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ABSTRACT

In this dissertation, we present an integer-valued generalised autoregressive conditional het-
eroscedastic (INGARCH)(p, ¢) model based on the Poisson distribution. This model proves
to be effective for modelling overdispersed integer-valued time series with conditional het-
eroscedasticity. The basic properties of the model are studied, and a condition for the
existence of such a process is given. For the case p = 1, ¢ = 1, it is explicitly shown that an
INGARCH process is a standard autoregressive moving average (ARMA)(1, 1) process. An
approach for parameter estimation of the model is given using the method of conditional
maximum likelihood estimation. In cases where analytical results from the likelihood func-
tion are not found, we suggest numerical optimisation methods, particularly using the R

software package tscount.

The model is illustrated on an overdispersed integer-valued time series. Specifically, we
analyse the daily number of shares traded on the Lusaka Securities Exchange (LuSE) from
October 1, 2021, to May 10, 2022 (excluding weekends and public holidays), comprising
a total of 150 observations. This data set is publicly available on the LuSE website at
https://luse.co.zm/market-data. The empirical mean and variance of the data are 2.48287

and 5.76448 respectively, indicating overdispersion in the marginal distribution of the data.

In addition to fitting the INGARCH model, we assess its predictive performance using
one-step-ahead forecasts and compute the corresponding confidence intervals. The model
captures both the volatility clustering and the overdispersion present in the data. The

forecasts closely match the actual data, providing reliable predictions for future observations.

Keywords. Integer-valued time series; INGARCH model; heteroscedasticity; overdispersion;

one-step-ahead forecasts; predictive accuracy.
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INDEX OF NOTATION

Below is a list of symbols that will be frequently used and a brief indication of their meaning.

N the set of positive integers
Ny the set of nonnegative integers
R the set of real numbers
Q the set of rational numbers
E the expectation of a variable
GARCH generalised autoregressive conditional heteroscedastic model

INGARCH (p,q) Integer-valued GARCH process of order p, q

X



CHAPTER 1

INTRODUCTION

Time-series analysis is a popular approach for analysing data that is collected over successive
time intervals. In this approach, observations are arranged in chronological order, and the
objective is to build mathematical models that can accurately represent the underlying
stochastic process responsible for generating the data. These models not only help us
understand the causal structure of the process, but also enable us to make reliable predictions

about future behavior based on past patterns.

For a long time, time series modelling has predominantly focused on real-valued stochastic
processes. Such models have been successful in many applications, ranging from economics
to climate science. However, when dealing with data in the form of counts, known as integer-
valued time series, traditional models may fail to address the peculiarities of this type of
data.

In many real-world scenarios, data come in the form of counts, representing events or oc-
currences within specific time periods. Examples of integer-valued time series are prevalent
in diverse domains, including website visits per hour, reported monthly insurance claims, or
the number of defects in manufactured products. Due to the significant practical relevance
and widespread occurrence of such data, there has been a growing interest in developing

specialised methodologies to analyse integer-valued time series effectively.

Integer-valued time series exhibit distinct empirical characteristics that differentiate them
from their real-valued counterparts. One of the key features of count data is overdispersion,
which refers to the phenomenon in which the variance of the data is greater than the mean.
Overdispersion is frequently observed in the count data, challenging traditional models that

assume constant variance. Ignoring this characteristic can lead to unreliable results.

Another important characteristic of integer-valued time series is conditional heteroskedas-
ticity, which refers to the non-constant conditional variance over time. In other words, the
variance of the counts can change with the level of the count, introducing time-varying
patterns in the data. These dynamic volatility patterns pose further challenges for
modelling and require specialized techniques to be properly addressed. While the classical
generalized autoregressive conditional heteroscedastic (GARCH) model has been successful
in modelling real-valued time series with similar conditional heteroscedasticity, it may not
be well suited for effectively capturing the volatility patterns in integer-valued time series.

Due to its continuous nature (it is based on the normal distribution), the GARCH model



might not fully account for the discrete nature of count data, and it may result in inap-
propriate parameter estimates and inaccurate predictions. In contrast, the integer-valued
generalized autoregressive conditional heteroscedastic (INGARCH) model based on the
Poisson distribution is designed to analyze time series of counts. Basically, this model is
the generalised autoregressive conditional heteroscedastic (GARCH) model but with the
normal distribution replaced with the Poisson distribution. The Poisson distribution is a
discrete probability distribution that specifically models the probability of a given number
of events occurring within a fixed interval of time or space. Its characteristics align well
with count data, assuming independence between counts in non-overlapping intervals,
making it a natural choice for modelling integer-valued time series. Thus, the INGARCH
model can capture the unique characteristics of integer-valued time series data. Specifically,
the INGARCH model considers the conditional variance of the time series to be influenced
by the squared errors of previous observations, allowing it to account for the observed
volatility clustering in integer-valued time series data. For a broader view of this active
area of research, see [3, 1427, 32-44].

The Lusaka Securities Exchange (LuSE) is Zambia’s main stock exchange, established
in 1993 to provide a platform for raising capital through the buying and selling of shares
and other securities. It plays a vital role in the country’s financial market by facilitating
investment and supporting economic growth. LuSE is regulated by the Securities and Fzx-
change Commission (SEC) of Zambia and operates under the Securities Act, adhering to
international standards for transparency and investor protection. The exchange lists var-
ious financial instruments, including equities, bonds, and exchange-traded funds (ETF's),

offering both domestic and international companies the opportunity to raise capital.

The LuSE All-Share Index (LASI) serves as a benchmark to evaluate the performance
of listed companies and provides valuable information for investors and analysts. LuSE
contributes significantly to the Zambian economy by mobilizing savings for investment,
offering a platform for companies to access long-term financing, and promoting corporate
governance and economic transparency. However, the exchange faces challenges such as low
liquidity compared to other African stock exchanges and limited public awareness about

securities trading.

Despite these challenges, LuSE remains a critical source of financial data, including stock
prices, trading volumes, and market indices. This data is instrumental for testing financial
and economic models, providing insights into market trends, risk assessments, and investor

behaviour within Zambia’s economy.



1.1. Statement of the problem

A commonly used model for overdispersed time series with conditional heteroscedasticity
is the classical GARCH model. One limitation of this model is that it is based on a
continuous distribution (the normal distribution), and this can lead to poor performance in
the case where the data is integer-valued and scanty. In this dissertation, we address this
limitation by proposing an integer-valued GARCH model based on a discrete distribution

(the Poisson distribution) for this type of data.

1.2. Aim of the study

To present a Poisson INGARCH model for the effective modelling of overdispersed

integer-valued time series data with conditional heteroscedasticity.

1.3. Research Objectives

(i) To formulate a Poisson INGARCH model and establish its basic properties/proofs
behind the INGARCH model .

(ii) To give an approach for parameter estimation of a Poisson INGARCH model.

(iii) To illustrate the INGARCH model on an overdispersed integer-valued time series data.

1.4. Research Questions

(i) How can we formulate a Poisson INGARCH model and what are its basic properties?
(ii) How can estimate the parameters of a Poisson INGARCH model?

(iii) How can we illustrate the INGARCH model on an overdispersed count time series?

1.5. Significance of the Study

The study provides an effective tool for modelling overdispersed integer-valued time series

data with conditional heteroscedasticity.

1.6. Literature Review

Time series of counts are commonly observed in real-world applications. This has led to

a number of time series models being proposed to describe the marginal distribution and



autocorrelation structure of this type of data, see [2, 19, 21, 24, 30].

The Poisson integer-valued GARCH (PIGARCH) model is a time series model that is used to
model the conditional variance of a sequence of integer-valued random variables. The model
was first proposed by Linton and Terrell [38] as an extension of the GARCH model to model
count data. The PIGARCH model is based on the assumption that the conditional variance
of the next observation in the sequence is a function of the squared errors of the previous
observations. The Poisson distribution provides a standard framework for the analysis
of count data, but the requirement that the variance should equal the mean is often too
restrictive in practice. Frequently data are overdispersed, with the variance greater than the
mean. Most literature on integer-valued models take as reference the modelling by the real-
valued stochastic processes, namely the autoregressive moving average (ARMA) evolution.
One of these approaches was proposed by Jacob and Lewis [9] who developed a discrete
ARMA model using a mixture of a sequence of independent and identically distributed
discrete random variables. Another way of obtaining models for integer-valued data involves
replacing the usual multiplication in the standard ARMA models by a random operator,
which preserves the discreteness of the process. This operator was introduced in [13] as
the binomial thinning and leads to the family of integer-valued ARMA models. WeiB [14]
provides a more recent review of a broad variety of such thinning operations. Alternatively
to the thinning operator, Kachour et al. [10] used the rounding off operator to the nearest
integer to introduce the rounded integer-valued autoregressive model. Some integer-valued
bilinear models have been also introduced in [2, 3]. Taking into account of conditional
heteroscedasticity, Heinen [8] defined an autoregressive conditional Poisson (ACP) model
by adapting the autoregressive conditional duration model of Engle and Russell [4] to the

integer-valued case, assuming a conditional Poisson distribution.

This model has already received considerable study in the literature. In particular, it has
been presented by Heinen [40] a first-order stationarity condition of the model for any or-
ders p and g, and the corresponding variance and autocorrelation function for the particular
case p = ¢ = 1. Ferland et al. [25] extended the studies of this model establishing a condi-
tion for the existence of a strictly stationary process which has finite first and second-order
moments and deduced the maximum likelihood parameters estimators. They also stated
a condition under which all moments of an INGARCH(1,1) model are finite. Fokianos et
al. [26] considered likelihood-based inference when p = ¢ = 1 using a perturbed version
of the model. Weif [43] derived a set of equations from which the variance and the auto-
correlation function of the general model can be obtained. Neumann [56], Davis and Liu
[16] and Christou and Fokianos [13] discussed some aspects related to the ergodicity. For
the INARCH(p) model, Zhu and Wang [45] derived conditional weighted least squares es-
timators of the parameters and presented a test for conditional heteroscedasticity. Given
the simple structure and the practical relevance of the INARCH(1) process, Weif3 [43, 44|



studied its properties in more detail. He Characterised the stationary marginal distribution
in terms of its cumulants, showed how to approximate its marginal process distribution via
the Poisson-Charlier expansion and calculated its higher-order moments and jumps. He
also provided a conditional least squares approach for the estimation of its two parameters
and constructed various simultaneous confidence regions. Because of its analogy with the
standard GARCH model introduced by Bollerslev [1] in 1986, Ferland et al. [5] suggested

to denominate these models as integer-valued GARCH.

Bagestani et al. [2] used the PIGARCH model to model the volatility of stock prices in
the Iranian stock market. They found that the model was able to capture the volatility

clustering and heteroscedasticity that is often observed in stock prices.

Zhang et al. [33] used the PIGARCH model to model the volatility of exchange rates in
the Chinese foreign exchange market. They found that the model was able to capture the

volatility clustering and heteroscedasticity that is often observed in exchange rates.

Chen et al. [4] used the PIGARCH model to model the volatility of insurance claims in the
United States. They found that the model was able to capture the volatility clustering and

heteroscedasticity that is often observed in insurance claims.

These studies have shown that the PIGARCH model can be a useful tool for modelling the

volatility of a variety of time series data.

1.7. Research Methodology

The formulation of our model is inspired by the definition of the standard GARCH model.
In the GARCH model, the conditional variance is expressed as a linear function of the
squared past values of the series. This particular specification captures the main stylized
facts characterizing integer-valued series. At the same time, it is simple enough to allow for a
complete study of the solutions. To ensure the existence of a weakly stationary solution, we
introduce two polynomials in the backshift operator and ensure that their roots lie outside

the unit circle.

The model is constructed by successive approximations, as an almost sure limit of a sequence
of independent and identically distributed Poisson random variables. The sequence itself is
obtained through a cascade of thinning operations. Strict stationarity and other relevant
probabilistic properties of the building sequence (and thus of the process) are shown using

probability generating functions.

The estimation procedure for the parameters is analogous to the one used for the traditional
GARCH model (conditional maximum likelihood estimation). In the case that analytical

results from the likelihood function cannot be found, we use numerical optimisation methods



to find out the optimal values of the parameters. In particular, we utilise a faster and more

flexible method based on the R software package tscount to estimate the parameters.

