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Chapter Cne
Bt DA RIALE S
\

1.0 Introduction

The presence of a hill or obstruction in an air stream causes
distortion in the structure of the air stream. In meteorology and
other sciences this effect is of great interest. The nature of the

' airflow over mountains is significant for the following reasons:-

(a) It contributes substantially to the moisture
consentrations and cloud formations in the
vieinity of hills and mountains. See for
Example [1].

(b) It influences the distribution of rainfal, the
concentration of pollutants and the extent of

vegetation on mountain slopes.

(e) It affects the movement of plider and powered
aireraft and even the flight of birds and locusts

to mention a few.

Meny aircraft hezards in mountain areas are known

to be due to the effect of airflow over such terrain.
This Thesis attempts to set up a mathematical model
from which the main effects of the Tresence of hills

in airflow may be ascertained.

We shall consider a hill of specified shape with gentle inecline, i.e
where the angles of slope are small so that the s¥reamlines of the air

currents are practically parallel to the underlying surface. The
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nrohblem is te find expressiong for the chanres in gtreamline nattern

and veloecity

distribution causcd hv the nresence of ~ hill,

It is evident, see for example (1] ,7121 +that 4he nroblem is

mthematically and physically comnlex. In view of this the followine

assumptiongs are made: -

(1)

consiler motion in the x - v plone ihieh is effectively
homo~eneonts, incompressihble ani gteniv,

The effect of pressure rradicnt on Ul “owndary laver

an . . . .

5;—- ies imored; this effectively maonns that the term

M . s

ol 0,1i.e the flow stream valocity across the surfac
does not chanre,

It mayv be noted thot:-

(%)

(i1

These assummtions make the matlerntics tractable.

They do not suhstantially alter the overall nhysical
nature of the effects of the ~7caence of a hill or
obstruction in an air stream " wovide 4 hasis for

further investimations,



1.1

motion,

Formulation of the Trcblem

The CGoverning Fquations

Let q = (u(x,y), y(x,y).

o(x,y)

stream function.

Then u = %%.c %%
wrd v:iy:_%‘é_
where AZ24 = 0O

and A%y =0

over the working domain

represent the velocity field of

the velocity potential and ¢(x,y) the

O 0 e W et G 2 s . M A o S O P S i W S . " oo 8 T

> for example “ilne-Thomson

(31.

From equations (1.1), (1.2), (1.3) 2nd {1.4) it is obvious that the

stream function ¥

the veloeity potential ¢

i

can be calculated if 4

is known; similarly =lso

can be calculated if vy is known.
The Two Dimensional Source - Stuk Model
L Model of a Symmetric Ridge
E Streom Lineg

M/\

>—-———————//
>—————/

mTlan..._

FRewue (1)

v



Consider for definitences the situation sketehad “n fisure (1),
An incomin~t stream with velceity (U,0) aoproachas o source - gink
combination +m at (-A ,0) and -m at (:{q,O). Vollowine

Tanmbh [4) and "flne-Thomson 731, the stream functior 1 at

X =+ o ig ~iven by

:Uy - 30 31 13 07 A B 0 S OV s 0 I o i i s e s s 3 € 4 AT e e S - (1.5)

or in nolar co-ordinates

W o= UI" ST 0 oo im0 7 i - (1.6)

The stream function for 2 two dimensional source is ~iven by

and the stream function for a twe dimensional sini: Lafa-

Uy = T e e et et e o (1.3)

= -
vhereé m  is the stren~th «7 the source or sink ' £y 0 0, are the

anrles made by the x - ~xis an? the lines joinins ~nv xint P in the

X « ¥y vplane to the scurce xint and sink woint,
The stream function »onresentine the combine” £l .ar of a gource of
strenrtth m at the point (xn,O) and a sin¥% of ecu~l strenmth m  at

(mch,ﬂ) with the uniform flow of velocity ( U,O} is *herefore ~iven by
L

m -1y -1
¥ = 5.'.”__{ tan el tan — Xh} +Uy v meem( 1, O)
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Differenticting v with respect to y at constant x, we obtain

the veloecity components

ke
oy
m X-»XO X+XO
= U+ 3= - m—— ] e (1.10)
2n{ 2.2 2 B
- [ 2
[Cex )%57) [xex ) )3Y

Similary differentiating Vv with respect to x at constant y

we obtain

-
(x+xo)2+y‘ (x-xO) +y

The veloecity profile at the
top of the hill is found by tekine ¥ to be zero in equetion (1.10).
This gives
2mxO

u = U - ——_—-_ﬂ ——————————————————————————— (1112)
2n(xo2+yﬁ§ z

rom the dividing steamline, v = 0, we obtain

; m —1 y —1 y = ), oo
Uy + -2—1}- [tan X“XO tan ;C'_"'.X——-— ] 0. - (1'13)
- N en B = -
et tan o b ; and tasn B g ’
o} o)
_ ten o - tan B
then 'tan(a - B) 1 + tan o tan e
2X v
= e, e (1.14)
X +y —xo
so that
1 2Xy
o - R = ten ( ) ———————————————————————— (1-15)




and equation (1.13) becomes

m -1 2xoy ‘
Uy +5, [tan™{ il I e —— (1.16)
' X +y‘—xo

It is clear from equation (1.16) that

A plot of y 28 a function of x for different values of X, and
fixed n is shown in figure (2). A plot of Yy as a function of x for
different values of m and fixed ¥, using equation (1.17) is shown

