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INTRODUCTION

Pioneering work in the determination of
ordinary linear representations of the generalised
symmetric group B: was first carried out independently
by Osima [13] and Puttaswamaiah [14] by adhoc means.
More recently Kerber [10], Read [16] and Hughes [8]
determined the irreducible ordinary representations
of B: by using Clifford’s theory applied to Wreath
products.

¢

The results of Osima, Puttaswamaiah, Kerber,
Read and Hughes have recently been obtained in a much
easier and more elegant way by M. Saeed-Ul-Islam [20],

and without using Clifford’s theory.

Our object here is to give a detailed account
of the inequivalent irreducible ordinary

representations of B:

by using Saeed-Ul-Islam’s
approach. We also apply the results obtained to the
construction of the irreducible ordinary

representations of the hyperoctahedral group Bi which

is isomorphic to the Weyl group of type B .



-ix-
The following is a description of the arrangement
of the chapters. 1In chapter I, we give the theory of
ordinary representations of finite groups which will
be used in the sequel. We describe the ordinary
representation theory of the symmetric group Sn and
its Young subgroups in chapter II. The basic concepts
of the generalised symmetric group B: and a descripti

of its conjugacy classes are given in chapter III.

The main results of the ordinary representations
of the generalised symmetric group B: are given in
chapter IV. As a direct application of this work, we
give an explicit construction of the ordinary
representations of the hyperoctahedral group, Bi in
chapter V. We also give an illustration of the
construction of the ordinary representations of the
groups Bi and Bi. The character tables of these
groups are given in the appendix. In all that follows,
results will be numbered X.Y.Z, where X is the chapter
number, y 1is the section number and Z is the item
number in section Y. The end of a proof will be

marked by the symbol .
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LIST OF SYMBOLS AND NOTATION

We shall use the following notation without
further reference.

G = a finite group with identity e.

=~
I

an algebraically closed field of characterestic zero.

the set of natural numbers.

2
I

N* = N u {0}

C = the field of complex numbers

C* = C\{0} = the multiplicative group of C.

V = a finite dimeﬁsional vector space over C.

HomC(V,V) = the set of all endomorphisms of V over C.

GL(V) = the general linear group, contained in HomC(V,V).

GL (C) = the full group of invertible nxn matrices over C
GLn(C) is isomorphic to GL(V) if the dimension (V:C

of V over C is n.
Q = the set containing n objects here represented by

{1,2,3,...,n}.



CHAPTER |

ORDINARY REPRESENTATION THEORY OF FINITE GROUPS

Our aim in this chapter is to establish much of
the notation used in the ordinary representation theory
of finite groups, and to give some basic results on the
subject. For most of the material in this chapter we
follow closely Burrow [1] and Curtis and Reiner [6].
All representations considered here are over the field
C of complex numbers, though the general theory used
applies equally to any algébraically closed field K of

characteristic zero.

1.1 _BASIC CONCEPTS
DEEN _1.1.1

Let HomC(V,V) be the set of all endomorphisms T of

a finite dimensional vector space V over the field C of

complex numbers. Then T is said to be reducible if v
contains a non-trivial subspace U which is invariant
under T (i.e Tu = u,YVueU). T is said to be irreducible
if no non-trivial subspace of V is invariant under T.
T is said to be completely reducible if whenever U is a

non-trivial invariant subspace of V, there exists



another non-trivial invariant subspace W of V such that

V is a direct sum of U and W (i.e. V = UeW).

DerN 1.1.2

An ordinary’ (linear) representation of G

with representation space V is a homomorphism T of G
into GL(V) (i.e T(gh) = T(g)T(h) and T(e) = Iv Vg,h,eeG
where I is the identity element of V).

Two ordinary representations T and T’ of G
with representation spaces V and V’ respectively are
said to be equivalent if there exists a C - isomorphism
S of V into V' such that T’ (g)S = ST(g) for all geG.
The dimension (V:C) of V over C is called the degree of
T denoted by deg T.

An ordinary representation T is said to be

reducible or completely reducible if its representation

space is so.

The following 1is an alternative definition

to definition 1.1.2.



DeFN 1.1.3

A matrix representation of G of degree n is

a homomorphism A of the group G into the full matrix
group GL (C) (i.e A(gh) = A(g)A(h) and A(e)= I ¥g,h,ecG
were I is the identity element of GL (C)).

Two matrix representations A and A’ are
equivalent if there exists a fixed invertible matrix P
in GL (C) such that A’ (g)P = PA(g) for all geG.

Equivalent matrix representations have the same degree.

The concepts of reducibility, irreducibility
and complete reducibility given above are immediately

applicable to matrix representations of G.

REMARK 1.1.4

Let a matrix representation A of G be equivalent

to

A (9) B(9)
A (g) =

0 A (9)
for all g € G. Then
(i) A is reducible

(ii) A is completely reducible if B(g) = 0.



U
In all that follows, a representation of G shall

mean an ordinary representation (here abbreviated by o.1
of G. An irreducible ordinary representation of G

shall be abbreviated by i.o.r.

DEFN 1.1.5

Let G be a group. Let CG = {} « g|la € C} be
geG ¢ g

a set of formal sums of elements of G. Define addition
and scalar multiplication on C€G component-wise and

multiplication by

Yo g Yy o« ,g'| = Z « « ,(g9’). Then CG is
gec 9 g’ €G g g’ SgeG g g
an associative algebra called the group algebra of G.

In what follows a representation of a group algebra CG

shall mean an algebra homomorphism of CG.

LEMMA 1.1.6

There is a bijection between the o.r’s of a group
G and those of its group algebra CG. Furthermore the
exists a bijection between the o.r’s of CG and finite

dimensional left CG-modules M.

PRrROOF

Let T’ be an o.r. of CG with representation space
M. Define T:G -» GL(M) by T(g) = T’ (ocgg) VgeG, i.e. a

restriction of T to G.



Then

T(gh) = T’(aghgh) = T’(agg)T’(ahh)=T(g)T(h) i.e T is a
homomorphism. also T(e) = T’(aee) = IH. Thus T is an
o.r. of G corresponding to T‘. Conversely let T be an

O.r. of G with representation Space M. Define

T/ :CG » GL(M) by T/ (a) = Y a T(qg),
gEG g
where a = Y « g, « € C. Then if a’ = y « h,
gec Y g hec
we have

T’ (aa’ )= ¥} aghT(gh), where agh = o «
gh€g

= I « a T(g)T(h)
g ,h€cC

( IosT@]( 1 g = (g m.

h &G

If now this T’ is restricted to G we get back T. Thus

T’ corresponds to T.

Further, consider an o.r. T of G with

representation space M. Let r = ¥ x, 9 € CG. Let meM.
geEeG

Define rm by rm = { Yy aqT(g)m] € M. Then since M jis
gEec

an additive abelian group it is easily seen to be a

CG-module corresponding to T.

Conversely 1let {mi/i=1,...,n} be a C-basis of a

left CG-module M and r €CG. Let ¢ = {gi/j=1,...,n}.




We have

Il
e

Now take T(gj) = (a, )

1]

Then T is an o.r. of G with representation space M.

Thus by Lemma 1.1.6, the problem of classifying

o.r’s of G is equivalent to the problem of classifying

finite dimensional left CG- modules up to isomorphism.

We have the following theorem on the

representations of a group G.

THEOREM 1.1.7 (MASCHKES)

Let G be a then every

group,

is completely reducible.

reducibility of

CG-module M



PRrROOF

Let M1 be a non-trivial CG-submodule of M. We
construct a non-trivial CG-submodule M2 of M such that
M=M o M, a direct sun. Considering M as a vector
space there exists a CG-subspace U such that M=M1@U.
For if ¢:M > M is a linear map given by ¢ (m) = m ,
meM, m €M . Then ¢(M)=M1 c M and ¢°=¢ by definition of
¢.

Now define T:M » M by

1

T(m) = 1/|6|] T g¢g
g €6

(m) .

Then V heG, we have

hTh™' = 1/|6] ¥ hgeg 'h™*
g €6
= 1/|¢| L hgg(hg)"
hg€G
= T,
as hg runs through G as g does. Now since

T is a 1linear combination of ¢, it follows that

Tz(m)=T(T(m))=T(m1)=m1=T(m)VmeM that is T°=T on M.



We have

T((1,-T) (m)) = T(m-T(m)) = T(m)-T° (m)=m_-m =0

that is ker T=(1M—T)(M). We also have

(1,-T) (T(m) = T(m)-T°(m) = m -m =0 that is

T(m) = KXer (lu-T)oHence Ker(T) n T(M) = {0}
and M = T(M) e ker(T). Now let M1 = T (M)

and M= ker(T) which gives the result M = M e M.

The above result has the following consequence

in terms of o.r’s of G.

CoroLLARY 1.1.8

Let T:G — GL;(C) be an o.r of G with
representation space M. Then there exists an

invertible matrix S in GLn(C) such that Vv g € G, we

have
T, (9) Y
s7lr(g)s = T, (9)
0 T (g)
where Ti(i = 1,...,r) are i.o.r’s of G. We

write T = T1+...+ Tr.



Let Mn (C), where i =1,2,...,s

1
be the full matrix algebra of n. xn matrices over C.
Since CG is completely reducible as a CG-module, it is

a direct sum: CG = M (C)e...e M (C)
1 s

and this decomposition of CG is unique (see[6]).
Since matrix multiplication is non-abelian, the

summands Mn(C) of CG are non-abelian so that CG is
i

semisimple. Furthermore each MW(C) is completely
v -
reducible by theorem 1.1.7. Thus there exists

inequivalent CG-modules Mi(i =1,...,s8) such that M;(C)
i
is isomorphic to a direct sum of mlcopies of M, where

m = (Mi:C), that is M (C) = Mo...oM (mi copies).
i

we need the following definition.

DeEEN 1.1.9

An element ¢ of CG is called an idempotent if
¢2=¢. An idempotent ¢ is called a primitive idempotent

of CG if ¢ # ¢ _+¢_, where ¢2 =9 ,¢2= '
1 T2 1 1772 2

¢, = 0. It is clear that an idempotent

and PP, = ) .

2
¢ of CG is primitive if and only if the ideal

generated by ¢ 1is minimal (see [1] or [6]).

The following combinatorial lemma is due to John

Von Neumann (see Burrow [1]).



LEMMA 1.1.10

Let H1 and H2 be two subgroups of G

with representations T1 and T2 respectively, both of
degree one. Suppose that for all g € G, g ¢ H2H1 if

and only if there exists h1 € H1’ h2 € H2 such that

—1 _ _ .
ghlg = h2 and T1(h1) # Tz(hz). Then ¢ = PN is a

scalar multiple of a primitive idempotent, where

P=2 hn v (h) anan =
h1€H 1 1 1

Y h.T (h
1 hZEH

2 2 ).

2
2

PrROOF

Note that Ph{T1(h1)
h

Z hl Tl (hl )hl’. Tl (h; )
h1 €H

l—‘\"

1

Z, h1 hi T1 (h1 h; )
h’en
11 1

T

=P, for h! € H .
1 1
Similarly we can show that Nh;Tz(hé) = N. Now
consider PNgPN. If g e H2H1’ g = hzh1 say, then we have
_ _ -1 -1
PNgPN = PNh2h1PN = T1 (h1)T2 (hz)P(thTz(hz))(h1T1(hx)P)N

-1 -1 2
= T, (h)T]" (b)) (BN)?,

-1
where Ti

(hi) is the reciprocal of the scalar
Ti(hi), T, being of degree one, i=1,2. If g ¢ H2H1’

then

10



PNgPN = T (h, )PNgh g 'gPN = T, (h, )PN h_gPN

-1
T (h )T, (h,)PNgPN.
Hence PNgPN(l—Tl(hl)Tgl(hz))= 0. This implies PNgPN =0
since T1(h1) # T2(h2), and this with ¢ = PN yields
¢ CGp=Cp°

Now ¢ # 0 since the coefficient of the identity
I in PN is
k= LT (h)T,(h)

h _€H
2 2

h_ €H
1 1

vV h ,h such that hh h. € I, that is all h ,h. e€H nH_.
1772 1 2 1’72 12

1 -1

But Ih 11- = h,~ and since I € HH , we have

_ -1
T1 (h1 )_Tz (hz

). So that k= [Hn H | # 0. Also ¢° = 0
otherwise CGy¢CGp = O0,implying CGy is a non-zero
abelian ideal of €G contradicting the fact

that CG is semi-simple.

Similarly on considering Pg-lN we obtain
PCGN=CPN=Cy¢ . Since PCGN > PNCGPN, we get
Cy > ¢CGyp. Now this with ¢CG¢=C¢2 yields ¢2 = K¢,
where keC. Now ¢ is primitive (otherwise P, =P, Yo, with
p_=0. But P, * 0 and by ¢2 = K¢, we have p, = 0, a
contradiction). Thus if G satisfies the conditions of

the lemma, then ¢ = ¢2=k¢ is a primitive idempotent of CG.