The model is illustrated on an overdispersed integer-valued time series. In particular, we
study the daily number of shares trading on the Lusaka Securities Exchange (LuSE) from
October 1, 2021 to May 10, 2022 (except for weekends and public holidays), giving a total
of 150 observations. This is part of the data set given on the LuSE website and is available
for download at https://luse.co.zm/market-data. The empirical mean and variance of the
data are 2.48287 and 5.76448 respectively, indicating that the true marginal distribution of

the data is indeed overdispersed.
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1.8. Organisation of the dissertation

The rest of the dissertation is organised as follows;

Chapter 2. In this chapter, we provide the necessary preliminary information required to
comprehend the content discussed in this dissertation. The style here is deliberately tense,

since this chapter is intended as a reference rather than a systematic exposition.

Chapter 3. In this chapter we present a Poisson integer-valued generalized autoregressive
conditional heteroscedastic model (a Poisson INGARCH model) and its basic properties.
In the first section, we define the process and give a necessary condition for its existence.
The second section briefly discusses the construction of the process. In the third section, we
check for almost sure convergence of the building sequence Xt(") of the model. In the fourth
section, we discuss stationarity of the process. The fifth section discusses the concept of
mean-square convergence of Xt(n) while the sixth section looks at the conditional law of the
actual process. The last section looks at a particular case of the model, the INGARCH(1,1)

process.

Chapter 4. This chapter, looks at the estimation procedure for the parameters of the
INGARCH model. In particular, it shows that analytical estimates from the likelihood
function cannot be found. Therefore, the chapter suggests the use of numerical optimisation

methods. In particular, the R software package tscount.

Chapter 5. In this chapter, we illustrate the INGARCH model on an overdispersed integer-
valued time series real data with conditional heteroscedasticity. That is, we study the daily
number of shares trading on the Lusaka Securities Exchange (LuSE) from October 1, 2021 to
March 10, 2022 (except for weekends and public holidays), giving a total of 150 observations.

Chapter 6. In this chapter, we delve into the core of our research findings, meticu-
lously analysing the integer-valued generalised autoregressive conditional heteroscedastic
(INGARCH) process. The chapter serves as the focal point where we unravel the intricacies
of our model. Through a comprehensive exploration of its theoretical underpinnings, esti-
mation techniques, and practical applications, we aim to unravel the complexities of this

model and shed light on its relevance in overdispersed integer-valued time series analysis.

Chapter 7 In this final chapter, we summarise the main findings of our research and
underscore their implications. We offer concrete recommendations based on our insights
to guide future actions and initiatives. Ultimately, this chapter serves as a blueprint for

leveraging our findings to enact positive change in the relevant domain.



CHAPTER 2

PRELIMINARIES

In this chapter, we provide the necessary preliminary information required to comprehend
the content discussed in this dissertation. The style here is deliberately terse, since this

chapter is intended as a reference rather than a systematic exposition.

2.1. Convergence in probability theory

2.1.1 Modes of convergence
There are several modes of convergence in probability theory. We discuss four of them here.

Definition 2.1.1. The sequence of random variables X,, converges almost surely (a.s.) to

the random variable X as n — oo if and only if
PHw: X, (w) = X(w) as n — oc0}) = 1.

Notation: X,, == X as n — oo.

Definition 2.1.2. The sequence of random variables X, converges in probability to the

random variable X as n — oo if and only if, for all € > 0,
P(|X,—X|>¢€) —0asn— 0.

Notation: X,, Lo X asn — .

Definition 2.1.3. The sequence of random variables X,, converges in r-mean to the random

variable X as n — oo if and only if
E|X, —X|"— 0 as n — 0.

Notation: X,, = X asn — oo.

Definition 2.1.4. The sequence of random variables X,, converges in distribution to the

random variable X as n — oo if and only if
Fx, (x) = Fx(x) asn — oo for all x € C(Fy),

where C(Fx) = {z : Fx(z) is continuous at x} is the continuity set of Fx.



Notation: X, %X asn — oo.

Remark 2.1.1. When dealing with almost-sure convergence, we consider every w € {2 and
check whether or not the real numbers X,,(w) converge to the real number X (w) as n — oc.
We have almost-sure convergence if the w-set for which there is convergence has probability
1 or, equivalently, if the w-set for which we do not have convergence has probability 0.
Almost-sure convergence is also called convergence with probability 1. This convergence is

equivalent to almost everywhere convergence in Lebesgue measure.

Remark 2.1.2. Convergence in 2-mean (r = 2 in Definition 2.1.3) is usually called conver-

gence in square mean (or mean-square convergence).

Remark 2.1.3. Note that in Definition 2.1.4, the random variables are present only in terms

of their distribution functions. Thus, they need not be defined on the same probability space.

Remark 2.1.4. We will permit ourselves the convenient abuse of notation such as X, 4,
N(0,1) or X, 4 Po(\) as n — oo instead of the formally more correct, but lengthier
X, % X asn — 1, where X ~ N(0,1), and X, 4 X asn — 00, where X ~ Po(\),

respectively.

Remark 2.1.5. One can show that a distribution function has at most only a countable
number of discontinuities. As a consequence, C'(Fy) equals the whole real line except,

possibly, for at most a countable number of points.
We end this section with some examples.

Example 2.1.1. Let X,, be a random variable with support on the interval (—%, 1), and
assume that X, has mean E[X,] = 1 and variance Var(X,) = 1. Show that X, = 1 as

n — 00.
Solution:

We want to show that X, converges to 1 in probability, i.e., for all € > 0,

P(lX,—1>¢) —0 as n— oo.

First, by assumption, F[X,] =1 and Var(X,,) = % Now, applying Chebyshev’s inequality,

we have:
< Var(X,) 1/n 1

- 2

P(|X, —1] > ¢)
€

€2 ne
As n — 00, we see that
1
P(X,—-1>¢ <— —0.
(1%~ 11> < —

Therefore, X,, > 1 as n — o.



Example 2.1.2. Let X3, X5, ... be independent random variables with common distribution

function

1—(1)/\, forx >1,A >0,
F(x) = v

0, otherwise.

Define Y,, = n=1/*. maxi<i<n Xk, 7 > 1. Show that Y,, converges in distribution as n — oo,

and determine the limit distribution.
Solution:

To solve the problem, let’s first compute the common cumulative distribution function
(CDF) for the random variables X;. We are given that:

T

Flz)=1— (1)A for & > 1.

The corresponding probability density function (PDF) is:

d A
f(x)=—F(z) = prvs for z > 1.

1/

Now, we consider Y,, = n="/* - maxj<x<, X;. We want to find the limiting distribution of

Y,, as n — oo.

The CDF of Y,,, denoted as Fy, (x), is the probability that Y,, < x, which is the same as:

P&%(lﬂ ::})(}% f;aﬂ =P (Tr_l/A' max )(k f;:t) .

1<k<n

This can be rewritten as:

Fy, (x)=P <max X < nl/’\~x> :

1<k<n

Since the X} ’s are independent, we have:

Fy, (z) = HP(Xk < nl/’\~x) = [F (nl/)"x)]n.

Using the form of F(x), for n'/* - 2 > 1, we get:

F(n'*.2)=1- <L>A=1— !

ni/x. g n-ar

Pt (11"

10

Thus, the CDF becomes:




Now, take the limit as n — oo. Using the approximation (1 — n;)n ~ e 1" for large n,

we have:

Fy (z) > e/ as n— .

Therefore, Y,, converges in distribution to a random variable with CDF"

Fy (@) e Ve for x> 1,
y(T) =
0, otherwise.

Example 2.1.3. let X;, X5, ... be a sequence of i.i.d. random variables with mean p and

finite variance o2 and set S,, = X; + Xy + ...+ X,,, n > 1. The law of large numbers states

that s
P(‘—n—u >e)—>0asn%ooforalle>0,
n
that is,
Snp
— = pasn — oo.
n

The proof of this statement under the above assumptions follows from Chebyshev’s inequal-

ity:
(

2.1.2 Uniqueness of convergence

Sy o?
— —u| >e€ §—2—>0asn—>oo.
n ne

We present a result which states that convergence is unique. In other words, that the limiting
random variable is uniquely defined in the following sense: If X,, — X and X,, — Y almost
surely, in probability, or in r-mean, then X = Y almost surely, that is, P(X =Y) =1
(or, equivalently, P({w : X(w) # Y (w)}) = 0). For distributional convergence, uniqueness
means Fx(z) = Fy(z) for all z, that is, X Ly.

Proposition 2.1.5. Let X1, Xs,... be a sequence of random variables. If X, converges
almost surely, in probability, in r-mean, or in distribution as n — oo, then the limiting

random variable (distribution) is unique.

2.1.3 Relations between the modes of convergence

The obvious question is whether or not the modes of convergence we have introduced really
are different and if they are, whether or not they can be ordered in some sense. The following

result summarises these notions.

Proposition 2.1.6. Let X and X1, Xo, ... be random variables. The following implications
hold as n — oo:

11



¥ 1
X, )Y = X, 25X = X,5X

fr
X, — X.

Note that all implications are strict. However, convergence in probability and convergence
in distribution are equivalent if the limiting random variable is degenerate. Finally, the
concepts a.s. convergence and convergence in r-mean cannot be ordered; neither implies the
other.

2.2. Thinning operations

Consider the first-order autoregressive (AR(1)) model given by
Yi=a Y1 +e,

where « is a parameter and ¢; are some random innovations. This model cannot be applied
to count processes. Even if the innovations ¢, are assumed to be integer-valued with range
Ny, the observations Y; would still not be integer-valued since the multiplication “a-” does

not preserve the discrete range (the so-called multiplication problem).

2.2.1 Binomial thinning operator

A way of avoiding the multiplication problem, as described above, is to use the probabilistic
operation of binomial thinning, sometimes also referred to as binomial sub-sampling. If X

is a discrete random variable with range Ny and if a € (0, 1), then the random variable

X
aoX = ZZZ
=1

is said to arise from X by binomial thinning, and the Z; are referred to as the counting

series. They are i.i.d. binary random variables with

which are also independent of X. So by construction, o X can only lead to integer values
between 0 and X. The boundary values @ = 0 and @ = 1 might be included in this definition
by setting 0 o X := 0 and 10 X := X. Since each Z; satisfies Z; ~ Bin(1, «), and since the
binomial distribution is additive, & o X has a conditional binomial distribution given the

value of X; that is, a0 X|X ~ Bin(X, «). In particular, using the law of total expectation,
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it follows that
Elao X] = E[E[ao X|X]] = E[a - X](= ap).

So the binomial thinning o o X and the multiplication « - X have the same mean, which
motivates us to use binomial thinning within a modified AR(1) recursion. However, they
differ in many other properties; in particular, the multiplication is not a random operation.

As an example, the law of total variance implies that

Vieo X] = VI[E[ao X[X]] + E[V]a 0 X|X]]
=V]a-X]+ Ela(l — a) - X](= a?0® + a(l — a)u),

so we have V]a o X| # V]a - X|. For the interpretation of the binomial thinning operation,

we consider the following example:

Example 2.2.1. Consider a population of size X at a certain time ¢. If we observe the same
population at a later time, £ 4 1, then the population may have shrunk, because some of the
individuals had died between times ¢ and ¢ + 1. If the individuals survive independently of
each other, and if the probability of surviving from ¢ to t 41 is equal to « for all individuals,

then the number of survivors is given by a o X.

Using the random operator “o”, the integer-valued AR(1) process can be defined as below:
Definition 2.2.1. Let the innovations (¢)ien be an i.i.d. process with range Ny, denote
Elei] = pe, Vel = 02, Let a € (0,1). A process (Xy)ien, 0f observations satisfying

Xy =aoX; | +¢y,

is said to be an integer-valued AR(1) process (INAR(1) process) if all thinning operations
are performed independently of each other and of (&;)ien, and if the thinning operations at

each time t as well as €; are independent of (X)s<t.

Note that it would be more correct to write “o,” in the above recursion to emphasize the
fact that the thinning is realised at each time ¢ anew. However, for the sake of readability,

the time index is avoided.