in figure (3). It is found that the stream function ¥ = 0 represents

flow over the surface of & hill,

1.2 The Three Dimensional Source-Sink “fodel

STieam
Following Milne-Thomson [31, the-éggam function ¥, for a three

dimensional source at a point X, from the axis, is represented by

M = x,
(b = Z.Tr ————————————————————————————————— (1.18)
vTx—xO)2+z2

and the velocity potential ¢ by

M
e U (1.19)
4"/(x-xo)2+zz

where M = 4rmois the output of n source or sink of strength m.
Cerbining a source of strength m at the point (XO,O,O) and a sink of
strength -m at the point (~xo,0,0) with & uniform main stream velocity

u = (U,0,0) in the negative direction of the x-axis, the combined flow

is then represented by the strear function ¥ given by




[3)c7 b ';o 0
U = cerame - — - - -——in —
y 3 3= { } (1.20)
X+X +7 v {x-x +z
0 o}

It is clear from the analysis of section (1.1) that % = 0 gives the

equation of the dividing steamline. In this case the cross-section of

the Rankind's body is piven by

. X + x ¥ - X

H { o - Q 5 ---------------- (1.21)

Taking x = 0 +the equation for the height, h=z, of the body is

given by
. 2Mx
2 2
h™ = g7 = e (]_.22)

x? + n2
o

Uy

Let x =+ 2 be the stagnation points. The analysis of

Milne-Thomson [3] gives

M _ M 2V, e —— (1.23)
4u( 2 - x_)? 4r( L+ x_)?

where 2f the length of the body can now be determined.

From equation (1.20) the velocity components u and v are given by

uE -

y X+ X X = X
= Uz + = { - - Poeeem (1.24)

[(xox,)2+2217/2  [(x-x)2+22]%/2

S 1 — - L 7=} e (1.25)
i [(x+xo)2 + z2]17/2 [(x—xo)2 + z21°/2

Along x = 0, the velocity profile for u takes the form

Mx '
R e T et T (1.26)

’;
el o2 2y
Zn(xo + z2) /2




For the scurce-sink model of perfect wind flow over a hill to be of
great use we require that the three dimensional model be reducable to the
two dimensional version. However comparing equation (1.12) with equation
(1.26) and comparing equation (1.17) with equation (1.21), we find that
the attempt to rcduce the three dimensional model %o a two dimensional
versicn leeds to a different solution for u although the analysis

carried out in this chapter is correct.



Chapter Two

2.0 Ideal Flow Over Ellipsoids

The difficulities mentioned above can be overcome by considering the
flow about two dirmensional elliptical bodies and three dimensional
ellipsoidal bodies. The flow past the circle is used to find the solution

past the ellipse by -1sing the Jacobian Trensformation.

2 2
Let Z=z;+az:°/§ ------------------------------------ - (2.1)

represent the Jacoblan Transformetion tvhere 7 and £ are the complex

functions given by
2= x+ 1z and T = £+ IN  eeme s (2.2)

Note that thiec transformation has +he following propertie

0
1

(1) It is 1 - 1.
(ii) as [ > ®, 7 + w,
(1ii) The x - Axis transforms into the g-axis and the z-axis

transforms into the n - axis.
(iv) “he uniform main stream velocity, u=(U,0,0), in the
Z-plane corresponds to a uniform main stream velocity in

the {-plane in the Z-direction.

2

(v) The circle g =z? +n%2 = p in the z-plane transforms
w2 g2
into the ellirse 2+ Z— =1 4n the 7 - plane.
2 2
a e
The complex potential w is defined hy
© = @ 4 A, e (2.3)

where 4 1s the velocity potential and ¢ the stream function.



For uniform mainstream flow u = (U,0,0), the complex potential

w 1is given by

If a circular cylinder given by ’C! = r 1is introduced into
the main stream the complex potential representing the flow is given

by the circle theorem as

Velocities in the Z-plane are given by

From equation (2.5), we obtain

and equation (2.6) beccmes

2 2
u - iv = U{4C -(a+c) ] e (2.7)
4z% - (a2 - 2

Substituting (2.7) in (2.1), gives

---------------------------- 2.
2 =2 % /oy (a2 ~ o2) (2.8)

| — t /
Let ¢ 2z so that Cazi"ZZ - (az - CZ) _______________ 2.9)
Then equation (2.7) becomes
ty2 _ 2
[ RS C L) L (2.1¢)

(') - (a2 - o2)
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It is clear from equation (2.10) that if t' is known then the
velocities u and v at any peneral point (x,z) 1in two dimensional

Space are also known.

Let 2' be the height above the surface of the hill such that

2
Nrés

2tz = —¢ fl - =) if x| <a
a2
=2 If |x] > 8 e (2.11)

Note that z' = 0 is the ground surface.

2
At the point (%, /{1 - Zg‘]), i,e at the surface
a

Z?

. 2
=x? - ¢2(1 - %= ) + 21X —mm e (2.12)
a2

and substituting this values of Z 1in equation (2.9) gives

1= (o L I S e e e )
£ = (e b o)(B o1 (2.13)

Subsituting equetion (2.13) in equation (2.10) gives

Wy = a(a+ c)e? ~x?)y (2.14)
a* - x2(a2 - ¢2)
- -ala + c)xzl

a* - x2(22-c2)

H
<
"

i

1

i

]

i

1

1

1

{

i

]

]

1

!

]

|

1

!

|

!

1

!

]

1

!

