INAR model. By systematically varying conditions, such as sample size
or noise levels, researchers can examine the behavior of estimators like the Yule-Walker
estimators. These studies allow researchers to quantify uncertainties, explore the impact
of parameter changes on forecasting accuracy, and ultimately enhance the robustness and
reliability of time series models. By providing a deeper understanding of the dynamics at
play, simulation studies contribute significantly to the advancement of time series analysis

methodologies.
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Chapter 3

Model Structure and Approaches for

Parameter Estimation

In this chapter, we introduce the negative binomial integer-valued generalized autoregressive
conditional heteroscedastic model of order p, g, denoted as NBINGARCH(p, q), and outline
an approach for parameter estimation. Section 3.1 formally defines the model, detailing its
key assumptions, mathematical formulation, and fundamental properties. We also derive
the first- and second-order stationarity conditions and present equations to compute the
autocovariance and autocorrelation functions. Section 3.2 provides a detailed example for
the specific case of p = 1,¢ = 1. Finally, in Section 3.3, we discuss the Yule-Walker (YW) and
conditional least squares (CLS) estimation methods for specific cases of the NBINGARCH

model, followed by the development of the maximum likelihood (ML) estimation approach.

3.1 Structure of the Model

To rigorously address the challenges of modeling overdispersed count time series data, this
dissertation introduces an innovative application of the Negative Binomial Integer-Valued
Generalized Autoregressive Conditional Heteroscedastic (NBINGARCH) model. The follow-

ing key terms are used throughout this dissertation:

(i) Sigma-field (or Sigma-algebra): The o-field, denoted F;_;, represents all available
information from the past history of the time series up to time ¢ — 1. It is generated by
the past values of the time series, {X; 1, X; o,...}. This means that, given F; 1, all

relevant information for predicting future values is contained in the past observations.

(i) NBINGARCH(p,q): A model where the conditional distribution of the count at
time t follows a negative binomial distribution. The conditional mean depends on the
past p values of the time series and the past ¢ values of a conditional mean process,

allowing for dynamic dependence.

(iii) Heteroscedasticity: A condition in which the variance of a process changes over time
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rather than remaining constant.

(iv) Generalized Autoregressive Conditional Heteroscedasticity (GARCH): A
framework used to model time-varying conditional variance, where variance depends
on past squared errors and past conditional variances. While classical GARCH models
apply to continuous-valued data (e.g., financial returns), NBINGARCH extends this

concept to integer-valued count data.

Let {X,} be a time series of counts and let F;_; be the o-field generated by {X;_1, X; o, ...}
We assume that, conditional on F;_;, the random variables Xi,...,X,, are independent
and the conditional distribution of X; follows a negative binomial (NB) distribution. More

precisely, we define the model as follows:

Definition 3.1.1. Let {X;} be a time series of counts and let F;_1 be the o-field generated
by {Xi-1, Xi—a,...}. The process Xy is called a negative binomial integer-valued generalized
autoregressive conditional heteroscedastic model of order p,q, denoted NBINGARCH (p,q),

if the conditional distribution of X, follows a negative binomial distribution:
Xt|~F;f—1 ~ NB(’I“, pt)v (31)

where T is a positive number, and p; is the conditional probability parameter of the nega-
tive binomial distribution at time t, given F;_1, representing the probability of success in
a sequence of Bernoulli trials leading to the rth failure. The conditional mean X\, and the

parameter p; satisfy the relation:

I —p
y4s

p q
=M=+ Y aXii+ > Bl (3.2)
i1 =1

where \; represents the conditional mean of the negative binomial distribution at time t,
conditional on the information set F,_1, and is interpreted as the expected number of counts
at time t, given the past values of the time series, with oy >0, ; >0, 3; >0,7=1,...,p,
j=1...,¢,p>1,q>0.

Remark 3.1.2. If r = 1, then the NB distribution becomes the geometric distribution, and
in this case, the NBINGARCH model can be referred to as the geometric INGARCH model.

We now derive the conditional probability mass function of the NBINGARCH process X;.

This mass function will be used to derive the conditional mean and variance of X;.

Proposition 3.1.3. Let X; be an NBINGARCH (p,q) process. The conditional probability

mass function of X; is given by

re+r—1

P(Xt:l't|]:t_1):( r—l

)pz(l_pt)xta xt:0a1727"'7
where py = 1/(1+X\) and gs =1 —pr = N /(14 Np).
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Proof. From equation (3.1]) of Definition [3.1.1] we have
Xi|Fi1 ~ NB(r, py).

Hence, the conditional probability mass function of X; is

T +r—1

P(Xt:l'tpct_l):( 7"—1

)pi(l —p)™, r;=0,1,2,....

Next, from equation (3.2)) of Definition [3.1.1) we have

1 —
)\t — pt.
Dbt

This can be rearranged to solve for p; as follows:

Apr =1—1py
Ape +pe =1
(M+1)p =1
1
A+ 1

Pt =

so that

(DY
M+1 14N

@=1-—p=1-
This confirms the expressions for p; and ¢;, as required. O

Having defined the probability mass function of the NBINGARCH(p, q) process, it is essential
to explore its key statistical properties. Specifically, understanding the conditional mean and
variance offers insight into how the model captures overdispersion in the data. The following

proposition provides explicit expressions for these conditional moments.

Proposition 3.1.4. Let X; be an NBINGARCH(p,q) process. The conditional mean and

variance of X; are respectively given by

1—

B(X:|Fy) = rd=p) _ ., (3.3)
Dt
]_ _

var(X¢| Fio1) = 7“(1)—2]@) =rh(14+N\). (3.4)
t
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Proof. First we derive the expression for the conditional mean as follows:

E(Xt ’ .thl) - Z l'tP(Xt = $t‘ft71)
re=1
= Te+r—1\ , o
=S Y —m
ri=1
(2 +r—1)!
7"1_ Tt
; w1y Pl =P
(e +r—1)!
— T(1 Tt
2 G 7w
N (wpr—1Y) .
S0 S G IEYAR
{l‘t=1
(i +r =1\, .
:TZ(txt_l )pt(l—pt)t
thI

Re-indexing the summation by letting y; = z; — 1 and ¢, = r + 1 gives

(it a—1\ 4
E(Xy | Fi1) =7 Z (yt o )pgt 1(1 —p)

yt=0 Yi

Hop) 57 (0

Pt —rs Yt

1— = —1
_ r( pt), since Z (yt + @ )pgt(l —p)¥ =1

bt 10 Yt

= T'At,

which is the required expression for the conditional mean. Next, we prove the expression for
the conditional variance. In order to do this, we first derive an expression for E(X? | F;_1).

Since we can write X? = X(X — 1) + X, we have

E(XE | Fio1) = B[Xy(Xy = 1) | Fooa] + B(Xy | Fiz),
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where

BIX(X, = )] Fir] = Y il = ) R T
- ;xt(wt - 1>%p§(1 — )"
0o ($t+r—1)(r+1) . .
= ;}xt(xt — 1)%(% — (2 —2)(r + Dr(r — 1) pr(1—py)

ad l’t + T — ].)
r(] — Tt
Z ORISR

x+r—1
7‘1_ Tt
- 1 )pt Pt)

( (
+=0
Ty +r—1Y\ , ”
(t )pt(l—pt)
x+=0

=(r+1)r
(r+1)r

i M8 I M8 I

.Tt—2

Re-indexing the summation by letting y; = x; — 2 and ¢, = r + 2 gives

EX)(X,— 1) | Fa] =r(r+1)> (yt o 1)pgt2(1 — p) ¥

yi=0 Yt

RG2S (yt e 1>p3t<1 )"

Dy y=0 Yt

1—py)? - -1
— 7”(7" + 1)( 2pt) , since Z (yt + qt )pgt(l _pt>yt =1

by ¥=0 Y
Now, using the method for the conditional variance, we have

var(X, | Fo1) = B(X? | Fit) = [E(X; | For)P?
= E[X,(X, — 1) | Forr] + E[X, | Foca] — [E(X, | Fer))?
(=pP  r=p) r0-p)?

=rr+l) i P I
(L =p) [(r+1)(1 —py) +p; —r(1 —pt)]
N Dt L Y2
Cr(L=p) [r(L=p) +1—=p +p—7r(1 _pt):|
B Dt L Dt
(1 —py) i
B Dt | Dt
_ r(1—p)
p}
=rh(1+N\),

which is the required expression for the conditional variance.
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The conditional variance in Proposition includes an additional \; term, suggesting
that the variability of the process can exceed its mean. This characteristic is indicative
of overdispersion, a common feature in count time series data. The following corollary
formalises this property by establishing that both the conditional and unconditional variances

of the NBINGARCH(p, ¢) process are strictly greater than their corresponding means.

Corollary 3.1.5. Let X; be an NBINGARCH (p, q) process. The following inequalities hold:

var(Xy|Fi—1) > E(Xy| Fi1), (3.5)
var(Xy) > E(Xy). (3.6)

Proof. Tt follows from Proposition that

E(Xt|ft,1) = 7’)\,5
< T)\t(l + )\t), since )\t >0
= ar(Xt|]:t_1).

Furthermore, by the law of total variance (conditional variance formula), we have

var(X,) = (var Xl Fia) ) + var (B(X|Fir))
= B(rA(1+ A)) + var(ray)
= rE(\) +7E(\)? + r¥var(\,)
=rE(\) +7(E(\))?* + rVar(\,) + r’var()\)
=rE(\) +1(E(\))? + (1 +r?)var(\,) (3.7)
> rE(N) = E(Xy),
as required. N

Remark 3.1.6. Corollary shows that the NBINGARCH(p, q) process Xy, as defined in
Definition effectively accounts for overdispersion in count time series by establishing
that the conditional and unconditional variances of X, consistently exceed their corresponding
means. This property is critical in modeling count data, where the assumption of equal mean
and variance in models like the Poisson distribution is often violated due to the presence of
excess variability. The inequality var(X:|Fi—1) > E(Xi|Fi—1) highlights how the model dy-
namically adjusts for overdispersion based on past information, capturing both serial depen-
dence and clustering in the data. Similarly, the unconditional inequality var(X;) > E(X;)
confirms the model’s ability to represent persistent overdispersion across the entire series.
This flexibility makes the NBINGARCH (p, q) process particularly well-suited for real-world
applications where count data exhibit high variability, such as epidemiological case counts,

msurance claims, and financial transaction counts.
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To simplify notation, we assume p > ¢q and proceed to establish the first- and second-order
stationarity conditions for the NBINGARCH model.

Proposition 3.1.7. Let X; be an NBINGARCH(p,q) process. A necessary and sufficient

condition for X, to be stationary in the mean is that all roots of the equation

q P
1— Z(rozi + Bi)2t — Z ra;zt =0 (3.8)
=1 i=q+1

lve outside the unit circle, meaning their absolute values exceed 1.

Proof. Let uy = E(X;) be the mean of the process at time ¢. Then,

(X¢)
E(X | Fia ) by the law of total expectation

= E(rX\;), by Proposition

= TE()\t)
=rE (ao + Z o; X + Z BjAi— J> by equation ((3.2))
Jj=1

=rog + Z ra; E(X, ;) + Z BiE(rA—;)
i=1 =1
P q
=Trog + Z Ty + Z Bjt—;
i=1 j=1

q p q
=rag+ Z rot—; + Z T + Z Bjts—j, since p > q

i=1 i=q+1 J=1
q p
=Trag + E (rag + Bi)pu—i + E TGy
i=1 i=q+1

Moving all terms involving u; to the left side of the equation gives

q

=Y (rai + By Z rQif—; = T (3.9)
=1 i=q+1
q
(1 - Z (ra; + Bi)B Z ro; B )ut = ray,
i=1 i=q+1

where B denotes the backshift operator, defined such that By = ps—1 and B¥p, = iy, for

any positive integer k. It hence follows that the associated characteristic equation is
q

1— Z (ra; + B;)2" — i ra;zt = 0.

i=1 i=q+1
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The process X, is stationary in the mean if and only if all roots of this equation lie outside the
unit circle. This condition ensures that the contributions of past values decay geometrically,
thereby stabilizing the mean over time. See Bollerslev [5] on page 311 for a detailed discussion

of stationarity conditions in time series stochastic processes. O

Proposition 3.1.8. Let X; be an NBINGARCH (p, q) process. If X, is first-order stationary,

then its mean at any time t is given by:

Qg

a (X0) L=370 (reu 4 Bi) = 20 o1 e

Consequently, a necessary condition for X; to be first-order stationary is that:

Ogi(raﬁ—ﬁi)jL i ra; < 1.
=1

i=q+1

Proof. In the proof of Proposition m, equation ((3.9) is given as:

q p
e — Z (ra + Bi)p—i — Z oyl = T
i=1 i=q+1

Assuming X, is first-order stationary implies that p; = p (a constant) for all ¢, so we have:

q p
M—Z(T&ﬁrﬁi)ﬂ— Z ragp = 1rag
i=1 i=q+1
q p
,u(l — Z (ra; + 5;) — Z rozi> = rag
=1 i=q+1
rQ
M= 5
1= (rai + B;) — 200 ra

which is the required expression for p. But this expression implies that for p to be definite

and well-defined, the denominator must be positive:

1—Zq:(7"ai+ﬁi)— Zp: ro; > 0
i=1 i=q+1

Rewriting, this condition is equivalent to the condition:

q P
OSZ(TQ@—}—@-)—# Z ro; < 1.
=1 i=q+1

The first inequality follows from Definition [3.1.1} which states that » > 0, a; > 0 and 3; > 0,

ensuring that each term is nonnegative. O
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We now establish the second-order stationarity conditions for the NBINGARCH(p, ¢) model.
For simplicity, we focus on a special case where ¢ = 0, and we denote this simplified model
as NBINGARCH(p). This simplification allows for a more tractable analysis of the model.

Proposition 3.1.9. Let X; be a first-order stationary NBINGARCH(p) process . A neces-

sary and sufficient condition for X, to be second-order stationary is that all roots of
1—012—"'—Cp2p20

lie outside the unit circle, where for u,l =1,...,p— 1, we have

Co=(r+r)|al —Z Z ;b Buo | Cp=(r+r°)a;

v=1 |i—jl=v

Bio = ray, 51527“20%—1, and P =T Z @, u#l,

li—1|=l li—l|=u

where B and B~ are (p— 1) x (p — 1) matrices such that B = (By)7 ;. ! and B = (by)"7 L

1,7=1

Proof. Let v;y = E(X;X;_;) fori =0,1,2,...,p, and let C' be a constant independent of ¢.
Assuming the process X; is second-order stationary implies that vs = 75, fori =0,1,...,p.