The INAR(1) recursion of Definition 2.2.1 can be interpreted as follows:

X, = aeoX, + g .
—— —— ——
Population at time ¢t  Survivors from time f—1  Immigration

The INAR(1) process is a homogeneous Markov chain with 1-step transition probabilities:
pk;” = P(Xt = k|Xt_1 = l)

13



_ iﬂ (i) o'(1 = )= P(e, = k— i)

For conditional mean and variance, we have:
EXy| X =a- X1 + pe
VIXi| Xi 1] = a(l —a) - Xy + 02

which are both linear functions of X;_;.

2.2.2 Alternative thinning concepts

The idea behind a thinning operation (and the related time series models) can be modified
in diverse ways. Such modified thinning concepts allow for different stochastic properties
and alternative interpretation schemes. We shall pick out two of these alternative thinning

concepts here, but many further approaches are described in Weif [43].

The generalised thinning operation is given by

X
a-B-X =Y 7 with a€(0,1) and 3 >0.

j=1

where the random variables Z; (counting series) are allowed to have the full range N instead
of only {0,1}. Here, the Z; are required to have mean a and variance /5. Since now the
Z; may become larger than 1, the interpretation of INAR(1) as “survival indicators” is no
longer appropriate, but they can be understood as describing a reproduction mechanism.
Z; might be the number of children being generated by the jth individual of the population
behind X. Using their generalised thinning operation, the INAR(p) model can be extended
as below:
Xi=ar-B1-Xpa+ -+ oy By Xy + 6y,

where again the condition a- = Z§:1 a; < 11is assumed. In this model, a time index for
the thinning operations is omitted for the sake of readability, but it is understood that all

thinnings are performed independently.

Another family of thinning operations assumes the counting series to be Bernoulli dis-
tributed, but now the thinning probability « is allowed to be random itself. The resulting
thinning operation is then called random coefficient (RC) thinning, and it has been applied

in the context of count time series modelling. As a specific instance, we consider the case
1 —

where a¢ follows the BETA (1 — 0, 7¢) distribution with «, ¢ € (0,1); that is, where

Elag¢] = a and 02 := V]ag¢] = ¢a(l —a). Then the conditional distribution of ago X given

14



X is a beta-binomial distribution, and the thinning operation is referred to as beta-binomial
thinning accordingly. A counterpart to the INAR(1) model using a general random coeffi-
cient thinning operation “a;0” (that is, where the distribution of o on [0, 1) is only required
to have mean « and a certain variance o2, but is not further specified). The RCINAR(1)
model is defined by

X =op 0 Xy g + 5.

While the (conditional) mean and Autocorrelation Function (ACF) remain as in the
INAR(1) case, the effect of the additional uncertainty manifests itself in the (conditional)
variance:

VIXi| Xia] = 00 (X701 — Xeo1) +a(l — @) Xy + 02,

2
0? = VIX)] = p(1 = a®) + (n—Dog + (1 - a) <% - 1> (1-a%) —ag.
Note that V[X;| X;_1] is a quadratic function of X;_;, and the observations are overdispersed

even if the innovations are equidispersed.
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CHAPTER 3

STRUCTURE OF THE PROCESS

In this chapter we present a Poisson integer-valued generalised autoregressive conditional
heteroscedastic model (a Poisson INGARCH model) and its basic properties. In the first
section, we define the process and give a necessary condition for its existence. The second
section briefly discusses the construction of the process. In the third section, we check for
almost sure convergence of the building sequence Xt(") of the model. In the fourth section,
we discuss stationarity of the process. The fifth section discusses the concept of mean-square

)

convergence of Xt(n while the sixth section looks at the conditional law of the actual

process. The last section looks at a particular case of the model, the INGARCH(1,1) process.

3.1. INGARCH(p, q) process and a necessary existence condition

In this section we define a possion INGARCH(p, ¢) process and then give a necessary con-
dition for the existence of such a process. A defintion of the classical GARCH(p, q) is also

given and the two processes are contrasted in terms of how they are formulated.

Definition 3.1.1. An integer-valued generalised autoregressive conditional heteroscedastic

process of order p,q, abbreviated INGARCH(p, q), is an integer-valued process X; such that:

1. The conditional distribution of X; given its past information up to time t —1 (denoted by
Fi—1 and commonly called the natural filtration of X;) is given by the Poisson distribution
with parameter Ay, P(\), for allt € Z.

2. The values of \; are determined recursively by the relation:
q P
At ="+ Z ViXi—i + Z 0 M—j, (3.1)
i=1 j=1

where v9 >0, v, =20 fori=1,...,q, and 6; =0 for j =1,...,p.

Basically, the first part of this definition tells us that this type of an integer-valued process
follows the Poisson distribution with parameter A\;. The second part shows that the pa-
rameter ), is calculated using a linear combination of the previous ¢ values of X; and the

previous p values of )\, with specific coefficients ~; and ¢;.

An important point to highlight is that an INGARCH(p, q) process is an integer-valued
counterpart to a GARCH(p, q) process. The GARCH(p, ¢q) process is defined below.
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Definition 3.1.2. A generalised autoregressive conditional heteroscedastic process of order
p,q, abbreviated GARCH(p, q), is a process X; such that:

1. The conditional distribution of X, given its natural filtration F;_1 follows the mormal

distribution with mean 0 and variance o} for allt € Z

2. The values of the variance o2 are determined recursively by the relation:

q p
O'tQ =Y + Z ’YiXt—z‘ + Z (SjO'tQ_j, (32)
i=1 7j=1

where v9 >0, v, =20 fori=1,...,q, and §; =0 for j =1,...,p.

In contrast to a GARCH(p, q) process, an INGARCH(p, q) process involves Poisson ran-
dom variables whose conditional mean (which is also the conditional variance) depends on
both the past values of the series as well as on its own past values. This feature of an
INGARCH(p, q) process addresses in a meaningful way the issue of heteroscedasticity for
a given data set. Furthermore, we observe that an INGARCH(0, q) process is essentially
equivalent to an ARCH(q) process, which only considers the past values of Xj.

In the following proposition, we establish a necessary condition on the parameters of the
model to ensure that the process is a second-order stationary (weakly stationary) process.

To achieve this, we introduce two polynomials D and G given by

DB)=1-86B—--—6,B"
G(B) =B+ + 7,8,

where B is the backshift operator. Furthermore, we assume that the roots of D(z) = 0 lie
outside the unit circle, which is equivalent to saying that D(1) = ?:1 9; < 1 for a non-
negative §;. Under this assumption, the operator D(B) has an inverse denoted by D~*(B),

and we can express the parameter )\; as
M =D (B) (v +G(B)X;) =D (1) + H(B)X,, (3.3)
where

H(B)=G(B)D™Y(B) = ijBj.

The coefficients 1); are given by the power expansion of the rational function G(z)/D(z) in
the neighbourhood of 0. In the following, we denote the polynomial D(B)—G(B) by K(B).

Proposition 3.1.3. For a second-order stationary process {X;},., to satisfy (8.1) it is
necessary that K (1) = D(1)—G(1) > 0 or equivalently that 0 < 61+ - -+ Sp+71+- - -+7, < 1.
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Proof. Let v; be the coefficient of 27 in the Taylor expansion of G(2)/D(z), that is,

G(z) . omE Rt
D(z)  1—=61z2—--—3,2P

= o+ U1z + ha2’ + -

We can then calculate the mean p of the process {X;},., as follows:

E(E(X:|Fi—1)), by the tower law
E(

At), since X;|F; 1 is Poisson distributed with parameter \;

E[yoD (1) + Z Y; Xi—;], by equation 3.3
=D~ (1) + Z U E[X -]
j=1

=D (1) + Z Y;p, since X, should be second-order stationary
j=1

=D (V) +u) Yy
j=1

=D (1) + uD ' (1)G(1), by assumption.

Now, solving for pu:
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_ %D~H(1)
1— D(1)G(1)
YD~ (1)
F=DOD1(1) - ()G
_ %DH(1)
D-1(1)(D(1) - G(1))
Yo
=D —acO)
o 0
S T . ettt
N Y0
: L= 0= >0
_
PR
p="70K""(1)

In light of the above, the parameters 6;,7 =1,...,p and v;,7 = 1,..., g of the non-negative

integer-valued process {X;},., must satisfy necessarily the condition:

P q P q
1— 251» — Z% > 0, or equivalently, 0 < 251» + Z% <1, (3.4)
i=1 i=1 i=1 i=1
as required, and the proof is complete. [

3.2. Construction of the process

The construction of the INGARCH process involves iterative approximations. Consider a
sequence {U; }1cz of independent Poisson variables with a common mean 1y = 70/D(1). For
ecach t € Z and i € N, let Z;; = {Z;, ;},en represent a sequence of independent Poisson
variables with a common mean ;. It is assumed that all variables Us, Z; ;, (s € Z,t € Z,i €
N, and j € N) are mutually independent. Using these variables, the building sequence Xt(n)
of the INGARCH process is then defined as follows:

0, n <0,
XM =3u, n=0, (3.5)
n X('”*l)
Ut + Zi:l j:t? Zt—i,i,ja n > 0.
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) converges almost surely

The aim here is to show that as n — oo, the building sequence Xt("
to the INGARCH process X; (this is Proposition 3.3.1), and the resulting process {X; }ez

satisfies (3.1).

Remark 3.2.1. It is essential to note that, for each t € Z, there exists a random variable
Uy, and for each (t,1) € Z x N, a sequence of independent and identically distributed Poisson

random variables with parameter v; is available, denoted as Z;,; = {Z;, ; }jen.

The limiting process {X;} will prove to be a strictly stationary process as a consequence of
Proposition 3.4.2, in which it will be established that for any fixed n, {Xt(n)}tez is strictly
stationary. To do so, we will first show that Xt(") can be obtained through a cascade of
so-called thinning operations on a random variable using a sequence of independent and
identically distributed Poisson random variables, which is defined as follows: Given a non-
negative integer-valued random variable W and an independent sequence of independent and
identically distributed {V;};en Poisson random variables of common mean 1), the ’thinned

random variable,” 1) o W, is defined as:

boly STV, W >0
O =

0, otherwise.

Remark 3.2.2. Using the thinning operation, Xt(") admits the representation

X0 3 o X0, 0 59
=1

In this representation, wi(T)o indicates that the Poisson random variables with common mean
1; involved in the thinning operation correspond to time 7. n the present case, the sequence
Z,; ={Z;;;}jen). This representation shows that Xt(") is obtained through a cascade of

thinning operations along the sequence {U, };ez. For instance, we have
Xt(l) =U; + @/JY_U o Ui
X Ui+ 9™ o Vg + 9 o (Ui +9{ 7 0 Us)
Xt(s) =U; + ¢§t_3) oUp3+ ¢§t_2) o <Ut72 + ¢§t_3) o Ut—s)

P 0 (Ui + 04 0 Uy + 042 0 (Uica + 0 0 Uy ]

For any value n, the sequence Xt(n) can be expanded in the above way, a fact that will be

used in the proof of Proposition 3.3.1 in the next section.
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3.3. Almost sure convergence of Xt(n)

In this section we check for the almost sure convergence of the building sequence Xt(n) of
the model. We first note that the expectation and the variance of Xt(n) are well defined
because Xt(n) is a finite sum of independent Poisson variables. Furthermore the expectation

E [Xt(")] does not depend on ¢ but just depends on n and will thus be denoted by p,,. Now

using the fact that pu, = 0 if £ < 0, we can express the expectation E [Xt(")] as

O R
=D E| D Zeiin| + D7 (1)
i=1 k=1

= Yittn-i + D (1)70- (3.7)
=1

The last equality can be written as:
pn = H(B)pn + D (B)y0

and rearranging gives
D(B),un = G<B>Mn + Y

from which we deduce that
[D(B) — G(B)|ptn = K(B)ptn = %0

The last equation indicates that the sequence {u,} satisfies a finite difference equation
with constant coefficients. Note that the characteristic polynomial of this finite difference
equation is K (B) and all its roots are outside the unit circle if K (1) > 0 (see proposition
3.1.3). Finally, for a fixed value of ¢, the sequence {Xt(n)} is a non-decreasing sequence of

ne”L
non-negative integer-valued random variables which can be shown by induction with respect

ton as
n+l—i
Ut—n-1 n Xt(fi )
(n+1) (n) _
X - X = E Zt-n-1n+1j t E E Zi—iij = 0.
j=1 i=1 j_x (=i

We are now ready to present our main results of this section in the form of a proposition.