[}
~~
Mo
=
\n
~—

and v

Thus for any point (0,z) vertically above the top of the hill
v2 = 0. Therefore to comparc velocities in two dimensional case with
velocities in the three dimensional case we consider the 1imit of such
velocitiss as x - O.

Thus taking x = & where § <1,

Lo A

i = (S + iz

26 = 8' = § + iz 4 ik — [z + 1(22 + a2 - ¢2)],

(22+a2- ¢2)%




- 15 -

Inserting this value of ' 1in equation (2.10) gives

s D (2.16)
(7248202 )3/2

v =

to first order accuracy.

2.1 Streamline Analysis

Equation (2.1) and equation (2.5), in section (2.0) give

2_ g2
w =0t + (52?/2] end 2z = [c+ (352)/], —mmmmme (2.17)
from which
w = ¢ + iﬂ
B A L
= U[-é—_—c-z - — C] ————————————————————————— (2.18)

Using equation (2.2), in section (2.0)sgives

Imw = ¢
A (2.19)
*a-c a-c ‘
Using equaion (2.2) and cquation (2.1), we find that Im ¢ gives
2n = z + 2, where
A__..- 7
z2=Imyn g2, e?, so that
22 = f(x.2) + VT e
z fx,z) + v £2(x,2) + x222, (2.20)
2_52_ 24 o2
where f(x,z) = < s S (2.21)
Substituting equation (2.20) in equation (2.19) gives
U
Y = = (az - cz) -------------------------------------- (2.22)

a~C



Yote that on & streamline ¢ = constant, i.e.

az - ez = £2 = constant, gives

- - 92
7 = 82 = L7 . e ot e e 2 et s . £ 5 £ e T s om0 0 B (2'23)

Combining equations (2.19), (2.20) and (Z.23), the equation for the stream-

lines is given by

2 = (82 = g (82 2 e2)(E2 - o?) ¥ A2(£2-287), e 2.24)

¢ z2(c? -~ n2) - 22(p2 . 2a3)

When £ =0

2

mNIN

2
+ B = R e e (2.25)
o2

which is the surface streamline. This result ie in agreement with the
initial assumption that the steamlines of air currents are almost

parallel to the underlyiny surface.
When x = 0, equation {2.24) reduces to

(a2 ~ c2)(22 - ¢2) + £2(22 - 2a3) = 0 —mccmmmmememem (2.26)
while vhen x = =, equation (2.24) yields

22(c? - p2)wf2(£2- 282) = 0 mcmcmc—e——e———em e (2.27)

Let Zo denotz the height of a gtreamline ¢t x = O and z,, denote

the height of the same streemline st x = ». Then 2 satisfies equat-
ion (2.26) and z, setisfies equation (2.27). It can be noted that
when £ = 0, z,=c¢ and z_ = 0,

~

Solving equation (2.2%) and equation (2.27) for z, and z,
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Welds
N
n2 2nY4
z = Se. o+ /% - o+ 2
o) a~c 2
(22wc?)?
5/)2
ond o= Z
o 2~C

The maximum shift In the streamlines,

Zy = Zey is ~iven Tv

Z Cz
c

- = o J/ Fo 12) e e e _—
z2 -2, =c (1+ 'a+cl ) e (2.28)

It may ™e noted that as 2o > % 2~z =0 This result is

0O o
Intuitively correct.
2.2 Cooer o ot Three Dimonsional Flovw
RS Introduction

To sinplify our vork ellipsoidnl co-crdinates are used., Consiler the

confoe~l guadries aiven by the eaunticns

2 . 2 2 )
B+ T LB 15 0 adh30 ceememme s (2.29)
nZ+0 h2+9 c?40

which c¢an Be -rittan s

th

£(8) = x%2(b%+0)(c2+0)

v2(c2+8 Y(2240)

+

(2240)(1240)(e?+9) = 0 e (2.,30)



Clearly f(6) is a cubic equation and therefore admits three
roots (A,u,v).

Thus

(A = 8)Xu -0)(v-190)==x2(b2+e)(c2 +6)

y2(c2+8)(a2+p)

+

+

z2(a2+0) (h2+9)

(a2+0) (B2+48) (c248) = 0 —mmcem (2.31)

Using the ideas from solid geometry it can easily be shown that given
a point p(x,y,z) there arc three orthogonal surfaces given by X = constant.

u = constant and v = constant passing through the point p-

Let - <A < - g2
-cz<u<-b2

-b%2 <v < a-ga2

Then the surfaces

A = constant
¥ = constant
and v = constant

aré corvespondingly ellipsoids, hyperboloids of one sheet and hyper-

boloids of two sheets.

Substituting 6 = -a2, -b2 and -c2, in turn, in equation (2.31)

we obtain
2 . (8242 )(a2+u)(a2+y)

(aZ_ b2 )( &2- 02)

2 o (BRe)(bZeu)b24y) (2.32)
(b2- 2)(b2- a2)

22 = (e2A)(e2ru)(c2+y)

(02_ b2 )( c2- g2 )




Thus if X , 1 =201 v are knowm the wnosiii {x,y,2) is also

Imovm. A, u and V define orthoponal curvilinen:r co-ordinates.

