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Abstract

In this dissertation we obtain quasi-deformations of the special linear Lie algebra of degree
2 over a field F, abbreviated sl,(F). We take F to be a field of characteristic zero. Our
approach involves obtaining and deforming a linear operator representation of sly(F) using
o-twisted derivations (with o an endomorphism on the base algebra). One of the main points
of this deformation method is that the deformed algebra comes endowed with a canonical
twisted Jacobi identity. Furthermore, we show that by choosing parameters suitably we
can deform sl,(IF) into the Heisenberg Lie algebra and some other 3- and 4-dimensional Lie
algebras in addition to more exotic types of algebras. This is in stark contrast to the usual

classical deformation schemes where s, (IF) is rigid.
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List of Symbols

Below is a list of some symbols used throughout this dissertation and their meanings.

sl,(F)  Special linear Lie algebra of degree 2 over a field F
U(g) Universal enveloping algebra of a Lie algebra g
Ozy-  Cyclic summation with respect to x, y and 2

o Algebra endomorphism

0, o-derivation

(V) Set of F-linear maps on the F-vector space V'
D,(A)  Set of o-derivations on an algebra .4
A-0, A-submodule of ®,(A) generated by 0,

[t] Algebra of polynomials over a field F in the variable ¢
t3)  Algebra of polynomials of degree less than 3 over a field F in the variable ¢
t*)  Algebra of polynomials of degree less than 4 over a field F in the variable ¢
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Chapter 1

Introduction

Deformation is the process of continuously changing the structure or properties of a math-
ematical object in a controlled way. In this dissertation, the basic undeformed object is the
special linear Lie algebra of degree 2 over a field F, abbreviated sly(F). It is defined as the
Lie algebra of 2 x 2 matrices with entries from F and trace zero. By a Lie algebra, we mean
a vector space V over a field F equipped with a binary operation [-,:] : V x V — V called
the Lie bracket that satisfies the following conditions for all X,Y,Z € V and a,b € F:

(i) Bilinearity: [aX +bY, Z] = a]X, Z] + b]Y, Z] and [X,aY 4+ bZ] = a[X,Y] + b[X, Z]
(ii) Alternativity: [X, X] =0
(i) Jacobi identity: [X,[Y,Z]] 4 [Y,[Z, X]] + [Z,[X,Y]] =0

The first two conditions imply skew-symmetry, that is, [X,Y] = —[Y, X]| while the third
condition shows that the Lie bracket is in general non-associative. In the case of sly(FF), the

Lie bracket of two elements X and Y is given by the commutator
(X,Y]=XY -YX.

It is easy to see that the commutator defined in this manner satisfies all the three axioms
of a Lie bracket given above, so sly(F) is indeed a Lie Algebra. As a vector space, sl (F) is
generated by three matrices H, X and Y given by

1 0 01 0 0
H = ) X = , Y = .
0 —1 0 0 10
Using the definition of the commutator, we see that these matrices satisfy the relations

[H,X]=2X, |[HY]=-2Y, [X,Y]=H. (1.1)

These are the defining relations of sly(IF), and since they contain the commutator, they will
be referred to as the commutation relations defining sly(IF). A linear operator representation
of these commutation relations is what will be deformed using twisted derivations. By a

twisted derivation on an algebra 4 we mean a linear map 0, : A — A satisfying the rule

Oy (ab) = 0,(a)b + o(a)0,(b)



for an endomorphism ¢ on A. This rule is a o-deformed rule of the usual product rule
of differentiation, d(ab) = d(a)b + ad(b). For Lie algebras, the deformed objects seldom,
if ever, belong to the original class of Lie algebras. However, one retains the undeformed
objects in the appropriate limit. The deformations we consider in this dissertation do not
necessarily have this important property. We thus refer to them as quasi-deformations
thereby emphasizing this crucial difference explicitly. For a broader view of this active area

of research, see, for example, [I], 2, [7HI5] 25], 37, 39] and the references therein.