We proceed by first examining the conditional second moment:

E(X}P|Fi1) = var(Xe| Fior) + [BE(X| Fior)]?
=r\(1+X)+ (r\)? by Proposition [3.1.4
=X +7TA + PN
=7\ + (r +7r%)AL (3.10)

Since ¢ = 0 for the present case, equation ({3.2]) in Definition becomes
p
M=o+ Y X (3.11)
i=1
Substituting this expression of )\; into equation (3.10]) gives

2
P P
E<Xz:2‘~7'—tfl) =r (040 + Z aiXti> + (r+ 7"2) <Oéo + Z aiXti)
i=1

i=1

P
= frag—l—'rZal-Xt,i +(r+1)| o +2aOZaXt Z+Za2Xf  + Z i Xy i Xy
=1 =1 =1 i,7=1
i#]

p
=rag+ (r+r°)ag + (r+2(r +r*)ag) Z ;X + (r+1r? Z QZX?+ Z Qo Xy i Xy
=1 2,7=1
i#]
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For [ =1,...,p— 1, the covariance between X; and X;_; is

Y = E<XtXt l)
EE(Xi|Fio1) X l) by the law of total expectation

E(rA\X:—;), by Proposition [3.1.4

=F (7“ (Oéo + Z OéiXti) th) , by expression (3.11)

i=1

P
=rE (aoXt_l Y aiXt_iXt_l>

=1

=r (aOE(Xt—l) + i OéiE(Xt—iXt_l>)

i=1

p
=ragl+1r Z OziE(Xt_iXt—l)a

=1

p s —
. Yost—1 1f 1= l>
=Tl + T0qY0st—1 T Z Qi7Y)i—1|t—i, SIICE E(X—iXi) = { o
i=1, Vi—1t if i # 1,
il

p
= T + T0qY0st—1 T Z Qi1 b5 replacing v by v fori=1,...,p—1
i=1,
i#l

= TQop + TV, +T Z QY+t Z o (i e Z QiYp—1,t

li—l|=1 li—1|=l li—l|=p—1
= roopt + Bi0Y0s—1 +Buyie + -+ Buvie + -+ Bip—1Vp—14, by definition
p—1
= raop + BioYos—1 + Z BruYut
u=1
To ensure that X, is second-order stationary, we replaced ~y,;,—; by v fori =1,...,p—1, so
p—1
raop + BioYor—1 + Z Biyut = 0.
u=1

It then follows that

B(my, - - 'fol,t)T = —(roop + BroYo—1, - - - ragp + ﬁpfl,OﬁYO,tprrl)Ta

from which it follows that

p—1 p—1
Vit = —TQoft Z b, — Z bruBuoot—u, =1...p—1.
u=1 u=1
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The unconditional second moment can be rewritten as

70t:C+(7‘+T2) Zau’VOt uw T Zaza]’ﬂz jlst

i,j=1
i#]

:C'+(T+7”2) Zau%t u—l_z Z QG QG Yt

v=1 [i—jl=v

p—1
— C(0 + r+ 7” Z Oéu’YOt u + Z Z % aj (_ Z bvuﬁuofyo,t—u
u=1

v=1 |i—j|=v

p—1 [p-1

p
=Cy+ (T + 7“2) Z Oé?ﬂo,t—u - Z Z Z Oéiajbvuﬁuo Y0,t—u
u=1

u=1 v=1 |i—j|:v

p—1 p—1
=Co+ (r+ 7“2) Z Oéi — Z Z a;0byyBuo | V0,t—u + 0612,70,t—p )
u=1 v=1 |i—j|:v

or equivalently,

P
Yor = Co + Z Cuoi—u, where Cop=C—(r*+r OZOMZ Z ;0 Z bou-

u=1 v= 1‘@ _]| v

So the non-homogeneous difference equation has a stable solution if all roots of the equation
1-Ciz—--=Cp? =0

lie outside the unite circle. O

In the following, we consider some special cases of Propositions |3.1.7| and |3.1.9]

Corollary 3.1.10. Let X; be an NBINGARCH(p) process. For p = 1 and p = 2, the

necessary and sufficient conditions for X, to be first-order stationary are given by
rag <1 and 7r(ag+ o) <1,

respectively. Now suppose that X; is first-order stationary. Then for p =1 and p = 2, the

second-order stationary conditions are
(r+r¥)aj <1 and 6 + 6 <1,

respectively, where

2radasy

6, = (r+1?) (a% + ) and 8y = (r +r?)as

1 —ras
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Proof. For p =1, Proposition implies that the first-order stationarity condition is that
the root of the characteristic equation 1 — ra;z = 0 lies outside the unit circle, which is

equivalent to the required condition:
ra; < 1.
Similarly, by Proposition [3.1.9] the second-order stationary is equivalent to
(r+rHa? <1

Next, we prove for the case p = 2. By Proposition [3.1.7], the first-order stationarity condition

is that all roots of the characteristic equation
1 —raz —rasz? =0
lie outside the unit circle, which is equivalent to the following condition:
rlag+ar) <1, rlag—aq) <1, |rag|<1. (3.12)

The condition given in equation (3.12) is also equivalent to r(a; + a2) < 1. Similarly, by

Proposition the second-order stationary condition is equivalent to
(52 + 51 < 1, 52 — (51 < 1, |52| < 1. (313)

Then 0; > 0 holds under the assumption of first-order stationarity, thus the condition in
equation (3.13) is equivalent to d; 4+ o < 1. O

The following proposition extends the results of Weib [46] to the NBINGARCH(p) process
and gives a set of equations from which the the autocovariance and autocorrelation functions

can be obtained.

Proposition 3.1.11. Let X; be a second-order stationary NBINGARCH (p) process. Then,

the autocovariance functions of X; and X, defined respectively as
vx (k) = cov( Xy, Xy—x) and  ~x(k) = cov( Ay, Mi—g),

satisfy the following equations:

min(k—1,q)

q
mex [k —i]) + Z Bivx(k=5)+ Y B —k), k=1, (3.14)
j=k

min(k,p) P
(k) = Z raya(k —1) + Z 77}( i—k —i—ZBﬂ)\ |k —jl), k>0. (3.15)
i=1 i=k+1
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Proof. Let I, be the o-field generated by {A;, \i—1,. ..}, then we have

E(thﬂ_l,zt> = E(Xt’E_1)7 since It g ft
= TAh (316)

where the last equality follows from equation (3.3). Now for & > 0, we have

cov(Xy — rhg, rA_g) = E[(Xt — ) (r\_k — u)}, since F(X; —rX\;) =0

=F E((T)\t_k — p)( Xy — r/\t)|It> , by the law of total expectation

=F|(rh_k — u)E((Xt — r)\t)|It> , since Z; is a o-field for \;

=F|(rh_x—p) _E(E(Xt — r)\t|ﬂ_1,It)|It)} , by the law of total expectation

= B|(rhs— ) [B(EKUF TIT) — A

=F|(rh_x—p) :E(r)\t ]It) — r)\t}] , by equation

=0. (3.17)
Similarly, for k£ < 0, we have
cov( Xy, Xpop —TAg) = E[(Xt — ) (Xi—g — r)\t,k)], since E(X; —p) =0
=F E((Xt — 1) (Xt,k - r)\t,k) \Ftkl)] , by the law of total expectation
=FE|(X;— u)E[(Xt,k — r)\tk)|Ftk1]] , since F; is a o-field for X,
= B |(X, — )| (X4l Fipn) - E(mt_km_k_l})]
=FE[(X;—n [r)\t_k — E(r/\t_k]}"t_k_l)ﬂ , by equation (3.3))
— 0. (3.18)
Then from equations (3.17) and (3.18)), we have
0 = cov(Xy — A, 7 Ag) = cov( Xy, rA\i—) — cov(T A, T A1), k>0, (3.19)
0= COV(Xt, Xt—k - T‘At_k> = COV(Xt7 Xt—k:) - COV(Xt, T/\t_k), k < O. (320)
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It then follows from equation (3.19)) and (3.20)) that

cov(rA, T Ai—k), k>0,
COV(Xt, TAt_k> = (321)
cov( Xy, Xi—k), k <0.

Now for k > 0, we have
Ya(k) = cov( A, Ai—k)

p q
= cov (Z a; X+ Z BiAi—;, /\t_k> , by equation ({3.2))
i=1 j=1

P q
= Z a;cov(Xi—i, M—i) + Z Bicov(N—j, Ai—k)

i=1 j—l
al
= eov(Xi rA +ZBJCOV (M—js M)
=1 7=1
min(kyp)a‘ P q
= Z —cov(rAe_i, TAg) + Z —cov( Xy, Xi_1) —l—Zé’jcov()\t,j,)\t,k), by ([3.21])
- ikt j=1
min(k,p) P oo q
= Z ragcov(N_i, M—k) + Z —cov(Xi_i, Xip) + Zﬂjcov()\t_j,)\t_k)
i=1 ikt j=1
min(k,p) P .
= Z ra;y(k —1) + Z 7%{ i—k +Z/3ﬂ,\ k= J1),
i=1 i=k+1

which is the required equation (3.15)). Similarly, for k£ > 1, we have

Yx (k) = cov(Xs, X )
= rcov(, Xi—)

= rcov (Z ;X + Z Bide—j, Xi— k) by equation (3.2))

7j=1

= Z ro;eov(Xe—q, X)) + Z Bicov(rhi—;, Xi—k)

i=1 j=1
P min(k—1,q)

= roicov(Xep, Xo) + Y Bieov(Xemg, Xoog +Zr2@cov (Me—is de—x), by (B.21)
i=1 j=1 j=k
P min(k—1,q)

= Zrozicov(Xt_i,Xt_k) + Z Bicov(Xi—j, Xi—k) + ZBJCOV T Ai—js TAt—k)
i=1 7=1 j=k
P min(k—1,q)

= rogyx(k —il) + Z Bivx(k —j) + Z 2B (i —
i=1

which is the required equation . O]
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Corollary 3.1.12. Let X, be a second-order stationary NBINGARCH (p) process. Then the

autocovariance function yx (k) satisfies the equation
P
yx(k) =Y ragx(k—il), k>1. (3.22)
i=1
Proof. This result follows directly from equation (3.14)) with ¢ = 0 in Proposition|3.1.11} [
The equations ([3.14]) from Corollary [3.1.12| closely resemble the Yule-Walker equations of
the standard autoregressive model of order p (AR(p)). Consequently, the NBINGARCH
model of order p can be identified using the partial autocorrelation function (PACF) ¢x (k).

Specifically, it follows from Corollary [3.1.12 that ¢x (k) = 0 for k > p, which facilitates the
identification of the NBINGARCH model’s order.

3.2 An Elaborated Example

Consider the NBINGARCH(1,1) model. By Proposition [3.1.11] we have

vx (k) =roagyyx(k —1) 4+ Biyx(k—1)
= (rag + B1)yx(k —1)
= (rag + B1)*yx(k — 2)
= (rag + B1)*yx(k — 3)

= (raq + B)" (1),  k>2, (3.23)

(k) =ragya(k—1) 4+ Biya(k —1)
= (rag + B1)n(k — 1)
= (ra; + B1)* (k- 2)
= (ra; + B1)* (k- 3)

= (ray + S1)* n(0),  k>1. (3.24)

Furthermore, Proposition |3.1.11| implies that

Yx (1) = raryx(0) + 7*517,(0)
=ro; [(r + r2)var()\t) +rE(\) + ’I“(E()\t))z:| + r2,617,\(0), by equation (3.7))
= (a1r2 + o+ Blrz)’y,\(O) +arrp 4+ ap®,  since v, (0) = var()\,) and rE(\) = p

=72 <a1 +rog + ﬁl)%\(O) + oy (m + MZ), (3.25)
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and

0(0) = Zrx(1) + Biia(D)

— % [r2 (041 +rag + 51)%(0) + oy <7‘,u + M2>] + b1 (roq + 61>7)\(0), by and
=ro <Oz1 +raj + B1>’y>\(0) + 5 (ra1 + 61>%\(0) ol Oz%r,uz

2
= (atr+atrt + 2006+ ) a(0) + (1 + 2

2
= [(roq +B1)* + rozﬂ 1 (0) + a2 (u + ,u?)’
where p1 = rag/[1 — (ra; + 51)] by Proposition [3.1.8] From the above expression, we have
2
0O = [(rar-+ 51+ rad] a(0) = ()

{1 [tras 7+ ] boac0) = a2 (1 + )

2
a?(wu—)
(0) = .
/YA 1—(’/’0{1—|—61)2—7’Oé%'

Since 7,(0) = var(\;), it follows that the variance of \; is given by

2
ol (p + —'li )

_ _ 3.26

var(A;) 1= (ron + B1)? = 12 (3.26)

Furthermore, the variance of X; can be obtained as follows:

var(X;) = (r +r®)var(\) + 7E(\) + 7(E()\))?, by equation (3.7)
(rE(M))?

= (r+r*)var(\) + rE(\) + ———=+

= (r+r2)var(h) +p+ 5=, since rE(A) = g

2
1
i (M i 7) >

—, b t1 3.26
1—(ray+ p1)? —raoj +'u+r’ y equation ( )

2 2 2
_l’_
ai(r 7“2) S ) [+ -
1—(roqg+ p1)? —rog r
ra? +r¥at +1— (ra; + B1)? — ra? N u_z
1—(ra;+ p1)? —ra? a

.
1—(roq + 1) +r*af u?
( o LA mfl) (u + 7) (3.27)

= (r+1?)
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The autocovariance function of X, is then obtained as follows:

x (k) = (rax + 1)* '9x (1), by equation (3.23)
= (roq + 51)k_1 [T2 (oq +rag + B1>7,\(0) + aq <r,u + u2>] , by equation (|3.25)

adr? <a1 +rag + 51) <,u + 7)

_ k—1
= (7’041 + /81) 1 — (’I"Oél + 61)2 I ’I“Oé%

+ o (w + u2> , by equation (3.26)

2
adr? <a1 +raj + Bl) <u + %) 9

= (7’041 + ﬁl)k_l + Ofﬂ"(,u + M?)

1—(ra;+ p1)? —ra?

- [ adr? (al +ra; + Bl) 2

= (ran + )" taur

a1r<a1 +rag + Bl) +1—(rag + 31)? —ra? 12
1—(ray+ p1)? —raj <M + 7)

— (ray + B1)Laur {Ox%ﬂ + oy Bir + 1 — (adr? + 20, 8y + 5%)} (M + M_Q)

1— (ray + p1)? —ra?

,
oz%r2 + a1 fir+1— a%rz — 20 Bir — 6% 2
2 2 Pt —

1—(roqg+ p1)? —rod r

= (ra; + Bl)“aﬂ“[

= (roqg + ﬁl)kil [ arr(l = aufr = 57) } (u + N—2>, k>1 (3.28)

1—(ra;+ B1)2 —ra? r

Finally, the autocorrelation function of X, is obtained by dividing (3.28]) by (3.27)) as follows:

Vx (k)
vx(0)

px (k) =

[ aar (L — e Bir — ) 28
— (rag + B1)F! {1 — (raq + p1)? — 7“04%] <M i _>

1 — (roq + B1)? +r*af N u?

1 —(rag+ f1)? —raj S
arr(l — oy fir — B3) % 1—(rog + p1)* —raf
1—(ra;+ p1)? —ra? 1—(raj+ p1)? + r2a?

0417"(1 —ai1Bir — 5%)
1—(roqg + f51)2 +r2aj ]’

= v+

k> 1 (3.29)

= v+

By Lemma 2 in Ferland et al. [I9] and by equations (3.28) and (3.29)), the partial autocor-
relation function of the NBINGARCH(1,1) process can be derived using the same approach
as for the autoregressive moving average model of order 1,1 (ARMA(1, 1)).
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Remark 3.2.1. A necessary condition for the NBINGARCH(1,1) process X, to be second-

order stationary s that
0< (rai+B1)*+raf < 1.

To see this, we first observe that equation ([3.27) shows that the variance of X; is given by

var(X,) = (1 — (roq + 51)? +r2aj> (,u-l- M?Q)

1—(rag+p)? —ra?