Logarithnic differentintion of ecuntions (2.32) =%tk resnect to A

s

~ives the follovine regults: -

B):
== ; e e e - (2.33)

_ﬁ" T el e o s e e e o e (24 3,

3z %,ﬁ“ e e RO € 2 13

(cZ+1)

t

Pollowing 1131ne--Thonson {31 or Murray . Spicqel 751, Tanlace's
equation in general ortloronal curvilinear co-crdinatss can be written ns

2. 12 hohy B9y L 8 hshy a0 hihy %
v d) h hﬁ"gﬂg 3) h] '3_)\) * BF( h2 ,“"5 B ( T )}

(As)? = (ax)2 + (ay)?+ (az)? = n’ L (an)? +?2( )"‘*hz(dv)2

[
L]
(¢

("T AN + oy 23 dv)?

a3 Dy
 F o+ gan s Ly
HVA A7 1o V2
+ 5 A g )
= h?(d)\)h }_1;(54_1)2 + %’3 (AV)? e e e 2,37 )




-

nlone the A-coordinate A =0 and dv = 0 anl

2 - X 2 S22 .;.;.?.. 2 et e e e e meR AT R
h ()% + (Su’ + (Bu)

B o= (2532 4 (2EV2 4 (N2 i

1Y)

substituting ecuation (2.33) in 2ountion {2.38) cives

2 2 S

12 = 3 Y 2000

—ar b e F v i e P e

e ‘( a2 £1)2 (12 + A)2 (62 4 i}g

&

1 (}“;'ﬁl)(lﬁ—uv,,)_,“_mﬁ_ "

(22 + (52 + A)e? + 2)

sinilarly substitutin~ ccuation (2.34) in equation /72.3¢

]

(2.35) in equation (2.40) ~ives the frllowine resulte

w2 =y = Vp - A)

aem LT B VAT MUNI ey ot o it Y6 iak et 1o e s

2 (a2 ) (B2 o+ p)(e? + p)

b2 _ o v =3 =)

3 = B e T LI TP IR

(22 + V)1B2 + vi(e? + V)

Tsing equntions (2.41), (2.42) and (2.43)

thamafore

i ememee (2,38)

SURR—— - 2V ¥e )

cimmmmmmee (2.,41)

Y and equation

v (2 ,42)

v e (20 4,2)

.
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Laplace's equation in Ellipsoidal co-ordinates becomes

V2 = - A [(u=v){ (22050200 (c2en)t Ey2
(u=v)(v=-2){A=p)
+ (o-)(a20) (07 + w)H(e2 i)t 232
+( A-"u—){(az’rv)%(bzw )¥(o2+v)? ,:2_\7}2]@
3 3 .. 3%
) (u—u)(v oy e oy )
v 3 29
* (V—A)“u 317(14 Bu)
() & 2k 29 = 0 e (2.44)
where
(k,)% = (8% +A)(D2 +2)(eZ4X) mmmmmmim oo (2.45)
(ku)?' = (82 +u)(b? +u)(e? +u) mmmmm e (2.46)
(k\))2 = (22 +u)(12 +u)(e2 +V)  mmmmcm e (2.47)
Equation (2.44) can be rewritten in the form
(U_)\) (k)\ a)\)2¢ + (V A)(}' ) Q) + ()\-U)(}-)\ 5_—)2¢ O ""'-"(2148)
e 1look for a golutlion of equetion (2.48) of the form
e B —— (2.49)

vhere o 1s a paremeter to be determined and x(\) is a function of A

onliy.



Differentintine (2.49) with resrect to A we ohbain

5 %0,
o oy (@) = o) gy + ka5

- 22

. 3 _ 8 . '\'\I
Uey 3y (o) = xxly 39 + 2y
Mk 2.,
* oy i?: v 2L

i

o
=y

>j 2]

32y

2

A%

3o Qy

200 )y
W) + 2k =5

VA an

and subsitituting eovation (2.50) in ecvation (2.25)

from which

0 2 L0 N W, X g
R CTm oM T eh
81-
da _ “% 9 ,2)(
D :fr%kx“”w
1, X
A X
_1 T ey
L YO
N

Ye note that the »i-ht handside

of A only.

Thus we ronresent ao

0‘)\ f(”y ;) )»

of equation (2,

in the form

- o St 20 p M Loy B3 € B 4 Am et

2, o

52) is a

e e e e (2.50)

3 v" nldn

R —— % 1

function

....................... S —— T D
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so that equation (2,52) tecomes
a 14 ‘JX - d P 1
a'X‘ ‘n(kl ;_LX_) = ax o ;; o e k5 h b L s 2 s e e —(2.54)
A

interratin~s equation (2,52) vives

;
A f(;-:‘—._..‘.-!-.»’l ....................... et oo e (2.55)
o Alxl

X:

Followine Milne-Thomson [3) y me find that gaince X,y and 2z are
solutions of Lanlace's Beuation in Carterian Oo-oriinates, they are
also solutions nf equation (2.48). So that usin< ecuntion (2.32) and -

notine that ¢ correspondin~ to x  is of the form

A 1 1
o= (a% + 1)’ (a? + 1)” (a2 + v)3

Equation (2.,49) hecomes

ax
é=ecx f s s e 2,56
A (a2 + A)kk
2.3 - U7 Flow around an Fllipsoid
Consider the ellipsoid
2 2 2
LRI A . L e e 2,577 )
a? »? 2

vhich is from a family of the confocal quadrics
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for A=A = 0, movin: +ith velocity -U din tr» —weitive x direction

in a fluid at rest, with “oundaryv conditions

m et e e m e (2,50 )

and N

Tt is evident from ccuations (2.59) that the notion doseribed here

°

is axisymmetrical with no nertubation at infinit: ~nd zoro normal

veloeity at the srhevre., "“he velocity potential 4 io ~iven by
b = C xS e e e e e 2, 60)
A

