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ABSTRACT

The Binary Encounter Approximation cross-section for immer-
shell ionization of atoms by protons is corrected for protoh
recoil, an effect due to the exchange of virtual photons in
proton — electron scattering. The correction is found to be

important only at very low projectile energies in high-Z targets.
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INTRODUCTION

The Binary Encounter Approximation ie one of three main
approaches to the prediction of cross-sections for inner-shell
ionization by charged particle impact. The other two are the

Plane Wave Born Approximation1’2, based on quantum mechanical

3

scattering theory, and the Semiclassical Approximation”, based

on first-order time-dependent perturbation theorye.

The first beginnings of the binary encounter approach

4

date from the attempts of J. J. Thomson® in I912 to calculate

the energy lost by charged particles passing through matter.

.516,7,8,9

It was M. Gryzinski , however, who comprehensively

developed the method and applied it to the prediction of several

-

types of crovs-sections. Important additions were later made by

others, notably StablérIo, VriensII and Gerjuoylz.

In the Binary Encou#lervAppraximation (BE4), the complex
ionization process is simplified by the assumption that it is
dominated by a direct energy exchange from the projectile to
the electron., In the derivation of expressions for the cross-—
sections, the other components of the targét - the nucleus
and the other electrons - are therefore iznored. Despite
such a seemingly crude assumption, the BEA has been justified

13,14,15,16 o .

by its satisfactory agreement with experiment
even better agreement can, be obtained if the BEA is corrected

for the more important features of the ionization process which
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its basic assumption disregards. The best investigated have been:

(i) The Binding Effect — Before a slow projectile can dislodge
an electron from its orbit, it has to penetrate into the shell
to which the electron belongsrZ and its presence there modifies,
by its charge, the binding energies in the atom. This effect

has been studied by Basbas et. al.,I7 and Anholt et. al.Is

(ii) The Coulomb Retardation Effect’® — Contrary to the BEA
assumption that the nuceus of the target atom is passive during
the ionization process, it actually modifies the trajectory

and the energy of a positive projectile by curving the one and
reducing the other. For a negat ively-charged ;rojectile, the

5

curve is reversed and the energy is increased. Thomas et. al.,

I7 19

GarciaI4, Basbas et, al., ' .Bang et. al.,3 Caruso et. al.,

and Kocbach20 have investigated this effect.

(iii) The Relativistic Effect - The classical formulation of
the BEA is inadequate to deal with ionization of atoms in which
the target electrons travel at relativistic velocities. .
Corrections for this effect huve been studied by Amundsen et.

al.,?T Anno1t?2, Hansen®?, Awaldi et. al.,’**® and Sheth1®,

(iv) Spin Effects - If the spins of the projectile and the
electron are taken into account when the two particles interact,
the energy transferred from one to the other is different from

23

the case when the particles are assumed to be spinless ~.



ShethI6 has included the effects of spin in the BEA,.

This dissertation in an attempt to corredt the BEA
jonization cross-section for proton recoil effects in ionizat—
jon of atoms by proton impact. The exchange of photons between
the particles in proton - electron scattering is a consequence
of the circumstance that virtual photons transmit the Coulomb
force., The proton suffers a finite recoil as a result of the
exchange of these photons. When this recoil is included, the
differential scattering cross-section for proton - electron scat-
tering is modified, The use of the new cross- section in the
BEA leads to a different expression for the ionization crocs—
section. i

The outline of the BEA method of obtaining the ionization
cross-section is given ;n Section I of the dissertation. In
Section II, the differential cross-section formula which in-
corporates proton recoil is derived. In Sections II, IV, V
and VI, the ionization cross-section is derived by the steps
outlined in Section I. The results of applying this cross-—
section to various cases of K-eshell ionization by proton-
impact are presented in Section VII. The discussion, in Section
VIII, is followed by the canclusion, which closes the

dissertation,
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SECTION I ~ THE OUTLINE OF THE BEA METHOD

This ocutline summarises the method used by Ger:juoy:[2 to

obtain the ionization cross-section in the BEA, This method is
the most exact of the several available,

(i) The cross-section for the exchange of a fixed quantity
of energy \E, when a proton and an electron of fixed initial
velocities in the laboratory system of coordinates collide is
found by relating it to the centre - of - mass differential
scattering cross — section proper to the (Coulomb) interaction
between them. This cross-section is denoted %(71,1722, where
;I and ;2
when observed from the laboratory system.

are the proton and electron velocities respectively
(ii) The effective cross - section for the exchange of energy
AE is obtained frem %«(;I';Q) by averaging it over all direct-
. I S . co s eff = =
ions of the velocities vy and Ve It is denoted UAE (vI,vz).

(iii) The ionization cross - section, (f(vz), far an electron
initially travelling with speed v, is obtained by integrating
6 L (=L7,) R

NE' 17727 over all vaues of AE resulting in ionization,

(iv) Finally, the ionization cross—section per electron in
a given atomic shell is obtained from C‘/(vz) by averaging this
quantity over the velocity distribution function of the electron.
This step is necessary because vy cannot actually be fixed
arbitrarily, but is detefmined by the velocity distribution

function.
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SECTION II — THE RECOIL DIFFERENTJAL SCATTERING CROSS - SECTION

The differential scattering cross - section for proton -
electron recoil scattering can e derived from the relation

S@Ea5) = q’ -r;‘;" 2, (Scadron, I979:190)2°

8T
where
0/(5 > n') is the differential scattering cross - section for
two particles interacting arbitrarily, and seen from the centre -
of - momentum (c-o-m) system, n is the direction of their rel-
ative velocity before scattering, seen drom the laboratory system,

and n' is the direction of the same vector after scattering.

q is the magnitude of the momentum of either particle viewed

from the c-o-m system before scatteringe. -

q' is the magnitude of the momentum of either particle viewed

from the c~o-m aystem afnter’scattering. .

W is the total energy of the two particles seen from the c~o-m

system.
ch;:v is the co-variant T-matrix element determined by the

interaction between the two particles comprising the scattering

system.

FPor elastic scattering, which obtains here, q = g’

Therefare,
’ - -
C{(n-yn') = TE:V 2
anw

For spin-4 recoil scattering,

cew |2
T = %4 [(s - n§c4- m§¢4 )2+ st + %tz ] (1)
t

fi
26
(Scadraon, 1979:207) -




where
e is the charge of the electron.

s and t are Mandelstam invariants (Scadron, 1979:185)2° which

characterise the scattering system.

my and m, are the rest-masses of, in this case, the proton and

the electron respe€étively.

¢ is the speed of light in vacuum.

In the c-o~-m system, 8 = wland t = -4q2c2w231n2_>_<_-_

2
with the scattering angle in that frame. When these definit~
ions are used in expression (1), the result is

pSOV . e4 [(UZ- m§c4- m2c4)2-4q,2c2wzs ma X :
fi % 2 -
4q c4sin4 i_(_
2
+ 8‘1404511'14_)_(_ ” ’
2
so that
C(asa) = A2 (WPemZetnZet) ®q%%s: 2 X
4ate sm4 X me ’
4 zq4c on® X } (2)
where O( = e »
4T

Expression (2) is relativistic; to incorporate proton
recoil effects into the BEA, it is enough to employ the low-
energy limit of the expression. Observing that27

=(mYy+ ‘2‘@2 )= Gy + S:a)2°2
and q2c = (W - (nl + '2) 04) (W -( 2c4

e
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this limit is easily derived. Here,

= 1 » = 1 ’
e SR T

-’VQ/ c

= mY N and P, = my) "oV,

Thus,

| b L
o2 B st - R

22
2

o
¢ - ammyYy Y2 V1eV2

= lel 2.4 (1 = v3/c ) + mz‘fz 4 (l - v2/02)

' Zﬂa"z\mz°“ G- 77
2

c

2 2 ) - =
= m1c4 + m204 + anlmzvl)&c‘t (1 - Vf.vz)
2
c

4 2 4

2 4
— mlc + m2c + 2m112c

=(m1+m2)2c4 = M4 H:m{+m2.

Since W° = m§c4 + mgc'4 + 2’“1‘2\&1}?2"4 (1- ;71’;2 )
2

Cc

it follows that » _
2 . - -
Wl - (m1 + m2) A= Zmlmzx‘l chd‘ (1~ vl.vz) - 2m1|n2c4
: 2

c

4 - -
=ammpe” (Y172 ~¥1ye'a2 2 )
—

)
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and W° - (m - mp) %t = 2t (Y)Y, i v V-
2
mas (% - (n + m) %) (0 - (=) - mp)%h)

afnet () 1 Y500 = %)%= 1)

2
c
22 4, .2 42 2n2 = =2 2 2= =
= dmmet (012 - 1012 ()T - 21N ),
4 2
c c
It is easy to wverify that
ViV, = Vi4 v, -V
2
where v=|v, - v,
2. 2 2.2 2.2 -
and \{l >-1=Y1¥>2 (vi + vp = vV ).
2 2
c c
2 Z 2 2
Hence, (W™ -~ (ml + n2) 04)(W - (ml— nz) 04) =
2 2.,2..2 4, 2 2 2 2 2 2 2,2 2 2 2
4nim, Y'Y o0 (V_I_];dv Vo T Vivp * (vi+vo=v) = (vy+v5-v M.
c2 02 04 4.c4 c2

Rejecting terms of order v{'/cd' ’ vg/c4 and v4/c4 gives

(W2 - (ml +m2)2c4)(w2 - (ml - nz)?c‘l) = Amimg‘g‘i(‘gvzcz .