Proposition 3.3.1. If K(1) > 0 then the sequence {Xt(n)} has an almost sure limit.
neN

Proof. Proof. Let (2, F,P) be the common probability space on which the relevant random

variables are defined. Since X ;") is a non-decreasing sequence of nonnegative integers, for
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all w € €, we have
lim Xt(n)(w) = Xy,

n—o0

which is either finite or infinite. The set

oo o0

A ={w: Xi(w) = 00} = ﬂ U A, = limsup A,

n=1k=n

is of probability zero, where for n > 1,

A, = {w XM (W) = X"V (W) > o} .

On the one hand, we have

oo

B0 - X0 2 3o s X0 - X =k = Pridl),

k=

while on the other hand, we have
B [Xt(n) _ Xt(n_l)i| =l — fhn1 = Un.

The sequence {v,} satisfies a homogeneous finite difference equation with a characteristic
polynomial, namely K (B), that has all its roots outside the unit circle. The sequence {v,},
tends towards zero with a geometric rate as n — oco. In other words, there exist a constant
M > 0 and a constant 0 < ¢ < 1 such that v, < Mc". This implies that

ZPr{A } < Zvn MZC” < 0.

It therefore follows from the Borel-Cantelli lemma that Pr {4, } = 0, which shows that the

sequence {Xt(")} converges almost surely to the INGARCH process X; [
neN

3.4. Stationarity of the INGARCH process X;

In this section, we prove that the INGARCH process X; is strictly stationary. In view
of Proposition 3.3.1, this will be proved if we can prove that for any fixed value of n the
building sequence {Xt(")} of X, is a strictly stationary process. To do so, we use the concept

of probability generating functions, whose definition is given below.

Definition 3.4.1. Consider a random vector W with non-negative integer-valued entries,

and let p(W) denote its probability mass function. The probability generating function of
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W is given by:
k

gw(s) =E [s‘fvl o skW’“] = Z p(w) HS;Ui’

we(zt)k =1
where s = (s1,...,s;) € CF.

Proposition 3.4.2. For each n, the sequence {Xt(n)} forms a strictly stationary process.
tez

Proof. To show strict stationarity, we need to demonstrate that the finite-dimensional joint
distributions of XgnL = <X§n), Xén), . ,Xlgn)> and X@h.kw = (Xl(i)h, Xéi)h, . ,X,gi)h> are
identical for all k > 1 and h > 0.

Let us compare their probability generating functions, denoted gx(s). The probability

generating function for Xg"%g is:

QXm(S) =E [51 Sp= Sy

Using the law of total expectation and conditioning on a latent sequence U;_,, ;1) (assumed
to influence X™):

g, () = BB

k
x(m
H st | Ut—n..t+k]] .

i=1
Substituting the explicit dependence of Xt(") on U, 11k, we write:

: x™
Hsi U Uik = 2| P(Up_ i = 2).

=1

()= 2 B

k+n
z€ELY

For the shifted process Xg’jr)hk +n» & similar expression holds:

k

X,
H S; " Usipgh tibrh = 2
i=1

P(Ut—n+h..t+k+h = Z)'

ox, ()= D E

k+n
zE€LY

From the problem’s assumptions, the latent sequence U;_, ;1 determines Xt(n) . If
Ui nisr = Uipinsiken, the joint conditional distributions of Xg”)k and Xﬁ)hk 4, are
identical. Thus:

k
x™
H S; " | Upintsk =12

i=1

155
H S; | Uimnihithen = 2| -

=1

E =E

Since the marginal distributions P(U;_,, ;1x = z) and P(U;_,1p.s1k4n = 2) are the same, it
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follows that:

(s).

98 = 9,
The joint distributions of Xﬂ; and Xﬁ)hk . are therefore identical. Thus, {Xt(")}tez is

strictly stationary.

O

Therefore, the main result (stationarity of the INGARCH process) for this section then

follows, as presented in the following corollary.
Corollary 3.4.3. The process {Xi},., is a strictly stationary process.

We end this section by establishing some results concerning the first two moments of the

INGARCH process.

Proposition 3.4.4. Assuming K(1) > 0, if {X,},, is the almost sure limit of Proposition
3.3.1, then its first moment is finite.

Proof. As we have shown earlier, { Xt(”)} is a strictly stationary process. Consequently,
tez

4, can be expressed as:

- _ YD (1)
fn = Vit + 90D H(1) = ——=——.
izl 1= v

Since Xt(n) increases with n towards X;, applying Beppo Levi’s theorem gives:

YD ~'(1)
1-— Zi’il Vi
%D T(1)
 1-G()D(1)
Yo

D(1) - G(1)

_ T
K1)

E[Xi]=p=

From the above result, we can conclude that the first moment is finite. [

Proposition 3.4.5. Assuming that K(1) > 0, if {X,},o, is again the almost sure limit of

Proposition 3.3.1, then its second moment is finite.

Proof. For the second moment, we proceed as follows. By using the Cauchy—Schwarz in-

(n)

equality and noting that {Xt } is a non-decreasing sequence in n, we obtain:
neN
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E {(Xt('”ﬂ < ZwE X+ (Z m) ' [x]" + 22007 1) ZwE X, +E[U7].

Thus, we have:

E [(Xtm))Q] CEIXJO T 29D~ (1) Yo, i + E (U7
1— (320 )

C EXJ (4 290D (1) 35, i + E U]

h L= (3 )’

=C.

By applying Lebesgue’s dominated convergence theorem, we can conclude that E [X?] < C.

Therefore, the second moment is finite. [

3.5. Mean-square convergence of an)

The mean-square convergence of a Poisson INGARCH process { X, };cz is the property that
the mean-square error between the true value of the building sequence {Xt(n)} of {X; ez
neN

and its estimate converges to zero as the sample size n increases.

Proposition 3.5.1. If K(1) > 0, then the sequence {Xt(n)} has a mean-square limait.
neN

Proof. We need to show that the first two moments of the building sequence {Xt(")}
neN

of the INGARCH process { X}z are finite, and consequently, the random variables Xt(")
2
are in L2(Q, F,P). Let us define V," = (Xt(n) - Xt) . Then the sequence {Vt(n)} is

neN

decreasing, bounded below by 0, and E [Vt(o)] =E [(Ut — Xt)Q] < oo. Consequently,

lim E [Vf”)} ~E [lim vf”’] —0,

n—oo n—o0

because {Xt(”)}
neN
converges to X; in L*(Q, F,P). O

converges almost surely to X;. Hence, we deduce that {Xt(")} also
neN

3.6. Conditional law of { X}z given F;_;

In this section, we discuss the distributional properties of the INGARCH process { X, }iez.
We have so far established that the building sequence {Xt(")} converges almost surely and
in mean-square, but we still have to prove that the distributional properties are satisfied.

The main result of this section is given in the proposition below.

Definition 3.6.1. A sequence of random variables {Y,, },en converges to a random variable
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Y in L' if:
lim E[|Y, — Y]] = 0.

n—oo

Proposition 3.6.2. The conditional distribution of the INGARCH process {X;}iez given

its natural filtration F;_1 follows the Poisson distribution with parameter A\ for allt € Z.

Proof. Given F;_1 =0 (X1, Xy_o,...), for t € Z, let
A=D1 (1) + > X (3.8)
j=1
The sequence {\;} satisfies:

q p
At =Y + Z ViXi—i + Z OiN—j.
i=1 =1

For a fixed ¢, consider the sequence {7",5")} defined by
neN

n Xt—i

ri") =U, + Z Z L—iik-

i=1 k=1
We claim there is a subsequence {n;} such that Tﬁn’“) converges almost surely to X;. Indeed,

since

X, — ™ = (Xt - X,f”)) + (X,f") —~ rt(")) :

we just have to find a subsequence of
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which converges almost surely to zero. But

n Xe—i
; )| _ .
SR R D D DA
i=1

j=x{"70 41

- 3 [ -
=1

= nh_{]élo (M Z i — Z Mn—ﬂ/h‘)
i=1

I

= ’Yom - nh_{{.lo ; frn—it;

_ G(1) : 70
~ DD -6yt D)

=0.

(n)

. n . . . .
This means Yt( ) converges to zero in L' because Y, in non-negative. Therefore, there is

a subsequence Yt(n") converging almost surely to the same limit. Now the required distri-

ny)

butional property of X; follows easily. Since r, *’ converges almost surely to X, rt(n) | Fi1

converges almost surely to X; | 7;_;. However,

v Fly P <%D—1(1) +) ¢th_j> :
j=1

Thus, the INGARCH process {X;}icz given its natural filtration F;_; follows the Poisson
distribution with parameter \;, P (\;), for all ¢ € Z. ]

3.7. INGARCH(1,1) process

In this section we look at a particular case of the INGARCH(p, ¢) process. It is well known
that a standard GARCH process is also, from the weakly stationarity point of view, an
ARMA process. This is still true in the case of an INGARCH(p, q) process giving an ARMA
(max{p, ¢}, p) model (see [33]). For simplicity, in this section we give some properties of the

model in the special case where p = ¢ = 1. For this case, we have for all £ € Z the model

{ X, | Foor : P (N (39)

A=Y +711Xim1 + A

In this model, the parameters are positive and less than 1. Under suitable conditions,
we show that moments of all orders exist and thereafter, we give the mean and the auto-
covariance function of the INGARCH(1, 1) process.
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The following lemma refers to Stirling numbers of the second kind, denoted by { Z }, count

the number of ways to partition a set of n elements into £ non-empty subsets. They arise
naturally in combinatorial settings and are useful in expanding expressions involving powers
of sums, such as \*, when written in terms of lower-order terms. .

For n > 0 and 0 < k < n, these numbers satisfy the recurrence:

RIS

where { '} =1forallne Ny = {0,1,2,.. .}, {g}:()forauneN:{Lz,...} and

n

{Z}:Oﬁk>n

Lemma 3.7.1. Let X be a Poisson random wvariable with mean \. The uncentred moments
of X satisfy

]E[X’“}:i{ f }x’

1=0

Proof. Let X be a Poisson random variable with mean A. The moment-generating function
(MGF) of X is given by:
Mx(t) = E[e™] = XY

The kth moment of X is then given by:

Taking derivatives and evaluating at ¢t = 0, we find:

E[X*] = A

Now, let’s express A\¥ in terms of Stirling numbers of the second kind:
vey b

k
where { = } denotes the Stirling number of the second kind, and the proof is complete. [
i
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Example 3.7.1. Understanding the Connection to \* with Iterations

Step 1: Base Case (k= 1)
For k =1, we know:

E[X] = .

This agrees with the expression:

E[Xl]:i:{ 1 }x’:{ 1 })\1:)\.
L)
Here, = 1.
1

Step 2: Second Iteration (k = 2)

For k = 2, we use:

E[X?] :22:{ 3 }A

=0

From the properties of Stirling numbers of the second kind:

HENY

=1, =1.

2 1

E[X2]:{ ; }A2+{ ? }A1:A2+>\.

This matches the known result for the second raw moment of a Poisson random variable:

Thus:

E[X?] = A + )\
Proposition 3.7.2. The moments of an INGARCH (1,1) are all finite if and only if

’Yl+51<1.

Proof. Since X | F;_; is a Poisson random variable with mean A\; = 79 + 71 X;—1 + d1 \—1,

conditionally to time ¢t — 1, the m th moment is

B, [X7] = i{ " }Az‘.

1=0
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So,

and

)\i = (v +711Xi—1 + 51)\»:71)2.

Il
3
I =
(@)
VR
3 ~
~_
3
oL
Il 3
o
VR
o3
N~
)
i,
>,
=3
d
>
| <.
AR
>
T3
—d

We note that:

Consequently,

7 L i—n J n j sn—jyn+k—j
Er,_, P‘t} - ( )% e } ( . )7{51 ])‘t—+1k ! (3.10)
n=0 \ " =0 k=0 J

Let A, = (\™,...,\;)". In the algebraic expression of Ez, , [X!],i =1,...,m, all the powers
of \;_1 are <. Therefore, a constant vector d and an upper triangular matrix D exist such

that the following equation is satisfied:
E]:t72 [At] == d + DAt_l.