1.1 Statement of the Problem

Many studies have been done on deformations of sly(C) using twisted derivations but nothing
much has been done to generalise the results to a quasi-deformed sly(F), where F is a field
of characteristic zero (a field where n -1 = 0 implies n = 0). In this dissertation, we do the

generalization and provide an elaborated example of a quasi-deformed sly(F).

1.2 Aim of the Study

To obtain quasi-deformations of sly(IF), where F is a field of characteristic zero, using twisted

derivations

1.3 Research Objectives

(i) To obtain and deform an operator representation of sly(IF).
(ii) To determine the algebraic structure represented by the deformed operators.

(iii) To provide an elaborated example of a quasi-deformed sly(IF).

1.4 Research Questions

(i) How can we obtain and deform an operator representation of sly(F)?
(ii) How can we determine the algebraic structure represented by the deformed operators?

(iii) How can we provide an elaborated example of a quasi-deformed sly(F)?

1.5 Significance of the Study

The study provides a method of obtaining new algebraic structures from various undeformed

structures, thus adding to the body of knowledge in mathematics and possibly physics.



1.6 Literature Review

The idea to deform algebraic structures within the appropriate category is obviously not new.
Quantum deformations (or g-deformations) associated with Lie algebras have been studied
for some time now [7HI5] 20], 23] B4]. This area underwent a period of rapid expansion in the
mid-1980s when Drinfel [16] and Jimbo [21] independently studied deformations of ¢(g), the
universal enveloping algebra of a Lie algebra g. This was motivated by their applications
to the Yang-Baxter equation and quantum inverse scattering methods [24]. After that,
several other versions of g-deformed Lie algebras appeared, especially in physical contexts
such as string theory, vertex models and quantum field theory. The main objects for these
deformations were infinite-dimensional algebras, primarily the Heisenberg type algebras,

oscillator algebras, and the Virasoro algebra [2-5] [7, 27, 4T].

In Hartwig [19], it was shown that for a o-derivation 0, defined on a commutative associative

algebra A with unity, the module A -0, admits a C-algebra with a o-deformed commutator
[a-05,b-0,] =0(a)-0y(b-0y) —0(b) - y(a-0y)

as a multiplication bracket, satisfying a twisted 6-term Jacobi identity. This study builds
on Hartwig’s work and provides an elaborated example of a quasi-deformed sly(F), where
F is a field of characteristic zero. The result becomes a natural quasi-deformation of sly(IF)
and we have shown that it is a quasi-hom-Lie algebra in general. For more information on

quasi-hom-Lie algebras, one can see Larsson and Silvestrov [20].

1.7 Research Methodology

Suppose that g is the Lie algebra we want to deform and suppose that g - gl(A) is a
representation of g on a commutative, associative algebra A with unity, where gl(A) is the
Lie algebra (under the commutator bracket) of linear operators on the underlying vector

space of A. Then our deformation scheme can be diagrammatically depicted as follows:

0 gl(A)
N
g ............... p~ ........ > g[(‘A)

The “squiggly” line is the “deformation” procedure of substituting the original operators
with the deformed (o-twisted) versions. The dotted arrows indicate the fact that we do not

necessarily come back to the object we started with when going back the way the arrows



point. This is the very reason for calling it “quasi-deformation”. The algebra g is then to
be considered as the “deformation” of g. So what we actually change, or deform, is the
given representation of g and the multiplication bracket in gl(A). This explains why the

tilde appears above gl(.A) in the bottom row of the scheme diagram.

In this dissertation, the basic undeformed object (g in the scheme diagram) is sly(F). Recall

that sly(IF) is generated as a vector space by three elements H, X and Y satisfying
[H, X] =2X, [H,Y] = -2Y, X,Y]=H.

The starting point for us is the following representation of sly(F) in terms of first order

differential operators acting on a vector space of functions in the variable ¢:
H — —2t0, X =0, Y — —t%0.

This is what we will generalize to first order operators acting on an algebra A, where 0 is

replaced by d,, a twisted derivation on A.

1.8 Organisation of the Dissertation

The rest of the dissertation is organised as follows:

Chapter 2. In this chapter, we present some definitions and concepts needed to understand
the work in this dissertation. Notions about fields are presented in Section 2.1 while the
basic concepts of twisted derivations are presented in Section 2.2. The notion of a quasi-Lie
algebra is introduced in Section 2.3 and in Section 2.4 we formally introduce sl,(F). In the

last section we state the definition of an operator representation and give some examples.