As a resuli,

2.2 22,2222 2. 22 22

qc =4m1m2Vl{‘2vc =r\ X‘lxévc »
where r):mlmQ .

M
The other quantity of interest is
2 _ 24 _ 24y _ w202 = = 3y2
(W -mc’ —myc ) = (anmz\(“lfzc (c -vl.vz))
2 2

4w 4
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rz\?f\?§<°2 - 7).%)°

F 2 et - ¥, 4 (505,)°)

l
2 2
c c
2 4 2 2 2
-r\ erZ (1+v-11_-:'_2-).
2 2 2
¢ ¢ ¢

L3

When all these low-energy limits are used in expression (2),

the cross-section expression becomes

(Y(ﬁ-)-"ﬁ')-.— o ? (l—vi-v§+v2-v_2_sin2><
5 2 T 2 2
:'A—Z— Cc C C

M2c4 (3)
Scadron uses a system of units such that the potential

between an electron and a proton separated by a distance r is

- _0£ ; equation (3) is multiplied by 161’[2 to convert it to

r s *
electrost.tic cgs units, The result is

G(ﬁ »>n') = 4(1-V/‘° )(1""2/(’ )(1 vsin ‘x
s:.n4 ° z
pttent L

2 4. 4
+(v -vé-v2)+2j~)év4sm\>2< ) .

(o]

Since (r‘/m)zrv (1/2000)° and in addition (v/c)*& 1,
the last term of the ex)ression contained in the outer
parentheses is droppeds

O/(n >n') = e4(1 - vl/c A =-v /c (1 - ViSmQy\

4/«\ m4(X

c-v)) (4)

2
c

- (V§+V




The term —(v?[ + vg - v2)/<:2 is identified as representing

recoil effects, since --(v/c)zain2 \X is caused by spin effects,
2

The use of expression (4) at stage (1) of the steps outlined
in the previous section incorporates the proton reocoil effect

into the BEA.
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SECTION III s THE DERIVATION OF AE( 1 2)

(i) The Implicit Relation Between (fAE(;l,'v'z) and O (n > n')

Let a proton, mass m, and fixed velocity v. collide

1
with an electiron, : mass m, and fixed wvelocity ;2 in the

laboratory (1ab) system of coordinates., Let AE(\-r"lﬁz) be the
cross-section for the exchange of a fixed quantity of energy AE
in the collision. Since every collision results in the exchange
of some energy, the quantity

C(F,7,) = SO/AE(%%) dAE
all values ofAE

measures the total cross-section for interaction between the
two particles.

On the other nand, each collision can be viewed as a scat—
tering process characterised by a differential cross-section
O/(ﬁ —n') in the centre — of - mass system; here, n is the
direction, before scattefing, of the relative velocity vector
of the two particles, while n' is the unit vector giving the
direction of the same vector after scattering. The total cross-
section S d(n »>0') dfl' measures the cross-section for

all solid anglesfl!' 3

interaction between the two particles, because every encounter
between them results in a change of the direction of the relative
velocity vector. In the double integral (0)' is the solid angle
into which the relative velocity vector points after scattering,
The two integrals, the one over AE and the other over ()', meas—

ure the same quantity. Hence,

S e anz = (§ C@ s ans . )

all values of AE all solid angles (Lt



The explicit form of relation (5) requires the expression con-

necting AE and ()

(ii) The Relation Between AE and ()t

In the lab system, the proton and the electron have vel-~

ocities after collision ;i and Vé

lision is viewed from the c-m system, the particles have vel-

respectively, When the col-

ocities, before collision

¥, =v, -V

i 1l
and ’mz =V, - Ve
After collision, the c-m velocities are
- _ o -
wio= v ¥
and W) = vw-V.

In the expressions above, V = Bl + 52 , and is the velocity

m + W

l‘i

L3

2

of translation of the c-m system relative to the lab system.
51 and 52 are the proton and electron momenta, respectively,
seen from the lab system.

The c-m velocities can also be exp?ressed as

Wy o=V -(mlvl + m2v2) = mz(vl - v2) = BV,
m, o+ m, M M
20t
M
\-ii = mzv' and
M
w'a = - an' .



Here Vv and v' are respectively defined as ;1- - 32 and
3i - ;é and are the relative velocities.

The definition of AE is

BE = duy] - vy’ = dmpyy” - g

Since ;1=; +V and ;ixgi-r?,
2 2
AE = 3m (v + 208 4+ v¥ - 207 - V2 )

The fact that in elastic collisiona the c-m magnitude of
the momentum of a particle does not changezameqns that W, = wi.
A8 a result,

= mle(coe B -cosb),
where 6 is the angle between ;1 and ¥,

'
6 is the angle between ;i and V.

Using the relation connecting w and v yields

£ 3

AE = nlmzvv(case -cosDY) . (6)
M

Since all initial quantities are fixed, the only variable

on the right-hand side of expression (6) is cos D1, Therefore,

aAE = r\stmé)'d B .
The c-m coordinate system has been chosen to have its z-
direction pareallel with V. The angular coordinates of n and n',
which are the angular coordinates of v and V' respectively,are
(0,4) ana (87,9 5
an = smﬁ-de'dqf
Fipmally,
gO/AE(;l,;Z)m - S‘(‘,g VG R 5 &')ad'ein 0'40"

all values of AE
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so that

Cpelip) = L (210G >aneqs (M)

lqvV
CESDLEY

(iii) The Integral S
0

Inserting expression (4) in equation (6) and integrating

over c¥> ' gives the explicit form of 6AE(;1’;2)' First, however,

it is necessary to express the scattering angle \X in terms of B ’
3? , B and C#' . %13 the angle between the vectors T and m'.
With fig. 1 to illusirate angles and vectors involved, the depen~
dence of \X on the other angles is easily obtained. From the
figure, it is clear that
n.n' = cosx (sinecos%),smesm%s cosG) (sm@'cos# ,smﬁ'sin#ﬁ ,C088
On simplification, this becomes
cos\X - cos 0 cos B+ singésin G'cos(4> -47') .
With the aid of this expression, the integral is more easily
performed; this task is made easier if equation (4) is written

term by term, thus:

6(?1 >n') = o4 (1 - vi/cz)gl - vg/cz)
4,,\2v4sin4__\x__
2
- o4 _(1- vi/cz)(l - vg/cz)

4rxvcumxx

- ¢4 1 - vi/cz) 1~ vg/c2)(vi + \12 - v,

2
4’»\ 2v4s in4 D\ : 2

—2 [~

These integrals over c}:' are essentially



i A
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82“ dj#‘ and §2T‘ dé' .
O ain 0 sin4i_

2 2
The substitution x = 4; d> leads to
Szn:‘aef&x)&x

0

where  f(x)

—1
sinzu)éfi)

or f(x) 1 .

sin4\X§x)

2

Observing that

52“ -ﬁ'(x)dx = go f(x)dx + X 2T ‘%’ £ (x)dx
0 -

. j f( )ax - SN -4f(t)dx
=3§“f(x)dx . j 4>f(x)dx g £(x )ax

21 -4
= Sznf(l)dx ’
0

because the values of f(x) are identical in the intervals

-c*><x<0 and 27 -4)( x{ 2T, the two integrals become

SQT‘ dx ang ‘S 2“ dx :ro
Q &in2tx§x) sin4kxgxl
2

2
Both are easily evaluated by the theorem of residues29.

Thus SQ“ dx - 8
ain2_\>(__ I cos O - 0086‘
2
and gz‘\ dx = Bﬁ(l-cosecose')
sin4 (x icoeB-cosG’ lg
2

In comsequence,
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(%E(;l,;z) - gn e4§l — v - vg‘?[ci)(l s (P - -2 ) %
4,,\ vy | cosb - cos 0] 2

(1 - cosbcos O') - anet(1 - v?/cz)gl - vg_/cﬂ .
4r\3v3c2V | cos O - cose'l

From equation (6),

cos@—cos@':_ﬁ__@ and cosB':cos@-__A_g_.
r\vV : r\vV

Hence,

KAE(;l’;Z) = 21 e472(1 - v‘2/02)(1 - vg_/ c2)(l + (v2 - vi - vg)) x
vﬁAEP c2

(1 - cos?b + DEcosD ) - 2me?(1 = vi/e2)(a - vB/2Y . (8)
I.\VV r2v2c2 \AE \

-
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SECTION IV - THE CALCUIATION OF (5 §% 2(F7,)

(i) The Definition or({eff( V10,)

In the previous section, the cross-sectiom, KAE(VI';Z) ’

for the exchange of a guantity of energy AE from one particile

to the other when an electron of fixed velocity ;2 collides

with a proton of fixed velocity Vl

has been found. This quantity,
depending as it does on fixed vectors, is not of direct use

in the calculation of ionization cross-sections. its average,
denoted 651’:} s Over all directions of the two velocities vl and

v, is more useful, because it is a function of scalars only. The

definition of 6 efé is .
eff
(v v,) = - - - = =
172 41(v |9, "2“2‘([35:("1"'2)‘1“2 (9)
all direciions 52 .

where 52 defines the direction of ;2.