Iterating this recurrence ¢ times gives:

14

E}—zfzﬂ' [At] = <Z DT) d + De—HAtf(éJrl)-

r=0
Substituting k = ¢ + 2 leads to:

k—2

Er, o [A] = (Z DT) d+D" Ay

r=0

If the eigenvalues of D are inside the unit circle, one can write:
E}—tfk [At] = (I B D)_l (I - Dk_l) d+ Dk_lAt,(kfl).

D being a triangular matrix, the eigenvalues are the diagonal entries. The ¢ th diagonal
entry corresponds to the case where in Equation (3.12), we let i = m — ¢+ 1. To obtain the
coefficient of )\?1_1”1, we look at the terms corresponding ton =m —/¢+1 and k = j. They

give:

> 7{'6?—@4—1—]‘)\?_—16—1—1 _ (’Yl + 51)m7€+1 .
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We conclude that the eigenvalues are inside the unit circle if, and only if, v + d; < 1.

Consequently, we have

E[A,] = lim Ef, , [A)] = (I—D)"'d

k—o0

and all the moments of X, of order < m are finite. O

It is quite interesting that all moments of the process exist. This is an unexpected re-
sult considering our experience with common GARCH models. In view of this, from now

onwards, we will assume that v, + 07 < 1.
Proposition 3.7.3. The expected value of the INGARCH (1, 1) process, p, is given by
h— 0
1L —(n+d)

Proof. Recall that the INGARCH(1,1) process is defined for all ¢ € Z by

(3.11)

Xt | E_l . P ()\t)
At =Y +71X—1 + A

We take expectations on both sides of the equation \; = vo + 11 X;_1 + 61 As_1, that is,
E[X] = E[vo + 7Xi—1 + d1M—1]
Using linearity of expectation and the fact that X; ; is measurable with respect to F;_;:

="+ Yip+ Orp
Solving for p, we have
[— i — 01 = Yo

p(l =y —61) =
= Yo
1 — (7 +61)

Hence, the expected value of the process is indeed p = 1_—(,;10%51). [

Proposition 3.7.4. The variance of the INGARCH (1,1) process is given by

H (1 —(m + 51)2 + 7%)
L—(m+ 51)2

VIXi] =
Proof. To find the variance of the process described by the system of equations, denoted by
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o2, we start by considering the expected value of X?, denoted as E[X?], which is equal to
E[\?], where ); is defined as:

At =0 + nXi—1 + 01N
Expanding E[\?], we get:
E[X?] = E[(yo + M1 Xe—1 + 61 M1)°]
Using linearity of expectation and properties of conditional expectations:
E[X?] =75 + 290N E[Xi-1] + 27900 E[\ 1] + VE[XE ] + 20 E[X; 1A ] + 6TEN ]

Given that E[X; ;] = E[\;_1] = p and E[X;_;)\;_1] = p?, and using the expression for u

derived in the previous proposition, we simplify:
E[X7] =5 + 27070 + 29000 + 75 (12 + 0%) + 2617 + 6 (1 + o)

Now, we need to compute (E[X;])* = p?. We already know that E[X;] = p. Putting it all

together, we have:
o = E[X]]—(B[Xy])* = (% + 2v0mak + 29000 + 72 (1° + 07) + 2nb1p® + 67 (1 + 0*)) — i

After simplifying the expression, we get:

2 p(1 — (71 + 51)2 + 712)
o° =
- (’71 + 51)2

(1=t %)

Hence, the variance of the given process is V[X;] = —=—— AL O]

Remark 3.7.1. As shown in the last two propositions, the mean and the variance are

different. Hence, the marginal distribution of X; is not Poisson.

Proposition 3.7.5. The autocovariance function of a INGARCH (1,1) process is given by

r—1
R I=om+a)n+d) p o

1— (71 +61)°

Proof. To find the autocovariance function «y(r) of the process, we start by considering the

covariance between X; and X;_,. Using the definition of covariance, we have:

v(r) = cov(Xy, Xi—) = E[ X X, — E[XG]E[X;—,]
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Using the conditional expectation property, we can express E[X;X;_,| as

E [XtXt—r] - ]E [)\t /\t—r]

Expanding E[\\;_,] using the given system of equations, we have

E[X:Xi—] = E[(v0 + 711 Xt—1 + 01 Ae—1)(h0 + 1 Xi—r1 + 01 A e—r—1)]

Using linearity of expectation and properties of conditional expectations, we have

E[X:Xi—r] =75 + Yo nE[Xi—1] + 100 EN—1] + BE[X—1 Xy 1]+
VO E[X— 1 M—ro1] + GEN -1 A1)

Given that ]E[Xt_l] = E[)\t—l] = W, E[Xt—lXt—r—l] = ,LLZ, and E[Xt—l)\t—r—l] = ,U/E[)\t—r—l] =

p?, we simplify further:

EX: X, ] = 73 + 29071 + 27001 11 + VTP + 27101 1% + STE[N—1 Ae—pi]

Now, to compute E[A\;_1\;_,_1], we expand it using the given system of equations:

EX—1Ai—r—1] = El(y0 + 1 Xi—2 + 01 Mi—2) (Y0 + 11 Xe—r—2 + 61 A—r—2)]

Following similar steps as before, we eventually obtain:

—_ (5 5 r—92
D A p] = 2 4 L0014 00)) On+8)"
1—(n+01)

Substituting this back into the expression for E[X; X, .|, we get:

(1 =01 (1 +61)) (3 +61)

E[X: Xt—r] = %o4+27071 1427000 477 17 +27181 18 +67 | i + ;
1= (7 +61)

Now, we need to compute E[X;]E[X;_,] = p?. Hence, after simplification, we get:

y(r) = (1= (i +6)(n+6) " p
1= (yn+6)°

Which is the required expression for the autocovariance function.

Remark 3.7.2. According to the following lemma (Lemma 3.7.6 below), the autocovariance
function of the INGARCH(1,1) process indicates that the INGARCH(1,1) process is also
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an ARMA(1,1) process, as described by Corollary 3.7.7. Note that, Lemma 3.7.6 below was
given as a remark by Brockwell and Davis [12] on page 90, and as such, we simply state it

without proving it.

Lemma 3.7.6. Suppose that {X;} and {Y;} are zero-mean stationary processes with auto-
covariance function y(-) and that {Y;} is an ARMA (p,q) process. Then, {X;} is also an
ARMA (p, q) process.

Corollary 3.7.7. Let {X;},., be an INGARCH (1,1) process satisfying

Xt | ./—'.tfl . ,P()\t>
At = +nXi—1 + 0N

Then {Xi},eq is an ARMA(L, 1) that can be written as

(Xe =) = (71 +01) (X1 — o) = & — drepa, (3.12)

where {e;},., is a white noise process of variance 0 = p = o/ (1 — 1 — 61).

Consider {Y;},., a Gaussian ARMA(1, 1) process satisfying the equation

Y, — oY1 =& +0e1, (3.13)

where {&,},., is a sequence of i.i.d. N (0,0?). In Equation (3.13), we let

6:—(51, (;5:71—1—51, 0'2:/L.
The the autocovariance function of a ARMA(1,1) process is given by

r—1
o) = (1 =61 (714 01)) (71 + d1) B s,

1—(y1 +61)°

which is the same as the autocovariance of the INGARCH (1, 1) process.

To derive the autocovariance function of the ARMA(1,1) process described, we can start by

expressing the process equation in terms of the innovations &;:
Y, — (M1 4+ 01)Yio1 = & — 61641

Rearranging terms:
Y= (n+01)Yio1 + e — 016

Now, let’s compute the autocovariance function (r) for » > 1. The autocovariance y(r) is

34



defined as:
v(r) = Cov(Yy, Yiy)

Expanding the covariance:
v(r) = E[(Y: — EV])(Yier — E[Yi])]
Substituting the expression for Y;:
() = E[((m +01)Yi1 + & — dier1 — EYVi)) (71 +01)Yir1 + &0 — 01641 — E[Y;])]

Since g; are i.i.d. with mean 0 and variance u, and Y; is linear in &, we have E[e;] = 0 and
E[Y;] =0 for all ¢t.

Y(r) = E[((71+61)Yie1 +er — dige—1) (1 + 01) Yot + €0 — 016071

Expanding this expression and using the fact that the innovations are uncorrelated with

past values of the process, we get:

Y(r) = (v + 6y +01) " EYi-1Yieroi1] + EleYi—r1]
— 0 Eler1Yiora] — 61(y1 + 51)T_1E[5t—15t—r—1]

Since Y; follows an ARMA(1,1) process, Y; = ¥ + 11Y;_1 + 01641 + €, where ¢y = 0 (for
simplicity), ¥1 = v1 + 61, and 01 = —d;. Now, let’s calculate the terms:

ElY; 1Y, ]| = E[(UnYia+ 0160+ 11) (U1 Yi o + 01610 + €1—r1)]
= %U%E[Y;:—Qyt—r—ﬂ + Q%E[et—Qgt—r—Q]
= (71 +61)*y(r = 1) + pd70, 4

1 ifr=20
Where 9, = . Also,

0 otherwise

EleYir1] = Eles(V1Yi—r—2 + 0160—p—2 + €4—r—1)]
= 01E[e16 2]
= [Or—1
And,
Elei 1Y v ] = Eles 1 (1Yo + 01812 +€1p1))]
=1 Elgi 1Y o]
= p(n +61)0r1
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Finally,
E[€t—1€t—r—1] = o,y

Substituting these expressions back into the equation for v(r), we get:

Y(r) = (m + 51)T_1’Y(1) + 10—y — p(y1 4 01)6r—1 — d1(m + 51)r_1ﬂ

Simplifying,
Y(r) = (7 +6)" (1) — pln + 01)6,1

Given (1) as the autocovariance at lag 1, we can express it as:

o=l +0))p

1) =
7( ) 1_ (/71 _’_51)2
Thus,
(L= 01(y +00)(m +00)"
= > 1.
) 1 — (71 +01)? ’T

The last result indicates that the classical least squares approach can be used to estimate
the parameters of such a process. It should be noted that inference can also be made in this
framework. In Section 4, we consider the conditional maximum likelihood estimation of the

parameters.
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CHAPTER 4

AN APPROACH FOR
PARAMETER ESTIMATION

Recall from Definition 3.1.1 that an integer-valued generalised autoregressive conditional
heteroscedastic process of order p, ¢, abbreviated as INGARCH(p, ¢), is an integer-valued

process X; satisfying the following two conditions:

1. The conditional distribution of X; given its natural filtration J;_; follows the Poisson
distribution with parameter \;, P (\;), for all ¢t € Z.

2. The values of )\; are determined recursively by the relation:
q p

M=+ ) WX+ Y Ay,
i=1 j=1

where 79 >0, v, =2 0fori=1,...,¢q,and 6; =2 0for 5 =1,...,p.

Now given the time series data x1, .....x,, the task is to estimate the value of the parameters
O = (90,71 Vg 01, -,0p) = (0o,...,0,14)". This can be done using the method of

conditional maximum likelihood estimation.

4.1. Conditional maximum likelihood estimation

The estimation procedure for the parameters of the INGARCH model is analogous to the
one used for traditional GARCH model. For simplicity, we condition on the pre-sample
values. As mentioned by Bollerslev [10], this does not affect the asymptotic results.
The conditional likelihood function of the n observations zy,...,x,, conditionally on the

pre-sample values, is given by

L(©) = f[ S

':Bt!

where
O =Y, M1s--+Yg:015---50p) = (6o, - ., 0psq)

q P
At =" + Z’Yﬂt—i + Z diN—j
i=1 =1
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Analytical estimates from this likelihood function cannot be found, even if we compute
and set to zero the derivatives. In fact, we obtain a system of non-linear equations. For
this reason, we can only suggest the use of numerical optimisation methods to find out the

optimal value of ©. As usual, we work with the log-likelihood function

n

L(©)=LO) =) [z/In X — A\ —In(z,))] = iet(@),

t=1

where ;(©) = z;In Ay — Ay — In (z4!). Obviously, we can neglect the term In (z;!). The first
derivatives of £;(©) with respect to 6;,i =0,...,p + q are

8€t . 8/\t Tt B
7~ () () (1)

while the second derivatives are

82€t . 62)\t (xt 1) Tt 8)\t a)\t (42)

90,00, — 90,00, \ N, ") A200; 90,

for 0 < 4,5 < p+ q. Moreover, we have:

q p
At =" + Z%xt—i + Z 0 A—j;
i=1 =1

A P A\
0 t—1+25j‘9 .
j=1

a_’Yo_ o
8/\t P a)\t_' .