11



We now wish to determine the number of
inequivalent i.o.r’s of G over the field C of complex

numbers. First we prove some preliminary lemmas.

LEmMmA 1.1.11

Let G be a group. Let C be the complex field and

Z(CG) be the centre of CG. Then

Z(CG) = Z(M_(C)) ® ... o Z(M_ (C)) and (Z(EG):C) = s.
1

s

PrRoOOF

From Corollary 1.1.8 CG = Mn (C)@...@N% (C).
1 s

Hence Z(CG) = Z(M; (E))@...@Z(Mn (C)). Further the
1 s

only matrices which commute with all matrices M (C) are
i

scalar multiples of In . Thus (Z(M%(C)):C) = 1. Hence
i i

(Z(CG):C) = s

LEMMA 1.1.12

Let {h1’hz”"’ht} be the set of conjugacy classes

of G. Define Ci = Yg (i=1,...,t). Then {C1""’Ct}
g€h
i

is a C-basis of Z(CG).

12



First we show that the elements of {C1°"’Ct}

belong to Z(CG). For all g € G, gCig-1= Y gxg = c, -
X €h
i

Furthermore since the Ci,s are sums of group elements

of disjoint sets hl, the set {C1""Ct} is 1linearly

independent over C. Now let h = ¥ « g € Z(CG). Then
g &G

for each yeG, Ja g =h = yhy ! = Zagygy—l.

Therefore “y'lgy =ag for all y € G. Hence ag = ag, if

and only if g and g’ belong to the same conjugacy
class h of G. Therefore h is a C-linear combination
of the set {C1""’Ct}'

[

We now prove the following theorem.

THEOREM 1.1.13
Keeping the notation above, the number of

inequivalent irreducible CG - modules M is equal to the

number of conjugacy classes of G.

PrROOF

By lemma 1.1.11 (Z(CG) : €C) = s. And the number
of elements of the C-basis of Z(CG) is t, which is
equal to the number of conjugacy classes of G.

Therefore t = s.

13



LEMMA 1.1.14 (ScHUR’S LEMMA).

Let T and T’ be irreducible matrix representations
of G of degree f and f’ respectively. Let P be an
fxf’ matrix such that T(g)P = PT’ (g), for all g € G.
Then either P = 0 and T and T’ are not equivalent or

f’=f and |P| # 0 in which case T and T’ are equivalent.

PROOF

Suppose that P # 0. Then there exists

non-singular matrices A and B such that APB = N
where
I | o]
rr rt
N =
o] 0 /
sr st Jfxf

Now let S(g) = AT(g)A"' and S’ (g) = B 'T’ (g)B for

all geG. Then since T(g)P = PT’ (g), we have

a"'S(g)AP = PBS’ (g)B "
if and only if S(g)N = NS’ (g), where N=APB, i.e S(g)

is of the form

rs

S, (9) ‘ s__(9)

o, (@] s, (3

14



and S’ (g) is of the form

s, (@) | o, (q)

rr

si. (@) | s, (@)

Hence S and S’ are reducible representations,
which contradicts the irreducibility of T and T’

unless r=f=f’.

Therefore rank P = £, so that |P| # 0, and we can

therefore write

T (g) = P 'T(g)P, for all g € G

i.e T and T’ are equivalent.

CoroLLARY 1.1.15

Let T be an irreducible representation of G of
degree f over C such that P_IT(g)P = T(g) for all gegG,
where P is an invertible matrix. Then P = AL,

*
where A € C .

PROOF

Since we are working in the field of complex

numbers, P has an eigenvalue, A say. i.e |P-AI| = 0.

15



Hence by hypothesis we have
T(g)(P-AIf) = (P—AIf)T(g) V g € G.

The result now follows from theorem 1.1.14.

We need the following definition.

DerN 1.1.16

Let A be a matrix representation of G of degree

n. Define X, by xA(g) = trace (A(g)) for all geG. Then

X, is called a character of G afforded by A. For brevity

this shall be known simply as the character of A.

We now prove the following result.
THEOREM 1.1.17

Let X, denote the character of a representation T

of G. Then
(i) X is a class function on G

(ii) if S and T are equivalent matrix
representations of G then xs(g) =xT(g) for

all g e G.

16



(i) Since similar matrices have the same
characteristic polynomial, they have the same
trace. Now since T(x_lgx) as a matrix is similar
to T(g), we have
xT(x'lgx)= TraceT (x ' gx) = TraceT(g) = 2, (9)

i.e X is a class function.

(ii) If s and T are equivalent representations, then by
definition S(g) and T(g) are similar matrices
for all g € G. The result is now immediate

from (i) above.

THEOREM 1.1.18 (ScHUR’S RELATIONS)

Let T, and T, be irreducible matrix representations

of G, where

T, (9) = (¢, (9) ,  and T,(9) = (B, (9)), , -

Then if T, and T, are inequivalent,

(1) I o (g7)B  (39) =0 vi,s,t,j
geEeG

Otherwise if T, and T, are equivalent,

. . -1 _ |G| .
(11)ggcais(g e, (9) == 6,6, Vi d,s,t.

17



Let S be any nxm matrix and define an nxm matrix

£(S) by £(S) = L T, (g ' )ST,(9)
gEG

Then T (h)£(S) = £(S)T,(h), V he G. Thus
if in particular we set S = E  , the nxm matrix
with 1 in the (s,t) - position and 0 elsewhere.
Then

_ -1
BB = T (0, (9T (B ) (B, (9))

Therefore by Schurs lemma
(1) if T, and T, are not equivalent then f(E,,) =0

so that

L e _(377) B (9 =0, Vvij,s,t.
g &€t

(ii) If T, and T, are equivalent, then f(ESt) commutes
with T , so that by corollary 1.1.15
*
f(E )= A I , for some A» € C
st n st

st

=A6 6 -
st 1]

Now (“1j(g_1)) (¢,,(9)) = I if and only if

§ a (g ) asj(g) = 6ij and

n
m= TAr=F (Le (9 ) (@)=L 1= |G
IGl s=1 gEG |G|
Therefore A= — so that f(E ) = — & & .
n st n

giving the result.

18



DeFN 1.1.19

Let T1 and T2 be o.r’s of G with

characters X and X respectively. Then the inner

1 2

product (xT,xT), of the characters of G is defined by
1 2
(%, %, ) = Tar I x (D, ().
T, T2 IGl T T

g &€ 1 2
we have the following lemma.

LEMMA 1.1.20

Let T1 and T2 be i.o.r’s of G with characters X

1
and x respectively. Then
T

(i) (xT X ), = 0, if T, is not equivalent to T, -
1 2
(ii) (xT ' Xy )G =1, if T1 is equivalent to T2.
1 2
PRrROOF
Let Tl(q)'f (@, ,(9)) ., and TZ(%? = (B, ;(9)) n-
Then le(g) = 1§ « ,(9) and x (9) = ¥ B , (9)

1 2 1=1
(i) 1if T, is not equivalent to T, ., then

1 -1
X ) = r x. (9)x. (g ) =0
'r1 T G |G| gt T1 T2

by theorem 1.1.18.

(ii) Now suppose T, is equivalent to T, then X

19



1 -1
(X, wx, ) = — ¥ x (9x. (g 1)
T, T, |G| gec T3 T
3 1 n n -1
BT N )
1 n IGI n 1
Tlel ko w7 L Rt

We now prove the following theorem.

THEOREM 1.1.21

Let T be an o.r of G with character X e Then T is

an irreducible representation of G if and only if

(x; X)), = 1.

ProoF

If T is irreducible then lemma 1.1.20 gives
the result.
If (xT,xT)G = 1, then by Maschke’s theorem T is
completely reducible, being a direct sum of irreducible

representations
T, (g) 0
i.e. T(g) = Tz(g).
0 T (9)

20



and we write T(g) = Tl(g) + Tz(g) +...+Ts(g). Let

X, be a character of Ti of G.
i

— 1 -1
Then (xT, XT)G = 'I'E—I gEG p 2 (g)XT (9)

- o L (E e @] Eax @)

s 1 s
= ¥ a; [ To] 2 (9 (g 1)]
i=1 i i

i=1
s 2

= I a, since the inner sum is 1 by
i=1

lemma 1.1.20.

s
But (x, ,x;) = 1= ¥ a 2 implies that a = 1 for only

one i such that 1 = i = s and a, = 0, V j#i. By lemma
1.1.20, T has one irreducible constituent, ie. T is

irreducible.

LEMMA 1.1.22

Every irreducible representation of G is a

component of the regular representation of G.

PROOF

Let r, be the regular character of G. Since for

9'* e, geG, eg =g, g9’ * g, r (e) = |G| and r_(g)= 0

Vg(*#(e)) e G.
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Let X be the character of any

irreducible representation T of G, then

1 -1
(Te %p) = Jg] [ggc r, (@) 2, (5]

- L [r @@ + T, @y e™]

|e] g €G
g #e
= X (e) + 0
= Trace (T(e)) = Trace If = f
where f is the degree of T. We have f = (rG,xT) is

the number of times X, appears as a component of r, .

We now obtain an alternative to theorem 1.1.18.

THEOREM 1.1.23 (SECOND ORTHOGONALITY RELATIONS)

Let {T1’T2""’Ts} be a complete set of i.o.r’s of
G with characters Xp o reeerXo of degrees no,...,n
1 s
respectively. Let Cli denote the ith conjugacy class

of G, and Cl: be the class containing the inverse of

geCli. Let hi= |Cli| be the order of Cl{. Let xf denote
the value of x, on Clj. Then

(i) if C1j is not inverse to c1,

: 3
Y x x., =0

i=1

(ii) if Clj is inverse to cl , ) xf X, =
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Let ¢ = ¥ g.Then C g = gC, Vg € G by
i j j
gECEli
lemma 1.1.12. Therefore we have Ti(CJg) = Ti(gcj) if
and only if Ti(CJ)Ti(g) = Ti(g)Ti(CJ), VgeG. Thereby
by Schur’s lemma, we have Tl(cj) = wf In . And on
i

computing the traces we have hj xi(g) = niw: (where
ni=trace In ). If now xj denotes the value of X, on an

i i

element g of Clj, then we have

hxj
i%i
W o=—,
1 n,
Now since {C s--.sC 1} is a C - basis for Z(G), then
s
cC =Y «a C , where « € C.
J ok 1= k1 1 jk1l
S
Hence Ti(Ci)Ti(Ck) = 1§1a1k1 Ti(Cl) if and only if
Kk : 1
wwt = Y « w if and only if
i 1 121 jkl i
hxj. hxk s h x
Jjoi ki_ ZOC 1
n * n - jk1 n

Now if r, is the regular character of G then lemma

S
1.1.22 implies that ré= Y nlx:.
i=1

s
bk
Hence hjhk Y X,ox, = ? o hlrcl
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|G| if Cc1 = {e}
since ré =

0 otherwise.

Now |Cl;| = |Clj| = h ., we have

J J

o , other wise.

h, if C1 = c1”
jk1

Therefore } xi ¥ =0 if Clj is not inverse to cl, .
i=1 i
by 2y
T L X X _ 1 ifc1l is inverse to cl. .
|G| 1=1 1 1 K J

1.2 CONSTRUCTION OF NEW REPRESENTATIONS OF FINITE GROQUPS

In this section we describe the methods
of constructing new o.r’s of a finite group from old

ones to be used here.

DEFN 1.2.1
Let A = (aij) and B = (bij) be two matrices of
degree s and r respectively. Then the tensor

{Kronecker) product of matrices A and B is defined by

r -
B B ....a B
11 12 1
A e® B = a B a B ....a B .
21 22 2s
a Ba B... a B
L s1 s 2 ss J
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Now let T1 and T2 be representations of G of degree
s and r respectively. Define T by
T(g) = Tl(g) ® Tz(g) € GL(sr,C). Then T as defined is a
representation of G of degree sr called the

tensor (Kronecker) product representation of G. We

shall write T = T1 ® Tz.

The representation T = T1® T2 is in general
reducible. Its reduction may yield new i.o.r’s of G.
The following construction gives rise to new i.o.r’s of

G. We have a definition.

DeEFN 1.2.2

Let G be a group of form HxH’, where H and H
are groups. Let T and T’ be o.r’s of H and H’
respectively. Then the map T#T’ defined by
T#T’ (h,h’) = T(h) e T’ (h’)
is a representation of G called the outer tensor

product representation.
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LEMMA 1.2.3

Let G = HxH’' be a group with outer tensor
product representation T#T’'. Then T#T’ is irreducible
if and only if T and T’ are both irreducible. Further
if {Tl,...,Tr} and {T{,...,T;} are complete sets of
inequivalent i.o.r’s of H and H’ respectively then
{Tl#T’JI i=1,...,r; j = 1,...,8} is a complete set

of inequivalent i.o.r’s of G.