This definition holds only if the velocity distribution
of the target electron is isotropic. This condition is satisfied

in ionization experiments because the target electrons are in

random motion.

(ii) The Calculation Of Segg(vl,VQ)

It is necessary to transform the integral in the definition
of 6eff to the varia;)les ¥V and v in order to perform it. The
method whereby to do this is due to Ger,juoy12;

The integral on the right-hand side of definition (9) is
over the variable 52 and is therefore independent of 51, the

unit vector Vl/vl. This allows the definition to be written as
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Geff(vl,vz) . ggl' - %) (F1o7, e, 1 L J

"R
o ﬂﬁ el

The variables of integration are independent of the magnitudes

v, and v, o Therefore,
eff

AE = 2 . g§§v (vl,v ) zdnldn . (10)
16T v 3
iv2 nl,n
Equation (10) can be transformed by the relation ®

SSF(@’I, @’2) S(\}l— vl) 8( L92- vz)d@’ld@’z = F(vl,“va).

Thus,
£f - = X :
oIt M §E< Om 1) & (07 - v) (S, - %) Y,
1611
2 92
L}lL 2dnl 2d(9 d@' . (11)
Wherever vy and v, appeared under the integral sign, they

have been replaced by O’l and (}2. With

F( ‘&1’52) = qu(& 7(9’2’;’1,52)

32
V2

16T vi
for convenience, the integral in equation (11) is easily performed.
2 - Q& -
In equation (11), O'Id(}idnl and @2d &9’261112 define volume elements
in ‘@1 and 6—2 spaces respectively: (,Yl is a vector with the

1

of 52 and the magnitude &2' Since in terms of ¥V and V

direction of n, but the magnitude {S—l, and —(—9’-2 .has the direction

v1=7+wl=7+n_i:s_r
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(G

<l

F
[
<t
[
:!Ir—F‘ :!lru

(12)

Equation (11) is now slightly written :

o ‘ﬁ, = SM gr( TRCAR (- vl)g(&z- v )00,

The transformation of the variables from 0’1,0: , to

is via the Jacobian determinant
I CI5 1 * 1

v 27

0, 90| =7 !
fa 5 fa 3 M M
Hence
55K . g\ﬁj‘(v ) S(m v) § (- v, )awal (13)
Equations (12) give *
= (V2. hzvaose + g )%
M H2
~ ()
Gy_ = (V2 - anlvaos% + mlv )% .
M HZ

Because AE(GI'GZ) is a2 function of v, ga.nd V anly,

the integrations over the variables #, ev and C}Fv can be
performed at once. (6,%) are the angular coordinates in

V - space; while (ev, c\av) are the angular coordinates in



Vv - space. Thus
62@ = 87 ﬂfF(V.V,X)S(G’ - vl)S(C‘*- v2)v v2avavax

where x = coee » The negative sign arising from d(cose) =
- sine dg has been absorbed. by interchanging the limits of

integration. The x:elat.:mn3

{£0) Slatrew = th r(ﬂ} (15)

y=y4

facilitates the integrations over x and V. In the relation,

Yy, are the roots of g{y) = Q. For the integral over the variable

X = cos O, the function g is chosen to be (9’1 - V.. Therefore:

1
2 2. 2\=% m vV
gg = (V +2m2vi+m2v) m vV = 2 .
M n2 | M M(g(x) + vlj
The root is
2 2 2
xp= M (vy -V -myv). .
2m2vV M
At the root, the reciprocal of the derivative is Hvl .
mzvV

The identification

f(y) = SSST\lF(v,V,x) % (L9'2- v2)v2V2dvd\;

is made, and with the understanding that all values of x now

change 1o x

eff Bﬂ%v))F(v,V,x)vvg(@' (x )=v )dvdV .

Relation (15) is used again, this time in conjunction with

V and the other § -function.
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g(V) = ()’2(!1) -V
= (M_V__2 +mve - mv) )% -V, e
W m
43 - 1 .

JV 2 g V) + vy
The one root of g(V)= 0O is

= ((mlvi + mzvg - mlmzvz)/M)% .

M

With the understanding that Vi now replaces V wherever
this variable appears in the integrand,

v
eff |28
AE = 8T vlvg vF(v)dv,

vu and vL are th upper and the lower limits respectively of the

integration. Thus

eff ¥y .
AE = —2 S 25 g(V)av.

2
2vivo M
With %(?1,62) written as the sum of three terms, equat—

ion (9) can also be evaluated as three separate terms. These
terms are conveniently identified as the' 'Rutherford term® (cor-
responding to the first term of equation (4)), the'spin term'
(the second one in equation (4)) and the "recoil term’ (cor-
responding to the last term in equation (4)). Thus

69ff Alng 2(l - cos2B + DEcoee ) av
L vV

it

+

c2 rvvi

_}_S vzvz(l-cosze +AEoose ) dv :] y
2 YL /Avvi

v,
U
A dv + A P 2 2 2
ZSVL 3 [VI + V5 gv i(l - cos 93’. + AEcosei)dv
L
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where 4, = e4(1 - vi/cz) (1 - vg/cz) ,
2
vl,vz‘AE P
2
A, == 34(1 - vf/cz)( 1- vg c€)
v 2r‘ e | AE ‘
and A3 o -][34(1 - v c2)(1 - vg/bz)
\D) \AE\ 5
The Rutherford contribution to 6 ez‘é‘ 1812
lof- Do - D g iy
L U

3
where  vi = (v2 - 2Ag )? *
m -
and v}, (v + 2AE )J‘t
2

The spin contribution is

o

A2(vU - vL) .

The first term of the recoil contribution is

A0+ vo ol = AR - w2 -

cz .. W

+ (vf + vg + viz + véz )( Vg = vL) - %(vg - vg)]

because the factor under the integral sign is essentially the
8ame one as in the Rutherford contribution. The second temm of
the recoil contribution is essentially
Svaz(l - cos® 61 + MEcos el) dv .
rvv.
i
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2 2 2\%
Here, V, -(m1v1.+m2v2 -/v\;rq)
M
2
=(a-bv)%,
' 2 2
where a = mlvl + m2v2
M
b P
M .
and cosei= M (vi-vf-mgvg)
2m vV M
2 2 2
= 1 (v =v5 #(m, = m,)v
S 1 2 (1 2) ),

i M
by using the expression for Vi.

Writing cos eiz 1 (d+gv2) ,withd:vi-vg and
vV,
i

g=m - m, » the iptegral becomes
W : :

2
SVQ-V; 1- 1 (d2 + ngzd + g2v4) + AE 1 (a+ gvz)) dv
2

4.v2Vi PYs s
=1 g((g_é_E_a + 4a° - 2ga)v® ~ (¢° + b)v4 + (28 Ba - 6%))av.
4 ,A * P
Using DE = %mivf - {;mlviz , the simplifications
43.2-2gd +2A =v2+v2+v'2+v'-2

1 2 1 2 ?

F

82 +b=1,
2 p 2 2 2 2
and 2A"Ed -4 = (vl - v, )(v3" - v1%)
are easily obtained., The integration is then
2 2 2 2 3 3 5
%[(vl + Y, + 9+ V) )(vU - vL) - %._(VU - vi)
3

- 0 - D - Ay - )
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As a result, the second part of the recoil contribution is

-ﬁ}_Bvi+vg+v' + V5 )(v -v)- (vs-vz)
5 U
4c 3 >
2 2 2 2
= (v = Vo) (v = vy - VL)]’
eié is the sum of the four terms which have just been ob-
tained. It is completely defined when tne limits A and v, are
specified,

(iii) The Derivation Of The Limits

The inequality -1<cos O'41 mst hold for the polar angle
B' of n'. From equation (6),

-1<cos© - AE £ 1. .

,wV

Herefrom, interest is confined to the case AE) 0; whence
-1+AE _{_cose_élﬁo ES

er

The integration over x = cos 8 transforms the inequalities to

-1+ DE £ cosB,
rqvV - i *

and cosBi_é 1.

With the value of cos @i’ the first inequality is

-1+AEz_(v1-v2 22)
!“\VV'_ 5 2m
M

M .
2vV

On simplificztion, this yields

2 2
(V-my)m &

M

while the second Inequality gives

-
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2
(Vv + mv )

M

> v*

These two inequalities define a region in the v,V plane
over which the remaining two integrations are performed. The
relation that completes the definition of this region is

2

2 2 2
MV + ,Av =m1v1+m2v2.

It comes from energy conservation between the lab and c-m systems

or from the condition for the nonvanishing of %((}Z(xi) - va) .

The two inequalities resolve into

V2 -nva+v and

Vé-—mzv-v

M

l L] £3 k3

Since v and V are coordinates in spheirical systems, only
the first quadrant of the v,V plane is of interest. The line

Vs—mzv-v

M

l -

never passes into this region, and the last inequality is therefore
discarded. The region defined by the ellipse and the first three

inequalities is illustrated in fig.2. The points T ‘;g ’ VX. ' VS .
vac and vbc are the intersections of the curves with each other.