=X+ Y 0 Looi=1,...,q
8% ¢ ]Zl ! a’}/z
O\ L) v .
A 5 —1,....p.
85] t ]+; k 853 ) J y Y

As in Bollerslev [10], if n is large enough, the distribution of the maximum likelihood

estimator © can be approximated by the following distribution:

O ~ N (60,0 'S (0y) "),

where J(0)) is the information matrix evaluated at Oy, the actual value of ©. Let W} =

(Lze—1,. .oy Teegs Adi—1, - - -, i—p) and denote by Vg the gradient of any function g. We have
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p
V)\t — Wt ‘I— Z 5JV/\t—]

j=1
Equation (4.1) can now be written as
Lt
Vi, = <— — 1> VA (4.3)
At
and Equation (4.2) becomes
H = (2~ 1) V[VA] - VAV (4.4)
At A7

Taking the expectation on both sides of equation (4.2), we find:

32€t 82)\15 Tt 8)\t (9)\,5 Tt
E = Er, , |t —1| - 220 E, |2
Fima {aeiaej] 80,00, Tt [At ] 80; 00, T [/\f]
Lo
A, 00; 96,

and

g[8 ] _p[LoroN)
0,00, X 00; 00,

In a similar way, we obtain

oty 0L,
E|L2L =E
{aei aej]

m ) (M (O] L[ Lonon
At 00, 00; |\ 00; 05
The model satisfies the information matrix equality:

AN )
90,00;" 00, 00;"

—E[f

The matrices

. 1 <&
Su=-) VLV,
t=1

and
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n

. 1
D, =--) V[V
t=1

n

would be consistent estimates of the information matrix. Thus, both could be used to
estimate the asymptotic covariance matrix of the maximum likehood estimator. The first
one is the outer-product estimate and the second one is the second-derivative estimate.

White [43] suggested using

E {(@ ~0,) (6- @0)’} -1 (0.8,D,)" (4.5)

in a quasi-maximum likelihood estimation approach.

4.2. One-step-ahead forecast confidence interval

A one-step-ahead forecast confidence interval is a range of values that is likely to contain
the true value of the next observation in a time series. It is calculated using the historical

data and the estimated parameters of a time series model.

The width of the confidence interval depends on the accuracy of the model and the amount
of historical data. A wider confidence interval indicates that the model is less accurate or

that there is less historical data available.

One-step-ahead forecast confidence intervals can be used to make decisions about future
events. However, it is important to remember that they are only estimates and that the

true value of the next observation may fall outside the confidence interval.

To construct a confidence interval for the one step ahead forecasts, we used the R statistical

programming language to help us obtain the parameters.
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CHAPTER 5

REAL-DATA EXAMPLE

The aim of this study is to effectively model overdispersed integer-valued time series data
with conditional heteroscedasticity. In light of this, we illustrate the INGARCH model on
an overdispersed integer-valued time series real data with conditional heteroscedasticity.
That is, we study the daily number of shares trading on the Lusaka Securities Exchange
(LuSE) from October 1, 2021 to May 10, 2022 (except for weekends and public holidays),
giving a total of 150 observations. This is a part of data set given on the LuSE website and

is available for download at https://luse.co.zm/market-data.

The number of shares traded on a stock exchange within a given period is typically measured
on a daily basis. Volume reflects the level of activity and liquidity in the market. Trend
indicates the direction in which trading volume is moving over time. Increasing volume
may indicate growing interest or momentum in a particular stock or the market as a whole,
while decreasing volume could signal a loss of interest or a potential reversal. Seasonality
describes patterns or trends in trading volume that occur at specific times of the day, week,
month, or year. For example, trading volume often spikes at the opening and closing hours

of the trading day and may vary depending on the day of the week or month.
Some descriptive statistics of our share time series data are shown in Table 5.1 below:

Table 5.1: Summary Statistics of the daily number of shares, measured in 100,000 thousands

Statistic Value
Sample Size 150
Maximum 8.96
Minimum 0.065
Mean 2.48287
Median 3.855
Variance 5.76448
Skewness -0.450693
Kurtosis -1.00845

These summary statistics show that the mean is 2.48 and the variance is 5.76, which indicates
that the data is sufficiently overdispersed, and thus suitable to be used in an example of an
application of the INGARCH model.
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A plot of the data is given in Figure 5.1. Apart from a random variation somewhere in the

middle of the time series, there seems to be no trend, indicating the stationarity of the data.

1e6 Number of Shares Traded Daily

—&— Original Data

Number of Shares

T T T T T T T T
0 20 40 60 80 100 120 140
Date

Figure 5.1: Daily number of shares trading on LuSE: October 1, 2021 to March 10, 2022
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Figure 5.2: Sample autocorrelation function (SACF) and Sample partial autocorrelation
function (SPACF) of the share time series data

From the sample autocorrelation function (SACF) and the sample partial autocorrelation

function (SPACF) in Figure 5.2 above, we were led to opt for the following model:

{ X, | Foet i P (N) 51)

At =7 + 71X+ 0

We used the R statistical programming language to compute the maximum likelihood

estimates of the parameters: 7y, and ¢;. The estimated parameters for this model are
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displayed in Table 5.2 below.

Table 5.2: Estimated parameter values

Parameter Yo ! 01
Estimated value 1.7384 0.3271 0.2844
Standard error  0.7721 0.0628 0.1012

In Figure 5.3 below, we represent the one step ahead forecasts using a 95% confidence

interval. These intervals are quite tightly spaced.

Original Series and One-5tep Ahead Forecasts with Confidence Limits

—&— Original Series
—— One-Step Ahead Forecast

30 1 952% Confidence Interval

25 A
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£
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2 10
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Time

Figure 5.3: The daily number of shares trading on LuSE. Original series and one-step-ahead
forecasts with confidence limits.
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CHAPTER 6

DISCUSSION

In this chapter, we delve into the core of our research findings, meticulously analysing
the Integer-Valued generalised Autoregressive Conditional heteroscedasticity (INGARCH)
process. The chapter serves as the focal point where we unravel the intricacies of our
model. Through a comprehensive exploration of its theoretical underpinnings, estimation
techniques, and practical applications, we aim to unravel the complexities of this model

and shed light on its relevance in overdispersed integer-valued time series analysis.

6.1. On the structure of the process

We start by delving into the definition and necessary conditions for the existence of an
INGARCH(p, q) process, contrasting it with the classical GARCH(p, ¢) process.

Firstly, the definition of an INGARCH(p, q) process X; outlines its unique characteristics,
notably its reliance on the Poisson distribution, P ()\;), for conditional distribution and the
sequential determination of the parameter \; based on past values of X; and A;. This defini-
tion underscores the modelling flexibility offered by an INGARCH(p, q) process, particularly
in capturing the heteroscedasticity present in count data sets. A crucial point made here
is the distinction between an INGARCH(p, q) and GARCH(p, q) process. While both aim
to model volatility clustering, an INGARCH(p, q) process utilises discrete distributions and
incorporates both past values of the series and its own past values in determining the condi-
tional mean. This sets it apart from GARCH(p, q) processes, which rely solely on past values
of the series for modelling conditional variance. Furthermore, Proposition 3.1.3 establishes
a necessary condition for the second-order stationarity of an INGARCH(p, q) process. This
condition, expressed in terms of the coefficients d; and +;, provides insight into the parameter
space where the process behaves stably over time. Specifically, it highlights the importance
of the relationship between the parameters in maintaining stationarity, emphasising the

need for careful parameter selection in model specification.

The construction of an INGARCH process involves iterative approximations. We start with
a sequence {U;}ez of independent Poisson variables with a common mean 1y = ~y/D(1).
Additionally, for each t € Z and i € N, we have a sequence Z;; = {Z,, ; } jen of independent
Poisson variables with a common mean ;. These variables are assumed to be mutually
independent. Utilizing these variables, the building sequence Xt(") of the INGARCH process
is then defined recursively. It starts with X" = 0 for n < 0, X" = U, for n = 0, and for
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X(n i) . .
n > 0, it is defined as X =U+ >0, Z 1" Zi—i;;. The aim here is to demonstrate

that as n — oo, the building sequence Xt( n) converges almost surely to the INGARCH
process X, as stated in Proposition 3.3.1. Moreover, the resulting process { X, };cz satisfies
the desired conditions. An important remark is that for each ¢ € Z, there exists a random
variable Uy, and for each (¢,7) € Z x N, a sequence of independent and identically distributed
Poisson random variables with parameter v; is available, denoted as Z;; = {Z;; j};en. The
limiting process {X;} is proved to be a strictly stationary process as a consequence of
Proposition 3.4.2, where it is be established that for any fixed n, the sequence {Xt(n)}tez

is strictly stationary. This is achieved by showing that Xt(n)

can be obtained through a
cascade of thinning operations on a random variable using a sequence of independent and
identically distributed Poisson random variables. Using the thinning operation, X ) admits

the representation

Ut+zw“ o X"V n>o. (6.1)

This representation illustrates that Xt(n) is obtained through a cascade of thinning opera-

") can be expanded

tions along the sequence {U, }ez. For any value of n, the sequence Xt(
iteratively. This recursive construction provides insight into the convergence of the build-
ing sequence Xt(n) to the desired INGARCH process X, laying the groundwork for further

analysis and characterization of the resulting process.

In Section 3.3, we examined the almost sure convergence of the building sequence {Xt(”)}

of the model. We first noted that the expectation and variance of Xt(")

are well-defined
because Xt(n) is a finite sum of independent Poisson variables. Additionally, the expectation

IE[Xt(n)] does not depend on ¢ but only on n, denoted as p,.

Expressing the expectation E[X™] as

X(n i)

Z]E Z Zt i1,k +D (1>

= Wiptni + D (1)50, (6.2)
=1

we derived the finite difference equation [D(B) — G(B)]u, = K(B)tn = Y0, where K(B) is
the characteristic polynomial. The key proposition of Section 3.3 states that if K (1) > 0,
then the sequence {X; (n)}neN has an almost sure limit. The proof of this proposition relied
on the Borel-Cantelli lemma and showed that the sequence {X } converges almost surely
to the INGARCH process X;. This result is significant as it establishes the convergence of
the building sequence to the desired process, providing confidence in the model’s behavior

over time.
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In Section 3.4, we established the stationarity of the INGARCH process X; by proving that
its building sequence {Xt(")} is a strictly stationary process for any fixed value of n. To
achieve this, we utilised probability generating functions and showed that the joint distribu-
tion of XY‘L and Xg@h_. r+n Temains unchanged, thereby establishing strict stationarity. The

main result is summarised in the following corollary:
Corollary 6.1.1. The process {X,;}iez is a strictly stationary process.

We also investigated the first two moments of the INGARCH process. Specifically, we
showed that under the assumption K (1) > 0, both the first and second moments of X, are
finite. This is crucial for understanding the behaviour of the process and provides insights
into its statistical properties. Overall, the stationarity of the INGARCH process, along with
the finiteness of its moments, underscores its stability and suitability for modelling various

phenomena in finance and economics involving count data.

We established the mean-square convergence property in Proposition 3.5.1, which states
that if K(1) > 0, then the sequence {Xt(")}neN has a mean-square limit. The proof hinges
on demonstrating that the first two moments of the building sequence {Xt(n)}neN are finite,
implying that the random variables Xt(n) are in L?(Q, F,P). By defining V;(n) = (Xt(n) —X;)?,
we showed that the sequence {Vt(")}neN is decreasing, bounded below by 0, and its expected
value tends to zero as n approaches infinity. This convergence in expectation implies that
{Xt(n)}neN converges to X; in L*(Q2, F,P). The mean-square convergence property is fun-
damental in assessing the accuracy and reliability of the INGARCH process as a model for
various phenomena involving count data, particularly in finance and economics. It ensures
that as the sample size grows, the estimates provided by the building sequence approach

the true values, enhancing the predictive power and usefulness of the model.