Hence for var(X;) to be definite and well-defined, the denominator must be positive:
1— (ra;+ B1)* —raf > 0.
Rewriting, this condition is equivalent to the condition:
0 < (ra;+ p1)*+ra? < 1.
The first inequality follows from Definition[3.1.1, which states that r > 0, a; > 0 and 3; > 0,

ensuring that each term is nonnegative.

3.3 Approaches for Parameter Estimation

Let {X;} be a time series of counts and let F;_; be the o-field generated by {X;_1, X;_o,...}.
Recall from Definition that X; is called a negative binomial integer-valued generalized
autoregressive conditional heteroscedastic model of order p, ¢, denoted NBINGARCH(p, q),

if the conditional distribution of X; follows a negative binomial distribution:
Xt|-/__;ﬁ—l ~ NBUE pt):

where r is a positive number, and the parameter p; satisfies the relation:

1—p ¢ -
p ¢ :)\t :Oéo‘i‘zaiXt—i—'_Zﬁj)\t—j’
t i=1 Jj=1

with ap >0, ; >0, 3, >0,7=1,...,p,5=1,...,¢,p>1,¢>0.

Now let o = (g, 1, ..., a)T, B = (B1,...,B,)" and 0 = (o, BT) = (0y,01,...,0,1,)". In
the following, we focus on the estimation of § assuming that the parameter r is known. In
practice,  can be simply estimated using the method given in Chapter 4] Assume that we
observe 1, ..., o, x1,...,Z, from the NBINGARCH(p, ¢) model with true parameter 6°
or a® and 3°. To estimate 6°, we will first briefly discuss the Yule-Walker (YW) estimation
and the conditional least squares (CLS) estimation for some special cases and then develop

the maximum likelihood (ML) estimation.
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3.3.1 Yule—Walker and Conditional Least Squares Estimations

Consider a special case of the NBINGARCH(p, ¢) model with ¢ = 0:

Xt|]:t—1 ~ NB(Tapt)a

P
P =\ =+ Z @; X

Pt
i=1

By Corollary [3.1.12] if X} is a second-order stationary NBINGARCH(p) process, then the

autocovariance function «yy (k) satisfies the equation

P
vx (k) = ZTOéWX<|k —i), k>1 (3.30)

i=1
The YW estimation of the parameters (o, ..., a,)" is to insert sample autocovariances into

equation (3.30)) and then to solve for the parameters. To estimate the parameter o, we can
use the method of moments with the help of F(X;) given in Proposition as

Qg

a (X0) L=370 (rai + Bi) = D20 1 T

The CLS estimates the mean E(X;) by minimizing

n n

P
Z(Xt —7r)\)?,  or equivalently, Z(Xt —rag — ZraiXt,i)z.

t=1 t=1 i=1

We now consider another special case of the NBINGARCH (p, ¢) model with p = 1 and ¢ = 1:

Xt|ft71 ~ NB(T>pt>7
1-ps — )\t = Q) + O[lXt—l + 51>\t—1'

bt

(3.31)

This model was discussed in Section [3.2] and its CLS estimates will be used as the starting
values for the ML estimation discussed in Chapter {4f. By Lemma 2 in Ferland et al. [19] and

by equations ((3.28]) and (3.29)), we know that model (3.31)) satisfies the ARMA(1,1) model
(Xt — /,l/) — CL(Xt,1 — /,l/) =e; + betfl, (332)

where a = ray + (1, b = —f1, and ¢; is a white noise process with variance

1— (raqg + f1)? <M+M2)~

var{e; ) =
(e -

11— (rai+ B2 —ra?
Note that equation (3.32) can also be written as

X =rag+aX;_1 + e + bes_q.
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The CLS estimation procedure is as follows:

(i) Let Y, = X, — 1 Z X, fit the data by using a higher-order AR(p) model, then obtain

i=1
the CLS estimators for the autoregressive coefficients a; and define
p*
&=Yi =) Y
i=1

(ii) To obtain CLS estimates g, @ and b, minimize

n

Z(Xt — rog — CLXt_l — bét_1)2

i=1
then &, = (a+0b)/r, By = —b.

Remark 3.3.1. Based on equation (3.32)), we can also choose the initial values for the ML
estimates of the NBINGARCH(1,1) model by using the method of moments discussed in Zhu
and Li [51)].

3.3.2 Maximum Likelihood Estimation

Recall from Proposition that an NBINGARCH(p, q) process X; has the conditional

probability mass function given by

e +r—1

P(Xt:$t|ft_1):( 7"—1

)pI(l —p)"™, v, =0,1,2,...,

where p; = 1/(1 4+ X\) and ¢ = 1 — p, = A\;/(1 + \¢). To describe the maximum likelihood
(ML) approach, we first derive the conditional log-likelihood function of X; as follows:

n

re+7r—1 1 = A .
:Zlog( tr_l ) +T;10g<1+>\t> —I—;xtlog (rt)\), by Proposition [3.1.3]
) +7”Z <log1 — log(1 + )\t)) + Z (xt(log)\t —log(1 + )\t))>
t=1 t=1
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n

u xt+r—1)
= lo —r (10 1+/\> x; log A xilog(1+ Ay)
tz:; g( 1 ; g t Z t 108 Ay — Z t g t
:ia:tlog)\t—i(r+xt)log(1+)\t)+Zlog(att—l—r—l)
=1 =1 r—1

t=1

n n " T +r—1
:thlog)\t—Z(T—Fxt)bg(l"‘)‘t)+210g<(; 1)11‘!)
t=1 t=1 =1 o

= th log Ay — Z(r + x)log (14 X\) + Z (10g(93t +7r—1)—log(r—1)! — 1og(ast!)>
=1 t=1

:Z xtlog)\t—(r~|—xt)log(1—|—)\t)+Zlog(v+r—1)—log(xt!)].

v=1
It is natural to estimate 6° by maximizing [(6) given above. However, it is easy to see that
the estimates have no closed form and the numerical optimization methods have to be used.

To obtain asymptotic standard errors of the ML estimation, we need the first derivatives of
[;(0) with respect to 6;(: =0,1,2,...,p+ q), which has the form

A 1T+ N

alt Xt T+ Xt a)\t
00;

- 90,

The second derivatives are

82lt . & _ r—+ Xt 82)\15 _ & _ r -+ Xt (3/\t8)\t (3 33)

fore,7=0,1,...,p+ q. Moreover, we have

O\ . N
=1+ ’
2& For

80&0

3)\t . d a)\tfk .
aai _Xt—i+ E ﬁk 804- ) Z_la"'apv
8)\t 8/\75 k .

Ay } R
86]' t—j + 6/€ 85] J ; » q

Taking the expectation on both sides of equation (3.33)), it follows from equation (3.3|) that

gl P |2 ] _(EXUF) 4 BOXGIF ) 0N
96,00,;" "t A 1+ X\ 96,00,
_ E(Xt|]:t—1) . T + E(Xt|]:t—1) 6)\ta>\t
A2 (1+22) 96,00,
1 1\ ONON,
== — . 34
T(At 1+ At) 06,00, (3:34)
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Similarly, from equations (3.3]) and (3.4) we have

ol, o,
b {aei a0,

o Xt T+ Xt 2 8)\t 8)\t
ft‘l} - E[(A_t 1+ At) f“] 99, 90,
_ E((Xt - TAt)2|]:t—1) 8/\t%

A2 (1+ N2 00; 00;
(L4 A) 9N 0N
(1 + )2 00; 00,

/1 1\ O\ N
‘”(x Trx)wﬁ@- (3:35)

Then from equation (3.34) and (3.35]), we obtain the information matrix equality

81,
-k {aeiaej

[ ana,
'FH] = b [aeiaej

]:t—1:|7 Zaj:071a7p+q

In Ferland et al. [19], it is shown that asymptotic standard errors of ML estimates can be

computed from the following matrix:
Lo aiia o1
—(DnS, ' D)7, (3.36)
n

where

n

1 1,01 . 1 2l
Sn:—Ejatat and D"=-——>)" il
n
t=1 t=1

00007

The matrix in equation (3.36)) provides a consistent estimator for the asymptotic covariance
matrix of the maximum likelihood (ML) estimates. Under standard regularity conditions,

the ML estimator 6 is consistent and asymptotically normal, that is,

V(b —6" % N (0,p7'SD™,

where D = F [— Ol altal?}.

00007 0000T

This asymptotic result enables statistical inference on the estimated parameters, such as

Janas -z

constructing confidence intervals and hypothesis testing. In practice, the expressions for D,

and S, are evaluated numerically due to the complexity of the model.

The next chapter focuses on the practical implementation of the maximum likelihood esti-
mation for the NBINGARCH(p, ¢) model, including simulation studies to assess estimator

performance and the application of the model to real-world data.
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Chapter 4

Simulation Study and Application to
Real Data

In this chapter, we present a simulation study to evaluate parameter estimation approaches,
followed by a real data example demonstrating the application of the NBINGARCH(p, q)
model. Specifically, Section 4.1 compares the finite-sample performance of the Yule-Walker,
conditional least squares, and maximum likelihood estimates through a simulation study. In
Section , the NBINGARCH(p, ¢) model is applied to an overdispersed count time series
of syphilis data.

4.1 A Simulation Study

A simulation study was conducted to evaluate the finite sample performance of the
Yule-Walker (YW), conditional least squares (CLS), and maximum likelihood (ML) esti-
mates for the three most sparsely parameterized NBINGARCH models: NBINGARCH(1),
NBINGARCH(2) and NBINGARCH(1,1), given by Definition as follows:

Xt|~/—'.t71 ~ NB(ﬁ pt); Xt|ft71 ~ NB("B pt), Xt|ft71 ~ NB("} pt),

and
A =ap+ o Xy A=+ a1 Xiog + Xy o M= ap+ a1 Xeg + B,

respectively, where A, = (1 — p;)/p;. Three set-ups were considered as follows:

(i) NBINGARCH(1) with (a9, a?,r)T=(A1)(2,0.3,1) and (A42)(4,0.3,2)7;

(ii) NBINGARCH(2) with (af,a?, a3, )T = (B1)(2,0.4,0.2,1)T and (B2)(3,0.3,0.1,2)T;
(ifi) NBINGARCH(1,1) with (a2, a?, 89, 7)T = (C1)(2,0.2,0.4, 1)T and (C2)(3,0.1,0.3,2)7,

where 6° in (6°,7)T denotes the true parameter values of the models. For the estimation of
the parameters, by following Davis and Wu [12], it was assumed that r is known. For the

maximization of the log-likelihood function, the constrained nonlinear optimization function
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fmincon in MATLAB was used and the CLS estimates were used as the initial values.
Here the constrained conditions are oy > 0 and the first-order stationary condition given
in Proposition 3.1.7] In the CLS estimates for the NBINGARCH(1,1) models, we choose
p* = [v/n], where [X] is the integer part of X. In simulations, we applied the mean absolute
deviation error (MADE), which is defined by =+ > ‘éj — 0?‘,
The sample sizes were n = 100, 500, 1000, and the number of replications m = 200.

as the evaluation criterion.

Table4.1| presents a summary of the simulation results. It can be seen that as the sample size
increases, the estimates seem to converge to the true parameter values. All three estimation
methods seem to perform reasonably well but the ML estimation gave smaller absolute
deviation errors than the YW estimation and CLS estimation in most cases. On the other

hand, YW estimation and CLS estimation almost gave the same performance.

Table 4.1: Mean of estimates, MADEs (Within parentheses)
for the NBINGARCH models

Model n Method o o Qo or [
Ay 100 YW 2.0974 (0.2945) 0.2596 (0.1053)
CLS  2.0996 (0.3002) 0.2623 (0.1055)
MLE  2.0091 (0.2925) 0.2995 (0.1070)
500 YW 2.0419 (0.1628) 0.2813 (0.0673)
CLS  2.0426 (0.1625) 0.2817 (0.0673)
MLE  2.0155 (0.1330) 0.2924 (0.0542)
1000 YW 2.0197 (0.1168) 0.2917 (0.0433)
CLS  2.0199 (0.1171) 0.2920 (0.0433)
MLE  2.0061 (0.0884) 0.2972 (0.0348)
As 100 YW  4.8325 (1.1238) 0.2455 (0.0716)
CLS 4.7443 (1.1711) 0.2534 (0.0743)
MLE  4.2613 (0.7532) 0.2822 (0.0526)
500 YW  4.2723 (0.5726) 0.2837 (0.0365)
CLS 4.2746 (0.5739) 0.2842 (0.0363)
MLE  4.0542 (0.4064) 0.2973 (0.0259)
1000 YW  4.2034 (0.4557) 0.2879 (0.0273)
CLS  4.2055 (0.4572) 0.2881 (0.0272)
MLE  4.0838 (0.3696) 0.2953 (0.0218)
By 100 YW 2.6207 (0.7180) 0.3132 (0.1357) 0.1298 (0.1280)
CLS  2.5983 (0.7297) 0.3179 (0.1374) 0.1347 (0.1283)
MLE  2.1520 (0.5224) 0.3863 (0.1349) 0.1851 (0.1103)
500 YW 2.3183 (0.4100) 0.3522 (0.0940) 0.1697 (0.0742)
CLS 2.3210 (0.4119) 0.3523 (0.0939) 0.1706 (0.0739)
MLE  2.2165 (0.3603) 0.3836 (0.0676) 0.2084 (0.0625)
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Table 4.1 (continued): Mean of estimates, MADEs (Within parentheses)

for the NBINGARCH models

Model n Method o o Qo or (31

1000 YW 2.0489 (0.1611) 0.1941 (0.0393) 0.1888 (0.0409)

CLS 2.0495 (0.1614) 0.1941 (0.0393) 0.1892 (0.0408)

MLE  2.0079 (0.1152) 0.1983 (0.0319) 0.1985 (0.0291)

B, 100 YW 3.3614 (0.6155) 0.2561 (0.1084) 0.0580 (0.0973)
CLS 3.3567 (0.6213) 0.2589 (0.1102) 0.0602 (0.0994)

MLE  3.1657 (0.6016) 0.2894 (0.1211) 0.1168 (0.1048)

500 YW 3.1618 (0.3224) 0.2790 (0.0714) 0.0816 (0.0469)

CLS 3.1637 (0.3241) 0.2792 (0.0713) 0.0820 (0.0469)

MLE  3.2222 (0.4234) 0.2817 (0.0631) 0.1264 (0.0694)

1000 YW 3.0219 (0.2731) 0.3639 (0.0652) 0.1820 (0.0462)

CLS 3.1246 (0.2751) 0.3632 (0.0640) 0.1825 (0.0460)

MLE  3.0087 (0.2662) 0.3823 (0.0551) 0.2147 (0.0423)

Ch 100 CLS 4.5471 (2.5955) 0.1730 (0.0682) 0.1754 (0.2615)
MLE  3.1267 (1.6182) 0.1807 (0.0636) 0.3202 (0.1860)

500 CLS 2.8969 (0.9504) 0.1913 (0.0347) 0.3239 (0.1096)

MLE  2.3873 (0.6300) 0.2004 (0.0282) 0.3570 (0.0932)

1000 CLS 2.2061 (0.4132) 0.1985 (0.0361) 0.3971 (0.0718)

MLE  2.0538 (0.2853) 0.2029 (0.0284) 0.4056 (0.0572)

Cy 100 CLS 4.8920 (2.0367) 0.0859 (0.0544) 0.0032 (0.3361)
MLE  3.6942 (1.5658) 0.0878 (0.0511) 0.2177 (0.2475)

500 CLS 4.0400 (2.0367) 0.0968 (0.0544) 0.1314 (0.3361)

MLE  3.2651 (0.9807) 0.0926 (0.0243) 0.2893 (0.1695)

1000 CLS 3.3139 (0.6241) 0.1027 (0.0276) 0.2032 (0.0849)

MLE  3.1528 (0.4527) 0.1064 (0.0213) 0.3105 (0.0684)

Note: MADE (Mean absolute deviation error), YW (Yule-Walker), CLS (Conditional least

squares), and MLE (Maximum likelihood estimation).

count time series data.