PrROOF

It suffices to show the second part. Let x be

Ti#TJ
the character of Ti# T;. Then

1 -1
_— ¥ X ,(h,h") % ., (h,h")
|HxH’ | (h,n’) ec Ti# T Tk#Tl

-1

L Loz (M) x, (W)x . (hh)x, (h')

-—— 3
H| |H' h €H h’ eH’ i 3 k 1
|H| [H" |

where X, is the character of T1 and Py is that of T;
i 3

(i,k = 1,...,,r), (3,1=1,...s)
( -—

- [ o mr e[ T a, ™) xg)t
L|I-I| h €H ! k |[H | n’en’ J !

(1 ifi=kx, j=1
, by theorem 1.1.18 and theorem

| 0 otherwise, 1.1.21
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We now consider the relationship between the o.r.’s
of G and those of its subgroup H. Consider i.o.r’s T
and t of degree n and m of G and H respectively. We
may limit consideration to those matrices of the i.o.r
T of G associated with the elements of H. By such a
restricting process we obtain an o.r. of H which we
denote by T or T | H. Similarly, we may obtain an o.r of

G from that t of a subgroup H of G as follows.

DeEFN 1.2.4

Let H be a subgroup of G such that ¢ = U Hg 1is a

decomposition of G into right cosets modulo H. Define

T by

i - _ i,
t(g,xg; ) t(g,xg ' ).... t(g xg ")

TG = | t(g,xg]")  t(g,xg,™")....t(g,xq )

t(g_xg] ) t(g xg,") ....t(g xg ") J

t(gixg;l), i,j € (1,...,s), where
. - t(g, xgj-1 ) if g xgj-1 € H
tlg,xg9,") = . -

0] if gixgj ¢H.
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Then T is easily seen to be a representation of G
of degree ms called a representation induced from t or
the induced representation of G. We denote the induced

representation of G by t% or t1G.

Now let 6 and x be characters of H and G
respectively. We shall write 8¢ or (6 T G) for the
character of tG(or tT G) and xH(or X lH) for the
character of G restricted to H. For the formula for

the character of G induced from that of H we have

))

8% (g)= trace(t(xlng-1

s .
=L e(x.9x )
1=1 P

Where o0 (g’) = 6(g’) if g’ € H, or 0 if g’¢ H.

Now if g € G, then g has the form ng for some
je {1,...,s8}, where s = [G:H].
Thus g = hg, , for some h € H, and we have
j .
-1 -1
(] = 0
(x,9x ") = 0(9,9 9;")
1

Therefore 0% (g) = G| Y e(xgx )
X E€G

Now as x ranges over G, xgx-1 are in the
conjugacy class Cli of G containing g. Thus as X
ranges over G, xgx-1 ranges over Cli and each element

|G| _
—— times,where h ~ IClil'
h i

i

ye Cli appears
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Thus alternatively we have

G - el
= 3 o(y), gecl,
|H|hi y€C1 NH

The representation t® is in general reducible.

The following results are associated with

induced o.r’s of G.

THEOREM 1.2.5 (FROBENIUS RECIPROCITY)

Let H < G with characters 8 and x respectively.

G —
Then (x,8 ). = (x, ,8), -

PRrROOF

1
(x,6%); =g I x(@e’ (g
ge€eG

1

)

L - [—1— 5 x(g)é(t‘lg'*t)]
IGl t €6 IHl g €6

'g7't ¢ H. Since

where 6 (t 'g 't) = 0 if t~
x(t™'g t) =x(g ), V t e G, we have

1 -1 o1 -1
(XIGG)G= m-l_ tEG[ gEG xee gt)e(t g t)]
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Now for a fixed t € G, g varies through G as

t-lgt varies in a conjugacy class containing g, so that

1 s, =1
(x,0°), = —— L L x(g')e(g’ ")
|G| |H|] tec g¢’ec
1 ‘A ;=1
—— ¥ x(g’)e6 (g’ ")
|H| g’ €c
1 -1
_ — ) X (g’)8Cg’ ") _
- IHI gIEH H (xHIe)H‘
Hence (x, 0°), = (x,,0),-

LEMMA 1.2.6 (MACKEYS SUBGROUP FORMULA)

Let H and K be subgroups of G with characters X
and X, respectively. Let X Dbe the set of
representatives for the double cosets KxH in G, (i.e.
xeX) .

Then (x, LSy )y = L (  ((x)) nK)H]H

2°HH 2 xHx
x€KxH

where x:(g) = xz(x-lgx).

PROOF (see [11] or [6])
The following result for the calculation of

characters constructed in a special way, will be used in

the sequel.
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LEMMA 1.2.7 (BRAUER)

If a group G has a pair of subgroups H1 and
H2 with linear characters X, and X, respectively, such
that the induced characters xi and xg have exactly one
irreducible constituent in common in each case with
multiplicity one, then this irreducible constituent

character can be calculated using the formula

x (=25 n S, say) (g) = n Tx, (h )x_ (h)
1 2 |cel(g) | |H, nH, | R

where |ccl(g)| is the order of the conjugacy class of
g, n 1is the degree of the irreducible constituent
character and the summation is taken over all h1 € H1’

h. € H such that h h. € ccl(g).
2 2 1 2

PROOF (see [2])

We consider yet another application of the

subgroup structure of G to the construction of o.r’s of

G.
DEFN 1.2.8
Let H be a normal subgroup of index s in G. Let
X= {gi, i =1,...,8} be the set of representatives for

the right cosets Hg in G. Let T :G/H — GLh(C) be an

o.r. of the quotient group G/H of G modulo H.
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Define
the composition T = T’oh of the homomorphism h:G — G/H
and T’ by T(g) = T’(Hgi) € GLn(C), where g, represents

g in X. Then T = T'oh is an o.r. of G called a

* ) *
T=T’oh by (T’). Since (T') takes the same values on G
as T’ does on G/H, the number of o.r’s (T’)* of G is

equal to the number of the o.r’s T’ of G/H.

LEmMmA 1.2.8

*
Let (T’) be a representation of G lifted from T’.
%*
Then (T’) 1is irreducible if and only if T’ is

irreducible.

PRrROOF

Let X and x(T,)* be characters of T’ and

»*

(T') respectively. Then x(T,)*(g) = xT,(Hg) by
definition. We show that (x(T,)*,x(T,)*)G = 1 if and
only if (x_,,x.,),, =1

_1 -1
Now (x pry*s Xeqoy*)g = |G| L Xpy* (DX 0,* (9 )

g €G
...__._1 -1
= |G| Z xT' (Hg)le (Hg )
gE€G
X * X * = i Z xTI (Hg)le (Hg_l)
(t’y "1’y Je |G/H| Hgec/H
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= [xr"x T']G/H.
Thus lf [x(Tl)*’ X(T’)*]G = 1, then [lelel]G/H = 1

and conversely.
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CHAPTER I

REPRESENTATION THEORY OF THE SYMMETRIC
GROUP, S,

Here we give a brief outline of the
ordinary representation theory of the symmetric group,
Sn which will be used in the sequel. The method of
constructing the ordinary representations of Sn

discussed here is due to A. Young ([21]. First we

describe the symmetric group.

2.1 THE SyMMETRIC GRouP, S_

DepN 2.1.1

A bijective mapping of a set Q onto itself is

called a permutation of Q. The set of all

permutations of Q together with the composition

multiplication is a group called the symmetric group,

Sn of degree n.
A permutation 6 € Sn of the form

[ 12.... kk+1...n] (2.1)

23....1 k+1....n

is called a cycle of length k (or a k-cycle, to
emphasize the number of symbols of Q@ moved by 6) and
is written (123...K). Each permutation 6 € § can be

written as a product of uniquely determined disjoint
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cycles up to their order of occurence. Such an
expression of 6 is called the cycle-notation of .
The set of positive integers “1’i=l""k representing
the lengths of <cycles in the cycle-notation of

8 is called the cycle-type or structure of 9.

Taking r = (i,i+1), (i=1,....,n-1), then it is
well known that the group S_ has a presentation given

by

s = <ri(i=1,...,n—1)|rf = 1(i=1,...,n-1),
3 . 2
(rlri+1) =1 (i=1,...,n-2), (rirj) =1,
j#i,i+1, (i=1,...,n-1)> (2.2)

S has order |S | =n!
n n

DeEFN 2.1.2

Let (a) = (t ,....,t ) be a set of non-negative
k
integers such that z t=nand t =t . Then («) is
i=1

called a partition of n. Here, we shall sometimes
write (¢ ) to emphasize the number being partitioned.
To each partition (¢) of n there corresponds a

partition (a)’=(t;,t;...,t£) where t;= z 1, called the
j:i=zi

associate or conjugate partition of n.

The ordered lengths L N EERYLN (a zai+1) of the

i

cyclic factors in the cycle-notation of 6 (including

l-cycles) form a partitioh () = (“1""ak) of n. If
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@ and A are conjugate elements in Sn then the cycle

notation of A is easily determined from that of o.

LEMMA 2.1.3

Let 6, peS . Then we obtain the conjugate pep

of 8 by an application of p to the symbols of Q in o.

PROOF

This is clear since pop™"

[weo)for) (")

[56Th) -

Thus conjugate elements in S_ have the same
cycle-structure. Furthermore, it is well known that
the conjugacy classes of Sn are in one-one

correspondence with the partitions of n(see[10] or

(193).

In constructing the o.r’s of Sn we use
certain representations of a special class of
subgroups of Sn, called young subgroups in honour of

A. Young for his pioneering work in this area.

DeFN 2.1.4
Let (ul,az,...,ak) be a partition of n. Define
i
P =0, P = jZEJ' (i=1,...,k). Denote by S“i the
symmetric group on the «  symbols {Pi_1+1,....,P1}.

Then the direct product 5, x Sy ++- X Sy is a
1 2 k

subgroup of Sn called the young subgroup. Here we
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shall denote the young subgroup of S by

S or simply S(a).

(al,...,ak)

We have the following analogous definition

associated with the conjugate partition (a)’ of n.

DeeN_2.1.5

Let (o)’ be a conjugate partition of n. Define

i
P’=0, P/= z «’ (i=1,...k). Denote by S, , the

j=1 j i

symmetric group on the a; symbols {P;_1+1,...P;}.

Then the direct product Syr XS,/ X+ XS _, is a
1 2 k

subgroup of Sn called the conjugate young subgroup.
Here we shall denote the conjugate young subgroup of

Sn by S or simply S(a),.

(! af

I
1, 2...,ak)

2.2. REPRESENTATION THEORY OF SYMMETRIC GROUPS

We require the following definition.

DEFN 2.2.1

(i) A young diagram associated with a partition (a)
of n (here written («)-diagram) is a diagram
consisting of n nodes in k-rows with «, nodes in the
ith row and all rows starting in the same column. An
(e)-diagram shall be denoted by [a]. For example for

oo
n =3 and («) = (21), then [21])=0 1is a (21)-diagram.
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The conjugate young diagram (]’ (here

written («)’-diagram) is the diagram obtained by

interchanging the rows and columns in the («)-diagram

(o]

Now A young has shown that for algebraically
closed fields of characteristic zero, each («)-diagram
[x¢] corresponds to a uniquely determined i.o.r. of S .
This fact follows from definition 2.2.1 and our
earlier remark that there is a bijection between the
conjugacy classes of S_ and the partitions of n. Thus
here we may denote by [«a], also the o.r. of Sn
associated with the (a)-diagram [«]. We proceed to
show how this correspondence between the i.o.r’s of Sn

and the («)-diagrams [«) actually arises. First the

(a)-diagram leads to the following definition.

DEFN 2.2.2
We keep the notation above. A young-tableau

associated with a ©partition («) (here written
(x)-tableau) is one of the n! arrays of symbols in Q
obtained by replacing each node in the («)-diagram [«]
by one of the symbols in Q@ with no repetitions. An
(o) -tableau is said to be a standard («)-tableau if
the symbols in it increase from left to right along
each row and from top to bottom down each column. For

oo
example for [21] = o , ; 21and §

—_— -

standard and non-standard "(21)-tableaux respectively.

]are the
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If f(u) is the number of the standard («)-tableaux,

then the standard («)-tableaux will be denoted by
R T
()

As we shall see later, the number f(a) of

standard («)-tableaux gives the degree of the i.o.r.