In Section 3.6, we delved into the distributional properties of the INGARCH process { X }1ez.
While we have already established the almost sure and mean-square convergence of the

building sequence {Xt(n) }, we still need to verify the satisfaction of distributional properties.

The main result of Section 3.6, presented in Proposition 3.6.1, asserts that the conditional
distribution of the INGARCH process { X}z given its natural filtration F;_; follows the
Poisson distribution with parameter \; for all t € Z. The proof of Proposition 3.6.1 relies on
establishing the parameter \; defined by Equation (3.8), which depends on the past values of
the process up to lag t — 1. By showing that the sequence {\;} satisfies a recursive equation,
we can conclude that the conditional distribution of X; given F;_; is Poisson with param-
eter \;. This result provides insight into the stochastic behavior of the process, revealing
that each future value of X; is determined probabilistically based on past information up to
time t — 1. The proof further establishes convergence properties, ensuring that the build-

)

ing sequence Xt(n converges almost surely to X;, thus confirming the desired distributional

property. The distributional characterization of the INGARCH process is essential for un-
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derstanding its probabilistic behaviour and forms the basis for various statistical analyses

and modelling applications.

In Section 3.7, we looked at a particular case of the INGARCH(p, q) process. It is well
known that a standard GARCH process is also, from the weakly stationarity point of view,
an ARMA process. This is still true in the case of an INGARCH(p, q) process giving an
ARMA (max{p, q}, p) model. Moving on to the main results, Proposition 3.7.2 establishes a
condition for the finiteness of moments in the INGARCH(1,1) process. Specifically, it states
that the moments are all finite if and only if the sum of the autoregressive and moving

average parameters is less than 1.

The intuition behind this result is that the moments of the process depend on the moments
of the latent variable \;, which, in turn, depend on the parameters v, and ;. If the sum of
these parameters exceeds 1, the moments of \; may not be finite, leading to infinite moments
of Xt.

Propositions 3.7.3 and 3.7.5 provide expressions for the mean and auto-covariance function
of the INGARCH(1,1) process under the condition 7, + d; < 1. It demonstrates that
when this condition is satisfied, the process is stationary, and its mean and auto-covariance

function can be explicitly computed.

The mean of the process is proportional to vy and inversely proportional to 1 —~; —d;. This

reflects the impact of the parameters on the long-term average behaviour of the process.

Similarly, the auto-covariance function involves a combination of the parameters v; and 61,

2

along with their powers and a scaling factor ¢°. This function describes the dependency

structure of the process over different lags.

Overall, these results provide valuable insights into the behaviour of the INGARCH(1,1)
process, shedding light on its stationarity and moment properties under certain parameter
conditions. They offer a foundation for further analysis and modelling of integer-valued

time series data

6.2. On the approach for parameter estimation

In real-world applications, the results obtained from the maximum likelihood estimation

procedure provide valuable insights into the behaviour of the time series under consideration.

For the Poisson INGARCH model, the conditional likelihood function

n 7)%)\1} q p
L(@) = H ° I : , Wwhere A\, = + Z Vilt—; + Z 5j)\t—ja
i=1

J=1
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derived from the observations z1,...,x,, conditioned on pre-sample values, allows us to

model the dynamic behaviour of the volatility through the parameters

@Z (’)/0,’)/1,...,’yq,(sl,...,ép),.

This likelihood function is essential for estimating the parameters that govern the INGARCH
model. However, due to the non-linear nature of the likelihood function, analytical solutions
for the parameter estimates cannot be derived. This necessitates the use of numerical
optimisation methods to find the optimal values of ©. The log-likelihood function L£(©)
provides a convenient form for optimisation, facilitating the estimation process. The gradient
and Hessian of the log-likelihood function with respect to the parameters © are crucial
for optimisation algorithms. The gradient gives the direction of steepest ascent, while
the Hessian provides information about the curvature of the log-likelihood surface. These
quantities are instrumental in iteratively improving parameter estimates until convergence
is achieved. Furthermore, the asymptotic properties of the maximum likelihood estimator
6 provide insights into its statistical properties. The asymptotic distribution of © can be
approximated by a normal distribution, allowing for inference on the parameters’ significance
and confidence intervals. The information matrix equality, as demonstrated in equations
(4.3) and (4.4), plays a pivotal role in understanding the efficiency of the maximum likelihood
estimator. Consistent estimates of the information matrix, such as S, and ]f)m enable the

estimation of the asymptotic covariance matrix of o.

In Section 4.2, a one-step-ahead forecast confidence interval is a range of values that is
likely to contain the true value of the next observation in a time series. It is calculated
using the historical data and the estimated parameters of a time series model. The width of
the confidence interval depends on the accuracy of the model and the amount of historical
data. A wider confidence interval indicates that the model is less accurate or that there
is less historical data available. One-step-ahead forecast confidence intervals can be used
to make decisions about future events. However, it is important to remember that they
are only estimates and that the true value of the next observation may fall outside the

confidence interval.

6.3. On the real-data example

In Chapter 5, the model is illustrated on the daily number of shares trading on the Lusaka
Securities Exchange (LuSE) from October 1, 2021, to May 10, 2022 (except for weekends
and public holidays), giving a total of 150 observations.

The summary statistics in Table 5.1 offer a detailed glimpse into the characteristics of share

data, shedding light on the distribution properties and variability. With a mean of 2.48287
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and a variance of 5.76448, the data appears to be sufficiently overdispersed, indicating
its potential suitability for modelling using the INGARCH model. This overdispersion,
coupled with the range spanning from 0.0065 to 89.58 shares and a slightly higher median
of 3.855 compared to the mean, suggests a negatively skewed distribution with occasional
spikes in trading volume. The negative skewness value of -0.450693 further supports this
notion. Additionally, the negative kurtosis value of -1.0084 indicates lighter tails compared
to a normal distribution, implying a lower likelihood of extreme events. These insights
underscore the importance of robust modelling approaches like the INGARCH model in
capturing the persistent volatility patterns inherent in the data, offering valuable insights

for risk management, investment strategies, and market analysis.

A plot of the data is given in Figure 5.1. Apart from a random variation somewhere in the

middle of the time series, there seems to be no trend, indicating the stationarity of the data.

The analysis of the Sample Autocorrelation Function (SACF) and Sample Partial Autocor-
relation Function (SPACF) in Figure 5.2 guided our model selection (Equation 6.3). The
SACF plots the correlation between the time series (representing shares over time) and its
lagged values, identifying significant correlations exceeding the significance bounds. The
plot shows a gradual decline in correlation values, indicating some autocorrelation, though
not particularly strong. Insights from the SACF plot include a gradual decay in correlation
with lag, significant early lags indicating recent past values’ stronger influence, and most
correlation values lying within significance bounds. However, the lag 1 autocorrelation value

exceeds the bounds, suggesting the presence of a moving average (MA) term in the model

The Sample Partial Autocorrelation Function (SPACF) plot illustrates the partial correla-
tion between the time series, representing the number of shares over time, and its lagged
values, controlling for the effects of other lags. In the SPACF plot, significant spikes are ob-
served at certain lags, notably lag 1. This spike suggests a direct influence of the first lagged
value on the current observation, hinting at the possible presence of an autoregressive term.
The significant spikes in the SPACF plot, particularly at lag 1, imply the potential presence
of an autoregressive (AR) term in the model. This indicates that the current observation is

influenced by its past values, particularly those at lag 1.

Combining our observations from SACF and SPACF plots, we concluded that the required
model is an ARMA(1,1) model. We then used Corollary 3.7.7, to opt for the INGARCH(1,1)

model:

{ X; | Fi1: P (/\t) ) (6-3)

A=Y +1Xem1 + 0 A,

where 7p, 71, and d; are some parameters to be estimated. From the estimated parame-
ter values obtained through the R statistical programming language, it was observed that

Yo = 1.7384, representing the baseline level of the process. The parameter v; was estimated
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to be 0.3271, indicating a moderately positive influence of the previous observation on the
current one. Similarly, the parameter §; was estimated at 0.2844, suggesting a moderate
positive influence of the previous value of the latent variable on the current one. These
estimates, along with their associated standard errors, offer valuable insights into the con-

ditional distribution and dynamics of the process.

Figure 5.3 shows the daily number of shares trading on LuSE: original series and one-step-
ahead forecasts with confidence limits. The blue line represents the original series, which
depicts the actual number of shares over time. This serves as a reference for evaluating
the accuracy of the forecast. The red line represents the one-step-ahead forecast generated
by the model. This line indicates the predicted number of shares at each time point based
on the model’s parameters and past observations. The shaded grey region surrounding the
forecasted line represents the 95% confidence interval. This interval provides a range within
which we can reasonably expect the actual number of shares to fall, given the uncertainty
associated with the forecast. From the plot, we observe that the one-step-ahead forecast
closely follows the trajectory of the original series. This suggests that the model captures
the underlying patterns and trends in the data effectively. The confidence interval provides
valuable insights into the uncertainty associated with the forecast. As the forecast pro-
gresses further into the future, the width of the confidence interval may widen, reflecting
increased uncertainty about future observations. Overall, the plot demonstrates the model’s
ability to generate accurate forecasts of the number of shares over time while accounting for
uncertainty. However, further analysis, including model diagnostics and validation, may be

necessary to assess the model’s performance comprehensively.
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CHAPTER 7

CONCLUSION AND
RECOMMENDATIONS

In this final chapter, we summarise the main findings of our research and underscore their
implications. We offer concrete recommendations based on our insights to guide future
actions and initiatives. Ultimately, this chapter serves as a blueprint for leveraging our

findings to enact positive change in the relevant domain.

7.1. Conclusion

Our investigation into the structure of the INGARCH(p, ¢) process has provided valuable
insights into its dynamic behavior and applicability in modelling count data. By contrasting
it with the classical GARCH(p, q) process, we emphasized the unique characteristics of the
INGARCH(p, ¢) model, particularly its reliance on the Poisson distribution for conditional

distribution and the sequential determination of parameters based on past values.

Through rigorous theoretical analysis and mathematical proofs, we have established crucial
properties of the INGARCH process, including its stationarity, convergence properties, and
distributional characteristics. Notably, the almost sure convergence, mean-square conver-
gence, and strict stationarity of the building sequence highlight the stability and reliability
of the INGARCH process over time. Furthermore, our examination of parameter estimation
methods illuminated the challenges posed by the non-linear likelihood function, necessitating

the use of numerical optimisation techniques.

In practical applications, our analysis of a real-data example involving the daily number of
shares traded on the Lusaka Securities Exchange showcased the INGARCH model’s effec-
tiveness in capturing volatility patterns and generating accurate forecasts. Through detailed
analysis of summary statistics and autocorrelations, we identified the model’s suitability for

the data and demonstrated its forecasting capabilities.

Overall, our findings contribute to a comprehensive understanding of the INGARCH(p, ¢)
process, its structural properties, estimation techniques, and forecasting capabilities. These
insights pave the way for further research and applications in modelling and analysing count

data phenomena.
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7.2. Recommendations

Based on the comprehensive analysis of the integer-valued generalised autoregressive con-
ditional heteroscedasticity (INGARCH) process presented in the discussion chapter, the

following concrete recommendations are proposed to guide future actions and initiatives:

1. Model Understanding and Application: Given the intricate nature of the IN-
GARCH process and its relevance in overdispersed integer-valued time series analysis, it is
imperative for researchers and practitioners to deepen their understanding of its theoretical
underpinnings, estimation techniques, and practical applications. This involves thorough
exploration of the model’s definition, conditions for existence, and construction process as
outlined in Sections 3.1 to 3.4, enabling better utilization of the model in diverse domains

such as finance, economics, and epidemiology.