Differentiatine comation (2.40) with resmect 4o L ~ives

30 _ 8T
Y NV

ﬁx { ax + C X M&Lm;; v m e 2 5]

(a2+A)kx a%(ahe) o

or A=0,

SX-: ;i; ° umn“__“n“__“mmm_m_m__n_“um_”u”“hw“_m_______(2.63)
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Using equation (2.61), the constant ¢ is given by

ab U
C___.._.._.
Z-ao
.8 U
a_z’
o
where
a =abe 5 - (2.63)
© 0 (a2+A)kA

On the ellipsoid () = 0) the velocity potential ¢ is given by

If on this ellipsoid which is moving in the positive x direction
with velocity -U we superimpose a flow with velocity U 1in the positive
x direction, we get the flow pattern duec to a stationary ellipsoid in a

flow field U. The resultant velocity potential ¢ is ‘*hen given by

2ablx dx
- 3
T A (a200) Y (p240)3 (20 )2

it

Uk [1re T(A)] mmmmmem e (2.66)

where

I(x) = (A)

= /7 abe dx

__________________________________ T
(8,2+A )kA ’ ( °7)



We note in particular that the velocity potential ¢ for the flow
"ound a spherical hill can be determined from equation (2.66). In the

case of a sphere, a=b=ec. The equation for the confocal quadrics becomes

0
e
Q
[43]
D
H
>

is a solution, then

o

fai]
N
+
>
i

= R?, the poler distance in (x,v,2) plane

For a sphere, eguation (2.67) yields

a3

(ZZ.‘_\?/2 """""""""""""""""""""""" ( 2 '69 )

A)

I(x) = 2/3

Differentiating equation (2.69) with respect to A gives

I7(x) = - (ZE+A2)372 ------------------------------ (2.70)
Differentiating equation (2.66) vith respect to A gives
2oupec IO 2+ U 0% THA) emmmmemm e (2.71)
For A =041i.e when there is no flow across the surface
VIl + e T{o)] T— v tle Em = 0 co (2.72)

2a2 a?

solving for ¢ yields



In the case of =2 sphere

Substituting equation (2.74) and equation (2.69) in equation (2.66)

gives the velocity potential for flow around a sphericsl hill as

This result is in agrecement with “dlre-Thomson [3] although the

approach used hers is different.

2.4 Velocities in three dimentional Flow

Differentiating equation (2.66) with respect to  x keeping 3 constant

and then with resmect =z keeping x constant gives the velocity components

u = 3¢
39X
=l ) : 34 .
UL + I(x) + Cx T'(A) zx] ------------- . (2.76)
and v = 3¢ |
oz :
3N
= 11~ ! A T e e e e e i e i e e e e e e e ¥
Ucx I'(a) = (2.77)

where 2 _ 2x(b2 +2a)(e? +2)

T T T e (2.78)
G - v)

3 , 2 a4 \ s
and -g—;\ = %.z..g.a__:.a"@«:.l’_ e i e  t am eam c e me  m eme s e (2.79)
B G UERTS [ QR |




on vy =0, Z.2 on the

centre line,

v

T
. 28 -

o)

noine

erwetion (2.67), ecuation (2.75) and equation (2.77) de~en-mate o

1)
a

u=u; =91 +a6 7)) - 20x?

e e -

abe(c?+ 1) 1

(a2+A)(A—u)kA-

) . €13 4T K e B v 878 L W B e e

ernression for the velocity comnonent v does not contuin

ceee( 2.80)

eme(2.81)

T(2).

It is therefore possihle to find analytical exnressions for- v,
“ouation (2.57) ~ives
2 = iif_i_l}£9fmf;é) et s i s onm s e 2 82)
a? - c?
g2 = (2 A M )  eee(2.872)

and

Tquation (2.82) and equetion (2.23)

and

i3

go that

A+ u

=X A ET 87 . 07 e e
2.2 2.2 2.2 e ———nere
Au = a“c’~cx".o a2zt emmee
L= den o= xz + 2 3‘2 - 02 S

Ay = a%e?- oy

and u are the roots of

02 = 5 0 47 = O cemrennnn

meee(2.86)

creme(2.87)

eme(2.88)
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2 52 2,2
< =t 2 c x
On the surface =1 e z? = o2 L rmmmme (2,820)
2 .2 2 ' ‘
a® ¢ a

X+u=qpu = # 432 0 9% Lo

= [a* = x%(a%- ¢2)] e e (2.90)

Therefore in the three demensional case surface valocities are

(a) u f1+¢c1h)y . ZLES

= a% « 22x2 + €7T(o)a"

- € T(o¥%a? + e2x%(1 + € I(o) - 2¢) R Y= B

g5 that equation (2.01) hecomes

a? -

. 2 2
s e ey 0T n) e (2.00)
a® ~ x%(a?. ¢?)

o
1

similarly
' a’ly z
~U(L + CT(0)) St 2l e e n( 2, 93)
4

(m) v
2 -x?(a?- ¢?)

fl




[
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For velocities at any point vertically sbove the top of the hill, i.e
along x = 0, the vertical velccity v 1s as given in the two dimensional
case equal to zero.

Therefore to compsre three dimensional and two dimensional velocities
alcng the top of the hill i.e along x = 0, we neéddto consider the
limit of such velocities as x-~0C.