[x] of Sn (see eg. [9] or [19)]). . Now consider

[x]

any of the standard («)-tableaux, say Ti Then it

is seen that the young subgroup S(a permutes only the

)
[al

symbols within the rows of T,

and the conjugate young

subgroup S(a permutes only the symbols within the

) ’
columns of T:a](see eg. [9]). Thus each standard

(e)-tableau of an (a)-diagram yields a pair of

young-subgroups S(a and S(a of Sn. For example,

) ) !

the group S3 has three (a)-diagrams with standard

(«) -tableaux given by

1
3
T:3]=: iT1[21] —. ; 2]’ Tln 1. |2
(2.3)
whose pairs of young subgroups are 8(3)= 83 ' S(3),=Sl;
S(21)= {e, (12)}, 8(21),= {e, (13)} and S 5 =S1’S 5 TS3

(17) (17)
respectively. Thus S, has three i.o.r’s [3] and [13]

each of degree 1 and [21) of degree 2 (since

T;21] = ; 3] is another standard (21)-tableau).
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Since our aim is to determine i.o.r’s of S
associated with («)-diagrams, following from the
remarks after lemma 1.1.6, we now determine the
representation spaces or modules which afford the
i.o.r’s [a]. To this end it is enough to determine a
C-basis of the representation space of the i.o.r [«].

We have the following lemma.

LEMMA 2.2.3

Let CS = A ,0...0 A_ be a decomposition of the

group algebra Cs_ of S_ into a unique direct sum of

ideals A(a)(u=1,...,s). Then A(a)=R(a1) ®...® R(af)
()

where the R(u ) s are the representation

1
spaces of the i.o.r [«] of Sn. Furthermore the
() ,._
R(“i)' are generated by ¢ ii(l—l,...,f(“).
ProOF

From corollary lel8, since Cs_ is completely
reducible, it follow’s that Csn = A1@"'@ As and this

decomposition is unique with each A(a being expressed

)

as a direct sum of f(a isomorphic minimal left ideals

)

of Csn of degree f(a over C. Thus there are ff

) o)

‘@) 5f A (i=1,...,f ) such that

ij (a)

() () (o) .
=& S
L P ik®i1 where Ik is the kronecker delta, and

elements ¢ ()

(o)
_ (a)
for any a € A(a),a : ;_1 kij ¢ij where kij € C.
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Also
(a) (B) _ . , .
L 1 =0 for distinct ideals A(a) and A(B) of
s EOC)
cs . We see that [ ¢f?)] = 1leCS where
n (@) =1 =1 ! n
to) (a) (o)
Z ¢y, = 1 A, -Let R =€ ¢ ' (i=1,...,£ ).

i=1 i

Then the R(a , s are left ideals of CSn. We have
i

f f s
t) (o) (e (o)
A(oc) = Z A(a)wii - Z [ Z A(B) ] wii
i=1 i=1 (B)=1
£
(o)
— CS (a)

)

By the uniqueness of the decompostion of Cs_, the

o o
(1) (f(oc)

R(ai)’s (1=1,...f

(a)) are isomorphic minimal 1left

ideals of Cs_. Now by the remarks following lemma
1.1.9, the ¢:T) generating R(u , are primitive elements

i

of Esn. From lemma 1.1.12 we only need the central

primitive idempotents of the two sided-ideals A(a) of

()
ii

(i=1,...,f _)(i.e ¢'®, such

cs_. The elements ¢ () 1y !

that i=j) are the central primitive idempotents of

A(a) and any one of these say ¢;?) generates a minima
left ideal R(a , = ESH¢;T) which is the representation

1
space of the 1i.o.r [a] of S . Furthermore
{¢;?),..., ;?) } is a C-basis of R .

o
() ( 1)
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This confirms that the number f(a is the degree of

)

the i.o.r [«].

Now from above and the remarks following lemma
1.1.6, the problem of constructing i.o.r’s of S_ thus
reduces to that of finding primitive idempotents for

each two sided ideal A(a of CSn.

)

In the following result we show that the

primitive idempotents of A(a) are obtained from the

young subgroups S(a) and S(a), of Sn.

LEMMA 2.2.4

Let Is(a be the identity representation on S(a

) )

and let AS(a be the Alternating representation on

y !
S

let f(a be the number of standard (a)-tableaux.

(o)’ )

Then

R

¢ = z IS(a) (91)Asta)’(ez) e192

o]

()
IES(OC)
ezes(oc)’

is a primitive idempotent of the ideal AL of Cs_.

PROOF

It suffices to show that S with T =IS on S
n 1 (o) ()

on S , satisfies the conditions of

and T2=As(a)’ (a)

lemma 1.1.10.
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, N As(a),x'l # {e}, then

A¢S S qy+ (otherwise aes S =, will imply that

Now suppose S(a

there exists some e1es(a) and ezesta), such that for

-1 _-1_

A=0_ 0O € S S s 6 6_.o6 = 8. #* e and
11 21 () (o) 11T 21 2 21 11 1
6 6 0. '= o 'e o which 1is a contradiction since
21 2 21 11 1 11
-1 . -1
921929216 S(a), while 9“91911 € S(a)and

SceyN S’ = {e}). Conversely we can similarly

show that S uy S 4 A" lx{e} if aes Now suppose

)’ (a)s(a)"
1

-1 -— .
that S(a)n As(a), A ={e}. Let Aezk = elte and let
(12...k) be a disjoint cycle of 6, . Then there is a
disjoint cycle (1°2’...k’) of 6, such that Ai=i’

(i=1,...,k). By lemma 2.1.3, for say 6, =(12"),

1

A(1727)A° =(12)=el. In this case AS(a),(92)=~1

and IS (e

)=1. Thus we have
(o)

1

AS ,(92)¢Is(a)(91) which satisfies the conditions of

(a)
lemma 1.1.10. The multiple k of the primitive
idempotent ¢ definied in lemma 1.1.10 is easily shown
f
to be equal to ;T) (see [1] or [10]).

As we have seen above, each (a)-tableau
of an (a)-diagram [«] gives rise to a double coset

S AS ,containing A such that S, A l={e}

(o) (o) nirs

o) (o)’

if the conditions of lemma 1.1.10 are to be

satisfied.
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Now as in lemma 2.2.4, above if we denote by

IS the identity representation on S(

(o) (and that

)

on S(n) by [n]), similary if we denote the alternating

representation on S(a by AS(a (and that on S(n) by

)y ! )/

[1"]), then denoting the Induced o.r’s of Sn by
1s ,,T s, and AS . , TS, respectively, we have the

following lemma.

LEmMMA 2.2.5

The o.r’s IS _ 7 S and AS,_ ,TS have one
(o) n () n
irreducible constituent in common in each case with

mutiplicity 1.

PROOF

We show that {x x ] = 1.
IS(OL)T Sn ' AS T S

()’ n

By lemma 1.2.6, the above inner product of characters

of S is equal to

p s, ., x AS]
{ IS o) A (AS 00D 7

A€sS AS ,
(a) 7 (o)
where S, = s NAAS , A" and S _AS _, is a double
A () (o) () (o)
coset of S and (AS, _,)" is an o.r of as, .,A""
n () (“)
conjugate to As(a), defined by
A -1, _
(As(a),) (ABZA )= As(a),(ez), for all ezes(a),. The

sum above is now equal to

X X ] .
A€s z AS ,[ ISA ASA
(a) ()
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1

Since S(a)nhs(u),k = {e} 1if Aes(a)A S(a),
(see Lemma 2.2.4), we have
S AAS ,K)_1=x -1 and the above
(o) () A(s NAs _, A7)
(o) (o)

sum equals 1.

We remark that when the conditions of lemma 2.2.5
hold then the conditions of lemma 1.2.7 hold; and

hence the characters yx and x give rise
Is Ts AS Ts
(o) n () n

to an irreducible character of Sn. We shall denote

the common constituent in lemma 2.2.5 by

[a]=(1s(a)T S )N (AS(M,TS“). (2.4)

Now since S(ln) is a direct product of n copies

of S, which is isomprphic to S, we have

IS(ln)= I(e)=AS(1n). Thus the induced o.r’s of

S ,IS ,n, TS and AS  n TS are the regular

representation rSn of S . We have
— — — n
(ISHn)T S )N (As(n)Tsn) =rS NAS =AsS = [1]
(Is(n)Tsn) N (AS(ln)TSn) =Is nrs =1IS = [n]
(2.5)

Thus certain o.r’s of S may be obtained as above.

Now denoting the identity representation on S by
Is(a), and the alternating representation on S(a) by
AS(“), we can similarly obtain an o.r. of S which is

given by [a])’ = (IS(a),TSn) n (As(a)TSn).
Since [n] = [1"] e [1"] we see that [«] and [a«]’

differ only on the odd permutations by a sign.
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We have

(]’ = [a] © [17] (2.6)

The next result, which is our main result in
this chapter, shows that for all partitions (a«a) of n
the pairs of o.r’s {[a], [«]’ = [«] © [1"]} are the

only inequivalent i.o.r’s of S_ (see [10] page 70).

THEOREM 2.2.6

The representations, {[«a] = (Is(a)Tsn)n (As(a),TSn),
[@]’ =[a]e [(1"]/(a)’ is a partition of n conjugate to
()} form a complete system of pair-wise inequivalent

i.o.r’s of the symmetric group, S .

PROOF

We show that for distinct partitions («) and (B)
of n, the tableaux % ana T'F! provide two distinct
primitive idempotents, which thus generate
non-isomporphic representation spaces of the i.o.r’s

[x] and [B] respectively. Let ¢1=k1P1N1 and ¢2=k2P2N2

be the associated primitive idempotents of the

[a] T[B]

Tableaux T and respectively. Consider

PN AP N , 2eS . If for all 8’=(1ij) € S there
1 1 2 2 n 2

§: 3
is no 6 _es such that 2ae’A " '=e_,
1 (a) 2 1

then no pair of symbols i,j from any column of plA!

can be taken by A into symbols within a row of ot ™!

(otherwise for (ij) e S( we would have

B)II
A(iPaTt = (aing e S ., Which implies that the rows
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[B] [l
of T have the same lengths as those of T '

that is the diagrams [«] and [B] are the

same, which is a contradiction). This implies that
there exists some 9;=(ij) € S(B)' such that
A0‘A"" =6 €S .
2 1 T(a)
Now

s (6 P N A0’A 'AP N
1 1 1 2 2

PNAP N =y
171 7272
(a)

P N 6 AP_ N , since x
1 1 1 2 2 IS
(o) 1

-1
= [xIS (6 )] P1N1AP2N2
(a) 1

- 1 . .
(91)) ] P NAP,N, = 0. Since 8 is

Hence 1—(xIS
(a)

-1
a transposition (xIS (91)] # 0, so that P1N1AP2N2=O

()

for all AeSn. Hence ¢ICSn¢2=0. But ®, and ¢, are
primitive idempotents so that ¢,CS ¢_=0 only if ¢, and

¢, belong to non-isomorphic summands A(a and A( of

B)
Csn respectively. Thus the tableaux T'%' and T[B]

)

yield primitive idempotents ¢, and e, from
non-isomorphic summands of Cs_ and are associated with
distinct i.or’s [«a] and [B] respectively. Hence the

(e)-tableaux of distinct (a)-diagrams provide a

complete system of i.o.r’s of Sn.