Chapter 3. In this chapter we obtain quasi-deformations of sly(F), where F is a field of
characteristic 0 (a field where n-1 = 0 implies n = 0). In Section 3.1, we take the base algebra
A to be as general as it can be in this situation and deduce some necessary conditions for
everything to make sense. In Section 3.2, we take the base algebra A to be the polynomial
algebra F[t] and calculate some properties of the corresponding quasi-deformations. An

elaborated example of a quasi-deformed sly(F) is provided in Section 3.3.

Chapter 4. In this chapter we obtain quasi-deformations of sl,(F), where F is a field
of characteristic 0 that includes all the third roots of unity (the solutions to the equation
23 = 1). We take the base algebra A to be F[t]/(¢?), the algebra of polynomials of degree
less than 3 over I in the variable ¢. In Section 4.1, we take the base algebra A = F[t]/(t3)
to be as general as it can be in this situation and deduce some necessary conditions for
everything to make sense. One special case of this deformation is considered in Section 4.2

while another special case is considered in Section 4.3.



Chapter 5. In this chapter we obtain quasi-deformations of sl,(F), where [ is a field of
characteristic 0 that includes all the fourth roots of unity (the solutions to the equation
24 =1). We take the base algebra A to be F[t]/(t?), the algebra of polynomials of degree
less than 4 over F in the variable ¢. In Section 5.1, we take the base algebra A = F[t]/(t)
to be as general as it can be in this situation and deduce some necessary conditions for
everything to make sense. One special case of this deformation is considered in Section 5.2

while another special case is considered in Section 5.3.

Chapter 6. In this chapter, we delve into the results and implications of quasi-deformations
of sly(F). We reflect on the insights garnered from our exploration of this fascinating field of
deformation theory. The aim and objectives of this dissertation are restated and discussed in
Section 6.1 while the employed methodology to achieve these goals is discussed in Section 6.2.
In Section 6.3 we discuss quasi-deformations of sly(F), where F is a field of characteristic
0. Here the base algebra is first taken to be as general as it can be in this situation,
and thereafter, taken to be the polynomial algebra F[¢]. In Section 6.4 we discuss quasi-
deformations of sl,(F), where F is a field of characteristic 0 that includes all the third roots
of unity. Here the base algebra is taken to be F[t]/(t3), the algebra of polynomials of degree
less than 3 over F in the variable ¢. In Section 6.5 we discuss quasi-deformations of sl,(IF),
where F is a field of characteristic 0 that includes all the fourth roots of unity. The base

algebra is taken to be F[t]/(t*), the algebra of polynomials of degree less than 4 over F.

Chapter 7. In this final chapter, we summarize the main findings of our research and
underscore their implications. We offer concrete recommendations based on our insights
to guide future actions and initiatives. Ultimately, this chapter serves as a blueprint for

leveraging our findings to enact positive change in the relevant domain.



Chapter 2

Preliminaries

In this chapter, we present some definitions and concepts needed to understand the work in
this dissertation. Notions about fields are presented in Section 2.1 while the basic concepts
of twisted derivations are presented in Section 2.2. The notion of a quasi-Lie algebra is
introduced in Section 2.3 and in Section 2.4 we formally introduce sl,(F). In the last section

we state the definition of an operator representation and give some examples.

2.1 Some Key Definitions Related to Fields

A field is a fundamental mathematical structure that generalizes the properties of familiar
number systems such as the rational numbers, real numbers, and complex numbers. Here

are some key definitions and properties related to fields:

Definition 2.1.1. A field F is a set equipped with two binary operations, usually denoted as
addition (4) and multiplication (-), such that the following properties hold for all elements
a, b, c in the field:

(i) Closure: For any a,b in F, both a + b and a - b are also in F.

(ii) Associativity: Addition and multiplication are associative operations, meaning (a +
b)+c=a+(b+c)and (a-b)-c=a-(b-c) for all a,b,cin F.
(iii) Commutativity: Addition and multiplication are commutative, meaning a+b = b+a

and a-b=0b-a for all a,bin F.