4.2 Application to Real Data
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The simulation results show that YW, CLS, and ML estimation methods improve with larger
sample sizes, with ML consistently yielding the smallest mean absolute deviation errors.
ML proves to be the most efficient and reliable method for estimating NBINGARCH model

parameters. Thus, ML estimation is recommended for accurate modeling of overdispersed

We now apply the NBINGARCH model to an overdispersed count time series of syphilis
data. This is part of a data set given in the R software ZIM-package sourced from the
Centers for Disease Control and Prevention (CDC) Morbidity and Mortality Weekly Report
CDC MMWR.. The data set consists of the weekly number of syphilis cases in Maryland,
United States, from the first week of January 2007 to the first week of May 2010, giving a
total of 209 observations. To give an idea about the data structure, Table shows some

descriptive statistics of the syphilis time series data.


http://www.cdc.gov/MMWR/

Table 4.2: Summary statistics of
the syphilis time series data

Statistic Value
Sample Size 209
Maximum 15
Minimum 0
Mean 3.473684
Median 3
Variance 9.279352
Skewness 0.660827
Kurtosis 0.137934

Standard Deviation 3.046203

The empirical mean and variance of the data are 3.473684 and 9.279352 respectively. These
indicate that the true marginal distribution of the data exhibits overdispersion and is thus
suitable for use as an example of an application of the NBINGARCH model. Other authors
who considered this type of data include the Baltimore City Health Department [2], Centers
for Disease Control and Prevention [11], and Maryland Department of Health and Mental
Hygiene [37]. Figure |4.1| below shows the original series, the autocorrelation function (ACF)

and partial autocorrelation function (PACF) of the series.

Time Plot
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Figure 4.1: Syphilis data: (a) Time plot, (b) the sample autocorrelation
function (SACF), and (c) the sample partial
autocorrelation function (SPACF)
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Figure presents a time series with fluctuating counts, suggesting stationarity without any
apparent trends or seasonality. Serial dependencies are evident, as indicated by the ACF,
which displays significant correlations at multiple lags. When combined with the evidence
of overdispersion shown in Table [£.2] these patterns indicate that the NBINGARCH model,
which accommodates both overdispersion and serial dependence in count data, may be a
suitable choice for modelling this dataset. Additionally, since only the autocorrelation and

partial autocorrelation values at lag 1 exceed the significance bounds, the most suitable
models to fit the data are the NBINGARCH(1) and NBINGARCH(1,1) models:

Xt’]:t—l ~ NB(ﬁPt); Xt’]:t—l ~ NB(r7pt)a
and

A =g+ a1 Xe At =g+ o Xio1 + B,

respectively, where \; = (1—p;)/p;. The model parameters (6, r) were jointly estimated using
the approaches of Benjamin et al. [3] and Davis and Wu [12]. Specifically, the log-likelihood

function {(f) was maximized with respect to 6 for selected values of 7.

Searching for the maximizer of the log-likelihood function is implemented in MATLAB by
using fmincon. Here the constrained conditions are ay > 0 and the first-order stationary
condition. We choose the CLS estimates as the corresponding initial values and set Ay = X
and O\g/00; = 0. The estimate 7 is determined by the r value that yielded the smallest
Akaike information criterion (AIC) or Bayesian information criterion (BIC). From Table

we estimate 7 = 1. Asymptotic standard errors are computed by using equation ((3.36]).

Table 4.3: Akaike information criterion (AIC) and Bayesian information

criterion (BIC) values with different initial values of r with
NBINGARCH(1) and NBINGARCH(1,1) models

Initial value of r 1 2 3 4 5
NBINGARCH(1) AIC 990.9 995.9 1011.1 1025.7 1051.5
BIC 1005.1 1006.2 1022.3 1037.2 1049.8
NBINGARCH(1,1) AIC 991.8 996.2 1012.3 1027.2 1038.2
BIC 1009  1009.1 1024.4 1039.0 1039.9

Furthermore, Table indicates that the NBINGARCH(1) model consistently outperforms
the NBINGARCH(1,1) model based on both the Akaike Information Criterion (AIC) and
the Bayesian Information Criterion (BIC). Across different r values, the NBINGARCH(1)
model consistently yields lower AIC and BIC values. These lower values indicate a better
overall fit to the data while effectively managing the trade-off between model complexity
and goodness-of-fit. This balance suggests that the NBINGARCH(1) model not only cap-
tures the underlying data dynamics more efficiently but also avoids the risk of overfitting.
Consequently, the NBINGARCH(1) model emerges as the more suitable choice for modeling

the given syphilis time series data.
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For comparison, we also consider the Poisson and double Poisson (DP) models, introduced
by Ferland et al. [19] and Heinen [27], respectively. The DP model is based on the double
Poisson distribution proposed by Efron [17]. The double Poisson model is specified as:

Xt|~F;5—1 ~ DP(Ata ’7)7

where the approximate conditional probability mass function is given by:

_XtXXt A v Xt
f(Xt) = <’7%€_w\t> (eX—'t> (%) , v >0, X;=0,1,2,..., (4.1)
t- t

and ), is defined in equation (3.2)). As shown in Efron [I7], the conditional mean of the double
Poisson model is \;, and the conditional variance is approximately \;/. For the model in
equation , the log-likelihood function, along with its first and second derivatives, is
provided in Heinen [27]. However, to maintain self-containment in this document, we derive

and present these details here. The log-likelihood function is derived as follows:

—Xt Xt "/Xt
Li(Ae,y) logH (726 ’7)\1&) (e Xt)!(t ) (%)
— X3 Xt 'YXt
- [(ﬁwﬂ ()

_ Z [ logy — v\ — log X! — X, + X, log X, — vX, log(e)\,) — vX, log X,

— Z §logfy — Zq/)\t — ZlOgXt! — ZXt + ZXtIOgXt
=1 =1 =1 =1 t=1

n

- Zth log(eA;) — Z vX;log X;
t=1

t=1

n n n n n
= Elog’y — VZ)\t — ZlogXt! — ZX,; + ZthogXt
t=1 t=1 t=1 t=1
— Z X, log(eN) — Z X;log X,
t=1 t=1

Furthermore, the first derivatives are derived as follows:

M@#f’;’ - Z)\t ZXt log(eA:) — ZXt log X

Z A — ZXt log(eA;) + 1+ log X),

t=1 t=1

8lt()\t, ')/) B Xte Xte
B S ”Zl vt}
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and the second derivatives are derived as follows:

Due to the similar structure of their first derivatives, the Poisson and double Poisson models
yield comparable parameter estimates for §. As noted by Heinen [27], the expected Hes-
sian matrix is block-diagonal, making it efficient to estimate the dispersion parameter
independently of #. Table summarises the parameter estimates along with their asymp-
totic standard errors, presented in parentheses. The Akaike information criterion (AIC) and

Bayesian information criterion (BIC) values are also provided.
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Table 4.4: Parameter estimates with Poisson (P), double Poisson (DP) and negative
binomial INGARCH(1) and INGARCH(1,1) models. The

asymptotic standard errors are shown in parentheses

Model Qo ay 1531 A or T AIC BIC
INGARCH(1) P 2.90 0.47 1155.8 1162.5
(0.1050) (0.0059)
DP 2.8937  0.1652 0.3161  997.3 1009.9
(0.1040)  (0.0057) (0.0005)
NB 2.32 0.02 1 990.9  957.2
(0.1020) (0.0017)
INGARCH(1,1) P 1.13 0.41 0.78 1202.9 12054
(0.7565) (0.0059) (0.0853)
DP 1.10 0. 23 0.51 0.3175 11525 1162.7
(0.7515) (0.0052)  (0.0853)  (0.0006)
NB 1.02 0.04 0.13 1 991.8 1005.1
(0.4762) (0.0035) (0.01149)

Note: AIC (Akaike information criterion), and BIC (Bayesian information criterion)

Based on AIC and BIC values, the improvement in fit achieved by adding more parameters
to the INGARCH models is not significant. Moreover, the INGARCH(1) model captures the
overdispersion just as effectively as the more complex INGARCH(1,1), so the more sparsely

parameterized INGARCH(1) model should be preferred. For the INGARCH(1) models, the

values of AIC and BIC show that the NB fit is the best and the DP fit is the second.
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For model adequacy, the fitted conditional mean X, from the INGARCH(1) model is given
in Figure [4.2] and the resulting Pearson residual is defined by

[,
Tt = At—rA)\tl7 (42)
[rAe(1+ A)]2

where A, = di + @1 X;_1, and the residual analysis is shown in Figure . Figure (a),(b)
shows the plots for the ACF and PACF of the Pearson residuals. To check for autocorrelation
within the residuals up to, say, lag 15, we conduct the Ljung-Box test. The hypotheses are:

e Null Hypothesis (Hp): No autocorrelation up to lag 15.

e Alternative Hypothesis (H;): There is at least one non zero autocorrelation up to lag
15.

The Ljung-Box test statistic is

15 . 15 9
Q=nn+2) np_’ﬂ - =209(211) ) 209”‘“_ - = 10.8567 (4.3)
k=1 k=1

Since Q < XFo5(14) = 23.6848, we fail to reject the null hypothesis. Alternatively, since
the p-value (0.1772) is greater than the significance level of 0.05, we fail to reject the null
hypothesis. This suggests that there is no significant autocorrelation in the Pearson residuals

up to lag 15, implying that the model adequately captures the data’s dynamics.

Figure [£.3((c),(d) shows the kernel density and normal Q-Q plots for the Pearson residuals,
which appear highly non-normally distributed. We also examine the normalized conditional
randomized quantile residuals of Dunn and Smyth [16] and Benjamin et al. [3], defined as
ror = ¢~ (uy), where cb_l is the inverse cumulative distribution function of a standard normal
variable and u; is randomly drawn from the uniform interval [F(X; — 1,4, 7), F(Xy, &, 7)].
Here, F/(X}, &, ) is the fitted conditional negative binomial cumulative distribution function.
The residuals analysis in Figure [4.4|shows no residual correlation. Kernel density and normal
Q-Q plots appear roughly normal. Figure 4.5( shows the normalized randomized quantile

residuals scattered randomly over time, confirming the model adequately fits the data.
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Table 4.5 gives the observations X, for which the upper probability 1—F(X;—1,&,7) < 0.02.
The table compares tail probabilities for extreme residuals using Poisson, double Poisson,
and negative binomial models. The Poisson model consistently shows very low probabilities,
highlighting its poor performance in handling extreme values. The double Poisson model
offers slight improvement but still struggles with extreme counts. In contrast, the negative
binomial model consistently yields higher tail probabilities, effectively capturing the vari-
ability in the data. This makes the negative binomial model the most suitable for modelling
overdispersed data. This observation can be attributed to the differences in their conditional
variances: \;, A\;/7:, and r\;(1 + );) for the Poisson, double Poisson, and negative binomial

models, respectively.

Table 4.5: Tail probabilities for potential extreme residuals

Week X; Poisson Double Poisson Negative Binomial
13 11 0.00358
15 15 0.00015 0.00448 0.00538
33 10 0.00896
41 10 0.01742
67 12 0.00123 0.00827 0.01530
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Chapter 5
Discussion

In this chapter, we discuss the results and implications of the negative binomial INGARCH
model, reflecting on its effectiveness in addressing overdispersion in count time series data.
The aim and objectives of this dissertation are restated and discussed in Section 5.1 while the
employed methodology to achieve these goals is discussed in Section 5.2. In Section 5.3, we
discuss the structure of the negative binomial INGARCH(p, ¢) (NBINGARCH(p, q)) model,
including its formulation, suitability for modelling count time series with overdispersion and
extreme values, and the stationarity of the model. Approaches for parameter estimation of
the model are discussed in Section 5.4. Here, we discuss the Yule-Walker and conditional
least squares estimation methods for specific cases of the NBINGARCH (p, ¢) model, followed
by a discussion on the development of the maximum likelihood estimation approach. A
simulation study to evaluate parameter estimation approaches is discussed in Section 5.5.
Here, the simulation study compares the finite-sample performance of the Yule-Walker,
conditional least squares, and maximum likelihood estimates. In Section 5.6, we discuss the
application of the NBINGARCH(p, ¢) model to an overdispersed count time series of syphilis
data. In Section 5.7, we discuss the comparison of the performance of the negative binomial
INGARCH model to that of the Poisson and the double Poisson INGARCH models.

5.1 On the Aim and Objectives

The primary aim of this dissertation was to develop a negative binomial INGARCH model
that can effectively address overdispersion and extreme values in count time series data,
focusing on its structure, parameter estimation, and application to real-world data. To

achieve this aim, the following research objectives were formulated:

(i) To formulate a negative binomial INGARCH model for overdispersed count
time series: This involves integrating the negative binomial distribution within the
INGARCH framework to better capture overdispersion in count time series data, by

allowing the conditional variance to exceed the conditional mean.
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(ii) To develop an approach for parameter estimation for the proposed model:
This involves employing various parameter estimation techniques, including maximum
likelihood, Yule-Walker, and conditional least squares, to obtain reliable and consistent

estimates of the model parameters.

(iii) To apply the proposed model to real-world count data and assess its per-
formance: This involves applying the NBINGARCH(p, ¢) model to an overdispersed
count time series of syphilis data, and assessing the model performance using the Akaike

Information Criterion (AIC) and Bayesian Information Criterion (BIC).

(iv) To compare the performance of the negative binomial INGARCH model
to that of the Poisson and the double Poisson INGARCH models: This
involves comparing the NBINGARCH(p, ¢) model’s performance to that of the Poisson
INGARCH(p, ¢) and double Poisson INGARCH(p, ¢) models based on their ability to

capture extreme values through the analysis of tail probabilities for residuals.

5.2 On the Methodology

The methodology employed in this study provides a comprehensive framework for modeling
overdispersed count time series data using the NBINGARCH(p, ¢) model. The structured ap-
proach encompasses key aspects such as model formulation, parameter estimation, simulation
studies, application to real-world data, and model comparison. Each of these components

contributes to the robustness and applicability of the proposed model.

5.2.1 Model Formulation

The formulation of the NBINGARCH(p, ¢) model is well-suited for handling count data that
exhibit overdispersion. By specifying the conditional distribution of X; as negative binomial,
the model accommodates variability exceeding the mean, which is commonly observed in
real-world scenarios such as epidemiology and finance. The dynamic equation governing the
conditional mean, expressed as a function of past observations and conditional expectations,

ensures that both short-term dependencies and long-term trends are effectively captured.