For an example of the application of the above
result we give an explicit construction of the i.o.r’s

of the group S4.
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Example 2.1

Since the number P(4) of partitions of n=4 is
five it follows that the group S, has five
inequivalent i.o.r’s. For the partitions

(@) € {(4), (31), (2°), (21%), (1*)} (2.7)

We give the (a)-diagrams [«] below:

(o) -diagrams [«] ()’ -diagrams, [«a]’
(4] = : 00 0 0O [4)'=[1*1=: o
(o]
o]
(o)
[31]=:0 0 © [31]'=[21°]=:0 ©
o o
o]
[2°] =: o0 o [221°=[2%1=:0 o
O 0 O O
[21°1=:0 o (21°]’=[31]=:0 0 ©
o (o]
o
[14] =0 [14]’=[4]=: O 00O
(o]
(o]
O
(2.8)

Hence the five i.o.r’s of S, are [4], [31], [22],

[14]. The numbers f(a) of standard («)-tableaux

[al
1

T associated with each (a) are given below:
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STANDARD £ 0 STANDARD £ o)’

(o) ~-TABLEAUX (¢)’ ~-TABLEAUX
] [141

pl4 1 T 1

2

T[31] 3 T[21 ] 3
2 2

T[2 ] 2 T[Z ] 2
2

T[Zl ] 3 T[31] 3
4

T[1 1 1 T(41 1

(2.9)

That the above is a complete set of i.o.r’s of
s, follows from considering the sum of the squares
of the degrees f(a).
The young subgroups of S, are easily obtained

from the («a)-tableaux to give:

YOUNG SUBGROUP, S(a CONJUGATE YOUNG

) SUBGROUP S,
(o)

S(a,)g S, S(14> = 5

S(3 1y = ss s(212) = Sz

S(zz)ss sz S(zz)= Szxs2

S(212) =5, (31) - S,

S(14) =5 S(4) =5,
(2.10)

By lemma 2.2.4 the primitive idempotents of
the two sided ideals of csn can be calculated using

the young subgroups of S4'given above.
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The identity representations on S(“) and the

alternating representations on S(a are given by

)l

1s,,,=: [4] AS 4, =:[1lle[1l]e[1]e[1]=[1]
1S,,,, =:[3]e(1]([3] As(21z)=:[12]®[1]®[1]s[12]
IS(22)=:{2]®[2] AS(22)=:{12]®[12]
1S,,,2,=:(2]e[1][1]e=[2] AS(31)=:[13] e [1]= [1°]

IS 4, =:[1l]e[1l]e[1l]e[1]=[1] AS , =: (1%

(2.11)

And the induced representations of s, are given by

Is ,,Ts,=: [4178,, As 4, T 8, =:(1]Ts, =rs,
1S, ,,,1s,=:(311s,, AS(212)TS4=:[12]TS4
15,2, 18,=: ([2]e[2]) TS, , as .z 1s,=: ([12]@[12])Ts4
18, ,,2,1s,=: [21TS,, as ,,,Ts,=: [13]Ts4
IS(14)TS4=:[1]TS4=rS4, AS(4)TS4=:[14]TS4

(2.12)

By lemma 2.2.5 the above pairs of
representations Is TS, and As .,Ts, have one
irreducible constituent in common in each case with
multiplicity 1. Using the notation above we have a
complete set of i.o.r’s of s, given below:

4 — — —
(1) = (Is,+,T8,) n (A8, T8,)= rs,n AS, = As,

(41 = (18 ,,T8,) n (As“4)Ts4)=Is4 n s, = Is,

[31] = (Is(31)TS4) n (AS(ZIZ)TSAI)

[212] = (IS(ZIZ)TSII) n (AS(31)TS4)

[2°] = (1s,,2,= 15,) n (Aspzz)TS4)
(2.13)
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PROOF

This is a consequence of definition 1.2.2 and

theoren 2.2.6.1

From our earlier remarks and theorem 2.2.6 the

number of inequivalent i.o.r’s of each S(“ ) is P(ai).
i

It follows that the number of inequivalent i.o.r’s of

S(a) is given by P(“1)P(“z)"’P(“k)’
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CHAPTER Il

THE GENERALISED SYMMETRIC GROUP, B,
AND ITS CONJUGACY CLASSES

In this chapter we examine the basic results on
the generalised symmetric group B: (elsewhere written
as C S or G(m,1,n)) and give the conjugacy classes
of B:. We first describe the group B: and state some

of the relevant concepts to be used in the sequel.

3.1 THE GENERALISED SYMMETRIC GRour, B’

n

The group B: has a presentation given by

B = <r ,w , (i=1,...,n-1, j=1,...,n)/rf=1;
3_._ 2 s _ s . mo_
(r,r .,) —1—(rirj) , |i-3| = 2; L& 1,
WW =WW , rw =W r ,rw=wr , Jj®i, i+1>.
k k j i i i+1 i i j j i
(3.1)

The group B: is called the generalised symmetric

group because we can identify ri(i=1,..,n—1) with the
transposition (i,i+1) and w, (j=1,...,n) with the map
j—€7j, where £ is some primitive m'"™ root of unity.
The group generated by the ri’s is the symmetric group

S . Denoting by C;j)

the group generated by wJ, then
the group C: generated by the w ‘s is the direct

product C: = Célk...xcgn) of n cyclic groups each of
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order m. Therefore B: is a group permuting the
symbols in Q as well as multiplying
arbitrarly subsets of Q by powers of £. The group B:
may also be considered as the semi-direct product of
C; and Sn (see[8],[10] or [14]). The order of B: is
given by

= m n! (3.2)

On ignoring the multiples by powers of £, we

may consider each member of B: as a permutation 6 of

Q = {1,2,...,n}, which is simply a member of
S - Therefore by definition 2.1.1 we can express 6
uniquely as a product of disjoint cycles. Such an

expression of 6 is called the cycle notation of »o.

Thus if 0 € B:, then =6 6 ...6 , where 6  is a cycle

given by
a a a
il i2 it
8 = i
i
k k Kk
£ 1 a £ '2 a € 't a
i 17 i1
2 3 1
where a € Q= {1,...,n}, ki € {1,...,m} and t1 is
J J
the length of 6 . The multiplication of elements in

B: is defined in the usual way as in S .

The following result is crucial in our method

of constructing representations of B:.
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LEmma 3.1.1
Let 0 € B: be of the form

Define ¢ : B: — S by
12 ....n

2(8) = aa .... a |’
1 2 n

Then & a surjective homomorphism.

1 2 . . L] n
_ k' k' k' m
A= £ lb £ 2 b . . . € LN € Bn.
1 2 n
We show that & (6a) = ¢(6)d ()
1 2 (1 2
ox = . . . n ) CEI
k1 k2 kn k1 k2
£ a, £ a, . . . £ a LE b1 £ b2 3
1 2 « « +« n ]
- k;' ké' k;'
g cl 6 c2 E cn
o
where c, = some b1 if A maps a onto bi,

ki'= k +k7, otherwise leave as disjoint cycles.

we have
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(1 2 . « + kK 1 2. . .n
d(er) = & k'’ k!’ k'’ = | &
1 n

Furthermore for 6 e« Sn considered as an element of B:,

®(0)=6, proving ¢ is surjective.

From the first isomorphism theorem and lemma
3.1.1,the group B:/ker ® is isomorphic to S, - We

determine the ker ¢ in the following result.

LEMMA 3.1.2

n

Let ¢ be as defined above. Then ker ¢ = Cm.

PROOF

If 6 ¢ ker ¢, then ¢(8) = e € Sn. Thus 6 must
1 2 n
k1 k2 k
be of the form | £ "1 € “2 ...l € ™n

which 1lies in C:. Thus

_ K K K
0 = (wi) 1 (wz) 2 . . . (wz) n
Now if 6 € C:, then 6 is generated by the w 's so
that @ = (w )1 (v)®2...(w ). Hence o(6)= e < s_

so that 6c ker &. Thus C: <€ ker 9.
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Therefore ker & = C:.

We end this section with a somewhat obvious result

. . s m
on conjugation in Bn.

LEmma 3.1.3

Let 6, A € B:. Then 6 and A6A~ ' have equal

cyclic lengths.

PRrROOF

Regarding 6 and A as permutations with powers of

€ ignored, we have by lemma 2.1.3

- i i A(1) A(1)
rer"t= . : ) = :
A(1) (1) i A0 (1) |
that is we obtain 26A~" from e by applying A to
the symbols of 6. This retains the cyclic lengths of

® since each symbol has its own image under A. Hence

6 and A8A~ ' have equal cyclic lengths.

3.2 THE CoNJUGACY CLASSES OF B

To describe the conjugacy classes of the
generalised symmetric group. B:, we shall need some

preliminary results.
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DerN 3.2.1

Let 6 € B:. We fix its expression in terms of
disjoint cycles as 8 = 6,6, ...0 . Define a map
f:B: —> N by f(6 ) = E k, , where the K s have the

same meaning as in lemma 3.1.1 and set

t
fo)= Y f(ei). Let apq(e) be the number of cycles ei
i=1

of 8 of length g such that f(ei) = p(mod m), 1 = p =< m,
1= g= n. Then the mxn matrix (apq(e)) is called the
Type of 6. Here we shall denote the type of 6 by

Typ(0) . We make this definition precise as follows.

LEMmA 3.2.2

Let 6 = Ap be a product of elements A,u in B:.

Then Typ(e) = Typ(A) + Typ(u) if and only if A and pu

are disjoint.

PROOF

Suppose A and p are disjoint. Then f(8)=f(A)+f(u)
by definition of f. And 6 has the same number of
disjoint cycles of the same length as Apu. Thus we

have Typ(6) = Typ(A) + Typ(u).

Conversely, suppose A and p have some symbols
in common. Let 6=6 6_...8 be a decomposition of o
into disjoint cycles. Then multiplication of the

cycles of A with cycles of p will in general disturb
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the cyclic lengths of the cycles in 6 which will be
different from the lengths of the cycles of A and p,

and f£(6) # £(A)+ £(u). Hence Typ(6)* Typ(r) + Typ(u).

CoRroLLARY 3.2.3

(a) Keeping the notation above, f(8) = £(A) + £(u).

(b) We obtain the type of a product of disjoint
permutations (any number of them) by
adding their respective types.

(c) Two permutations of B: will have the same type if
they have the same numbers of disjoint cycles of
the same lengths; hence if they have the same

lengths.

The following result gives a necessary and
sufficient condition for the conjugation of elements in
m
Bn.

LEMMA 3.2.4
Let 6,0, « B: - Then 6  is conjugate to 6, in

B: if and only if Typ(e ) = Typ(e,).

PrROOF

Let 6, be conjugate to e, in B:. Then some A
exists in B: such that Aelh-1= o, . Let
e,=6 6 _...6 be the decomposition of 6, as a

product of disjoint cycles.
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Then

A A = a0 6 _...0 A = a8 A'ae a"t...ae a7t
1 11 12 1t 11 12 1t
Now the ae. A '’s (i=1,...,t) are disjoint

11i

cycles of Aelx—l since the application of A to each

disjoint cycle 6,, of 6 moves every symbol in 0,

i
into a unique symbol. By lemma 3.1.3, the length

of 6~ is equal to that of A911A°1.

t

Let Typ(e,) = (a (6, ))= ) Typ(e )
i=1

o

= e
(apq( 1i

)) -

Now as a consequence of lemma 3.2.2, it is enough

).

to show that Typ(e“)=Typ(ae“A‘1

Typ(e, ) = (a_ (e, )) means that I is of length

pq

g and f(eli)s p(mod m) i.e. f (o = km + p, for some

1i)
k € N*, By corollary 3.2.3,

1

£(xe, A h) £(A) + £(8 ) + £QA7)

i
= f(A) + £(A"') + km + p
= f(e) + km + p
= 1m + km + p, for some leN=*

= k’m+p, for some Kk’'=1l+kelN*.

-1
so f(kelih )

p(mod.m) . It follows that

Typ(eli)= Typ(he1ih_1) and therefore Typ(el) = Typ(ez).
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Conversely, suppose Typ(e1 ) = Typ(e2 ).
Then (apq(el))=(bpq(62)), so that the number of eli’s
involved in 8, of length q such that f(en) = p(mod.m)
is equal to that of the e, ’'s of length q involved in
62 such that f(em)sp(mod.m). Hence equal numbers of
disjoint cycles of equal length’s q are involved in
the decompostions of 0, and e, into disjoint cycles.

Thus appealing to the homomorphism & given in lemma

3.1.1 we have ¢(6 ) is conjugate to ®(6,) in S -

Now let f(e“) =Kkm + p andf(921)=k’m+p,k,k’elN*.
Without loss of generality, we may assume k’>k, say by
setting k’=k+1, lelN*. Then f(em) = f(e“)+lm; and
from lemma 3.2.2 we have 6, = 6 pu, for some p e B:
where 6 = and p are disjoint and f(p) = O(mod.m).
Hence p represents a sign change in. B:, so that we
consider u to be of the form p = [Eljmj], where £ is
some primitive mth root of unity. Rewriting p as a

product of cycles pjpj_1 as

-1 -1 -1 Y
2 Py PP £ 3

1 2 . . .k 1 2 . . kK
where p p_ ! Y Yo Yy Yy Y2 Yy
iP5 € '2¢ %3...¢ %1 € 'k £ 21. . .& *(k-1)
3
i.e p pt = bty
373 3 ]
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and t +u = lm for i=j, in only one cycle pjp;lof i,
and t1+u1 = m in all the other cycles of p. Now write

-1 -1 =1

i in the form (plpz...)(p1 P, --2) = pp

where the p;l ’s are disjoint cycles of u. We have

_ -1 m o s .
921— 911” —pelip , P € Bn. Generalising this
expression for 6, to 6, we get 6_= pelp-l, that is o,

is conjugate to e, .

From above we conclude that B: contains as
many conjugacy classes as there are distinct types
(apq(e)). We need a definition before proving the

main theorem of this section.

DEEN 3.2.5

An m-set of partitions of n, (6(t ),...,0(t )) is
a set of partitions e(tp)(p=1,...,m) such that
6(tp)=(ap1,ap2,...,apn) 1s a partition of tp, where

n m
tp= Z qapq and z tp = n. Here we shall denote by
q=1 p=1
(oa)m an m-set of partitions of n;and sometimes write
e(tp) simply as tp. A 2-set of partitions of n, (oc)2
will also be called a double partition of n. We now

prove the following theorem.
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THEOREM 3.2.6
Let (oc)m = (e(t1)""’e(tm)) be an m-set of
partitions of n. Let p(tp) be the number of
partitions of tp, tp € N and p(0) = 1, and let pm(n)
be the number of the m-sets of partitions of n. Then

the number of conjugacy classes of B: is given by

pm(n)

z {P(tl)P(tz)...P(tm)} p
j=1 J

where the summation is taken over all the m-sets

of partitions of n.