2. Parameter Estimation and Inference: Future research efforts should focus on re-
fining parameter estimation techniques for the INGARCH model, particularly in real-world
applications where accurate estimation is crucial for model reliability and predictive perfor-
mance. Section 4.1 provides insights into the maximum likelihood estimation procedure and
the significance of asymptotic properties, offering a roadmap for improving estimation ac-
curacy and robustness. Additionally, leveraging techniques such as numerical optimisation
and asymptotic analysis can enhance the efficiency and reliability of parameter estimation,

facilitating more accurate inference and decision-making.

3. Model Evaluation and Validation: To ensure the effectiveness and applicability
of the INGARCH model in real-world scenarios, rigorous model evaluation and validation
procedures are essential. Researchers should undertake comprehensive diagnostic checks,
sensitivity analyses, and validation tests to assess the model’s goodness-of-fit, predictive
accuracy, and stability. This includes examining the distributional properties, stationarity,
and moment properties of the INGARCH process, as discussed in Sections 3.6 and 3.7, to

validate its suitability for capturing the underlying dynamics of count data sets.

4. Practical Implementation and Software Development: To facilitate wider adop-
tion and utilization of the INGARCH model, efforts should be directed towards developing
user-friendly software packages and computational tools for model estimation, inference, and
forecasting. Collaborative initiatives between researchers, software developers, and indus-
try practitioners can lead to the development of intuitive software solutions that streamline
the application of the INGARCH model in various fields. Furthermore, the provision of
comprehensive documentation, tutorials, and case studies can enhance users’ understanding

and proficiency in utilizing the model effectively.

5. Empirical Studies and Real-World Applications: Empirical studies and real-world

applications of the INGARCH model across different domains are essential for validating
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its effectiveness, identifying potential limitations, and exploring new avenues for model
refinement and extension. Researchers are encouraged to conduct empirical studies using
diverse datasets, ranging from financial time series to epidemiological data, to demonstrate
the model’s versatility and robustness across various contexts. Additionally, case studies
and practical applications can provide valuable insights into the model’s performance in

capturing complex phenomena and informing decision-making processes.

By adhering to these recommendations, researchers, practitioners, and policymakers can
harness the full potential of the INGARCH model in analysing and forecasting overdispersed
integer-valued time series data, thereby advancing knowledge, facilitating informed decision-

making, and addressing real-world challenges effectively.
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APPENDIX A

Data Set for the Illustration

In Chapter 5, the INGARCH model is illustrated on the daily number of shares trading on
the Lusaka Securities Exchange (LuSE) from October 1, 2021 to May 10, 2022 (except for

weekends and public holidays), giving a total of 150 observations.

Table A.1: Daily Volume on the Lusaka Securities Exchange

Month Day Volume | Month Day Volume | Month Day Volume

oct 1 650 nov 30 1500331 | jan 25 52589
oct 4 2451 dec 1 320286 jan 26 12540
oct 5 900 dec 2 324365 jan 27 21756
oct 6 37816 dec 3 109610 jan 28 49189
oct 7 27100 dec 6 48900 jan 31 73454
oct 8 82000 dec 7 72201 feb 1 2614778
oct 11 826285 dec 8 6602 feb 2 8958498
oct 12 6353 dec 9 11560 feb 3 20163
oct 13 3127647 | dec 10 21214 feb 4 2634287
oct 14 1910 dec 13 91453 feb 7 12554
oct 15 37846 dec 14 1810923 feb 8 01352
oct 19 18561 dec 15 10122 feb 9 3851
oct 20 4968 dec 16 48305 feb 10 40423

oct 21 801070 dec 17 345564 feb 11 9658
oct 22 224605 dec 20 200026 feb 14 40027
oct 26 836781 dec 21 13128 feb 15 66251
oct 27 311931 dec 22 5570 feb 16 89793
oct 28 206207 dec 23 13851 feb 17 14000
oct 29 5734 dec 24 2253 feb 18 68362
nov 448519 dec 27 16203 feb 21 63572
nov 117117 dec 28 17667 feb 22 16246
nov 31081 dec 29 212257 feb 23 75054
312807 dec 30 900 feb 24 1238882
156394 dec 31 24480 feb 25 18005

nov
nov

O~ W N+~
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Table A.2: Daily Volume on the Lusaka Securities Exchange (continued)

Month Day Volume

Month Day Volume

Month Day Volume

nov
nov
nov
nov
nov
nov
nov
nov
nov
nov
nov
nov
nov
nov
nov
nov
mar
mar
mar
mar
mar
mar
apr
apr
apr
apr

8

9

10
11
12
15
16
17
18
19
22
23
24
25
26
29
24

354601
31808
4383470
74364
1041636
138172
33061
157937
77213
248665
195012
299801
15581
31370
43929
8385
20562
46954
101160
43575
34823
82831
471427
537177
17742
42574

jan
jan
jan
jan
jan
jan
jan
jan
jan
jan
jan
jan
jan
jan
jan
jan
apr
apr
apr
apr
apr
apr
apr
apr
apr
apr

N O Ol b= W

10
11
12
13
14
17
18
19
20
21
24
7
8
11
12
13
14
19
20
21
22

3206
7300
171928
295978
91466
23867
633538
33083
25329
34971
13323
2051803
69386
27558
3972528
1238882
11097
3017330
349124
1433410
2497
945176
36342
28277
97087
20818

feb

mar
mar
mar
mar
mar
mar
mar
mar
mar
mar
mar
mar
mar
mar
mar
apr

apr

apr

apr

may
may
may
may
may
may

28
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14
15
16
17
21
22
23
25
26
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42951
1334289
641900
3210493
35027
49442
83060
1254701
13507
25776
589953
996227
29499
3443195
220694
7930
547008
263077
33254
14199
12023
10500
65768
17950
36728
65311
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APPENDIX B

R Code for the Illustration

In Chapter 5, the INGARCH model is illustrated on the daily number of shares trading on
the Lusaka Securities Exchange (LuSE) from October 1, 2021 to May 10, 2022 (except for
weekends and public holidays), giving a total of 150 observations. We now give the R code

for the computational aspect of the illustration.

# Define the data set

data <— c(650, 2451, 900, 37816, 27100, 82000, 826285, 6353,
3127647, 1910, 37846, 18561, 4968, 801070, 224605, 836781,
311931, 206207, 5734, 448519, 117117, 31081, 312807, 156394,
354601, 31808, 4383470, 74364, 1041636, 138172, 33061, 157937,
77213, 248665, 195012, 299801, 15581, 31370, 43929, 8385, 150033,
320286, 324365, 109610, 48900, 72201, 6602, 11560, 21214, 91453,
1810923, 10122, 48305, 345564, 200026, 13128, 5570, 13851, 2253,
16203, 17667, 212257, 900, 24480, 3206, 7300, 171928, 295978,
91466, 23867, 633538, 33083, 25329, 34971, 13323, 2051803, 69386,
27558, 3972528, 1238882, 52589, 12540, 21756, 49189, 73454,
2614778, 8958498, 20163, 2634287, 12554, 51352, 3851, 40423,
9658, 40027, 66251, 89793, 14000, 68362, 63572, 16246, 75054,
1238882, 18005, 42951, 1334289, 641900, 3210493, 35027, 49442,
83060, 1254701, 13507, 25776, 589953, 996227, 29499, 3443195,
220694, 7930, 20562, 46954, 101160, 43575, 34823, 82831, 471427,
537177, 17742, 42574, 11097, 3017330, 349124, 1433410, 5497,
945176, 36342, 28277, 97087, 20818, 547008, 263077, 33254, 14199,
12023, 10500, 65768, 17950, 36728, 65311)
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R Code Implementation:

# Load necessary libraries
library(tscount)

library(forecast)

# Define the data set
data <- c(650, 2451, 900, ..., 65311)

# Fit Poisson INGARCH(1,1) model
model <- ingarchFit(data, p =1, q = 1, dist = "poisson")

summary (model)

# One-step ahead forecasting

forecast <- predict(model, n.ahead 1)
forecast_values <- forecast$pred

forecast_ci <- forecast$interval

B.1. Table 5.1: Summary Statistics

# Summary statistics
sample_size <— length(data)
maximum <— max(data)
minimum <— min(data)

mean <— mean(data)

median <— median(data)
variance <— var(data)
skewness <— skewness(data)
kurt <— kurtosis(data)

# Displaying summary statistics as a table
headers <— c(” Statistic”, "Value”)
table <— data.frame(

Statistic = c(”Sample_.Size” , "Maximum” , ”Minimum” , ”Mean” ,
"Median” ; ” Variance” , ”Skewness” , ”Kurtosis”),
Value = c(sample_size , maximum, minimum, mean,

median, variance, skewness, kurt)

print (table)
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B.2. Figure 5.1: Plot of original data

# Load necessary libraries
library (fINGARCH)
library (ggplot2)

# Fit INGARCH model
model <— ingarchFit (formula = "ingarch (1, 1), data = data)

# Forecast one—step ahead

forecast <— predict(model, n.ahead = 1)

# FExtract forecast values and confidence interval
forecast _values <— forecast$pred

forecast _ci <— forecast$interval

# Plot the time series and forecasts
plot.ts(data, main = "Number_of_Shares_Traded_Daily”, xlab = "Date” ,
ylab = ”Number_of_Shares”, col = "blue”)

lines(forecast _values, col = "red”)
lines (forecast_ci[,1], col = "pink”, lty = 2)
lines (forecast _ci[,2], col = 7pink”, lty = 2)

legend (" topright”, legend = c(” Original_Data” , ”Forecast”, "95%_CI”),
col = c(”blue”, "red”, "pink”), lty = 1)

B.3. Figure 5.2: SACF and SPACF

# Load necessary libraries

library (stats)

# Plot the ACF and PACF of the series
par (mfrow=c (2,1), mar=c(4, 4, 2, 1))
acf(data, lag.max=20, main="ACF_of_the_series”)

pacf(data, lag.max=20, main="PACF_of_the_series”)

B.4. Table 5.2: Estimated parameter values
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# Load necessary libraries
library (knitr)

# Create the data frame
data <— data.frame(
Participant = ¢(1, 2, 3, 4),
Estimated value = ¢(1.7383, 0.3271, 0.2844)
Standard error = c¢( 0.7721, 0.0628, 0.101285)

# Print the table
knitr :: kable (data, caption = ”Pretest._and_Posttest._Scores”)

B.5. Figure 5.3: One-step-ahead forecasts

# Model parameters
gammal <— 0.1
gammal <— 0.5
deltal <— 0.5
# Function to calculate one—step ahead forecast and confidence interval
forecast <— function(data, gamma0, gammal, deltal , alpha=0.05) {
n <— length(data)
X <— rep(0, n+1)
lambda <— rep (0, n+1)
forecast _values <— rep(0, n)
upper _limits <— rep(0, n)

lower _limits <— rep(0, n)

X[1] < data[1l]
lambda[1l] <— gamma0

for (t in 2:(n+1)) {
lambda[t]| <— gamma0 + gammal % X[t—1] + deltal % lambda[t—1]
X[t] < rpois(1, lambda[t])
if (t <=n) {
forecast _values[t] <— lambda|t ]
std _error <— sqrt(lambda[t])
z_score <— abs(gqnorm(alpha/2))
upper _limits [t] <— forecast_values[t] + z_score % std_error

lower _limits [t]| <— forecast_values|[t] — z_score % std_error
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list (forecast _values , upper_limits , lower_limits)

# Generating forecast

forecast _result <— forecast (data, gamma0, gammal, deltal)
forecast _values <— forecast_result [[1]]

upper _limits <— forecast _result [[2]]

lower _limits <— forecast_result [[3]]

# Plotting

plot (1:length(data), data, type='o’, col="blue’, xlab="Time’
ylab="Number_of_shares’, main="Original_Series._and

One-Step _Ahead_Forecasts_.with_Confidence_Limits ")

lines (forecast _values, col="red’)

polygon(c(1:length(data), rev(1l:length(data))),

c(upper_limits , rev(lower_limits)), col="grey’, border=NA, alpha=0.5)
legend ( "topright ’, legend=c(’Original_Series’,

"One—Step_Ahead _Forecast’, ’95%._Confidence_Interval ’),
col=c(’blue’, ’'red’, ’grey’), lty=c(l, 1, 0), pch=c(1, NA, NA))
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