The limits Yy and v, are always the intersections of the ellipse

with the boundaries of the hatched region. They depend on the

particular shape of the ellipse and the intercepts and slopes of the



Q)

Case 1
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lines. Altogether, there are five different sets of limits. They
are s
Case (1): This is the one illustrated in fig. 2. Then
szvc( and VU=Vﬁ .
Solving the simultaneous system
MYZ 2 2 2 ,2 .2
+ ,AV =m1v1+m2v2=2E.—.m1vl+n2v2
- = L4
\'{ B,V = V]
M
gives the soclutions - vi + vé and - vi - vé .
-— w— ' o 1
Therefore Vy = vy = V3 vi .
The solution of the system
Hvz 2 2 2
M s A A

- P, [ ]
v m2v = vl
M

- - 4 ]
gives ‘1’8 -vU-vl +v2 .

The conditions for this pair of limits to occur are, from
the diagram, Voo 2 Vo s v5 > Ve OF quivalently, vx é._ v .

ac
v Lv .
m - 8

Case (2): This is illustrated in fig. 3. It is evident that

vV, =V, = vé - vi » Solving the system

L™ «
MV + r\v = mlvj2_+ n.zvg
V4 myv = v,
M
gives Ve =Vy =V +V, . These limits are conditional an Vacé Vs



i

Case 2




35

. 1 i L
v,b_é_ Vi3 Which canditions are equivalent to v, < vy vsé,_ Vit

Case (3): Fig. 4 illustrates this case. Vg = Vg tut vy o= vye
vy is obtained from solving the simultaneous equations
11 22

HV2+ r«v2=mv2+mv

V+m2v=vl.
M

Thus v, = V) = V, - The two limits occur if v, < vy vbcé v5 s
i L
equivalently, Voo & v? ’ vS ’4_ Vie *

-

Ccase (4): The limits, as fig. 5 shows, are now vy = vv= v, -V

- - L 1
a.ndwz = vy =V]+V, » and apply only when.vac é vf\, vbc—évﬂ 3

equivalently, the conditions are Voe £ VY and VSZ Vie®

-

Case (5): This case occurs *if the ellipse does not intersect the

hatched region; then egg = O.

The intersections v and v are
ac be

__I_’I_(Vl—vi) ’ 5

2my

v
ac

<
"

be M (vl + vi) .
21112

The four sets of conditions which determine the four sets
of limits can be transformed to equivalent conditions on A E. For

case (1), the condition vy <v,  -is
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=)2mz(v1 - v2) - Mv, _L__- vy

= vy L (m1 - 1112)vl + v, .

Squaring:

L vyl + mj - 2nm)) + dmgvy + 4mp(m) = my)vyvy

provided that (m1 - 1112)vl + 2myv,, > 0.

Therefore, with vizzvi- 2DE ’
m,
AE>4mm(mv2-mv2+(m -m,)v.v,)
Z 712Vl 22 1 2/°1°27

H2 2 2 2

provided that 2m,v, _>_ (ml - m2)v1 .

The condition Vie SVS gives

2 2
AE > doymy(myvy = mpvy - () - my)vyv, ),

M2 2 2$ 2

provided that 2m,v, }_ (m2 - ml)vl .
Since the two conditions hold simultaneously, they can be
combined into

2 2 _
BE 2> dnmy(myvy = myvy + {my = my|vyv, ) 3

M2 2 2 2

as long as 2‘“2"2 2 \ml -m, \vl .
The proion - electron case ensures that m1> m, . In con—

sequence, the condition is

AE > 4mm,y(E) - By + (m) - my)viv, ),

M2 2

provided that 2myv, D> (m:L - 1112)\'l .
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The conditions for case (2), mamely N 4 v, and ve L Voo

give

AE> 4nm)(E) - By + (my = m)vy¥, )

H2 2

DE £ 4,mlm2(E:L -Ey + (my - m,) V1V, )

M?' 2

respectively. It is clear that cases with m14m2 are excluded;

they would result in

AE > 4mlm2(El -E, + (m2 - ml)vlv2 ) and

M2 2

AE S 4!n1m2(E1 - E2 - (m2 - ml)VlV2 ) )

M2 2 .

which is not a closed region. The circumstance m1> m, makes it

superfluous to mention the condition 2m,v, + (m1 - mz)vl> 0 as

it is automatically satisfied.

For case (3), the conditions v_ é vy and v8 £ v, give
AE < 4mlm2(E1 -E, - (ml - mz)vlvzj

M2 2

and NE £ 4m1m2(E1 - B, - (m2 - ml)’\rlv2 ) .

M2 2

These conditions hold at the same time, so that

ANE £ 4m1m2( E, -E; - \ml - mz\vl\t2 ) .
M2 -2

Since m1> By this condition is

AE £ 4mlm2(E1 - E, - (m, - m,)V v, ) e
- M‘z 2
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The conditions for case (4), v ae & vrand v L Vg trans-
fom to
AE(MIZ(EI E, + (m, -m)vz) and
M2

AE> Amlnz(El - E, - (m, ml)v 5 )

M2 2

If ml> LY it is impossible to reconcile these two conditions;

this case is of no interest for protan - electron scattering.

When all the results are collected:

(l)vL=v'~v' » Vg =V

5 1 when

1 * V2
AE > damy(E) - By + (m) - my)vyvy ), ’

M2 2

as long as 2m2v2_>— (ml‘- m‘,z)vl .

(2)V = VY = V], Vy =V +V,uhen
(El E + (m = mz)v )< AE < 4m1m2(E E, - (m1 -m )vlvz)’
u? 2 w k2

(3)vL=v1-v2, ¥y =V + Yy vhen

AE < 4mmy(B) - By - (my - m))vyv, ).

M2 2
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SECTION V - THE CALCUIATION OF S g ifé("l"’z) dAE

The integral O/(vz)»z\g 6 Zfé(vl »V2)JAAE is the croes -

gection for the ejection of an electron of speed vy from its

shell, by the impact of a proton of speed v gif the limits are

X
chosen appropriately. The lower limit has to be the binding energy
of the electron, while the upper limit has to be the kinetic .
energy of the proton. This integral introduces the effect of the
target atom's other components into the cross-section, since the
binding energy of the electron is determined by the whole atom.
Since v and Vy s of uhich6 Zfé is a function, are themselves
functions of AE, the expression for (Y(vz) depends on which one of
the regions (1) to (3) of Section IV is Being dealt with. The

expressions for S(Vz) are:

Case (1): Inserting the appropriate expressions for v; and v, in

zfé and integrating over AE gives for the Rutherford term the
.14
expression
et - 3R - iR v
5 v2 AE2 =
1’2

The spin term is
I ' N
A (vé + v vy o+ vl) abe ,
AE
where A = - ;\e4 - (1 - vi/cz)(l - vg/c'?).
vlvzrk c
v, - v!
Here, gvi dAE 2vi+v11n\ 1~ "1
1 ]
AE 1tV

and the spin term is

2A(2v1' +vn

1T .vé\) .

it+tVvo
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The first part of the recoil term is

2 2, 2 2
- et (- - vyt (] + Vo) (-2vy? )
5 izv 2 2
12 c AE

The second part is, with B.= ﬁe4(1 - vf/cz)(l - vg/cz) ’

2 2
4v1v2
Bg[(v]% —Vg)(Véz - ?iz)(v -v) + (v + vg + v' + v )(v -V )
AE 3AE3

-%(vg -v2) ] ad AE.

A&’ |
. 2
[ oo P ees « wd- Dl

; AE? 2

(Y1 s M1 + 1 v]'..—vl)-g(vi+1ln»vi-vl) .
v% Ag? mlviﬁE m?l'v; vi+ vy r‘ AE mvy Vi VW

g (vi + vg + viz + véz)(vg - VIB..) d\E = 4{- (vi + 3V§)(Vi + vg) X
[V 3AE3 i . 3 2

»

V! - v

( Y14 1 0+ 1 _lnA 1" "1}) - (ml -ma)(vi + 3v§)
v;'AEq' mlviAE mivi it n [ mm,
2(v5 + v3)(3m; - my) M+ 1 "1 "))« 2(3m, - m,)
+ m m, ] 'AE l 1 vi =V mm, X
(m = m,)(2v7 + vyIn "_i_‘__‘l fk .
™2 .
-l&(vg - vz) d\E = -2{ (5v + 10v:2Lv + vL")( l + vi
S\ 3 E°
AE3 2 ]_A m leE
42 wffiT|) +a( 520 +21 )@+ vIn|i” "))
mivg VitV mg mmy -i VitV
2 ' '
4 (245(1-") -1 e 2T )}.
=2 m N nl -1v1 vi + v
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Adding the various contributions gives for the second part of

the recoil term

'5 *
2“34(1 - v%/c?’)(l - v%/cz) [(vi - vivg)( i+ N1

L 2, 2 2

szv 2 5 vy AE mlleE

1v2
t \ -
+ 11n"% 1) + 1 (1%+ 11n"§ v )(—Z‘mlvi
nivs itV m® myvy V] + V|
v‘
_'hzv *m22)+ §2v+v1n } . )(m +n1m2)]
my R

Thus,for this casey 6 (v2) is

T\’;A' (1 -—vl/c )(1 - v2/c )(=2v§ 3) - 2'ne (1 - vl/c (1 - v2/c )X

vV AEZ 2r;\ c
(2v' + vlln 11 ) ¥ 2n e4(1 - vl/ )(1 - v2/c ) -v VZ)X

v+ v _._

1t "N 3"1"2"2
'3 * = ] L ]
( 1"+ "1 + 1w~ M)+ 1 (T1+_1 lnvl-vll)X
v?DE? nvi AR vy V1Y il ommy AR mv vy
1 ] v'

(-2m v - 3mv 2, mzvz) + 22 (2vl +v;In v'l+ . )(m2 + mlmz)

5 m,m, 1 1] 5

2, 2 2, 2 2 2
- 'ne4 (1 - vl/c (1 - vz/c )(vl + vg) (-2vi3)/(3v1v2c2AE2) .
Case (2): The Rutherford contribution ist4

T\e4 ( 3 (1-"2)+ 1 (v'3 - vg - vi - v’i) )(l-vi/cz)(l—vg/cz) .
3v1v2 AE BB AE

The spin term is

Ag(vl svy = (vy - vi ))AAE

A((vl + v2)lnAE + 2v!