PROOF

To a conjugacy class CCl(8) of 6 of type
(apq(e)) associate an m-set of partitions of n defined

by (¢) =(8(t ),...,0(t )), where

G(tp) = (@ ., _yeeses ,apn) and tp=

01732 ga . This

1 Pa

INA B

q

m-set of partitions of n is unique since by

definition an m-set of partitions of n different from
this (oc)m shall correspond to a different

conjugacy class not containing 6.
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Conversely, let (u)m = (e(t1)""9(tm)) be an
m-set of partitions of n, so that 9(tp)=(ap1,..,apn).
Then the set Q@ = {1,2,...,n} 1is decomposed into a
disjoint union of subsets of the form

o = .o foll ;
(tp) (a ., ,apn) as follows;

pl

() = (e(tl),...,e(tp),...,e(tm)]

[ 0(t ) ,---, (a;1’ a;Z,...,a;n) = el(tp),...,e(tm)]
[e(tl),...,(azl, aiz,...,a:n)=92(tp),...,e(tm)]
e (t ) (al. ,a a! =o' o(t )
1 ,."’ pl’pz’...’ pn) (tp)’...., m
(3.3)
m n
where thp =n, tp = Z?apq and 1 = p(tp).
This 1is done to each e(tp) with the other e(tp)'s
fixed. We see that there are Zapq subsets e(tp)
P>q

m

such that exactly Z apq of them have q elements as
p=1

seen in the diagram (3.3) above. To see this clearly,
for each e(tp) and q fixed, q appears p(tp) times
down (3.3) above. Now on each such a subset with ¢

elements,we may define a cycle 9S of length q by
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where S = {1,2,...,q} and we may take k=p for the pth apq

subsets of length q.

Let 6 be a product of these cycles o_. Then
Typ(0)= (apq(e)). Thus a given m-set of partitions
of n (oc)m defines a conjugacy class CCl(e) of & in B:

of Type (apq(e)).

Furthermore, on varying the g this m-set
of partitions of n corresponds to other conjugacy
classes different from CCl(e). Now since there are
p(tp) possibilities for row tp to be a row of a type
the number of conjugacy classes of B: associated with
each ordinary partition (t1’t2”“’tm) of n |is
p(tl)p(tz)...p(tm). Summing these numbers over all

the m-sets of partitions of n gives the result.
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CHAPTER IV

REPRESENTATION THEORY OF THE GENERALISED SYMMETRIC

m

GROUP, By

All representations discussed here are considered
over the field C of complex numbers. Therefore the
number of inequivalent i.o.r’s of B: is equal to the
number of conjugacy classes of B:. We aim to give a
construction of this number of inequivalent i.o.r’s of
B .

Since there is a 1-1 correspondence between the
number of conjugacy classes of B: and the m-sets of
partitions (oc)m of n, we obtain a complete set
of inequivalent i.o.r’s of B: by associating each of
the (a)m’s with an i.o.r of B: accordingly as in
theorem 3.2.6. To this end we first consider the
o.r’s of special subgroups of B: which play a similar
role to the representation theory of B: as do the young
subgroups to the representation theory of the

symmetric group, S -
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4.1 GENERALISED YOUNG SUBGROUPS AND BAsIC REPRESENTATIONS

We have the following definition.

DEFN 4.1.1
Let (a) = (t1’tz"""tk)’ be a k-tuple
K
such that tie{o,l,...,n} and z ti = n, k = m. We

i=1
call («) a permissible k-tuple of n. Define P =0 and

i
P = z t (i=1,...,k). If t = 0, let B be the

i
=1

corresponding generalised symmetric group on the ti

symbols P = {P _ +1,...P }, where 1=isk and B:
is the trivial generalised symmetric group. That
is Bz is a subgroup of B:. Then the direct

1
product B% X Bl X ...XBT is called the

1 2 K

generalised young subgroup of g: determined by the
k-tuple (a) = (tl,...,tk).Here we shall denote the

generalised young subgroup of B: by BTt ¢ )
Lty

or simply BTa)

We shall denote by |(a)| the number of permissible

m-tuples of n.
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PROPOSITION 4.1.2

Let m be a map: Bz —> C* defined by
i
if(6 )
i1° for all e e Bzi,
where f is as defined in definition 3.2.1 and € is

a primitive mth root of unity. Then

me,) = €

(i) m is well defined.

(ii) m gives rise to an irreducible linear

representation P of BT
i i

PrROOF

(i) m is well defined: let o ,0! « BT .
i
i£(0 ) if(9;)

Then m(6 ) = £ Poe menH = £

if f£(e,) # £(6;) which implies e =8/, by
definition 3.2.1.

(ii) For any 6 e BT , define a map
i
m * _
Pti. Btl——e c” by Pti(ei) = (e, ).

Then for any 6 ,0 ‘' e B: , we have
i
if(BiO;) i(f(91)+f(9;))
P, (6,0]) =m(o,0]) = ¢ = £
1f(61) if(O;)
- € £ =m(e )m(e’ )
=P, (8)P (87),
i i
. ' *
so that Pt is a homomorphism from B"t'__ to C . Pt
i

i i
is irreducible since it is linear.
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Now extending the map m linearly to the whole group
m — m
B(a), we have for any 6 = 9162...9k € B(a),
k
Zif(e )
i=1 ! [
m(e)= ¢
we state the following result.

LEMMA 4.1.3

We keep the above notation. P # P # ...# P s
1 2 k

an irreducible linear representation of B?a).
PROOF This follows from definition 1.2.2 since

Pt# N 3 P, is an outer tensor product representation of
1 K

B" ..
(a)
In what follows the representation P, # ...# P of BTa)
1 k
shall be denoted by P(t ¢ ) or simply P(a) . The
AN
number of the representations P(a) of B?a) is equal to

the number of k-sets of partitions of n, (oc)k since
there is a unique map w defined on each BT , and
i

changing the ti leads to definition of P, on another

i

generalised symmetric subgroup which is already taken
care of by («) being a permissible k-tuple. Thus the

number of the P( depends only on the number of

o)
permissible k-tuples («) and is equal to the number of
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k-sets of partitions of n. Also for A € B: and some
X € ker ¢ of lemma 3.1.1 we shall write P?a) (x) for
1

P(a) (AxA” ).

THEOREM 4.1.4

We keep the above notation. Then
(i) If (a) and (a’) are any two distinct permissible
k-tuples, P?a) (x) # P(a,)(x), for some x € ker @
and for all A € B: .

(ii) If («) = (a’), then P?a (x) =P a)(x) for some

) (
X € ker ¢ and for all A € B:\BTa).

(1) Let (a) = (t ,...,t,) and (a') = (t/,t,,...t/) be
distinct k-tuples. Then let i be the least index
such that ti # t;. Then we may assume without
loss of generality that ti<t;. By definition. 4.1.1
P,c P’ and from lemma 3.1.1 if A « B: either
®(A)P =P or ¢(A)P *P . If &(A)P =P, let j e P/\P
so that & (x) (3) € P , some 1 = i. If Q(A)Pi¢Pi,
there exists some j e P < P; such that ¢ (1) (j)e P,
1 =1 =Xk, for some 1l¥i. 1In either case choose
X=W € ker ¢ for the Jj chosen. We have

b]
J i)

_ . _ ’ - jflw )
P(a,)(x)—P(a,)( €3 ] - Ptj[ £€J ] = £ J

= ¢' (j=i for P! > P ).
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And P’(‘a) (x) =P, [A[ ;1]7\'1]:P“x) [<I>(7t)[ ijj]@(?\)-l].

By lemma 3.1.3 it follows that

A - o(A) (3)
Ploy (X)) = P(a){&j@(k)(j) ]'
! 1£f(w_)
that is P* (x) = P el - ¢ s gt
(@) () L
. A . .
Now 1 # i, so P (a)(x)= P(a,)(x) , proving (1i).
(ii) If (¢’) = («) and A e B:\BTa) there exists atleast

one i, 1=i=<k and a symbol j e P such that

d(A) (i) e P, 1#i. Let x =W, & ker ¢ as above.
We have
J
PA (x)=P A £ =§l as above But P (x) = Ei
(a) t, ] ' (o)
(] = some i € P ) and £'+ £' since 1#i, proving (ii).
DEFN 4.1.5

Keeping the notation above, we shall call

the representation P the basic ordinary

()

representation of B(a).

4.2 REPRESENTATIONS OF THE GENERALISED YOUNG SUBGROUPS

We obtain the 1i.o.r’s of the generalised

young subgroups BTa by appealing to definition 1.2.8

)
and the homomorphism ¢ of lemma 3.1.1 restricted to

m

the young subgroup B(a).

First we have the following

result.
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THEOREM 4.2.1

We keep the above notation. For 6 « BTa) define

P*:B" . —> GL (C) by P'(0)= P((ker#)A)=P (2 (1))eCL _(C),

()

where A represents 6 in the transversal of ker ¢ in BTa).

*x ,
Then P is an i.o.r. of BTa).

PROOF

This follows from definition 1.2.8, lemma 3.1.1

* .
and theorem 2.3.1; and P 1is a representation of BTa)

lifted from the i.o.r’s P of the young subgroup S

of S .
n

In all that follows we shall denote by P

%*
the representation P = ([a1]®...® [am])* of B(a).

We now use the representations P(a) and P of BTa)

to construct further representations of BTa). We have

the following result.

LEMMA 4.2.2
We keep the above notation. The tensor
* .
product P@P(a) = ([a1]®...®[am]) ®P(t N

1 m

o.r. of B" .
(o)
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PrROOF

This follows directly from definition 1.2.1.

4.3 REPRESENTATIONS OF THE GENERALISED SYMMETRIC GROUP

Our aim in this section is to obtain a full set
of inequivalent i.o.r’s of B:. We do this by inducing

the o.r’s IP@P(oc of the generalised young subgroups

)

B
(a)

to give a representation

(PeP )7 B: = (([alje...g[am])*m:(t e ))TBnm (4.3)

1 m

of B:. It is remarkable that the full set of
inequivalent i.o.r’s of B: is obtained in this way.

We now give our main result.

THEOREM 4.3.1
We Kkeep the above notation. A full set

of inequivalent i.o.r’s of B: is given by

{(P@P(a))T By = (([e,le...0fe, )" @ P, )& }

1

PrROOF

We show that the set above is complete by showing

that its cardinality equals the number of the

conjugacy classes of B:. Consider the tensor product
P@P(a). Let (a)=(t1,t2,...tm) be an m-tuple, then by
the remarks following 1lemma 4.1.3 and Keeping P

fixed, it is seen that the number of the resulting
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m .
o.r’s P@P(u) of B(a) 1s equal to P(tl)P(tz)...P(tm).

Thus this construction gives 1rise to a total
p (n)
m

m

of Z {P(t1)P(tz)"‘P(tm} representations of B
j=1 B]

where P (n) is the number of m-sets of partitions of
n. This equals the number of conjugacy classes of B:.
Now we appeal to character theory to show that the
representations above are inequivalent and

irreducible. Let (a) = (t ,...,tm) and

1

(a’)=(t;,...,t;) be any two distinct permissible m-tuple

Let P . and P ., be the basic i.o.r’s of B" and

) ) (o)

. Let P and P’ be i.o.r of BTa

B(a’)

and B" , 1lifted
) (a’)

from i.o.r’s P and P’ of S and S(a, respectively.