The stationarity condition, derived from the characteristic equation, provides critical insights
into the stability of the model. Ensuring that the roots lie outside the unit circle guarantees
that the model produces meaningful forecasts without diverging over time. The constraints
on parameters, such as a; > 0 and 3; > 0, ensure interpretability and practical relevance.
Moreover, the inclusion of higher-order terms in p and ¢ enables the model to capture
more complex temporal dependencies. This flexibility makes the NBINGARCH(p, ¢) model
particularly useful for datasets with intricate autocorrelation structures. Additionally, the
negative binomial framework inherently accounts for overdispersion, providing a better fit
compared to simpler Poisson-based models. The ability to incorporate covariates enhances

the model’s applicability by integrating external factors influencing count dynamics.
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5.2.2 Parameter Estimation

The choice of maximum likelihood estimation (MLE) as the primary estimation technique
is justified by its asymptotic efficiency and desirable statistical properties. The conditional
log-likelihood function is maximized numerically using MATLAB’s fmincon function, incor-
porating constraints to ensure stationarity and non-negativity of parameters. The use of
conditional least squares (CLS) estimates as initial values aids in convergence and stability
of the optimization process. An important consideration is the selection of the dispersion
parameter r, which is determined based on model selection criteria, namely AIC and BIC.
This approach balances model complexity with goodness-of-fit, leading to an optimal repre-

sentation of the underlying data.

5.2.3 Simulation Study

The simulation study is meticulously designed to evaluate the finite sample performance
of different estimation methods, including YW, CLS, and ML. The consideration of three
model structures: NBINGARCH(1), NBINGARCH(2), and NBINGARCH(1,1), allows for
a comprehensive assessment across varying levels of model complexity. The use of the mean
absolute deviation error (MADE) as the evaluation criterion provides an intuitive and robust
measure of estimation accuracy. By varying sample sizes and conducting multiple replica-

tions, the study ensures that conclusions drawn are statistically reliable.

5.2.4 Application to Real Data

The application of the NBINGARCH(p, ¢) model to syphilis count data showcases its prac-
tical utility. The dataset’s overdispersion, indicated by a variance greater than the mean,
underscores the suitability of the negative binomial distribution over the Poisson alternative.
The examination of ACF and PACF plots further aids in identifying the appropriate model
order. The step-by-step approach, from data exploration to model selection using AIC and
BIC, offers a replicable framework for analyzing similar datasets. The Pearson residual anal-
ysis provides additional validation, ensuring that the model adequately captures the data’s

underlying dynamics.

5.2.5 Model Comparison

The comparative evaluation against Poisson and double Poisson INGARCH models under-
scores the strengths of the NBINGARCH(p, ¢) model. The use of AIC and BIC as primary
evaluation metrics ensures a balanced assessment of model fit and complexity. The consider-
ation of tail probabilities provides deeper insights into the model’s ability to capture extreme

values, which is particularly crucial in applications involving rare events.
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5.3 On the Structure of the NBINGARCH(p, ¢) Model

The NBINGARCH(p, ¢) model, as defined in Definition [3.1.1] extends the family of integer-
valued time series models by incorporating the negative binomial distribution. The con-
ditional distribution X;|F;_1 ~ NB(r,p;) introduces flexibility through the parameter r,
which governs the degree of overdispersion. The relationship between the parameters p;
and \; (equation ([3.2))) allows for the inclusion of both autoregressive and moving average
effects, making it a natural extension of INGARCH models to settings where count data
exhibit high variability. This formulation effectively bridges the gap between theory and
practical applications by addressing the limitations of Poisson-based models, which often
struggle with overdispersed data. By incorporating r and linking p; to past observations and

conditional means, the model accommodates a wide variety of real-world scenarios.

Proposition derives the conditional mean and variance of the NBINGARCH(p, ¢) pro-
cess. The conditional mean E(X;|F;_1) = r); scales directly with the mean parameter \;,
while the conditional variance var(X;|F;_1) = 7 \/(1 4+ \;) grows quadratically with ;. This
quadratic growth of the variance with respect to the mean highlights the overdispersed nature
of the model. Corollary further reinforces this property, showing that both the condi-
tional and unconditional variances of X; exceed their respective means. This overdispersion
is crucial for capturing the high variability observed in many count time series datasets, such

as epidemiological cases, financial transactions, or customer arrivals.

Stationarity is a fundamental property for ensuring the long-term stability of a time series
model. Proposition provides necessary and sufficient conditions for mean stationarity
of the NBINGARCH(p, q) process. Specifically, all roots of the characteristic equation (3.8
must lie outside the unit circle. This condition ensures that the process maintains a stable
mean over time without diverging. Proposition [3.1.§8] offers an explicit expression for the
stationary mean of the process, emphasizing the role of parameters «;, ;, and r in deter-
mining the stability of the model. The constraints 0 < 371, (ra; + 8i) +>°7_ 7oy < 1 are
critical for ensuring first-order stationarity, which lays the foundation for deriving further
moment properties. For second-order stationarity, Proposition establishes additional
conditions involving the roots of another characteristic equation. The coefficients ', and C),
are derived from the parameters of the model, and their relationships with the matrices B

and B! reflect the intricate dependence structure in higher-order processes.

The autocovariance functions of X; and \;, as derived in Proposition provide valuable
insights into the dependence structure of the NBINGARCH process. equations and
capture the relationships between current and lagged values of X; and \;, incorporating
the effects of both autoregressive and moving average components. These equations highlight
the rich dependence structure of the NBINGARCH model, enabling it to capture complex
temporal patterns in count time series. The inclusion of the overdispersion parameter r

improves the model’s ability to capture high variability and extreme observations.
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5.4 On the Approaches for Parameter Estimation

Several approaches for estimating the parameters of the NBINGARCH(p, ¢) model have been

considered in this dissertation, including the following:

(i) Maximum Likelihood Estimation: This approach provided consistent and asymp-
totically efficient estimates by maximizing the likelihood function of the observed data.
MLE is widely used due to its desirable statistical properties such as efficiency, con-
sistency, and asymptotic normality. However, it requires the specification of the cor-
rect likelihood function and can be computationally intensive, particularly for complex

models with a large number of parameters.

(ii) Yule-Walker Estimation: Based on the autocovariance function, this method of-
fered a computationally efficient alternative but was sensitive to model assumptions.
The Yule-Walker equations relate the model parameters to the autocorrelations of the
observed data, providing a relatively straightforward estimation procedure. However,
the accuracy of the YW estimates heavily depends on the underlying assumptions of
stationarity and the correct specification of the autocovariance structure, making it

less robust in the presence of model misspecification.

(iii) Conditional Least Squares : This method minimized the sum of squared deviations
between observed and predicted values, serving as an effective initial estimator. CLS
estimation is simple to implement and computationally less demanding compared to
MLE. It provides reasonable estimates when the model structure is approximately
known and serves as a good starting point for more sophisticated estimation methods.
However, it does not account for the full probabilistic structure of the data, which can

lead to efficiency loss compared to MLE.

5.5 On the Simulation Study

A simulation study was conducted to assess the finite sample performance of the Yule-Walker
(YW), conditional least squares (CLS), and maximum likelihood estimation (MLE) methods
for the NBINGARCH(1), NBINGARCH(2), and NBINGARCH(1,1) models. The study used
different parameter settings for each model type, with sample sizes n = 100, 500, 1000 and
200 replications. The mean absolute deviation error (MADE) was applied as the evaluation
metric. Table presents a summary of the simulation results. It can be seen that as the
sample size increases, the estimates seem to converge to the true parameter values. All three
estimation methods seem to perform reasonably well but the ML estimation gave smaller
absolute deviation errors than the YW estimation and CLS estimation in most cases. On the
other hand, YW estimation and CLS estimation almost gave the same performance. The
simulation results show that YW, CLS, and ML estimation methods improve with larger

sample sizes, with ML consistently yielding the smallest mean absolute deviation errors.
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ML proves to be the most efficient and reliable method for estimating NBINGARCH model
parameters. Thus, ML estimation is recommended for accurate modeling of overdispersed

count time series data.

5.6 On the Application to Real Data

The application of the NBINGARCH model to overdispersed syphilis count time series data
demonstrates its effectiveness in capturing both overdispersion and serial dependence. Ta-
ble presents descriptive statistics of the syphilis time series, with an empirical mean
and variance of 3.473684 and 9.279352, respectively. These values confirm the presence of
overdispersion, justifying the use of the negative binomial distribution. The significant auto-
correlation at lag 1 in the ACF and PACF plots in Figure 4. 1] further supports the suitability
of the NBINGARCH(1) and NBINGARCH(1,1) models. Results in Table [4.3| indicate that
the NBINGARCH(1) model consistently outperforms the NBINGARCH(1,1) model based
on the Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC). This
suggests that the added complexity of the NBINGARCH(1,1) model does not substantially
improve model fit, aligning with the principle of parsimony. The lower AIC and BIC values
for the NBINGARCH(1) model indicate it effectively balances goodness-of-fit with model

simplicity, capturing the data’s dynamics without overfitting.

Residual analysis using the Ljung—Box test confirms that the NBINGARCH(1) model ad-
equately captures serial dependence, leaving no significant autocorrelation in the Pearson
residuals. Additionally, the kernel density and normal Q-Q plots in Figure |4.3| suggest that
residuals are approximately normally distributed, further supporting the model’s adequacy.
The normalized conditional randomized quantile residuals in Figure also validate the

model’s fit, showing no systematic patterns.

Moreover, the analysis of parameter estimates for the Poisson, double Poisson, and nega-
tive binomial INGARCH models provides valuable insights into model selection and perfor-
mance for overdispersed count time series data. Table details the estimated parameters,
their asymptotic standard errors, and model selection criteria, including AIC and BIC. The
findings reveal that the INGARCH(1) model generally outperforms the more complex IN-
GARCH(1,1) model, as evidenced by lower AIC and BIC values across all distributional
assumptions. This indicates that adding an additional autoregressive component in the IN-
GARCH(1,1) model does not significantly improve fit. Therefore, the INGARCH(1) model

is preferable for capturing overdispersion while maintaining simplicity.

However, some limitations should be acknowledged. The selection of the dispersion param-
eter r through AIC/BIC optimization may not always capture the true underlying overdis-
persion in the data. Additionally, the NBINGARCH model assumes stationarity, which may

not always hold for epidemiological data influenced by seasonal patterns or external factors.
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5.7 On Model Comparison

The analysis of parameter estimates for the Poisson, double Poisson, and negative binomial
INGARCH(p, ¢) models provides valuable insights into model selection and performance for
overdispersed count time series data. Table [4.4| presents the estimated parameters along with
their asymptotic standard errors, and model selection criteria, namely the Akaike information
criterion (AIC) and Bayesian information criterion (BIC). Lower values of these criteria

indicate better model performance.

The negative binomial model consistently achieves the lowest AIC and BIC values, which
indicates its superior ability to account for overdispersion in the data. This is particularly
evident in the INGARCH(1) model, where the negative binomial model outperforms both the
Poisson and double Poisson models, with AIC and BIC values of 990.9 and 957.2, respectively.
The Poisson model, with its restrictive variance assumption of equality to the mean, performs
the worst, while the double Poisson model provides a moderate improvement by introducing
an additional dispersion parameter. For the INGARCH(1,1) models, the results follow a
similar trend, with the negative binomial model yielding the best fit, followed by the double
Poisson and Poisson models. However, the relatively smaller improvements in AIC and BIC
compared to the INGARCH(1) model suggest that the added complexity may not justify
its use in practical applications. The estimated parameters reveal notable differences across
the models. In particular, the estimates of a; and 31 for the Poisson and double Poisson
INGARCH(1,1) models suggest stronger dependence structures, while the negative binomial
models exhibit smaller autoregressive and moving average components. This indicates that
the negative binomial model is better at capturing the inherent variability in the data without

relying heavily on past observations.

In addition to AIC and BIC, the models are further assessed based on their ability to capture
extreme values through the analysis of tail probabilities for residuals. Table presents the
observations X; for which the upper probability 1 — F(X; — 1,4&,7) < 0.02, allowing for a
comparative evaluation of tail probabilities across the Poisson, double Poisson, and negative
binomial models. The results highlight distinct differences in the ability of these models to
accommodate extreme observations in the data. Models that yield higher tail probabilities

demonstrate a greater capacity to account for extreme variations in the data.

The Poisson model consistently yields very low tail probabilities, underscoring its limitations
in capturing extreme values. This can be attributed to its inherent assumption of equidis-
persion, where the mean and variance are equal, making it unsuitable for overdispersed data.
Consequently, the Poisson model tends to underestimate the likelihood of observing extreme
values, which can lead to biased conclusions in practical applications. The double Poisson
model, which introduces an additional dispersion parameter, demonstrates slight improve-
ment over the Poisson model. However, it still struggles to fully accommodate the variability

present in the data. While the model provides a better fit than the Poisson distribution,
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its performance in capturing extreme counts remains suboptimal, suggesting that the added

flexibility is insufficient for highly overdispersed data.

In contrast, the negative binomial model consistently yields higher tail probabilities, effec-
tively capturing the variability and overdispersion inherent in the dataset. This superior
performance can be attributed to its more flexible variance structure, given by rA;(1 + \;),
which allows for greater dispersion compared to the Poisson and double Poisson models,
whose conditional variances are \; and \;/v;, respectively. The negative binomial model’s
ability to better accommodate overdispersed data makes it a more appropriate choice for

analyzing count data with potential extreme observations.
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Chapter 6
Conclusion and Recommendations

In this final chapter, we summarise the main findings of the dissertation and underscore
their implications for both theoretical and practical applications. We offer recommendations
based on our insights to guide future research and improvements. The summary of the main

findings is given in Section 6.1 while the recommendations are given in Section 6.2.

6.1 Conclusion

The findings of this dissertation provide significant insights into the modelling of overdis-
persed count time series data using the NBINGARCH(p, ¢) model. The proposed model
effectively captures overdispersion and extreme values, offering a robust alternative to tra-
ditional Poisson and double Poisson models. The results demonstrate the superiority of the
NBINGARCH model in terms of model fit and parameter estimation accuracy, as evidenced
by lower AIC and BIC values and the ability to better capture the variability inherent in
count data. The inclusion of the dispersion parameter r introduces greater flexibility, making
the model well-suited for real-world applications, such as the analysis of syphilis data. The
comprehensive methodology adopted in this study, encompassing model formulation, param-
eter estimation using MLE, CLS, and YW methods, as well as extensive simulation studies,
ensures that the proposed approach is both theoretically sound and practically applicable.
The performance evaluation using MADE confirms the efficiency of maximum likelihood

estimation, particularly with increasing sample sizes.

Despite the model’s strengths, several challenges and limitations were identified. The as-
sumption of stationarity may not hold in all practical scenarios, and the estimation of the
dispersion parameter r remains a complex issue. Additionally, further work is required to
establish the geometric ergodicity of the model, which is crucial for deriving asymptotic

properties and ensuring reliable inference.

In conclusion, the findings of this research contribute to the advancement of count time series

modelling and provide a foundation for future exploration and development in this field.
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6.2 Recommendations

Based on the findings of this dissertation, the following recommendations are proposed:

(1) Model Refinement: Future research should explore alternative parameter estimation
methods that jointly estimate # and r, potentially addressing the challenges associated

with the discrete nature of r.

(2) Stationarity Considerations: Investigating extensions of the NBINGARCH model to
account for non-stationary time series, including seasonal or external influences, would

enhance its applicability to a wider range of real-world datasets.