(iv) Additive Identity: There exists an element 0 (called the additive identity) such that
a+0=aforallainF.

(v) Multiplicative Identity: There exists an element 1 (called the multiplicative iden-
tity) such that a - 1 = a for all a in F, where 1 # 0.

(vi) Additive Inverse: For every element a in F, there exists an element —a (called the
additive inverse) such that a + (—a) = 0.

(vii) Multiplicative Inverse: For every nonzero element a in F, there exists an element

a~! (called the multiplicative inverse) such that a -a™! = 1.

Definition 2.1.2. The characteristic of a field F is the smallest positive integer n such that

n-1 =0, or 0 if no such n exists. That is, the order of the multiplicative identity element.



Definition 2.1.3. Let F be a field.

(a) Subfield: A subfield of F is a subset of F that forms a field under the same operations

of addition and multiplication.

(b) Finite Field: A field with a finite number of elements is called a finite field or Galois

field. The order of a finite field is the number of elements it contains.

(c) Prime Field: The smallest field is called the prime field, denoted by F,, where p is a

prime number. This field contains p elements.

(d) Algebraic Closure: A field F is algebraically closed if every non-constant polynomial

with coeflicients in F has a root in F.

(e) Field Extension: If K is a field containing F, then K is said to be an extension field

of F. The degree of the extension is the dimension of K as a vector space over F.

Understanding the properties and structures of fields is crucial in various areas of mathemat-
ics, including algebra, analysis and number theory. Fields serve as foundational structures

for studying arithmetic operations and solving equations in various contexts.

2.2 o-Derivations

We let F denote a field of characteristic zero and A be a commutative, associative F-algebra

with unity 1. Furthermore, we let o denote an endomorphism on A.
Definition 2.2.1. [27] A twisted derivation or o-derivation on A is an F-linear map 0, :
A — A satisfying the o-twisted product (Leibniz) rule

0y (ab) = 0,(a)b + o(a)0,(b) (2.1)

If 0 = idy, the identity map on A, then 0, = 0, the ordinary derivative satisfying the
ordinary product rule

J(ab) = d(a)b+ ad(b).

We denote the set of all o-derivations on an algebra A by ©,(A). When o = idy4, we simply
write ©(A) for this set.

In the following examples of o-derivations, we always consider A = C[t], the algebra of

polynomials over the complex field C in the variable .

Example 2.2.2. [27] If S is the shift endomorphism on the polynomial algebra Cl[t] given
by

S(a)(t) = a(t +1),



then the shifted difference operator A acting on CJt] and defined by

Aa)(t) =a(t+1) — a(t)

is an S-derivation on C[t]. This follows since for all a,b € CJt], we have

A(ab)(t) = (ab)(t + 1) — (ab)(?)
=a(t+1)b(t +1) — a(t)b(t)
alt + 1)b(t + 1) — a(t + 1)b(t) + a(t + 1)b(t) — a(t)b(t)
a(t +1)[b(t + 1) = b(t)] + [a(t + 1) — a(t)]b(?)
= S(a)(t)AD)(t) + Aa)(t)b(t
A(a)()b(t) + S(a) (1) AD)(t

)
)-
Suppressing the variable ¢, we obtain

A(ab) = A(a)b+ S(a)A(b),

which shows that A is indeed an S-derivation on C[t]. Comparing with equation (2.1f) in

Definition [2.2.1], we observe that ¢ = S in this case.

Example 2.2.3. [27] If o, is the rescaling endomorphism on CJt] defined by

ag(a)(t) = alqt)
for some ¢ € C\ {0}, then the Jackson derivative D, acting on C[t] and defined by

a(gt) — a(t)

qt — 1

Dy(a)(t) =
for some ¢ € C\ {1} is an a,-derivation on C[t]. This follows since for all a,b € C[t],

by - 1= a0
a(qt)b(qt) — a(t)b(t)
qt —1
a(qt)b(gt) — a(gt)b(t) + alqt)b(t) — a(t)b(t)
gt —t
a(gt)[b(gt) — b(t)] + [a(qt) — a(t)]b(t)
qt —1t
_ “<q”<t>b(q2t)__tb(t) . a<q2t>_—ta<t>
= arq(a)(£) Dy(b)(£) + Dy(a)(£)b(t
= Dy(a)()b(t) + aq(a)(t)De(b)(t).