(a) )

Let xl,xi,xz,xé, X, and x; denote the characters of

P P P, P’, P and P’ respectively. We

(o) ! (o’ '
consider the following inner product of characters of

Bm

n

m ’ m
[(xle)T B, (x,x;)7 Bn] (1)
Now (I) = 0 if () # (a’) by the
orthogonality relations, that is the representations

above are inequivalent. Using theorem 1.2.5 we obtain

@ = (), (1 B 80, e

() (o)

which on using lemma 1.2.6 gives
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PR ] m
(m= ) [ (2, ) 0 ((p2 7)) BX] 15‘n(oc)}B(oc)'
m m
*€P 0y * Pty
m =1

where Bx = B N XB ., X
We use theorem 1.2.5 again and obtain

()= ) ((x,z, )] Bx, () x)* | Bx)g,

m m

B
*€B )y *Ba’)

and B" xB is a double coset of B:. Now (I)

m
(a) (a’)
equals zero if the representations above are

inequivalent as shown. Suppose (I) is not zero, that is

for some x € B" xB" ,
(o) “C(a’)

m m -1 71 WX m m =1
((x2x1)lB(a)n xB(oc’)x ! (xle) lB(a)nXB(a’)x )¢ 0,

we have ((x3xl)lker o, (x;x{)xlker @] £ 0

since ker & < Bx and where X, and xé become X, and x;
on ker ¢ respectively. By theorem 1.1.21, this
implies that the products [x3i ker 0] [xllker @]
and [x;xiker ® ]{x;x lker & ] have atleast

one constituent in common. But xllker o, xsi ker ¢,

x;xlker o, x;xiker ¢ are all irreducible, so that we
—_ 7 X _ 1 X
must have xll ker o=x; J ker ¢ and x3i ker ¢= X Jker o,

This implies that P o= P*

@ (@) on ker ¢. Now

theorem 4.1.4 implies that («) = («’) and xeBTa)'

Thus it suffices to work in BTa , We therefore consider

)
the inner product

, _ 1 —
[x2x1’x2x1] n - Tom z xle(e)x2x1(9) — (II)

m
(o) IB(a)IeeBm
(o)
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where x! = x, since (a) = («’), X € BTa) and

=7 - ’ X
X%, —(xle) . We now have

(I)= — Y x,(0) X7(8) x, (0)%, (8)

= —= 3 x, (8)x7(8) , x (8)x (8) .

(a)
()

And on applying theorem 1.2.5 we have

‘H’=Ts(1_a,| Y xg(e)x;(e),

Bes
(o)

where X, =X, and X=X when restricted to S(a).

Thus (II)

(x3,x3). Now if (II)* O, it must equal 1,
that is x3=x3’ since X5 and xa’are irreducible. Thus
the representations above are irreducible. This

completes the proof of the main theorem.

REMARK 4.3.27

The i.o.r’s of the generalised symmetric group B:

have been investigated by Osima [13], Puttaswamaiah
[14] wusing a method similar to that used in obtaining
the i.o.r’s of s as given in theorem 2.2.6. That is
by inducing linear representations of the generalised
young subgroups. Kerber ([10], Read [16] and Hughes
[8] have obtained i.o.r’s of B: by using Clifford’s
theory. It is seen that the i.o.r’s of B: obtained in
all these cases correspond to our results in theorem

4.3.1.
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CHAPTER V

APPLICATIONS TO THE REPRESENTATION THEORY OF THE
HYPEROCTAHEDRAL GROUP, B;

In this chapter, we apply the results
obtained so far to the generalised symmetric
group, B: which is isomorphic to the Weyl group of
type B . The group B; is also called the
hyperoctahedral group, and was first studied by A.
Young in 1930. We shall use the notation above

without further reference.

2
5.1  THE HYPEROCTAHEDRAL GROUP, B

n

The group Bi is a semi-direct product C: :S of

n

the normal subgroup C: of order 2" generated by

W W, e, W, with the symmetric group S_ generated
by ri(i=1,...,n-1). The action of r. on wj is
given by riwj=wjri if j #i,1i+1 and rw =w .r
(see (3.1)). Thus each element of Bi has a

canonical form wr as a product, where weCZ and
reSn. Thus Bi permutes the symbols of Q@ = (1,...,n)
as well as changing the sign of subsets

of Q.
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The group B: has a faithful permutation
representation of degree 2n obtained by mapping W
to the transposition (i,i+n) and r, to the

permutation (i,i+1) (i+n, i+1+n). Now taking s, =r,

(i=1,...,n-1) and Sn=wn, we have (see [14]),
sf =1 (i=1,...,n)
3 = 1 = -
(sisi+1) = 1(i=1,...,n-2)
(slsj)2=1 (i=1,...,n), j=#i,i+1
4 —
(sn—lsn) = 1. (5.1)
Hence B: has order 2"n!. Since each member 6 of

Bi is a permutation of Q

{1,...,n}, we can

uniquely express 6 as a product of disjoint cycles

(see (3.3)).
DEFN 5.1.1
A k-cycle 6. = 1 2...k of 8 is said to be
i +2+3...%1

positive if ef = 1 and negative otherwise. The
ordered lengths (a12“1+1) of the cyclic factors in
the cycle-notation of 6 together with their signs
give a set of positive and negative integers called
the signed-cycle type of 6 e.g. an element 6 « B:
which has a positive 1l-cycles, a, positive
2-cycles etc, and b1 negative 1l-cycles, b2 negative

2-cycles etc, has singed-cycle type given by

%1 %2 . Thy TP,
[1 2 2o 2 ...] (5.2)
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It is clear from (5.2) and the 1length of o
that the signed-cycle type of 8 satisfies |t1|+|t2|=n,
where t =fia and t =i |b |. Thus (t,,t)

is a permissible 2-tuple. We have a lemma.

LEMMA 5.1.2

The elements of Bi of the same signed
cycle-type are conjugate to each other.
Furthermore there is a 1-1 correspondence between
the conjugacy classes of Bi and double partitions

of n.

PrROOF

The signed-cycle type of 6 is simply a special
form of describing the Type, (apq(e)), of 0 (see
3.2.1). The result then follows from lemma 3.2.4.
Further since the signed-cycle types define double
partitions of n as seen above, the other result

follows (see also [3]).

We prove the following result which gives the

number of conjugacy classes of B:.

LEMMA 5.1.3

Let neN', then | (¢) | = n+1l. Furthermore the

number of conjugacy classes of Bi is given by
n+1

jle(tj)p(n-tj)
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where tjsn, tj=j—1, and j ranges over all

permissible 2-tuples of n.

PROOF

Let (a) = (t,,t)) be any permissible 2-tuple
of n, that is t1+t2=n. Thus t2=n-t1, so that
(t,,t)

(t,,t,)

(t1’n-t1)‘ In general we can write

(t. ,n-t ) for all t ,t =n, t +t =n.
J ] J k j k
Thus {(O0,n), (1,n-1),..,(n-1,1), (n,0)} is the
complete set of permissible 2-tuples of n, giving a

total of n+l of them. Hence |(«)| = n+l.

By theorem 3.2.6, the number of conjugacy

classes of Bi will be given by

p_(n)

IIM N

(p(t,)P(E,))I

which is now equal to the following

n+1

j; P(t,)p(n-t )

where clearly from the set of permissible 2-tuples

of n tj=j-1, j=1,2,..., n+l.
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2
5.2 REPRESENTATIONS OF THE GROUP B_

The irreducible ordinary representations of Bi
have been described by A. Young (see (21]). Here
we obtain these representations by applying the
methods developed in chapter IV. First we will

establish some notation.

Let 6 = 6,6, be a decomposition of

eer xB:_t into disjoint cycles 6, and o, where
J J

6 eB’ o_eB’ are given by 8 =0 ¢

1 tj' 2 n—tj g Y 9, 11

6,=6_,.6...6__ . Let o¢(8) denote the number
2 21 2s

ee.8 and
1t

12
of symbols of Q involved in 6, which are mapped
onto negative symbols by 6. Define a map

2
P(tj,n-tj) from B(tj,n-tj) onto Z, by

1 if o (0) is even

P(tj,n-tj) (8) = { -1 if o(8) is odd. (5.3)

We now have the following result.

LEMMA 5.2.1
The map P is an i.o.r of
(t ,n-t )
J ]
2 i _
B(t ,n-t ) ' tj_J 1, J 1,...,n+1.
J j
PrROOF

By lemma 5.1.3 (tj,n—tj) is a permissible

2-tuple of n, so that Bft is a generalised

,n-t )
J

young subgroup of Bj. Now taking €=-1 and

v(e)=f(91) where f is as defined in definition

3.2.1, then lemma 4.1.3 gives the result.
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If now ¢ is the homomorphism in lemma 3.1.1,

then ker ¢ = C:, so that

2 o~
(Bly ,n-¢ y/ker 2) = 5. ,n-t )"
3 ) 3 3
3 I
Thus the i.0.r’s of S(tj,n—tj) may be
lifted to give i.o.r’s of Bft ... ,- In the table

J J
below for each generalised young subgroup

B(t not  We give the corresponding young subgroup
3’ J
S(t net ) from which the representation P of
’ J
B® may be lifted. We have
(t ,n-t )

(b)) b))

where (x, ] denotes the representation of S,
] J

corresponding to the partition (oct ) of tj, [an_t ]
]

is that of S t corresponding to the partition
J
iy ) of n-tj; and * denotes the lifting of
J

representations.

(x
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GENERALISED YOUNG SUBGROUP

R

And we see that

CORRESPONDING YOUNG

SUBGROUP, S(t

,n=-t )
J J
S(O,n)= Sn
(1,n-1)
(n-1,1) °
z S
(n, o) n
(5.5)
corresponding to each

permissible 2-tuple (tj,n—tj) of n, there are

P(tj)P(n-tj) o.r’s P=P* of B

this way.
n+1
equals
j=1

permissible 2-tuples of n.

representations P of Bft
J

number of i.o.r’s of S(t
J

2-tuples (tj,n-tj), of n.

Now if P(

t ,n-t )
J

obtained

products
*

P@P(a)

s D=

[2LE

is the o.r. of Bft

t n-t (t ,n-t )
J J J ]

2

¢ obtained in
j

,n—tj)

Thus the total number of such o.r’s P

Z P(tj)P(n—tj) where j ranges over all

Hence the number of the
¢ ) is equal to the
]

) counted over all

J

n-t )
J J

in lemma 5.2.1, for each o.r. P of

given by (5.4), we form the tensor

If [P@P 1B? denotes an induced
(tj,n—tj) n

. 2 : .
representation of Bn, we have our main result.

(5.6)
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THEOREM 5.2.2

A full set of inequivalent i.o.r’s of Bi is

given by
2
{[IP@P(t ,n-t )]T Bn}
J J
where (a) = (tj,n-tj) ranges over all permissible

2-tuples of n.

ProoF

From the above construction the total number
n+1

of these o.r’s of Bi is z P(tj)P(n—tj), where j
j=1

ranges over all permissible 2-tuples of n.

This gives a full set of i.o.r’s of Bi by

lemma 5.1.3 and theorem 4.3.1.

REMARK 5.2.3
The i.o.r’s of the Weyl group of type B_

which is isomorphic to the hyperoctahedral group
Bi have been investigated by J.J. Mayer [12],
Hughes (8] and Gessinger and Kinch [22]. It is
seen that the results obtained there correspond

to those given in theorem 5.2.2.

2 2
5.3 ORDINARY REPRESENTATIONS OF B; AND B

In this section we give an explicit
construction of the i.o.r’s of the hyperoctahedral
groups Bz and Bi as a direct application of theorem

5.2.2.
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2
5.3-1 REPRESENTATIONS OF B,

The group Bi has order 48.

below we

of Bi together with their

In the table

give tne conjugacy class representatives

types and orders.

Type Class Representative(s) Order
cc€.== [g 8 g] e 1
[32) o= [3-4) ;
cot = [o 00 ] 21 2-1
2 010
ety (332) B2) or (323)
et~ (560 ) ;
cety= (93 9) 23 e (12) :
et,= (53 o) 25l e (333) e
o= (299 (2 2) ;
et (369 (123 1
= (ooc) (B3 (B)e[32) [3)
S O 6 B [ N N R

The permissible 2-tuples of n=3 are

(t,, 3-t) € {(0,3), (1,2), (2,1), (3,0)} so that

|(a)|=4.

s 4
classes of B® is z
3 =

j=1

P(t )P(3-t )

By lemma 5.1.3 the number of conjugacy

10.

2 . . .
Hence B3 has 10 inequivalent i.o0.r’s, we construct

these step by step.
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REPRESENTATIONS OF THE YOUNG SUBGROUPS S (¢ 3_¢ )
j j

The partition (tj,3—tj) = (2,1)

The young subgroup S(2 0 has two i.o.r’s

given by [2]e[1] and [1°]e[1].

The partition (tj'3-tj) = (3) or (3,0)

The young subgroup S(3) which is isomorphic to

S3, has three representations given by [3], [21],

3

[1°71.

Thus the full set of relevant i.o.r’s P of

the young subgroups of S, is

{[2]@[1], [1®je(1], [3], (211, [13]}

REPRESENTATIONS OF THE GENERALISED YOUNG SUBGROUPS

2
B(t »3-t )
J J

Keeping the above notation, the i.or’s P of
the young subgroups of S, are lifted to give the

*
i.o.r’s P=P of the generalised young subgroups.