1
AE |
' ' -
yvinlY "Y1} — vy —v,anl¥2 7 V2 1)
v]"+v v§+v2




The first part of the recoil term is

et e (1- T e 2 - vd v v (2/8) 1/
| 5w 2 AE m, m, AR

The second part is

ng (2 = v2) (v = v (v, + v, = (v -v1))aAE

AE’
+B§(v 2 vl v? e v (v + vp)? - (v = v )?) aAE
3AE’
-BS-((V +v) - (vy - )°) dAE.
AE '
S(vi+v§+v' 33 ((vy + v,)% - (v - v1)?) ahE
3AE’ .
- %{. (W + V) (v, + v,)7 ~(m = my) vy + v,)% = (¥ + vD) X
2 AES - mm, A
[—(vg + 3vf)( oo VY . % - 9¥X
—é_—vgl&EZ vaSAE mgvg vyt Vs o M
(- %2 4 11nV§.’ )+ (v5 4 3va)( v, M L X
AE  mv, |2+ 7V, 7 viAEz mlviAE miv3

1n"i""1)+(§_-__)(\v +_11n|"1”

v! + v
1

1]
1 m, m AE myvy V] +v,y

N1 )j| - (my = my) X
o

[(vi s 3w (-T2_+ _10l%2 " V2l) 4+ (2 - _6)(2v} + v,1n|"2 T V2|)
AE m,v, vé + v, m, m Vé + Yy
+(v§+ 5v2) ("L + _1 an|" -Vl - (6 - - (v + vyn|T1 = "1)| b
E m, vy v1 + vl‘ m, m i+

- %_S[vl + v2)5 - (v} - vi)5 ] dAE =%6 (vy +¥,)°
AE? AE?
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3 '
+_l_{(-'(vg + mvivg + 5v§:)( ZVé .~ ;2 + 21 n|¥2 = V2 )
3 2 vohE®  myvoAE movs T2 * V2
(4"2 + 20(m1v - m, va) - 20v§)(-":'2 + 11n|%2 " V2]) 4 (o
E n \Z3 vé + v, 2
mz m2 B 2 »)
'3
2+ 2)(2rp + v,1n S SR} QN g G T [
T oy ne otV > 2 veAE?
v! v! - v 2 2 2 2
4 2l * 213]11 v} - vlll) + (20(m1v1 - m2v2) + 20:2.- 4\3_)
nvAE my 1T BTy B B |
(- "1- 1|1~ "L (4t 29+ 40 )(2vy + vy V1) 0 .
DE mywy |v1+ 71| “mF mg mymy VitV
2 .2
(v2 - vg)g(vé i) vy v, - vy -¥]) AAE =
AE
. .

- vg)(vg - vi)(v:L V) -2 (vi - vrg)(vl + v2) + (vi - vg) ><
2AE2 r\ AE

- (%

3 . ) 3
' ' " Yy '
(vg-vl){ 1 ( 1 4 Y1 + 1in|1 ) + (2 V2
2 2 23 v'+v 2 2
[}.E mviAE mvy 17171 vy AE
__ % e 1|ty aB oD - Y1 111”1
2 23 Ivia+ v —_— AE mv vi+ v
S AE v |27 V2 11 1t
+ vé_ 11nvé-v2 .
AE m,v, vé+v2

Combining all these terms gives the second part of the recoil

term as
wet - vi/c2)(1 - vofef)) _a (1(v5 V) = (v3v3 4 viv3))
v v 02 5 AE
P
-_ 1 (_?;(mlv - m,v ) + 1( mlv3) + ( 2v2)v v,)

mzﬁE 3



4

_+

+ 1( véa - Y2 4+ 1 %2tV )(vivg - vg) 1( vi3
5 SAEz mzvgﬁE mgvg V3 + VY, 5 vihl&‘?
+ 1+ 11| ™ vLl) (vi - vlvg) + 1 (-_2+ 1
nve B mvs i*tV1l 5 mm, AE myv,
lnvé—VZ)(-g_:}lV§+2m2V§+m1v)+ l(l + _11n l‘v1|)><
v+, =3 = 5 mm, AE mv, vi+ vll
2 v

2 2
(-Zmlvl + mvs, — mzvl) + _2_1_.5(2\!5 + V,In

' - V2 ‘) (- 2m1 ~ 10m;m,)
vyt Vv, 15 3

5 3 5 m,m,

+# _1 (2v; + viln ViV )(2m§ - 10mm,) & o
22 vi+ v
m1m2 1 1 15 3

The expression for o] (va) is therefore

T e4(§_ (vl - v2) + ___l_i(vé3 - vg - vi - v{s))(l - v.f/c2)(l - vg/cz)
jviv

- et - V38 ) - v3/e%)((vy + v BE 4 2(v) - v3)

52y o2
12
L 1
+ vyln v]; * V1| - vzln\v? ) “e4(l - vl/c )(1 - v2/c ) X
itV Va * 22

3v v 2c

=

(vi + \tg) '(_L(vl - v2) + 1 (vé3 -v) - vi - viB))
AE == = Ag°
1 2
'[\e4(1 - vi/cz)(l - v%/c2 (l(v + vs) - (v v + vsvg))
/uzvzv 2 AE
p—— (2(“'1 1~ mY Z) + -15(“‘2"; - “‘1"3) + (myvy = myv,)vyvy)

mm, AE 3
3

N \N

11}

v! v} '
( 2 - 2 &+ llnv2+v2)(vv -V4
2Npe m VQAE 243 12
v, DE Vo m

AN

2)
3 vé«rv2 —



i+ v lyd - vA?)

5

Vl +V1

)(-mv +2mzvg+m1v2)+ 1 (l

vé Y 3 3 5 mm, AE
- 2 2 2 t - v,
+ 1 In "; V1 \)(-2‘m1v1 ¥ myvy = myvy) + 21.2(2vé + vzln‘:? :2 ) x
MV, 1+ V) 3 3 5 mmg 2+t V2
'y 2
- 10mm,) + 1 (2v! + v;ln 1*%Y ) (2m) 10m1m2):% . (r7
22 vl + v
15 3 mym,, 1M1} 5 3

Case (3) : The Rutherford term is now 4
2 2
ﬁeA(l - vi/c (21 -~ v2/c2)(-2vg -6v,) .
2 -2 m, \E
3V1V2 » AE ZA

Phe spin term is 2Av21nAE . -

The recoil term is

-7 e4(1 - vi/cz) (1 -‘vi{cz) (v‘lo' + vg)(‘.?vg - 6v, ) + T\e4(l - vl/c ) ><

3viv2c2 AE® ®pAE 3v1 o
(1 - vg/ca) 2(v]2_ - vg) (=2__ - (vg - v%) ) + _2_(73 + 3v1v2) ><
R

(- (v + v2) - (2m - my)) + 1 2(10v1v2 + 20va + 2v3) } .