Let x = ¢ so that

§2+z%- g2- o2

o
+
=

i

(o]

and A u = a2¢?- a2z . ¢

working to first order accuracy, x = & - 0,

A+ o= gZo 2o o2
and A= a?e2. ¢?z?
a
so that A= a2(ce? - 22) and u = -a?
2 0 02 a2Y (12 4 o2 213
k, = [a® + 2% - ¢2) (b2 + 22 - c2)]

substituting these values of A and ky in equation (2.31) yields

y, - 28be 8 C U S —— (2.94)

(t +2 -¢cXa +2 -c¢)]?

o4

- -2abe & ‘:l - C1I (O)}U __________________ (,1’ Q5)

[(62 + 22 - o2)(a2 + 22 - c2)]?
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2.5 B ‘ Aorean Surfacas

-

In the two demensional a case, the stream potantinl is ~iven hy

W = + 3TN, e e o e m -~ (2,96)

.
a2 ",
TIEYe

4 dis the velnocity notential
h ig the stresn function,

2 "2
. (’\’ 4-.\"
and & and v are orthovonal i.e 2 *oe-so= 0 and

2 a2

AxX ny

2 2
2Ty A% - = -

=~ + N 0. Twom aruation (2.9¢) , the ecuntion o7 the stream
o

T three demengional smace we have stream sur’sces »ather than

L3 q ° * 3
8%ream lines and we consider the tvo d@mensional interscections of these

gurfaces with the plane ¥ = 0. In this case ve remi-a that

U= congtant  and = T e seeme e e (2,08)

i..h
<
(e
0
¢
BEY

The stream function 7o» axisymmetrical

M3l hy

sphere 1g ~iven as in ~"ilne--Thomson
A3

o= 22 (1 - . )y

= zzf‘('}‘) e e <o evm s e e e s R st S o P o B8 86 5 L rne e a ot ‘_‘,,_..,‘.,...,..(2 . 99)
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On stream surfacec 1 = conctanty so that

N

A '72 D}, o U
LAY + 258 (0) r§§+w

az - g R
= o 2n () +2® S T+ BP0 () 5= 0

and

2z . .t X
I\J.X .ot W . L 1 5.3 AL . WA
2e0(2) + 220 (A) 2—2—
(e

e e CR sy

n7 eqation (1.1) and ecuation (1.2); i.o

b _ ) e
st~ = v and 5. = u eocuation (2.90) follows

Surstitutine for u and v from ecuation [2.77) and equation

(2.77), ve obtain

a2
b

T ()

S
)
S
o
N
QD
>

21 ©

= = — o==(2.100)
- 3. . Y
Uit + ¢ T (WY + 0x T g A+ 2 =




Simplifying eguation (2.1027) vields

(2000 + 2£'(1) 224 wox 1'(0) 22 =~ 2m ()R 101+ o K Jex1'(n) 22

r20(1) , 3 1. -Vl 2 I(a) + thr’x) ‘j

, T
t ™) 3 a neyT(n) 22
2 o
1 CcT O o (2.103)
cxzr(n) & ax
- 2z az
. R 3 . -

Finally substituting fer Ty md = from equation (2.78) and

equation (2.79) gives

- f x0T (\)
£1(c2+x) 20T'(A ) 22+2)

+ - - s v -——— e v - 2»1 4‘)

comparing with the two dimensional case when y =0 and v = -b? yields

2
— s LB Y St (2.105)
(a2+2)2 (e2+2)? (a2+x)(c2+1)
. T/
vhere - ! + 1+ C ‘\A) . T e ]l e (2.106)
£1{c2+1) 20 T2 ) a2+2)

and equation (2.84) dhecones

AN e SO SL 0 E (2.107)
cZ+ [+ 2 1(x)+ 22017(A)a2+2)
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To sclve this equation we need to use numerical methcods for the
evaluation of the integral I(A). Thus for a genarsl triad (a,b,c)
calculation of f and therefore % = z?f is laborious and time
consuming. However for some specific values of a,b and ¢ squation

a4

(2.106) has been wvaluated and the results are used in chapter 3.

e

“
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Chapter Three

3.0 Comparison of Velocities

To compare horizontal velocity profiles around two dimensional hill
shapes and horizontal velocity profiles around three dimensional hill

shapes, the ratio

. horizontal velocity at (x,z') in three dimensional case
(x

r(x,z! ey : - g
(x,21) norizental velcecity at »Zz') in two dimensional case

is used where z' 1is the height 2bove the surface of the hill as defined

by equation (2.11). 2t the surface, i.e. g' = 0, the expression for

U 2082 . 52 2 42y
5> = 2(x,0) = ro = UL+ ¢ 1(0)] & ( X - &lerc)(a?-x2)u
2 a% - x2(a2 - ¢2) a% . x2(g2 - 2)

[T+ 0 I(0)] g~ (3.1)

It may be noted from equation (3.1) that T, is independent of

X. Similarly from equation (2.15) and equation (2.93) the ratio -

V2
of the surface vertical velocities may be obtained as
Y3 . e e
= 1 CL0)] (3.2)

W e note that the right hand side of equatione (3.1) is equal ot the right

hand side of equation (3.2). Thus

A Xi-: the slope of the surface —~e-———mmmeeocceee__ (3.3)

This is in agreement with the initial assumption that the flow is

Parallel to the surface of the hill.

et 8=%;y=2;,y by (3.4)
c ¢ a B




F‘Tﬁwfﬂ (4‘)
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¢ 1s ¢ length and therefore 8y and v!

are then dimensionless

(0,2') the

- -

quentities. Vertically above the hills i.e at all points
expression of %f’ mey be ohtained from equation (2.95) and equation
(2.16). This is given by
la- = e = & 1 ! b
v r(0,u) — C(+ + ¢ I(o) [ -
(b2+ZZ+C2 )2
at z = ¢,
. a
(0,2} = (1 + ¢ 1(0)) —
=7
0

This is one of the special values mentioned in the previous

sz, 7(C,z)+0. Itis degirable however that
r(0,2) > 1 since the meinstream velocity U is appreached

limit for both twe dimensionel and three dimensional cases.