(3) Computational Improvements: The implementation of more efficient algorithms
for maximum likelihood estimation could improve computational feasibility for larger

datasets and more complex models.

(4) Asymptotic Properties: Further research into the asymptotic distribution of the
parameter estimates, leveraging geometric ergodicity or weak dependence concepts, could

provide stronger theoretical foundations for statistical inference.

(5) Application to Other Domains: The applicability of the NBINGARCH model should
be explored in other fields with overdispersed count time series data, such as meteorology,

epidemiology, and insurance to validate its effectiveness across diverse datasets.
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Appendix A

Data Set for the Real Data Example

In Section the NBINGARCH model is applied to an overdispersed count time series
of syphilis data. This is part of a data set given in the R software ZIM-package sourced
from the CDC Morbidity and Mortality Weekly Report CDC MMWR. The data set consists
of the weekly number of syphilis cases in Maryland, United States, from the first week of
January 2007 to the first week of May 2010, giving a total of 209 observations.

Table A.1: Syphilis Cases Data: Month, Week, and Cases

Month Week Cases | Month Week Cases | Month Week Cases
Jan 1 5 Jun 24 5 Dec Y 3
Jan 2 6 July 25 5 Dec 58 4
Jan 3 7 July 26 7 Jan 59 2
Jan 4 6 July 27 4 Jan 50 4
Feb 5 3 July 28 6 Jan 51 7
Feb 6 0 Aug 29 4 Jan 52 1
Feb 7 6 Aug 30 7 Feb 53 6
Feb 8 3 Aug 31 9 Feb 54 4
Mar 9 0 Aug 32 2 Feb 55 0
Mar 10 0 Sept 33 10 Feb 56 3
Mar 11 0 Sept 34 9 Mar Y 5
Mar 12 2 Sept 35 5 Mar 58 3
April 13 11 Sept 36 2 Mar 59 5
April 14 4 Oct 37 6 Mar 60 0
April 15 15 Oct 38 3 April 61 0
April 16 6 Oct 39 10 April 62 4
May 17 4 Oct 40 4 April 63 5
May 18 7 Nov 41 4 April 64 3
May 19 1 Nov 42 2 May 65 8
May 20 D Nov 43 6 May 66 4
Jun 21 0 Nov 44 7 May 67 12
Jun 22 2 Dec 45 5 May 68 0
Jun 23 2 Dec 46 0 Jun 69 6

68


http://www.cdc.gov/MMWR/

Table A.2: Syphilis Cases Data: Month, Week, and Cases (continued)

Month Week Cases

Month Week Cases

Month Week Cases

Jun 70 9
Jun 71 0
Jun 72 4
July 73 4
July 74 4
July 75 8
July 76 D
Aug 7 6
Aug 78 0
Aug 79 3
Aug 80 7
Sept 81 7
Sept 82 3
Sept 83 3
Sept 84 6
Oct 85 5
Oct 86 6
Oct 87 0
Oct 88 D
Nov 89 5)
Nov 90 6
Nov 91 2
Nov 92 0
Dec 93 3
Dec 94 1
Dec 95 3
Dec 96 )
Jan 97 9
Jan 98 0
Jan 99 0
Jan 100 1
Feb 101 0
Feb 102 D
Feb 103 0
Feb 104 0
Mar 105 1
Mar 106 4
Mar 107 0
Mar 108 D
April 109 0
April 110 0
April 111 0
April 112 0
May 113 10
May 114 8
May 115 3
May 116 2

Jun 117 5
Jun 118 9
Jun 119 4
Jun 120 7
Jul 121 0
Jul 122 7
Jul 123 0
Jul 124 0
Aug 125 0
Aug 126 0
Aug 127 0
Aug 138 3
Sept 139 0
Sept 130 0
Sept 131 4
Sept 132 4
Oct 133 0
Oct 134 4
Oct 135 5
Oct 136 6
Nov 137 11
Nov 138 0
Nov 139 0
Nov 140 9
Dec 141 5)
Dec 142 3
Dec 143 4
Dec 144 0
Jan 145 1
Jan 146 5
Jan 147 1
Jan 148 2
Feb 149 6
Feb 150 7
Feb 151 3
Feb 152 0
Mar 153 4
Mar 154 4
Mar 155 7
Mar 156 2
April 157 1
April 168 3
April 169 Y
April 160 0
May 161 3
May 162 0
May 163 2

May 164 0

Jun 165 5
Jun 166 6
Jun 167 5
Jun 168 0
Jul 169 0
Jul 170 0
Jul 171 5
Jul 172 4
Aug 173 3
Aug 174 0
Aug 175 0
Aug 176 1
Sept 177 0
Sept 178 0
Sept 178 3
Sept 180 4
Oct 181 3
Oct 182 7
Oct 183 7
Oct 184 4
Nov 185 9
Nov 186 3
Nov 187 0
Nov 188 0
Dec 189 0
Dec 190 10
Dec 191 0
Dec 192 0
Jan 193 3
Jan 194 0
Jan 195 0
Jan 196 0
Feb 197 6
Feb 198 5
Feb 199 0
Feb 200 6
Mar 201 0
Mar 202 2
Mar 203 4
Mar 204 0
April 205 3
April 206 0
April 207 1
April 208 2
May 209 5
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Appendix B

MATLAB Code: Simulation Study

In Section [£.1] a simulation study is conducted to evaluate the finite sample performances

of the YW, CLS and ML estimates. For this, three set-ups are considered and they are:
(i) NBINGARCH(1) with parameters (o, ¥, 7)T=(A1)(2,0.3,1)" and (A2)(4,0.3,2)%;
(ii) NBINGARCH(2) with (a3, a?, a9, )T = (B1)(2,0.4,0.2,1)7 and (B2)(3,0.3,0.1,2);
(ifi) NBINGARCH(1,1) with (a9, a?, 82, 7)T = (C1)(2,0.2,0.4,1)T and (C2)(3,0.1,0.3,2)7.

We now present the MATLAB Code for this simulation study.

B.1 Table 4.1: NBINGARCH(1) Models

% Clear workspace and initialize global variables
clear all

global x n r com

% Define parameters

alpha=[2;0.3]; % true value of parameters
n=>500; % sample size

s=200; % replication times

r = 1; % Parameter r

% Define the log—likelihood function for the model
function y = gl(z, r)
global X n r com
y = —log(z(1) + z(2) = X(1:n—1)) * X(2:n)"' + ...
log(1 + z(1) + z(2) * X(1:n—1)) % (r + X(2:n))"' —
sum(com) + sum(log(factorial (X(2:n))));

end
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% Set a random seed for reproducibility using a specific
random number stream
mystream = RandStream ('mt19937ar', 'Seed', 0);

RandStream . setGlobalStream (mystream ) ;

% Initialize arrays to store results

mlel = zeros(1l, s); % Maximum Likelihood Estimator (MLE)
mle2 = zeros (1, s);
clsl = zeros(1l, s); % Conditional Least Squares (CLS)

(1, s)

cls2 = zeros
ywl = zeros (1, s % Yule—Walker Estimator (YW)
yw2 = zeros (1, s);
); % Error for YW
); % Error for CLS
)

: % Error for MLE

S
)

)
errl = zeros(s, 2
err2 = zeros(s, 2
2

err3 = zeros(s,

% Perform simulations for replication times and
generate initial value for X(1) from NBD
for time = 1:s

X(1) = nbinrnd(r, 1 / (1 + alpha(1)));

% Simulate the process for t = 2 to n using the NBINGARCH(1) model
for t = 2:n

X(t) = nbinrnd(r, 1 / (1 + alpha(l) + alpha(2) % X(t—1)));

com(t) = sum(log ((1:X(t)) + r — 1)); % Compute combinatorial term

end

% Yule—Walker estimator computation
yw2(time) = (X(2:n) — mean(X)) x (X(1:n—1) — mean(X))"' /
sum((X(1:n) — mean(X))."2) / r; % Estimate Yule—Walker parameter
ywl(time) = mean(X) * (1 — r % yw2(time)) / r;

% Conditional Least Squares (CLS) estimator computation
cls = [n—1, sum(X(1l:n—1)); sum(X(1l:n—1)), sum(X(l:n—1)."2)];
cls_vec = [sum(X(2:n)); X(2:n) * X(1:n—1)"'] / r;
clsl (time) = cls (1);
(2);

cls2 (time) = cls
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% Set up constraints and options for ML
A=1[-1, 0; 0, —1; 0, r];b = [0.001; 0.001; 1];
options = optimset ('Algorithm ', 'active—set', 'Display', 'off');

% Perform ML
mle = fmincon (@gl, [cls(1); cls(2)], A, b, [],
[, 11, 11, [, options);

% Handle NaN values in MLE by replacing them with CLS estimates
for i = 1:2
if isnan(mle(i)) =1
mle(i) = cls(i);
end

end

% Store MLE results
mlel (time) = mle(1);

mle2 (time) = mle(2);
% Calculate Mean Absolute Deviation Error (MADE)
errl (time, :) = abs([ywl(time), yw2(time)] — alpha');
err2 (time, :) = abs([clsl(time), cls2(time)] — alpha');
err3 (time, :) = abs([mlel(time), mle2(time)] — alpha');
end

% Compute average results over all replications

average_results = [sum(ywl), sum(yw2); sum(errl, 1); sum(clsl), sum(cls2);
sum(err2, 1); sum(mlel), sum(mle2); sum(err3d, 1)] / s;

disp ('Average Results (YW, CLS, MLE and their Errors):')

disp (average_results)

% Print the results for the final run

disp ('Final Run Results: ")

disp ('Maximum Likelihood Estimates (MLE):")

disp ([mlel(end), mle2(end)])

disp ('Yule—Walker Estimates (ywl, yw2):")

disp ([ywl(end), yw2(end)])

disp (' Conditional Least Squares Estimates (clsl, cls2):")
disp ([clsl(end), cls2(end)])
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B.2 Table 4.1: NBINGARCH(2) Models

% Clear workspace and initialize global wvariables
clear all

global x n r com

% Define parameters

alpha=[2;0.3;0.2]; % true wvalue of parameters
n = 500; % Sample size

s = 200; % Number of replications

r = 1; % Parameter r

% Define the log—likelihood function for the NBINGARCH(2) model
function y = g2(z, r)
global X n r com
y = —log(z(1l) + z(2) * X(2:n—1) + z(3) = X(1:n—2)) % X(3:n)' +
log(1l + z(1) + z(2) * X(2:n—1) + z(3)
« X(1:n—2)) % (r + X(3:n))"' —
sum(com) + sum(log(factorial (X(3:n))));

end

% Set a random seed for reproducibility using a specific
random number stream
mystream = RandStream('mt19937ar', 'Seed', 0);

RandStream.setGlobalStream (mystream );

% Initialize arrays to store results
mlel = zeros(1l, s); % Mazimum Likelihood Estimator (MLE)
mle2 = zeros

mle3 = zeros

cls2 = zeros

L, s)
L, s)
1, s); % Conditional Least Squares (CLS)
L, s)
cls3 = zeros(1 )

(
(
(
clsl = zeros(
(
(

ywl = zeros(1, s); % Yule—Walker Estimator (YW)
yw2 = zeros (1, s);

yw3 = zeros (1, s);
); % Error for YW
); % Error for CLS
); % Error for MLE

S
)

)

)
errl = zeros(s, 3
err2 = zeros(s, 3
3

err3 = zeros(s,
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% Perform simulations for replication times and generate
initial wvalues
for X(1) and X(2) from NBD
for time = 1:s
X(1) = nbinrnd(r, 1 / (1 4 alpha(1)));
X(2) = nbinrnd(r, 1 / (1 + alpha(l) + alpha(2) % X(1)));
for t = 3:n
X(t) = nbinrnd(r, 1 / (1 + alpha(l) + alpha(2) = X(t—1) +
alpha (3) x<tf2>>>;
com(t) = sum(log ((1:X(t)) + r — 1));

end

% Yule—Walker estimator computation
rhol = (X(2:n) — mean(X)) % (X(l:n—1) — mean(X))'

/ sum((X(1:n) — mean(X))."2);
rho2 = (X(3:n) — mean(X)) % (X(1:n—2) — mean(X))'
/S((( n) — mean(X))."2);

= [1, rhol; rhol, 1] \ [rhol; rho2] / r;

yW2( me) = YW(l);
yw3(t1me) = yw(2);
ywl(time) = mean(X) * (1 — r % yw2(time) — r % yw3(time)) / r;

% Conditional Least Squares (CLS) estimator computation
cls.mat = [n—2, sum(X(2:n—1)),
sum(X(1:n—2));

sum(X(2:n—1)), sum(X(2:n—1)."2), X(2:n—1)

« X(1:n—2)";

sum(X(1:n—2)), X(2:n—1) % X(1:n—2)"', sum(X(1:n—2)."2)];
cls_rhs = [sum(X(3:n)); X(3:n) * X(2:n—1)'; X(3:n)
« X(1:n—2)'] / r;
cls = cls_mat \ cls_rhs;

clsl (time) = cls (1);
cls2 (time) = cls (2);
(

cls3 (time) = cls (3);

% Set up constraints and options for ML
A=1[-1, 0, O; O, —1, 0; O, O, —1; O, r, r];
b = [0.001; 0.001; 0.001; 1];
options = optimset ('Algorithm', 'active—set', 'Display', 'off');
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% Perform Maximum Likelihood FEstimation (MLE)
mle = fmincon (@Qg2, [cls(1); cls(2); cls(3)], A, b,
[, 11, 11, [I, [J, options);

% Handle NaN values in MLE by replacing them with CLS estimates

for i = 1:3
if isnan(mle(i)) =
mle(i) = cls(i);

end

1

end

% Store MLE results
mlel (time) = mle(1);
mle2 (time) = mle(2);

mle3 (time) = mle(3);

% Calculate Mean Absolute Deviation Error (MADE)
errl (time, :) = abs([ywl(time), yw2(time), yw3(time)] — alpha');
err2 (time, :) = abs([clsl (time), cls2(time), cls3(time)] — alpha');
err3 (time, :) = abs([mlel(time), mle2(time), mle3(time)] — alpha');

end

% Compute average results over all replications

average_results = [sum(ywl), sum(yw2), sum(yw3); sum(errl, 1);
sum(clsl), sum(cls2), sum(cls3); sum(err2, 1);
sum(mlel ), sum(mle2), sum(mle3); sum(err3, 1)] / s;

disp ( 'Average - Results- (YW, -CLS, -MLE-and- their - Errors ): ")

disp(average_results)

% Print the results for the final run
disp ('Final-Run- Results: ')
disp ( 'Maximum- Likelihood - Estimates - (MLE): ')
disp ([mlel (end), mle2(end), mle3(end)])
disp ( 'Yule—Walker- Estimates- (ywl, -yw2,-yw3): ")
(
(
(

disp ([ywl(end), yw2(end), yw3(end)])
disp('Conditional - Least - Squares - Estimates- (clsl ,-cls2 ,-cls3):")

disp ([ clsl (end), cls2(end), cls3(end)])
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B.3 Table 4.1: NBINGARCH(1,1) Models