AE mlmzﬁE 10AE

Thus S(vz) is
T et - v3/e?) (1 - v/ (-2 - 6v, ) - 2Met(1 - V221 - va/e) )<

3v§v2 AE2 mohE vi\r?_rlzcz

vanhe + meta - vi/eha - “§’°2){( v, =203 (v + vy)
Bvivzc mzﬁE AE2



e

s

S TR A6
+2vé(vi-7§)(-2 = -(v - 1))+2(v 22)( (v§+v§)
2 NE? E
_ (e, mz))+ (10v§ v, + 2ov1 3+ 2v2)} Qg)
anAE mAE2
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SECTION VI - THE AVERAGE QF 6(72) OVER THE EIECTRON VELOCITY

DISTRIBUTION  FUNCTION

The cross - section 6 (wz) has to be averaged over the velocity
distribution function of the target electron in order to get the
ionization cross -~ sectione. This is because in practice vy is not
arbitrarily fixed, but is determined by the velocity distribution

function of the target electron. T}ms31’32
00
2
s, go 6 (vp)£(v,) 4Tiv2 av,

D
go §v,) Pvy) av, . | (19)

where P(vz) = 4T\v§f(v2) and f(v2) is the electron velocity

%
distribution function.,;Phe function f (v2~) «s % (v2)§> (v2), where
% (v,) is the solutiom, for the particular shell, of the

33

Schroedinger equatiocrr in momentum space”’”, Hartree-Fock wave —

Ed

ﬁ:u'xct.ions%’35 are the most accurate solutions, but more usually,

hydrogenic functions are used. These lead t013 »14,36
7
v

() =32 __%2 (20)
P n (vg+vg)4

>

with v =& 2nof « E, is the binding emergy of the electron.

oy

It is evident that averaging (/((VZ) over f(vz) is the second

way in wnich the mucleus of the target atom exerts an influence on
the BEA ionization cross - section. With P (vz) as in equation (20),

integral (19) is best performed numerically.
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SECTION VII - RuSULTS

In each of the formulas (16) - (18), the first term is the
uncorrected BEA cross - section, differing from that in ref., 14
only by the presence here of the relativistic mass correction
factors 1 = VZZL‘/CZ and 1 - vg/cz; the second term represents

corrections due to spih effects%6’26

and the third term arises
from recoil effects, To gauge the contribution of the recoil

term to the cross - section, two computer programmes were written.
The first one computed the uncorrected cross - section; that is,

with the recoil term left out; and the second one computed the

corrected@ cross - section., The ratio R = corrected cross-—section
uncorrected cross-—section

conveniently quantifies the recoil contri‘t;ution to the cross -
section,

The mumerical reg:.me adopted for the computation was 15 -
point Gauss - Laguerre quadrature§7 A mesure of the error involved
in the integrations was obtained from comparing the mumerically —
calculated and the exact values of various integrals over the range
(0,00). The highest error recorded was 14%. In view of the general
accuracy of Gaussian gquadrature methods, this value was taken to be
a reasonable indicator of the error. The programmes were confirmed
to contain no logical errors when the appropriate one successfully
reproduced the K = shell ionization values for Mg given in ref. 14.

The elements 'ri," Cu and Ag were chosen as test cases., The
recoil effect should be significant in all cases because of the
relatively high Z - values - 22, 29 and 47 respectively. Moreover,

the Z - value spread should reveal the way in which this effect
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varies with this parameter. For each one of these test elements,
the cross - sections were computed for a wide energy range in
arder to bring out the dependence of the effeat om proton energye.

The cross - sections are given in the tables which follow,
Though they are given to only three signifacant figures in these
tables, the value of R is calculated frem the original values
which were to 9 decimal places.

As well as the theoretical values, the experimental

values of the cross - sections are tabulated, whenever these are

available from the literature.
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A proton |uncorrected cross—| corrected cross— |experimental

energy section - section leross-section R
(kev) (barns) (barns) ' (barms)
90 0.141 0.141 1,00078!
100 { 0.194 0.195 | « 1,00073
110 0.287 0.287 100065,
120 0.408 0.408 | - 1.00058'
130 0.548 0.548 ©1.00052
140 0.699 0.699 | 1.00048
150 0.858 0.859 | 1,00045
200 2.17 2,17 ' 1.00039
300 7.94 7.94 ,, -~ 1.00032
400 19.8 19.8 ﬁ 1.00030
500 39.6 39,6 - © 1.,00027
60 | 6l 61.5 Q ' 1.00027
700 | 93.4 934 . 1.00026
g0 138 138 | ©1.00024
900 189 189 | 1.00024
1000 . 242 242 1.00023
TABLE 1

K — SHELL IONIZATION CROSS — 3ZCTIONS FQR Ti (Z = 22)
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prgton Tuncorrected cross+ corrected cross— fexperimen’t.al R X
energy section section .cross-section|
(kev) (barns) (barns) ~ (bamms) |
30 0.00509 G.80511 T 1.003%
100 0.00739 0.00741 © 1,00313
200 0.0867 0.0888 1.00117
300 0.338 0.338 | 1.00078
500 1.82 1.82 1,75 1.00059 |
625 3-89 - 3.89 3438 1,00054 |
750 6.87 . 6.88 6418 1.00052 |
875 10,2 . 10.2 9.88 1.00050
1000 15.0 . 15.0 15.0 1.00049
1250 29.1 29,1 29.8 1.00043 |
1500 45.4 5.4 48.3 1,00044
1750 6646 6646 73,0 1.00043
2000 92.7 92,7 " 98.8 1.00041
2250 121 121 o137 1.00039
2500 150 150 m 1.00036
2750 183 L1183, 210 1,00036
3000 218 218 242 1.00034
3940 . 353 . 353 - 363 1.00028
6070 " 640 640 615 1.00017
9130 919 919 875 1,00012
12210 1070 1070 . | 1,00024
18290 1114 1115 ~ 1.00088
23980 - 1066 1069 | 1.00293
30130 970 - 974 1.00453
35610 899 . 905 | 1.00636
39560 845 G ; 1.00940
TABIE 2

K — SHELL IONIZATION CROSS - SECTIONS FOR Cu (Z = 29}

The experimental values are from ref. 40



52

proton TEuncorreéted cross- corrected cross- " “experimental”
&y section | section cross-section R
(keV) (barns) | (barns) | (barns)
' ! !
100 0,00000401 | 0.00000447 ' 1.11407
200 . 0,000185 ~ 0,000188 1.01974
300 0.000983% 0.000992 1,00871
400 . 0.,00290 0.00291 1.00550
500 © 0.,00647 0.,00650 1.00378
600 . 0,0126 0.,0%27 0.0080 1.00315
800 ¢ 0,0332 0.0332 + 0,032 1.0023%5
1000 0.0745 0.0747 0.077 1.00200
1200 0.130 0,131 - 0,16 1.00181
1400 0.219 0.219 0.26 1.00170
1600 0.343% 0e343 0.40 1.00161
1800 0.484 0.485 0.57 1.00156
2000 0.652 0.653 0.80 1.00152
4000 4.81 4.82 1.00129
8000 23.7 23,7 1.00101
12000 4845 4845 1.00076
16000 12.2 T72.3 1,00053
20000 92.0 92.1 1,00039
24000 108 108 - 1.00046
28000 119 119 1.00058
32000 127 127 1.,00079
36000 133 133 1.,00194
40000 136 136 1.00267
TABLE

K - SHELL IONIZATION CROSS — SECTIONS FOR Ag (2 = 47)

The experimental valuss are fram ref. 41

S
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SECTION VII — DISCUSSION

®ables (1) — (3) in Section VII show how the recoil effect
depends on the projectile energy on the one hand and on the Z - value
of the target species on the other. At low projectile energies, the
effect is relatively large, but it decreases with increasing projectile
energy. Beyond a certain point, the decreasing trend is reversed, and
the recoil effect begins to increase with projeciile energy. This
behaviour is well exhibited in the cross - sections for the elements
Cu and Age In the examination of Ti, energiea beyond 1 MeV were not
considered, but presumably, the recoil effect reverses its
decrease with increasing proton energy beyond this value,.

The recoil effect is relatively large at low énergies of the
pxjo;_]ectle because the electrons which t.he.proton collides with have
the largest momentum and so relativistic effects are enmhanced. This
can be seen from the cross - sectiaon curve which has essentially the
shape of the velocity distribution function of the electron. Thus,
this curve has its maximum where the distribution function peaks.
This implies that low proton speeds correspond to high electron
specds, and at the lowest projectile speeds, the collisicns which
mzke the most important contribution té the croes - section are those
in which the electrons have speeds comparable to c¢. These are the
collisions in which relativistic effects, like recoil, are important.

As the projectile energy increases, the electrons that are
important in the ionigation collisions are the ones with smaller and
smaller energy. The recoil correction progressively decreases. But
the projectile momentum is increasing and therefore, after a certain
point, the recoil effect begins to increase again.

. Tables (1) - (3) reveal that for a given projectile energy, the
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recoil effect increases with Z of the target atom. Thus, at 500 keV,

R is 1.00027 for Ti, 1.00059 for Cu and 1.00378 for Ag. This dependence
on Z is even more marked at low proton energies, At 100 keV, R is
1.00073 for Ti, 1.00313 for Cu and 1.01974 for Ag. The 2 - value of

the target does not explicitly appear in the cross - section formulas
developed, but the dependence of the results on this parameter is
contained in the electron binding energy — which appers as a limit

in the integral C;(vz) and in the velocity distribution function -
which is itself a function of Z.

The recoil effect increases with Z because this parameter in-—
dicates how tightly bound K — shell electrons are: the distribution
function has higher and higher values at high electron speeds as Z
increases, Thus the comtribution of higg'energy electrons to the
ionization cross - seckion is more important.

For the elemeﬂ;s and the energjes investi.ated, the recoil
correction has a highest value of 11%, for AB at 100 keV, But at
200 keV, it has diminished to %, anﬁ its lowest value in that element
in only 0.04%. For Cu, its highest value is 0.%%, at 39.56 MeV.