In general it is desirable that the expression for r

following:-
(i) r(x,C) = r, if %] < a
i.e r constent over the surface
(ii) limit r(x,z') = 1
7 fepoo
(iii) from squation (3 *e require I(o) -+ O
q q
.. B a - __B
>0 and r - P 1+ 8
(iv) as b >, uz+>w Implying r »> 1,
3 2

(%)

chapter.
as z - =,

in this

satisfies the

3
)




ron the evnressions “or the surface ratis x*g 0 the vatio of

vertical velocities tie axression

=N
(V]
3
D
W)
~
fo>]
-
<
~F
i
f
?
[
i

T +yh 47+ 4/3410 +%~( yh2ie

1 L -
and a2, YY) = e L ey TAs mrotoged by

o450 4 oyt (2 :,;. )

- ’

Deavas 6] and found to noree to within 1,57 and 77 aven  thourh

the shanes were not eliinges.

D

O Cormapison of Streamline 3

To commare strea-lines in the two dimengio-1 conn Tith gtream-
swrfaces in the three dimensional cage the ratin
O
Ne) 2 -
1'% e e et et e e e s s oo e e r e e e (3_{3)
N P
7 24 ~
7 ) -

ig used where o tenotes the hei~ht of o stresn meface over the centre

R RS

line ana z (2) denotes the heicht of 4 stroemling rlom~ y = n, A
o ,

fope]

PeinT the hei~ht of tha sanme gtrasmeurface and gtman 2 ine re snactivaely

ot Imifinity, 1.- awmy from the hill, ™e diffanence g (

(i =2,3), is the M olaco ant streamlines in 40 +m Cimensional hill

and the Zisplacement in gtreamsurfaces in the cree o7 o three dimensional
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Let us now consider an ellipse with parameters a and c¢, such that

% > 1 say: the corresponding three dimensional shepes with parameters

a, b and ¢, C <b <o, are the following cases:

case (1) Taking b = 0, the ellipsoid reduces to a flat elliptical
3
plate. In this case there is no displacement and Zo( ) = z_. Equation

(3.6) reduces to

case (2) when there is axial symmetry. Taking b = ¢ the ellipsoid

reduces to a circular shapc in the y - 2 plane. “rom equation (3.4) we

obtain y = 1.

case {(3) b = a; this gives a circular mound in the x-y plane and

using equation (3.4) we have +y! = 1,
3 2
\ (3, (?)

case (4) As b > »; we have a limiting case Zo T 2 and

R
Y‘P

It may be noted from the cases above that O < Yw < 1. For measured
circular hill shapes b = a, yl 21 and B > 5, so that yw > %,
The displacement of streamlines for the three dimensional case will tend
to those obtained in the two dimensional cese. The computed results of
Deaves [é] show that in the upper boundary the displacement in stream-
lines is smaller in the three dimensional case than in the two dime
sional case and that there is a smaller departure of the streamlines in
three dimensional case from their two dimensicnal counterpart in

turbulent boundary layer type flow then in potential flows.,



3d |
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Practical Applications

Let us suppose that the ratios

vhich have been obtained for ideal flow can be applied to the boundary

leyer. We note, however,, that-:-

(1)

(1ii)

(iv)

The velocity at the surface in viscous flow is zero but the

velocity at the surface in ideal flow is not.

Thz velocity in boundary layer flow is a maximum at the

point which represents the top of the hill.

In ideal flow the velocity defect between the three
dimensional end the two dimensional profiles is a maximunm

at the surface and slowly approaches zero at infinity.

In boundary layer flow the velocity defect between three
dimensional and two dimensional profiles is zero at the
surfaces maximal at a low height and then clowly tends to

zero at infinity. See fipure (5) after Deaves.

The points (i) - (iv) must be taken into account when extending the

results obtained in this thesis to boundary layer flow.

In Chapter 2 the streamlines in three dimensional ideal flow have

been shovn to lie below the corresponding two dimensional ideal flow.

The shift in streamlines in three dimensional boundary lsyer flow

compared to the two. dimelnsaonal



dimensional houndarv laver

9(z) as

z
W(z) = [ udz
Z
o
viere W =0 at sz for

O
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flowr is examined hy writting tiv

comtinuity of flow,

stream function

eme (3.9)

\

Tet u renregont the horizontal velocity in houndery layer

flow and T wepresent the

noint., Thus

n

horirontal velocity in ideal o

ot the same

is a measure of the shift in streamlines hetween the ideal and houndary

laver flows.