The full sets of the i.o.r’s P of Bft 5. , are
3’ bj

given below for each subgroup:
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For B°®
(2,1)

* 2 *
{([2]®[1]) »([17]e[1]) }

For B®
(1,2)

* 2 *
{([1]®[2]) » ([1]e[17]) }

B2

2 o 02 (
(3,0) (3)

(0,3)" B

* * 3.%
{[3] (o [21], [17) } (5.7)

For B

IR

2
BASIC REPRESENTATIONS OF THE B, 3ot )

J J

For the permissiple 2-tuples of n=3 (tj,3-tj)
in {(0,3), (1,2), (2,1), (3,0)}, we have the basic

o.r'’s P »3-t ) as in lemma 5.2.1 given by

P = P oP
(0, 3) o
P = P oP
(1,2) 1
P =P oP
(2,1) 2 1
P(3’0)= P3®P0. (5.8)

. *
As in (5.6) we tensor the o.r’s P=P

obtained earlier with the representations

P(t 3ot ) above to give the following o.r’s
i’ 3
2
PeP of B
(tJ3—tj) (tj,3—tj),tj—j-l,(j—1,2,...,4)
1l]8([2 )*®P 3 *®P
([ ] [ ] (1,2) [ ] (0, 3)
11e[1%7) *ep 2171 %eP
([1]e[17]) e (1,2) [21] e (0,3)
2]e[1]) YeP 1°1%ep
([2]e[1]) e (2,1) (1] e (0,3)
31%ep
[ ] ® (3,0)
127e[1]) P 211%ep
([17]e[1]) e (2,1) [21]°e (3.0)
3_.%
[1°] eP (5.9)

(3,0)
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2
REPRESENTATION OF B

The o.r’s [PeP of B’ are now
(¢t ,3-t ) (t ,3-t )
J B J J
induced to Bi as in theorem 5.2.2, to give the

full set of i.or’s of Bi.

T, =(((1]e[2))e P, , )18B%; T,= ([317eP )18’

2

3

T,= (((1e(*])7eP,  )TB; T,= ((211% B )18

T,=(([2Je(1]) e , ) 18%; T,=(12°17eP . )18

T4=(([12]®[1])*®P(2,1) )TB ; T9=([3]*®P(3’0) )1B:

2

_ * 2. _3*
Ts_([21] ®P(3,0))TB3 ’ T1o_([1 ) ®P(3,0)TBa

(5.10)
The characters of Bz are given in Table

III of the appendix.

2
5.3.2 REPRESENTATIONS OF B,

The group Bi has order 384. The table below
shows the representatives of the classes of Bi

together with their types and orders.
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Order

representatives

Class

N N o0 < <
~ ™ < S S 2 N
—
< v
— "M <
——
[ N ™M < 36“4
N ™M ~ N S——’
— = 7 —
_— N N o
o o - | -
— N 1% o~ | |
St 0 — - —
n —_—— o [}
1 ¥ —_—— | N~ - [ ~
o o~ ~——— o
o< - o N
— I ' H © ™ ™
© I
o) oM N ™M
! ! 1%} —_——
e (o] ™M~ o
HN HN H© ! " < N
1 | | hnesand |}
21-; N ™M o ™M -~
o — N \ ,
-~ N r1._ |
—
-~ ~ - ~ ~ ~ ~  — —
[N e [N o] O [N e [eNe) [N e] - O [N w]
[N o) (@R [e N o] [N o] [ Ne) —~ O (e Ne] [ e}
O [N o] [N o) [« N o] — O (>N o] [oNe] -~ O
[e N o) [N o] [eNe) - O [ N e (e N e] [eNe] — O
- = < PR L ——
I 1 i Il I I Il I
N ™ <« 0 o ~ © o
= ) ) ) ) e ) I
0 6] 0 0 0 0 8] 6]
0 0 0 0 0 0 6] 0

e | (i I

1
=2

24

-3)

12)( 3 12
21 -3] or [2 1][

< N N

(9]

o~ ~ — -
—

<t ™M ™M 44.
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oty = (390 9) ) () [3)
ooty = 566 8) ) () (3 ()

(5.11)
The permissible 2-tuples of n=4 are:
(tj,4-tj) e {(0,4), (1,3), (2,2), (3,1), (4,0)} so
that |(«)|=5. By lemma 5.1.3 the number of
conjugacy classes of Bi isjilP(tj)P(4—tj) which

equals 20.Hence Bi has 20 inequivalent i.o.r’s.

We construct these as in (5.3.1).

REPRESENTATIONS OF THE YOUNG SUBGROUPS S . ,_ . ,
i’ ]

The partition (tj,4—tj) = (2,2)

The young subgroup S = 82 X 82 has 4

(2, 2)
i.o.r’s given by [2] e [2], [2] e [1°] , [1%]e[1%],

[1°7e[2].

The partition (tj,4-tj) = (3,1)

The Young subgroup S(3,1) = 83 X S1 is

isomprphic to S, and has three i.o.r’s given by

[3] e [1], [21]e[1], [1 Je[1].

The partition (tj,4-tj) = (4) = (4,0) = (0,4)

The young subgroup S(4 is isomorphic to S,

)
and has five i.o.r’s given by [4], [31], [212],

[22] and [14]. (See example 2.1).
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Thus the full set of relevant i.o.r’s P of

the Young subgroups S(t a-t ) of S4 is

J J
[2]e[2], [2]e[1%],[1%)e([2],(1%]e(1%], [3]e[1]
[21)e[1], [1°]e[1], [4], (31], [2%], [21%], [1%]
(5.12)

REPRESENTATIONS OF THE GENERALISED YOUNG SUBGROUPS

2
B(t »a4-t )
J B

We keep the above notation. The i.o.r’s P of

the young subgroups S(tj,4-tj)

give i.o.r’s P =P*of the generalised young

of S4 are lifted to

subgroups Bft -t ) of Bi. The full

J 3

sets of the i.o.r’s P of Bft 4.y y are given below

J J
for each subgroup.

2
For B
(2,2)

{([2]®[2])*, ([21e(1°1)", ([1%1er21) ¥, ([12]®[121)*}

2
For B
(3,1)

{([31®[11)*,([211®[11>*, <[13J®[1J)*}

For B2
(1, 3)

{([1]®[31)*,([1]®[21])*, ([11®[13])*}

2 2
For B2 or B or B
(4) (4,0) (0, 4)

{[4]*, 3117, r2121%, 2277%, [1“]*}
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2
BAsiC REPRESENTATIONS OF B ., _,
3’ J

For the permissible 2-tuples of n=4, (tj,4—tj)

in {(0,4), (1,3), (2,2), (3,1), (4,0)} we have the

basic o.r’s Po 4-¢ , 28 in lemma 5.2.1 given by
’ j
Po,ay =F ® B,i Ps,iy =% @B
P(1,3) =P1 ®Pa; P(4,0) =P4®Po'
Pa,2y = P, ® P,
' (5.13)

*
As in (5.6) we tensor the o.r’s P = P

obtained earlier with the P~ _  , above to give
j 14

J
the following o.r’s

IP@P(tj,:;-t_J)’ t, =231, 31=1,...,5.

* 2 2 *
([2]e[2]) eP ([1")e[1°]) eP

(2,2)"7 (2,2)

((2]ef1®]) %o P (1318[1)* & P
(3

(2,2)7 , 1)
12 211 o P ; 21 1) e P
(1110 12D e P, 5 ([21) e [1])" © P
3 * *
(12°1e (11" ® P, i ([11e[21))7e P, |
* 3 *
(111 e (37 P, o i ([11e(2°D7 e P
41" e P : 41" e P
(41 e P, ) i ([4) e Py,
* *
[31) e P, i (311 e P, |
(2121 e P : 21217 e P
(0, 4) ! (4,0)
221% o P . 2217 e P
[27) e (0,4) ! [27] e (4,0)
1*1* e P . 1*71% P
(11 e (0, 4) i [1']e (4,0)

(5.14)
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2
REPRESENTATIONS OF B,

The o.r’s P ©® P of B2 are now
(tj4-tj) (tj4_tj)

induced to Bi as in theorem 5.2.2 to give the full

set of i.0.r’s of Bi:

T, = (((210021)" © B, , 1 B2; T =(((3]e(1]) eP | )18}
T, = (((21e(2°D7eP , T BI; T,= (((21]e[1]) P  )1B:
T, = (((PP1e2))7eP, , T B ; T, = ((12°Je[1])7eR )1B
T, = (((P1e(®NYer , , 1B T, = (((1)e(3])7eR , _ )1B:
T, = (([1]@[21])*®P(1’3))TBE

T, = ([4]*®P(0’4))TB2 ;T = ([1]@[13])*®P(1,3))TBi

T, = (311%P 7B 5 T, = ((2°1 e Py o)) 1B

T, = ([212]*®P(0’4))TBE ;T = (([14]*®P(0’4))TBi

T, = ([4]*®P(4,°))TBE ; T, = ([31]*®P(4'0))Bi

T, = ([212]*®P(4’0))TBE ; T,, = ([22]*®P(4’0))Bi

T,, = (11*17eP(, . )1B:;

(5.15)

The characters of Bi are given in table

IV of the appendix.
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APPENDIX
CLASS
REPRESENTATIVES | e (12) (123)
CLASS ORDERS 1 3 2
X[3] 1 1 1
X2 2 0 -1

113 1 -1 1

TABLE I:  CHARACTERS OF S_

CLASS

REPRESENTATIVES | e (12) (123) (12)(34) (1234)

CLASS

ORDERS 1 6 8 3 6

X4, 1 1 1 1 1

X 3 1 0 -1 -1
[311]

X, 2 0o -1 2 0
[2 1

X 3 -1 0 -1 1
[21 1]

X 1 -1 1 1 -1
r1t

TABLE I1:

CHARACTERS OF S4



as

CLASSES
2

OF B, ccl ccl cel, ccl celg ccl ccL, ccl cc1 cely
CLASS ORDERS 1 6 8 3 3 6 1 6 & 8
NAH 3 1 0 1 -1 1 -3 -1 -1 0
P 3 1 0 1 -1 1 3 1 1 o

2 - - -
uaw 3 i 0 -1 -1 -1 3 -1 1 0
&y 4 3 -1 0 21 -1 1 3 1 -1 0
Nem 2 0 -1 2 2 0 2 0 0 -1
Nam 1 1 1 -1 1 -1 -1 1 -1 -1
L5

q 2 0 -1 -2 2 ) -2 0 0 1
Nam 1 -1 1 -1 1 1 -1 -1 1 -1
uam 1 1 1 1 1 1 1 1 1 1
we 1 1 1 1 1 1 1 1 1 1

10

TABLE TIII: CHARACTERS OF B2

3




-

CLASSES
oF 85 |cer | cenycer, | corfeer ] corgloct, cenglceng | OOl GECY,, | CCL 5 €O 5 cer,,|ee fee,foer, tear, feer gleer
oroErs | 1 |12 | 32| e8| a] 12| 32| 48] 24 | 32 | 24| 32|28 | & 12y 121 12312 | & | 1
s |2 ol of of oto}| o |2 o] o ol o |-2 2| 2| of 2| o} s
s |o ol of of2}0} ojo ol a ol o | -2 2| 2 2] o] o | s
6 |o ol o] of 2jo} oo o] -2 of o | -2 2| 2] 2} o | o | s
6 |2 of o] of oo} o2 o| o of o | -2 2| 2| of-21] o} s
a |2 1] o] -2l 2j2a] ofo | 1} o 1l o] o ol o] 21 2] 2 |-
8 Jo | ) oj-a] o2} ojo 1} of 1] ol o of ol of o] & |-
a |2 1] o] -2 2]af oo | 2] o 1] ol o ol of 2} 2 }..2 |-
4 |2 1} o] 2| 2t1f oo | 1] o af o o ol o] 22|21
s o | 1] o) af o2} o] o 1 o if o} o "of o} o} o - |-8
ale |1y of 2 2frf ojo | 2| o} 2f 0o}o0 ol ol 2} 2}-2 -
1| O IR (R N W AN W (S O S ¢ 1l 1] 1) 1] 'Y RS S AU AR U I O
3 |1 ol <] 3] 1 o] 2] o 1 o] 1 | 3 al ] 11} 33
-1 ol 1{ 3| 1t o} 1} o - of] 1 | 3 al a2 ata | 3} s
2 fo | 1] o} 2f oj-a] oo | ] of -1 2/ 2 22| ol o 2] 2
y bl 1y rfrrfa 2| | o1} oAl P I W U6 S O S a |2
1 1 1 1|1 -1 ~1 5 B 1 1 -1 -1 -1 1 1 1 -1 1 -1 1 .
3 tlolaf-afa [ofn 1l o]l - o] 1 ala |l a2 ] 2|3 3
3 a2 ok 2v]-afjr o] j 21y o y ol 1 a3l 2| a2 a3 3
12 ol ofj2| 0o | 2r}o o] -1 qd 11| -2 2| 2| 2| o jo|-2 2
1 af v ]t} 1 -1 1 y ) 1] 1 I R 1
TABLE 1IV: CHARACTERS OF B°

¥
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