% Clear workspace and initialize global wvariables
clear all

global x n r com

% Define parameters

alpha=[3;0.1;0.3]; %true value of parameters
n=100; %sample size

s=200; %replication times

r = 2; % Parameter r

% Define the log—likelihood function for the model
function y = g3(z, r)
global X n r com lambda
y = —log(z(1) + z(2) % X(1:n—1) + z(3) % lambda(l:n—1))
x X(2:n)" +
log(1 + z(1) + z(2) * X(1:n—1) + z(3) * lambda(l:n—1))
x (r + X(2 n))'
— ... sum(com) + sum(log(factorial (X(2:n))));

end

% Set random seed for reproducibility
mystream = RandStream('mt19937ar', 'Seed', 0);

RandStream.setGlobalStream (mystream );

% Initialize arrays to store results

mlel = zeros(1l, s); % Mazimum Likelihood Estimator (MLE)
mle2 = zeros(1l, s);

mle3 = zeros(1l, s);

clsl = zeros(1l, s); % Conditional Least Squares (CLS)
cls2 = zeros (1, s);

cls3 = zeros(1l, s);

errl = zeros(s, 3); % Error for CLS

err2 = zeros(s, 3); % Error for MLE
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% Perform simulations for replication times and
initialize lambda(l) and X(1)
for time = 1:s
lambda (1) = alpha(1);
X(1) = nbinrnd(r, 1 / (1 + lambda(1)));
for t = 2:n
lambda(t) = alpha(1) + alpha(2) % X(t—1) + alpha(3)
« lambda(t—1);
X(t) = nbinrnd(r, 1 / (1 + lambda(t)));
com(t) =sum(log ((1:X(t)) + r — 1))

)

end

% Calculate the matriz for CLS
p = floor(sqrt(n));
for i = 1:n—p
for j = 1:p
mat (i, j) = X(p+i—j) — mean(X);
end
end
% Calculate residuals for CLS
for t = p+1:n
res(t) = X(t) —
mean(X) — (X(t—1:—1:t—p) — mean(X)) * ((mat' = mat)
\(mat' % (X(p+1:n) — mean(X))'));

end

% Construct CLS matriz
mat2 = [ones(1l, n—p); X(p:n—1); res(p:n—1)]"';
clsab = (mat2' % mat2) \ (mat2' *x X(p+1m)'); % CLS estimates
cls = [clsab(1)/r; (clsab(2) + clsab(3))/r; —clsab (3)];

% Store CLS results
clsl (time) = cls (1);
cls2 (time) = cls (2);
cls3 (time) = cls (3);

% Set up constraints and options for ML
A=1[-1, 0, O; O, —1, 0; O, O, —1; O, r, 1];
b = [0.001; 0.001; 0.001; 1];
options = optimset ('Algorithm', 'active—set', 'Display', 'off');
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% Perform Mazimum Likelihood FEstimation (MLE)
mle = fmincon (@Qg3, [cls(1); cls(2); cls(3)],
A, by ] 01, I, 1, [, options);

% Handle NaN values in MLE by replacing them with CLS estimates
for i = 1:3
if isnan(mle(i)) =1
mle(i) = cls(i);
end

end

% Store MLE results
mlel (time) = mle(1);
mle2 (time) = mle(2);

mle3 (time) = mle(3);

% Calculate Mean Absolute Deviation FError (MADE) for CLS and MLE
errl (time, :) = abs([clsl(time), cls2(time), cls3(time)] — alpha');
err2 (time, :) = abs([mlel(time), mle2(time), mle3(time)] — alpha');
end

% Compute average results over all replications
average_results = [sum(clsl), sum(cls2), sum(cls3); sum(errl, 1);

sum(mlel), sum(mle2), sum(mle3); sum(err2, 1)] / s;

% Display average results (CLS, MLE, and their Errors)
disp ('Average- Results - (CLS, -MLE-and- their - Errors ): ')

disp(average_results)

% Print the results for the final run
disp ('Final-Run- Results: ')

disp ( 'Maximum- Likelihood - Estimates - (MLE): ')

disp ([mlel (end), mle2(end), mle3(end)])
disp('Conditional - Least-Squares - Estimates- (clsl ,-cls2 ,-cls3):")
disp ([clsl(end), cls2(end), cls3(end)])
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Appendix C

MATLAB Code: Real Data Example

In Section the negative binomial

time series of syphilis data. This is part of a data set given in the R software ZIM-package
sourced from the Centers for Disease Control (CDC) Morbidity and Mortality Weekly Report
CDC MMWR. The data set consists of the weekly number of syphilis cases in Maryland,
United States, from the first week of January 2007 to the first week of May 2010, giving a
total of 209 observations. We now provide the MATLAB code for the computational aspect

of this application.

C.1 Syphilis Data in

% Define the data set

syphilis =

[5, 6, 7, 6, 3, 0, 6, 3, 0,
0, 2, 2, 5,5, 7,4, 6, 4,
4, 2, 6, 7, 5, 0, 3, 4, 2,
0, 4, 5, 3, 8, 4, 12, 0, 6,
7, 3, 3, 6, 5, 6, 0, 5, 5,
0, 5, 0, 0, 1, 4, 0, 5, 0,
7, 0, 7, 0, 0, O, O, O, 3,
9, 5, 3, 4, 0, 1, 5, 1, 2,
0, 3, 0, 2, 0, 5, 6, 5, 0,
4, 3, 7, 7, 4, 9, 3, 0, 0

INGARCH model is applied to an overdispersed count

MATLAB

0, 0, 2, 11, 4, 15, 6, 4, 7, 1,
7,9, 2, 10, 9, 5, 2, 6, 3, 10, 4,
4, 7,1, 6, 4, 0, 3, 5, 3, 5, 0,
9, 0, 4, 4, 4, 8, 5, 6, 0, 3, 7,
6, 2, 0, 3,1, 3, 5, 9, 0, 0, 1,
o, 0, 0, 0, 10, 8, 3, 2, 5, 9, 4,
0, 0, 4, 4, 0, 4, 5, 6, 11, 0, O,
6, 7, 3,0, 4,4, 7, 2,1, 3, 5,
0o, 0, 5, 4, 3, 0, 0, 1, 0, 0, 3,
0, 6, 0, 2, 4, 0, 3, 0, 1, 2, 5];
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C.2 Table 4.2 Summary statistics

% Load the data from the file
data = load('syphilis.txt');

% Compute summary statistics

mean_value = mean(data);

median_value = median(data);

std _dev = std (data);

min_value = min(data);

max_value = max(data);

range _value = range(data);

quartiles = quantile(data, [0.25, 0.5, 0.75]);

variance _value = var(data);
skewness_value = skewness(data);
kurtosis _value = kurtosis(data);

% Display the results

fprintf('Mean: -%.2f\n', mean_value);
fprintf('Median:-%.2f\n', median_value);
fprintf('Standard-Deviation:-%.2f\n", std_dev);
fprintf('Min: -%.2f\n', min_value );
fprintf('Max: -%.2f\n', max_value);

fprintf ('Range: -%.2f\n', range_value);

fprintf (' Quartiles:-%.2f,-%.2f,-%.2f\n"', quartiles (1),
quartiles (2), quartiles (3));
fprintf('Variance:-%.2f\n', variance_value);
fprintf('Skewness:-%.2f\n', skewness_value);

fprintf('Kurtosis:-%.2f\n', kurtosis_value);

C.3 Figure 4.1: Time plot, the ACF and PACF

% Load the data from the file
clear all;
load syphilis.txt;

!

x = syphilis '; % Transpose the syphilis data

n = length(x); % Determine the number of observations

% Plot Time Plot, ACF, and PACF

figure;
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% Time plot

subplot (3,1 ,1);
plot(x, '.—');

title ('Time-Plot');
xlim ([1, n]);

ylim ([0, max(x) + 1]);
xlabel ('Time");
ylabel ('Count');

% Autocorrelation function (ACF) plot
subplot (3,1,2);

autocorr (x, 50); % ACF up to lag 50
xlim ([0.5, 50.5]);

ylim ([—0.4, 0.4]);

ylabel ('ACF');

% Partial Autocorrelation function (PACF) plot
subplot (3,1,3);

parcorr (x, 50); % PACF up to lag 50

xlim ([0.5, 50.5]);

ylim ([—0.4, 0.4]);

ylabel ( 'PACF');

C.4 Table 4.3| and 4.4; Parameter Estimates, AIC and

BIC for Poisson and negative binomial

% Clear workspace and initialize global wvariables
clear all

global x n r com

% Load syphilis data and set sample size
load syphilis.txt

x = syphilis ';
leng = size(x);

n = leng (2);
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% Create matrices for Poisson estimation

for i = 2:n
y = [1, x(i-1)]";
clsmatrix (:,:,1) =y * y'; % Outer product of vy
clsvec (:,1) = x(i) * y; % Vector for Poisson CLS
end

%% Poisson estimates using ML

% Set constraints and optimization options

r = 1;

A=1[-1, 0; 0, —1; 0, 1]; % Constraints matriz

b =[0.001; 0.001; 1]; % Bound constraints

b = [0.001; 0.001]; % Lower bound

ub = [Inf; 1]; % Upper bound

options = optimset ('Algorithm', 'active—set', 'Display', 'off');

% Perform ML estimation
mle = fmincon (@Qgpl, sum(clsmatrix , 3)
\ sum(clsvec, 2), A, b, [], [], 1b, ub, [], options);

% Compute lambda, first , and second derivative matrices

for i = 2:n
lal (i) = mle(1) + mle(2) * x(i—1); % Lambda (Poisson parameter)
matl (:,:,1) = (x(i) / lal(i) — 1)"2 % [1, x(i—1);

x(i—1), x(i—1)"2); % First derivative matric
mat2 (:,:,1) =x(i) / lal(i)"2 = [1, x(i—1);
x(1—1),x(i—1)"2]; % Second derivative matrix

end

% Calculate standard errors and likelihood

shat = sum(matl, 3); % Sum of first derivatives
dhat = sum(mat2, 3); % Sum of second derivatives
se = (dhat \ shat) / dhat; % Standard errors

% Log—likelihood calculation for Poisson model
likelihood = log(lal(2:n)) % x(2:n)' — sum(lal(2:n))
— sum(log(factorial (x(2:n))));
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% Calculate AIC and BIC for Poisson model
AIC = —2 % likelihood + 2 x 2;
BIC = —2 % likelihood + 2 % log(n — 2);

%% negative binomial estimates, AIC, and BIC

r = 1;

% Compute combinatorial terms for negative binomial model
for i = 2:n

com(i) =sum(log ((1:x(i)) + r — 1));
end

% Set up constraints and perform negative binomial ML estimation

Al = [-1, 0; 0, —1; 0, r];

mlenb = fmincon (@gnbl, mle, Al, b, [], [], lb, ub, [], options);
la2 (1) = mean(x);
for i = 2:n

la2 (i) = mlenb(1) + mlenb(2) % x(i—1); % Lambda for NB model

end

% Moment estimator of r (for mnegative binomial model)

mler = sum(x(2:n)) / sum(la2(2:n));

% Compute first and second derivatives matrices for NB model

for i = 2:n
mat2l(:,:,1) = (x(i) / la2(i) — (mler + x(i)) / (1 + la2(i)))" 2 =
(1, x(i—1); x(i—1), x(i—1)"2]); % First derivative
mat22 (:,:,1) = (x(i) / 1la2(i)"2 — (mler + x(i)) / (1 + la2(i))"2)
« [1, x(i—1); x(i—1), x(i—1)"2]; % Second derivative

end

% Calculate standard errors for NB model
shatnb = sum(mat21, 3); % Sum of first derivatives

dhatnb = sum(mat22, 3); % Sum of second derivatives
senb = (dhatnb \ shatnb) / dhatnb; % Standard errors for NB model

% Compute combinatorial terms for NB likelihood
for i = 2:n
com2(i) =sum(log ((1:x(i)) + mler — 1));

end
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% Log—likelihood calculation for megative binomial model
likelihood2 = log(la2(2:n)) * x(2:n)' — log(l + la2(2:n)) =
(mler + x(2:n))"'

+ sum(com2) — sum(log(factorial (x(2:n))));

% Calculate AIC and BIC for negative binomial model
AIC2 = -2 x likelihood2 + 3 % 2; % 3 parameters for NBINGARCH(1)
BIC2 = —2 % likelihood2 + 3 % log(n — 3);

%% Display Results
disp ( 'Poisson -MLE, -AIC, -BIC: ")

disp ([mle', AIC, BIC])

disp (' Poisson-Standard-Errors: ')

disp (se)

disp( 'negative-binomial -MLE, -Moment - Estimator-of -r, -AIC, -BIC: ")
disp ([mlenb', mler, AIC2, BIC2])

disp( 'negative-binomial - Standard - Errors: ")

disp (senb)

C.5 Table4.4: Parameter Estimates and AIC and BIC
for Double Poisson Model

% Double Poisson Model
clear all;

global x n

% Load data
load syphilis.txt;
|

x = syphilis '; % Transpose the syphilis data
n = length(x); % Number of observations

% Construct CLS matriz and vector

for i = 2:n
y=1[1, x(i—1)]"; % Create the design matrizc
clsmatrix (:,:,i) =y = y'; % CLS matrix
clsvec (:,1) = x(1) * y; % CLS wvector

end
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% Likelihood function for the Double Poisson Model (gpl)
function y = gpl(z)

global x n

y = log(z(1) + z(2) x x(1:n—1)) * x(2:n)" +

sum(z (1) + z(2) * x(1l:n—1))

+ sum(log(factorial (x(2:n))));

end

% Likelihood function for INGARCH(1) (gp2)
function y = gp2(zz)

global x n

lambdal (1) = mean(x);

for i = 2:n

lambdal (i) = zz(1) + 2zz(2) * x(i—1) + zz(3) * lambdal(i—1);

end

y = —log(lambdal (2:n)) % x(2:n)' + sum(lambdal (2:n))
+ sum(log(factorial (x(2:n))));

end

T I I IV Ve 066
% INGARCH(1) Model

% Set constraints and optimization options

Al = [-1, 0; 0, —1; 0, 1];

bl = [0.001; 0.001; 1];

Ibl = [0.001; 0.001];

ubl = [Inf; 1];

options = optimset ('Algorithm', 'active—set', 'Display', 'off');

% Mazimum Likelihood FEstimation (MLE) for INGARCH(1)

initial _guess = sum(clsmatrix, 3) \ sum(clsvec, 2);

% Initial guess

mlel = fmincon (@gpl, initial_guess , Al, bl, [], [], 1bl, ubl,
[], options); % MLE optimization

% Lambda estimation for INGARCH(1)
lal (1) = mean(x);
for i = 2:n
lal (i) = mlel (1) + mlel(2) * x(i—1);

end
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% Likelihood estimation for INGARCH(1)

hatgl = 0.5 % (n — 1) / sum(—log(lal(2:n)) .x x(2:n) + lal(2:n)
— x(2:n)

+ log(x(2:n) .” x(2:n)));

% Calculate wvectors and matrices for standard errors

for i = 2:n
gal(i) = 0.5 / hatgl + x(i) — lal(i) + log(lal(i)) * x(i)
~log(x(i)"x(i));
veel (:,1) = [(x(i)/lal(i) — 1) * hatgl * [1, x(i—1)], gal(i)]";
matl (:,:,1) = vecl (:,i) % vecl(:,1)";
vec2 (:,1) = —(x(i)/lal(i) — 1) = [1; x(i—1)];
mat2 (:,:,1) = [x(i)/lal(i)"2 % hatgl x [1, x(i—1);
x(i—1), x(i—1)"2],
vec2 (:,1i); vec2(:,1)", 0.5 / hatgl " 2];
end