The lowest value is Q.012% at 9.13 l#V, For Ti, the highest and

lowest values are 0.078% (at 90 keV) and 0.02% (at 1 MeV) respectivel;
Thus, apart from at very low projectile enmergies in high-Z elements,
the recoil efffect is very small. Just how small becomes apparent

when its extent at a given energy in one element is compared to the

value, at the same energy, of one of the corrections mentioned in the

Introduction.
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One methed of correcting the Binary Encounter Method for electron
relativistic motion is to use in place of expression (20) for the . ..
velocity distribution function a different one derived from Dirac
wvavefunctions. The Dirac functions result in a disiribution denser
at close distances to the mucleus than expression (20), and ionization
cross - Bections are increased. The ratio. of the BEA cross - section
obtained with a Dirac distribution function to that obtained with a
hydrogenic distribution function measures the correction due to these
wavefunctions., In Cu at 500 keV, this corzection16 is 8%, but the
recoil correction is only 0,06).

It is evident from the tables that the recoil ;orrection would
be significant at energies lower than thogg investigated here., However,
the Binary Encounter Model is doubiful at these energies, and me:ningful
interpretation would Pe difficult. It would however be interesiing to

extend the investigation®to higher -~ 2 elements.



56

CONCLUS ION
The recoil effect has been investigated. In the three elements
examined, it has been evident at all energies; however, its scale
is small except at low energies in high - Z elements., Since
experimental cross - sections are available to about 10% accuracy,
the recoil effect usefully modifies cross - sections only at very

low energies in high - Z elements.
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APPENDIX

COMPUTER _ PROGRAMMES
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PROGRAMME TO COMPUTE UNCORRECTED CROSS — SECTIONS

implicit double precision (a- ~h,0-2)
xa is the array containing the nodes for the 15-point Gauss-

Laguerre numerical algorithm used to perform the average of ti
energy exchange cross-section over the velocity distribution
function of the electron. The array wa contains the weights.
dimension xa(15),wa(15)
common/bl/rmp/b2/rme/b2/vp/bd/pi/b7/ebg/bS/cee/bé/rmu/b8/ap/b
rmp=proton mass,rme=electron mass,vp=proton speed,cee is the
of tight in vacuum,rmu is the reduced mass of the electron-pr
system,cm is the total mass of the electron and proton and ap
constant introduced for convenience.

rme=1, '

rmp=1838.64

pi=3.1415%

cee=137.

writing the heading. '
write(3,18)

format(4x tthenerqyr(kev),14x,22hcross-section(10-24m2))
reading the nodes and welghts from an external data file
read(l,é&){(xai),i=1,15)

read(1,8)(wali),i=1,15)

read(l,12)ebq

ebg is the electron binding energy and is in Kev.
format(4+15,12) .

format(£f15.7)

fg=1000.

fg is the unit of energy

cm=rme+rmp =

rmus=rme ¥rmp/cm - .

ebag=ebg*1000./4q

read(1,12)ep

ep is the incident electron energy in Kev

if(ep.eq.0.> go to 40

the above condition terminates the programme; the last value
proton enerqgy in the data file should therefore be 0.

tep=ep

tep stores the electron energy in its original units.
ep=ep*1000./fg :
vp=deqrt(2.%*ep/rmp)

sum=0.,

this do. loop performs the integration by the gauss-laguerre m

-do 20 k=1,15

ve=xa(k)

ve is electron speed

ee=rme¥vex*ve/2. .

ee ic electron Kinetic energy
ap=deqrt({(rme%vesvetrmp¥vp*vpd/rmuy)
a=4q,.¥rmp¥rme*¥{ep-eetvexyupx(rmp-rmed/2.)/(rmp+rme) %2
b=4.¥rmp¥rme*(ep-ee—ve¥vp*(rmp-rme)/2.)/(rmp+trme) ¥%2

a and b are enerqy pointe necessary in the determination of w
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of the three expressions for the un-averaged jonization cross
cross-section should be used for the various parameters now
obtaining. A

call dist(ve,res)

dist is a subroutine that works out values of the velocity
distribution function for given values of ve, denoted res.
the next series of statements determines which of the three c
section expressions should be used.

if¢ep.lt.a) go to 24

if(ebg.1t.a) go to 26

call fun3(ve,ebg,ep,f3)

rr=f3 ‘

rr is the ionization cross-section for a fixed electron energ
go to 28

if(ebg.1t.b) go to 30

call fun3(ve,a,ep,f3)

call fun2(ve,ebg,a,f2)

rr=f3+f2

go to 28

call fun3(ve,a,ep,f3)

call fun2(ve,b,a,f2)

call funidve,b,flb)

call funi(ve,ebg,flebg)

rr=f3+f2+f1b~flebg ) .

go to 28

if¢ep.1t.b) go to 32

if(ebg.1t.b) go to 34

call fun2(ve,ebg,ep,f2)

rr=f2

go to 28

call fun2C(ve,b,ep,f2)
call funi(ve,b,fib)
call funi(ve,ebg,flebg)

rr=f2+fib-flebg

go to 28

call funi(ve,ep,flep)

call funi(ve,ebg,flebg) s

rr=flep-flebg

sum=sum+reskrrxwa(k)*#(1.-(ve/cee) ¥%2)

;‘;2* nue e w0416 [(1,6 %1000 ) % 2
sum=(sum%gqg) *(1 .- (vp/cee) %x%2)

printing in the output file the proton energy and the ionizal
cross—-section at this energy.

write(3,38)tep,sum

format(e20.10,10x,e20.10)

go to 14

stop

end

the velocity distribution function subroutine

i e
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subroutine dist(x,y)

implicit double precision (a-h,o0-2z)
common/b4/pi/b7/eba/b2/rme

vO0=dsqrt(2.%ebg/rme)

v0 is the speed of an electron whose energy is the binding er
Y=((32./pi ) %v0*%S%x%¥x)/(VOXV0+x%x) %x%4

return

end

the exprecssion for the cross-section for case (3) (see thesi:
subroutine funld(x,y,z)

implicit double precision (a-h,o0-z)
common/b2/rme/b3/vp/b4/pi/bl/rmp/b5/cee/bé/rmu/b%/cm

Z=(pi/2. )% ( -2, ¥x*¥%2/ (y*y) =&, %¥x/(rme¥y))/(vp*yp¥x)
-pi*¥dloal(y)/({vp*rmu%cee) %¥%2)

return

end

subroutine fun2(x,y1,y2,z)

implicit double precision (a~h,o0-2z)

call ff§2(x,y1,t1)

call f£§2(x,y2,t2)

z=t2-t1

return

end

subroutine fun3(x,y1,y2,2)

implicit double precision (a-h,o0-z)
common/bl/rmp/b2/rme/b3/vp/bd/pi

bb=(rmp-rme) ®vup
aa=2.%¥rme ¥x 7
if(aa.lt.bb) go to 10
call ff§3(x,y1,t1)
call ff§3(x,y2,t2)
z=t2-t1 -

go to 12

z=0.

return

end s

the cross section expression for case (2)

subroutine fff2(x,y,z)

implicit double precision (a-h,o0-2)
common./bl/rmp/b2/rme/b3/vp/b4/pi/bS/cee/bé&/rmu/b8/cm

vpp and vep are proton and electron speeds after collision
respectively.

vpp=deqrt(up*¥up-2, %y rmp)

vep=dsqrt(x*¥x+2.%v. rme)

2=pi/ 3D ¥ (3. % (vp/rmp-x/rme)/y+(vep%¥%X3—x ¥ ¥3-ypX¥3-—ypp ¥%3)
SCyRyII (YD ERZEN)

-

2—pi*((vp+x)*dlog(y)+2.*(vpp—uep)*vp*dlog((vp—upp)/(vpp+up))
3-x¥dlog((vep=x)/(vep+x)))/((up*rmu%*cee) ¥*2%x)

return
end
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the crocss~-section expression for case (1)
subroutine fff3(x,y,z)

implicit double precision (a-h,o0-2)
common/bl/rmp/b2/rme/b3/vp/b4/pi/bS/cee/bé/rmu

vpp=dsqr t(vp**2-2.%y/rmp)

vep=dsqrt(x%¥x2+2.¥y/rme)
Z2=—(pi/3.)*¥((2.%uppXxX3)/(y¥y) )/ (vp*up*x)
1-(2,%pi/((vp¥*cee¥rmu) ¥x2%x))*(2, *vpp+dlog((up vpp)/(up+upp)))

return
end

of
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PROGRAMME TO COMFUTE CORRECTED CROSS ~ SECTIONS

implicit double precision (a-h,0-2)

wa ic the array containing the nodes for the 15-point Gauss-
Laguerre numerical algorithm used to perform the average of the
energy exchange cross-section over the velocity distribution
function of the electron. The array wa contains the weights.
dimension xa(15),wal1d)
common/bl/rmp/b2/rme/b3/vp/b4/pi/b?/ebg/bS/cee/bé/rmu/bS/ap/b?/
rmp=proton mass,rme=electron mass,vp=proton speed,cee is the sp
of light in vacuum,rmu is the reduced mass of the electron-prot
system,cm is the total mass of the electron and proton and ap |
coenstant introduced for convenience.

rme=1,

rmp=1838.66

pi=3,14159%

cee=137.

writing the heading. .
write(2,18)
+ormat(4x,1lhenergy(kev),14x,22hcross—section(10—24m2))

reading the nodes and weights from an external data file
read(1,8)(xati),i=1,13)

read(l,8)(walid,i=1,15)

read(l,12)ebg

ebg ic the electron binding energy and is in Kev.
format(4f15.12) -

format(f15.7)

fg=1000.