Let

52=
O

renresent the shift in the tvo Jdimensional case

o U
'§3=f{__3___:_..._..r
s
0

renragsent the shift in the

[«]

83 =82 = f
0

o
)

- {

&

|
Seeeod

3 2

o .
f‘ { U2 - U.2_ } U7 it i s o s s s s e 3 i e e e

and

threo dimensional case, then

e (3.11)

e (3.12)

emmmm=( 3,13)
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Usine equation (3.8), we have

U’s- .I.’.!. =0
0y "
and 837 82 i e et e -(3.14)

The physical meanin~ of equation (3.14) is thet there is the same
gshift in streamlines in houndary layer flow as in idesl flow, that isthe
some lowering of streamlines whereby the three dimensional houndary laver

streamlines will 1ie below the corresnondine two dimensional boundary layer
streamlines. A very notable difference is that the - atmospheric bound-
ary layer extends to several hill heirhts althourh here the boundary layer
tiekriess- mas been assumed small compared with the dimensions of the
obstacle so that the velocity at the outside edre of the houndary layer

is assumed equal to the velocity at the surface.



Conclusion
A A S

In rature clouds provide the most visible evidence of disturbances
to the airflow caused v mountainous terrain 1lvins across an airstrean.

These disturbances are not always accompanied by clouds, The behaviour

and roverent of smoks and dust cen also reveal disturbances to the
airflow caused hy the presence of mountains, Iam aireraft the rate-of
climb indicator and the altimeter can provide evidonce of disturbances

to the airflow,

-

fathematical eunruscions for the changes in dmow dine pettern

and velocity distribution caused by the presence o a hilldf

specified shape witl goutle ineline, i.e, vhere i gireamlines of the
eir currente are pracyically parallel to the wderlying surface, have
been deduced first usinz the source - sink model aul then secondly

using the flow over ellinsoids, The source - sia model was found
wmsuitable because the three dimensional case does ot reduce to the
two dimensional modcl easily, Fowever using the movm flow around

a sphere and circular cylinder the flow arownd i ellipse md
ellipsoids was found, In +his cese however the tiree dimensional model

reduces to the two dimensional model as shown in anpenaix I.

Pifficulties in the practical applications of e model to the
atmospheric boundary lazer bave been mentioned. o cesumptions of
a basic vind Independent of time, having constzut Cuisity everywhere
and the motion being ‘n two dimensions, i.e barotropic motion, is
minly introduced in order to make the mathematisc sinle, The nature
of the airflow over o sountein is dependent on v wemic properties
of the sirstream, It i3 lwovever clear froz; this stuly that the changes

in streamline mattern and velocity distribution in #iecl flow rescmble
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remarkably well the flow caused by the presence of a hill of specified
shape with gentle incline in the atmospheric boundary layer where the

streamlines of the 2ir currents are almost parallel to the underlying

surface.
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APPRENDIX



LR

Mpendix I

To shov that the three dirensional potential reduces to the two

dimensional potential i.e¢ to show that

. 1
imit  Ux{l + ¢ (X))} = Ux + gﬁ (a+c) 7 (2 ),

hHh +m»

where

[ve]

I(x) = f abe dt
Yot s I E (a N

48 b >, ie for a two dimensional hill,

ac dt (1)

(\) > f
o) 1
Y2 e )62 v )

2 ) B
Let tan?e = Z.1L and sec?s = =t
a? - ¢? a2. o2
Then .
(p) = 5 2ot 1
A (a2%+ t)3/4(cz+ )
0=n/2
=7 2ac cos 8 20
6=6, g
8.2— C
[ee]
(X)) » S __acdt _2ac . _, ot |

(azét)3/2(02+ K)%
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From section (2.3)

0= L
2 - I(o)
. a+tc
2a
Then
eXy - e+ A
limi ¢ = { + ;f)(; 4 - ) e e e e e e ( 11)

’ a + A

In the two dimensional case the exvression for ¢ if civen by

¢ = Ux + i,_c“(_::l_tg.) (?;)’ where ¢ is as

:..,

defined in section ( ).

It now remains tc show that

2 17
e Sl 2Ry sy Ba o) 2 (),
a?+ A ¢
i.e to show that
2
x_(l__/c*‘)):azcw(l. ————————————————————— (111)
a-c a+ ) < g
let p = pem then
1
R(Z) = L cos o
[4 o]
- X
p? + (a2 - ¢’
4
so that

C

)eos ¢ and z = (p - sing -----(1iv)

2

a‘-

= [ J—
(e 4p
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From equation (iii) and equation (iv) it is now required to prove

that
a?- c?
g i x 0 p2-Td
a%+ A 0?4 a%- c?
i.e to show that
2, 2 2 2
a’+ ¢ a‘- ¢
A= p? o+ RS-SRS P . ———— e (v)
4bo?
From section (2,4 )
b T2
T e 4 / m———— '-‘
A= 5t (=
vhere
T = x%+ 2%2. a%- ¢2  and 7 = a?c?- e?x?- a?z?
Equation (v) then becomes
2, 2 2 2 2
X+ 2 X a‘- ¢ .
) + 7/ (Zf-— T) = 0% + (Fmmt ) mommmmmmmemeee s (vi)
4o?
From equation (iv)
X+Y =x+ 23
2 2 2 2
N a‘~ . - efy
and XY = ( < Tv2. 2. (a -c-),.'
2 2
"2 A2
where Y= op? o+ (82 L
4 2
2 2
a‘- .
and Y = o cos 20

3]
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From which we et
o ¥, 2r g el o
- 2 2
\2+ 2

. 2 2
= o = + 7_/ ( E._ -~ T )
4

[

This is the same as equation (vi).
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