% Compute standard errors, likelihood , AIC, and BIC for INGARCH(1)
shatl = sum(matl, 3);

dhatl = sum(mat2, 3);

sel = (dhatl \ shatl) / dhatl; % Standard errors

likelihood1l = hatgl x log(lal(2:n)) * x(2:n)' — hatgl * sum(lal(2:n))
— sum(log(factorial (x(2:n)))) + (1 — hatgl) x sum(log(x(2:n) .” x(2:n))
— x(2:n))+ 0.5 * (n — 1) % log(hatgl);

AIC1 = —2 x likelihoodl + 3 * 2; % Akaike Information Criterion

BIC1 = —2 % likelihoodl + 3 % log(n — 3);

% Bayesian Information Criterion
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% INGARCH(1,1) Model

p = floor(sqrt(n)); % Set p based on the number of observations

% Construct residual matriz for INGARCH(1,1)
for i = 1:n—p
for j = 1:p
m(i,j) = x(pH—j) — mean(x);
end

end
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for t = p+1:n

% Initial guess for INGARCH(1,1)

m2 = [ones(l, np); x(p:n—1); res(p:n—1)]";

clsab = (m2' * m2) \ (m2' % x(p+1l:in)');

clsp = [clsab(1); clsab(2) + clsab(3); —clsab (3)];

% Constraints for INGARCH(1,1)
A2=1[-1,0, 0; 0, -1, ~1; 0, 1, 1];
b2 = [0.001; 0.001; 1];

1b2 = [0.001; 0.001; 0.001];

ub2 = [Inf; 1; 1];

9% MLE for INGARCH(1,1)
mle2 = fmincon (@Qgp2, clsp, A2, b2, [], [], b2, ub2, [], options);

% Lambda estimation for INGARCH(1,1)
la2 (1) = mean(x);
for i = 2:n
la2 (i) = mle2(1) + mle2(2) * x(i—1) + mle2(3) * lal(i—1);

end

% Likelithood estimation for INGARCH(1,1)
hatg2 = 0.5 x (n — 1) / sum(—log(la2(2:n)) .x x(2:n) + la2(2:n) — x(2:n)
+ log(x(2:n) .” x(2:n)));

% Calculate wvectors and matrices for standard errors

for i = 2:n
dalphaO(i) = 1 + mle2(3) % dalphaO(i—1);
dalphal(l) = x(i—1) + mle2(3) = dalphal(i—1);
dbeta(i) = la2(i—1) + mle2(3) * dbeta(i—1);
ga2(i) = 0 / hatg2 + x(i) — la2(i) + log(la2(i)) * x(i) —
log (x(i)"x(i)):
veed (:,1) = [(x(i)/la2(i) — 1) % hatg2 * [dalphaO(i), dalphal(i),
dbeta(i)], ga2(i)]";
mat3 (:,:,1) = vec3(:,i) % vecd(:,1)";

end
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% Compute standard errors, likelihood , AIC, and BIC for INGARCH(1,1)
shat2 = sum(mat3, 3);

dhat2 = sum(mat4, 3);

se2 = (dhat2 \ shat2) / dhat2;

likelihood2 = hatg2 x log(la2(2:n)) * x(2:n)' — hatg2 * sum(la2(2:n))
— sum(log(factorial (x(2:n)))) + (1 — hatg2) % sum(log(x(2:n) ." x(2:n))
— x(2:n))+ 0.5 * (n — 1) x log(hatg2);

AIC2 = —2 x likelihood2 + 3 * 3; % Akaike Information Criterion

BIC2 = —2 x likelihood2 + 3 % log(n — 3);

% Bayesian Information Criterion

O e I e e e Ve e Ve e Ve e eV e e
% Display Results
disp ( 'INGARCH(1) -Model: ");

disp ([ 'MLEL: - ', num2str(mlel)]);

disp ([ 'Standard - Errors: - ', num2str(diag(sel))]);
disp ([ "AICL: - ', num2str(AIC1)]);

disp ([ 'BIC1: - ', num2str(BIC1)]);

disp ( 'INGARCH(1,1)-Model: ");

disp ([ 'MLE2: - ', num2str(mle2)]);

disp ([ 'Standard - Errors: - ', num2str(diag(se2))]);
disp ([ 'AIC2: - ", num2str(AIC2)]);

disp ([ 'BIC2: - ', num2str(BIC2)]);

C.6 Table 4.3 and 4.4: Parameter Estimates and AIC
and BIC for INGARCH(1,1) Model

clear all; % INGARCH(1,1) model setup
global x n r com

load syphilis.txt

x = syphilis ';

leng = size(x); n = leng(2);

% Initialize CLS matriz and vector

for i = 2:n
y = [1, x(i-1)]"
clsmatrix (:,:,1) =y * y';
clsvec(:,1) = x(1) * y;
end
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% Starting values estimation
p = floor(sqrt(n));
for i = 1:n—p

for j = 1:p

m(i,j) = x(p+i—j) — mean(x);

end
end
for t = p+1:n

res(t) = x(t) — mean(x) — (x(t—1:—1:t—p) — mean(

((m'" * m) \ (m" % (x(p+lm) — mean(x))")

))

X
)
end

m2 = [ones(l,n—p); x(p:n—1); res(p:n—1)]";

clsab = (m2' * m2) \ (m2' x x(p+1:mn)");

% Poisson estimation wusing fmincon

A=1[-1,0,0; 0,~1,-1; 0,1,1]; b= [0.001;0.001;1];

b = [0.001;0.001;0.001]; ub = [Inf;1;1];

options = optimset ('Algorithm', 'active—set', 'Display','off');
clsp = [clsab(1); clsab(2)+clsab (3); —clsab (3)];

mle = fmincon (@Qgp2, clsp, A, b, [], [], lb, ub, [], options);

% Recursive calculation of lambda and derivatives

lal (1) = mean(x);
for i = 2:n
lal(i) = mle(1) 4+ mle(2) % x(i—1) + mle(3) * lal(i—1);
dalphaO(i) = 1 4+ mle(3) % dalphaO(i—1);
dalphal (i ) x(1—1) + mle(3) * dalphal(i—1);
dbeta(i) = lal(i—1) + mle(3) % dbeta(i—1);

% First and second derivative matrices
vecl (:,i) = (x(i)/lal(i) — 1) % [dalphaO(i); dalphal(i); dbeta(i)];
matl(:,:,1) = vecl(:,1) % vecl(:,1)";

dalphaObeta(i) = dalphaO(i—1) + mle(3) * dalphaObeta(i—1);
dalphalbeta (i) = dalphal(i—1) + mle(3) * dalphalbeta(i—1);
dbeta2(i) = 2 % dbeta(i—1) + mle(3) % dbeta2(i—1);

end
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% Calculate log—likelihood , AIC, and BIC

shat = sum(matl,f3);

dhat = sum(mat2,3);

se = (dhat \ shat) / dhat;

likelihood = log(lal(2:n)) * x(2:n)" — sum(lal (2:n)) —
sum(log(factorial (x(2:n))));

AIC = —2 % likelihood + 3 % 2;

BIC = —2 x likelihood + 3 x log(n—3);

% negative binomial estimation
r = 1;
for i = 2:n

com(i) =sum(log ((1:x(i)) + 1 — 1));

end

Al =1[-1,0,0; 0,1, 1; 0,r,1];

clsnb = [clsab(1)/r; (clsab(2)+clsab(3))/r; —clsab (3)];

mlenb = fmincon (@gnb2, clsnb, Al, b, [], [], b, ub, [], options);

% negative binomial recursive calculations
la2 (1) = mean(x);
for i = 2:n
la2 (i) = mlenb(1) + mlenb(2) % x(i—1) + mlenb(3) x la2(i—1);
end

% Calculate log—likelihood , AIC2, and BIC2
shatnb = sum(mat21,3); dhatnb = sum(mat22,3);
senb = (dhatnb \ shatnb) / dhatnb;
for i = 2:n
com2(i) =sum(log ((1:x(i)) + mler — 1));
end
likelihood2 = log(la2(2:n)) * x(2:n)"'" — log(l + la2(2:n)) x
(mler + x(2:n))"' + sum(com2) — sum(log(factorial (x(2:n))));
AIC2 = —2 % likelihood2 + 4 % 2;
BIC2 = —2 % likelihood2 + 4 % log(n—4);

% Output results

[mle', AIC, BIC]se
inv(se)

[mlenb ', mler, AIC2, BIC2]

senb
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C.7 Figure 4.2: Syphilis Data (*) and Fitted Mean
Values (-) from the NBINGARCH(1) Model

load syphilis.txt
x=syphilis ';
nn=size (x);n=nn(2);
alpha=[2.8,0.2];r=1; % fitted mean values
plot (x, 'sr');
hold on
plot (2:n,rx(alpha(l)+alpha(2)*x(1l:n—1)),"'.—")
ylabel ('Counts');
xlabel ( 'Time")
xlim ([1,n]); ylim ([0, max(x)]);

C.8 Figure 4.3; Pearson residual analysis.

load syphilis.txt

x=syphilis ';

nn=size (x);n=nn(2);nl=n—1;

alphal =[2.8,0.2];r=1;

alpha2=[2.9,2];

m=15;

% Calculate Pearson residuals

pearsonl = (x(2:n) — r % (alphal(1l) + alphal(2) % x(1:n—1))) ./
(r * (alphal(1l) + alphal(2) % x(1:n—1)) .x (1 + alphal(1)
+ alphal(2) * x(1:n—1)))."(1/2);

pearson2 = (x(2:n) — alpha2(1) — alpha2(2) % x(1l:n—1)) ./
(alpha2 (1) + alpha2(2) x x(1:n—1))."(1/2);

% Autocorrelation and @Q-statistics calculation

for k = 1'm
rl (k) = sum(pearsonl (1:nl-k) .x pearsonl(k+1:nl))
/ sum(pearsonl.”2);
r2 (k) = sum(pearson2(1l:nl—k) .x pearson2(k+1:nl))
/ sum(pearson2.”2);
rrl (k) = r1(k)"2 / (nl-k);
rr2 (k) = r2(k)"2 / (nl-k);

end
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Q=mnl % (nl + 2) % [sum(rrl), sum(rr2)];

% Plot residual analysis results
subplot (2,2 ,1);

autocorr (pearsonl , 25);

xlim ([0.5, 25.5]); ylim([—0.2, 0.2]);
ylabel ('ACF');

subplot (2,2 ,2);

parcorr (pearsonl , 25);

xlim ([0.5, 25.5]); ylim([—0.2, 0.2]);
ylabel ( '"PACF');

subplot (2,2 ,3);

[f, xx| = ksdensity(pearsonl, 'kernel', 'normal');
plot (xx, f);

xlabel ('Residuals'); ylabel('Density');

subplot (2,2 ,4);
qqplot (pearsonl );
xlabel ('Standard -normal-quantiles ');

ylabel ( 'Quantiles-of-residuals');

C.9 Figure4.4: Randomized quantile residual analysis

load syphilis.txt
x=syphilis ';
nn=size (x);n=nn(2);nl=n—1;
alpha=[2.8,0.2];r=1;
m=15;

rand('state', 180); % Set random state for reproducibility

% Randomized quantile residual analysis
for t = 2:n
p(t) =1/ (1 + alpha(1l) + alpha(2) * x(t—1));
ub(t) = nbincdf(x(t), r, p(t));% Upper bound for residual
Ib(t) = nbincdf(x(t) — 1, v, p(t)); % Lower bound for residual
residual (t) = norminv(lb(t) + (ub(t) — 1b(t)) * rand(1));

% Normalized residual
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end

% Autocorrelation and @Q-statistics calculation

for k = 1mm
r(k) = sum(residual (1:nl-k) .x residual(k+1:nl)) / sum(residual.”2);
rr(k) = r(k)"2 / (nl-k);

end

Q=nl % (nl + 2) % sum(rr);

% Plot residual analysis results
subplot (2,2 ,1);

autocorr (residual , 25);

xlim ([0.5, 25.5]); ylim([—0.2, 0.2]);
ylabel ('ACF'");

subplot (2,2 ,2);

parcorr (residual , 25);

xlim ([0.5, 25.5]); ylim([—0.2, 0.2]);
ylabel ( '"PACF' );

subplot (2,2 ,3);

[f, xx| = ksdensity(residual , 'kernel', 'normal');
plot (xx, f);

ylabel('Density '); xlabel('Residuals');

subplot (2,2 ,4);

qqplot (residual);

ylabel ('Quantiles-of-residuals'); xlabel('Standard-normal-quantiles');
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C.10 Figure 4.5 Randomized quantile residual against

time

load syphilis.txt
x=syphilis ';
nn=size (x);n=nn(2);
alpha=[2.8,0.2];r=1;
rand('state ' ;180);
for t=2:n % randomized quantile residual—time analysis
p(t)=1/(1+alpha(l)+alpha(2)*x(t—1));
ub(t)=nbincdf(x(t),r,p(t));
Ib (t)=nbincdf(x(t)—1,r,p(t));
residual (t)=norminv (1b (t)+(ub(t)—1b(t))*rand(1));
end
% Plot the time series of residuals
plot (2:n,residual (2:n), 'x")
title ('Plot-of-residuals-against-time');
xlim ([2,n]);
xlabel ( 'Time"');
ylabel ('Residuals');

C.11 Table4.5 Tail probabilities for potential extreme

residuals

load syphilis.txt
x=syphilis ';
nn=size (x);n=nn(2);
alphal =[2.8,0.2];r=1; % NB
alpha2=[2.9 ,2]; % Poisson
gamma=0.3175; % double Poisson
% Loop through the data and calculate probabilities

for t = 2:n

% negative binomial model
pl(t) =1/ (1 4+ alphal(1l) + alphal(2) % x(t—1));
Ib1(t) = nbincdf(x(t)—1, r, pl(t)); % Lower bound for NB model

% Poisson model
lam(t) = alpha2(1) + alpha2(2) % x(t—1);
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1b2(t) = poisscdf(x(t)—1, lam(t)); % Lower bound for Poisson model

% Double Poisson model
if x(t) =0
1b3(t) = 0; % Special case for z(t) =0
elseif x(t) =1
1b3(t) = gamma” (1/2) x exp(—lam(t)x+gamma)/
(1 + (1—gamma) /(12x]lam (t)*gamma)*(1 + 1/
(lam () sgamma) ) );
else
% Calculate PMF for Double Poisson
pmf(1l) = gamma”(1/2) % exp(—lam(t) * gamma);
for i = 1:139
pmf(i+1) = gamma” (1/2) * exp(—lam(t)+gamma — i) x
(i"i/factorial (i))
x(exp(1)xlam(t)) " (gammaxi) /
(1" (gammaxi));
end
1b3(t) = sum(pmf(1l:x(t))) / sum(pmf);
% Lower bound for Double Poisson
end

end

% Find indices where probabilities are less than or equal to 0.02
indexl = find(1 — lbl <= 0.02);
index2 = find(1 — 1b2 <= 0.02);
index3 = find (1 — 1b3 <= 0.02);

% Display results
1 — Ibl(index1)

1 — 1b2(index2)

1 — 1b3(index3)

1 — 1b2(35)
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