fq is the unit of energy

cm=rme+rmp -

rmu=rme#¥rmp/cm = *

ebg=ebqg*1000./fg

read(1,12)ep

ep is the incident electron energy in Kev

if(ep.eq.0.) go to 40

the above condition terminates the programme; the last value of
proton energy in the data file should therefore be 0.

tep=ep _

tep stores the electron energy in fts original units.
ep=ep*1000./fg :
vp=deqrt(2.*¥ep/rmp)

sum=0,

this do loop performs the integration by the gauss-laguerre met
do 20 k=1,15

ve=xal(k)

ve is electron speed

ee=rme¥ve*¥ve/2. .

ee is electron Kinetic enerqgy
ap=deqrt((rme*ve*ve+rmp*up*vp)/rmu)
a=4.*rmp*rme*(ep—ee+ue*up*(rmp-rme)/2.)/(rmp+rme)**2
b=d,xrmp*rme*(ep-ee-veXvp¥(rmp-rme)/2.)/(rmp+rme) ¥¥2

a and b are energy points necessary in the determination of whi
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of the three expressions for the un-averaged ionization cross-
cross-section should be used for the various parameters now

obtaining.

call dist(ve,res)

dist ie a subroutine that works out values of the velocity
distribution function for given values of ve, denoted res.

the next series of statementes determines which of the three cr
section expressions should be used.

if(ep.1t.a) go to 24

if(ebg.1t.a)> go to 26

call fun3(ve,ebg,ep,f3)

rr=+3

rr is the ionization cross-section for a fixed electron energy
oo to 28

if(ebg.1t.b) go to 30

call fun3(ve,a,ep,f3) .

call fun2(ve,ebg,a,f2)

rr=f3+f2

o to 28

call fun3(ve,a,ep,f3)

call funz2(ve,b,a,f2)

call funl(ve,b,fib)

call funl(ve,ebq,flebg)

rr=f3+f2+fib-flebg .

go to 28

if(ep.1t.b) go to 32
if(ebg.1t.b) go to 24
call fun2(ve,ebqg,ep,f2)
rr=+f2 s
go to 28

call fun2{ve,b,ep,f2)
call funitve,b,fib)
call funi(ve,ebg,flebg)
rr=f2+fib-flebg

oo to 28

call funlve,ep,flep?
call funi(ve,ebg,flebg) s

rr=flep—-flebqg

sum=sum+reskrr¥wal(k) (1 ,-(ve/cee) ¥%2)

continue

go= 4 -8¢xd % 1A -\b l(\-é*\oobo)k*‘z
sum=(sum#*gg)*¥(1.-(vp/cee) %x%2)

printing in the output file the proton energy and the ionizati
crose-section at this enerqgy.

write(3,38)tep,sum :

format(e20.10,10x,e20.10)

oo to 14

stop

end

the velocity distribution function subroutine

~

(X4
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subroutine disti(x,y)

implicit double precision (a-h,0-2)
common/b4/pi/b7/eba/b2/rme

v0=dsqr t(2.%*ebg/rme)

v0 is the epeed of an electron whose energy is the binding enei
y=((32./pi)%v0*x5%x%¥x)/(vO*v0+x ¥x) *¥%4

return

end

the expression for the cross-section for case (3) (see thesis)
subroutine funld(x,y,2)

implicit double precision (a-h,0-2)
common/b2/rme/b3/vp/b4/pi/bl/rmp/bS/cee/bé/rmu/b%/cm
2=(pi/3.)%( -2, %x¥%3/(y¥y)—6.%x/(rme¥y))/(vp*yp¥xx)
1-pixdlog(y)/((vp¥rmu%cee) ¥%¥2)+
2(pi/(3.%(vp%kcee) ¥x2¥%x) ) *
3(((vp**2+x**2)/cee**2)*(2.*x**S/(y*y)+6.*x/(rme*y))-2.*x*
4(vp**2—x**2)*((x**2-vp**2)/(2.*y**2)+2./(rmu*y))—2.*(x**3/3.+
5up**2*x>*((x**2+vp**2)/(y*y)+(2.*rmp—rme)/(rmp*rme*y))+(up**4*:
442 . ¥upHX2%x X %3+ x%¥%5/5.)/(y*y))

return

end

subroutine fun2(x,¥1,y2,2z)

implicit double precision (a-h,0-2)

call fff2(x,y1,t1)d .

call ff+2(x,¥2,t2)

z=t2-t1

return

end .

subroutine fun3(x,¥1,¥2,2) .

implicit double precision (a-h,o0-2)
common/bl/rmp/b2/rme/b3/vp/bad/pi

bb=(rmp—-rme) ¥vp

3a=2.¥rme*x

iftaa.lt.bb) go to 10

call FFf3<¢(x,¥1,t1)

call ff£3(x,y2,t2)

z=t2-t1 i

go to 12

z=0.

return

end

the cross section expression for case (2)

subroutine fff2(x,y,2)

implicit double precision (a-h,0-2)
common/bl./rmp/b2/rme/b3/vp/bd/pi/b5/cee/bé/rmu/bB8/cm

vpp and wep are proton and electron speeds after collision
recspectively.,

vpp=deqr t(up*¥vp-2.%y/rmp)

vep=deqrt{x*¥x+2, ¥y rme)
rzl=(pi/3.)*(3.*(up/rmp-x/rme)/y+(vep**S—x**Q-vp**S-vpp**3)
17 Cyw*®y) )/ (up¥x2%x)
2~pi§((up+x)*d!og(y)+2.*(Upp—uep)+vp*dlog((vp—upp)/(upp+vp))
3-x¥dlogl(vep—x) (vep+x)))/((up*rmu%cee) ¥*2%x) )
4—(piﬁ3.)*(3.i(up/rmp-x/rme)/y+(vep**S-x**s-vp**B—vpp**3)

Ly ) YR Ox¥¥240p¥2) /((up¥cee ) ¥%X2%X)
bi=pis{{rmu¥cee*vup) ¥¥2¥x) :
FPz2=0 (up*xS+x¥x5) /5, ~(Up*¥*¥2%x ¥ %kJ+yp X% Xx*%2) ) /(3. ¥y *y)
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rz3=-(2.%(rmp¥up%¥3-rme¥x%¥%3) /3. +(rme*VpX%X3-rmp¥x%¥%¥3) /3. +vp¥x3
1 *yp-rme¥x))/(rmp¥rme¥y)

Qz4=(uep**3/(x*y)**2-vep/(rme*y*x**2)+dlog((vep—x)/(uep+x))/(r
1 #%2%x %%3) )R (Up X)) ¥%2-x%%4/5.)/3.
rzS=(vpp**3/(up*y)**2+vpp/(rmp*y*up**2)+dlog((vp—upp)/(up+upp:
1 Crmp*%2%up%%3) ) ¥ (up%x4—(Up¥X) *¥%2) /3,
r26=(—vep/y+dlog((vep-x)/(vep*x))/(rme*x))*(—rmp*up**2/3.+2.*r
{1 %%2/3.+rmpXx*¥%¥2/5.)/(rme*¥rmp)
rz?=(vpp/y+dlog((vp—upp)/(vp+upp))/(rmp*up))*(-2.*rmp*up**2/3.
IrmeXx*¥2/3.-rme*vp*%2/5,)/(rme¥rmp)
r28=(2.*u9p+x*diog((vep—x)/(uep+x)))*(—2.*rmp**2/15.—10.*rme*
1%¥rmp/3.)/(rme¥rmp) ¥%2
rz9=(2.*upp+vp*dlog((vpp-up)/(vpp+vp)))*(2.*rme**2/15.-10*rme
{1 ¥rmp/3.)/(rme*rmp) ¥%2
2=rz1+(rz24rz3+rz44r25+rz44rz74rz8+4rz9) *¥bj

return

end

the cross-section expression for case (1)

subroutine fff3(x,¥,2)

implicit double precision (a-h,0-2) :
common/bl/rmp/b2/rme/b3/vp/b4/pi/bS/cee/bé/rmu
vpp=deqrt(up**2-2.%y/rmp)

vep=dsqrt(x*%x2+2.%y/rme)
rzl=-(pi/3.)*((2.*upp**3)/(y*y))/(oapup*x)
1-(2.*pi/((vp*cee*rmu)**Z*x))*(2.*vpp+dlog((up-upp)/(vp+vpp)))
l+(pi/3.)*((2.*upp**3)/(y*y))*(x**2+vp**2)/((up*cee)**Z*x)
bi=2.%pi/(3.%(vp*cee) ¥%X2%x) .
r22=(vp**4/5.—(up*;)**Z)*(Upp**a/(vp*y)**2+upp/(rmp*up**2*y)+
ldlog((up—upp)/(up+vpp))/(rmp**Z*vp**S))
r23=(vpp/y+dlog((vp—vpp)/(vp+vpp3)/(rmp*up))*(-2.*rmp*vp**2—3
irmexvp**2/5,.+rme*x*%2)/(rme*rmp)
rz4=2.*(2.*upp+vp*dlog((vp—upp)/(op+upp)))*(rme**2/5.+rme*rmp
1(rme%rmp) *%2

z=rz1+bj¥(rz2+rz3+rz4)

return

end
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