8

b(t)



Suppressing the variable ¢, we obtain
Dy(ab) = Dy(a)b + ay(a)Dy(b),

which shows that D, is indeed an «,-derivation on C[t]. Comparing with equation (2.1)) in
Definition [2.2.1], we observe that o = o in this case.

Example 2.2.4. [37] If o, is again the rescaling endomorphism on C[t] defined by
aq(a)(t) = alqt)

for some g € C\ {0}, then another Jackson derivative My D, acting on C[t] and defined by

ta(qt) — ta(t)

My2Dqy(a)(t) = q—1

for some ¢ € C\ {1} is an ay-derivation on C[t]. This follows since for all a,b € CJt],

t(ab)(qt) — t(ab)(t)

MeD,(ab)(t) = .
_ ta(qt)b(qt) — ta(t)b(t)
qg—1
_ ta(qt)b(qt) — ta(qt)b(t) + ta(qt)b(t) — ta(t)b(t)
qg—1
_algt)[tb(qt) — tb(t)] + [ta(qt) — ta(t)]b(t)
qg—1

— ay(a)(t) My Dy (b)(t) + M D, (a)(1)b(2)
— MpzDy(a)(£)b(t) + ag(a) () My Dy (B) ).

Suppressing the variable ¢, we obtain
MpD,(ab) = MeD,(a)b + ay(a) M2 D, (b),

which shows that M. D, is indeed an «,-derivation on C[t]. Comparing with equation (2.1))
in Definition [2.2.1] we observe that o = o in this case.

Example 2.2.5. [37] In general, if a; is the endomorphism on C[t] defined by



for some f € CJt] \ {0}, then the operator D; acting on C[t] and defined by

a(f(t))
t

e MRS

D(a)(t) =

is an ag-derivation on CJt]. This follows since for all a, b € CJ[t], we have

by )=
_a(f®)b(f(1) — a(t)db(®)
(6 —1
a7 )B() — () + a7 (O)HO) — )bt
o) 1
) <) a(s() —aft)
~ VO = e Y
— s (@D + Dyla) W)
= Dy{@)(0b(1) + a5 (@)D B)(1)

Suppressing the variable ¢, we obtain
Dy(ab) = Dy(a)b+ ay(a)Ds(b),
which shows that Dy is indeed an a-derivation on C[t]. Comparing with equation (2.1)) in

Definition [2.2.1], we observe that o = a; in this case.

2.3 Quasi-Lie Algebras

The concept of quasi-Lie algebras emanates from the work of Hartwig et al. [19] who
introduced the notion of a hom-Lie algebra as a deformed version of a Lie algebras, motivated
by some of the examples of deformations of the Witt and Virasoro algebras constructed using

o-derivations.

Before coming to some important definitions, we introduce a convenient notation. If f :

Ax AxA— A-0, is a function we will write

Oa,b,c f(aa b) C)

for the cyclic sum

fla,b,¢) + f(b,c,a) + f(c,a,b).

10



We note the following properties of the cyclic sum:

Oa,b,c (I ’ f(aa ba C) Ty g(a’v b7 C)) =T Oa,bﬁ f(av b7 C) +y Oa,b,c g((l, ba 0)7
Oa,b,c f<a7 ba C) :Oa,b,c f(ba C, (l) :Oa,b,c f(C, a, b)7

where f,g : AXx Ax A — A-0, are two functions and z,y € A. Combining the two

identities we obtain

Oape (f(a, b,c) + g(a,b, c)) =0q,b,c (f(a, b,c) + g(b, c, a))
=Oape (f(a, b,c)+ g(c, a, b))
Definition 2.3.1. A Lie algebra is a pair (V, [, ]) where
e V' is a vector space over a field F,
e [,-] : V xV — V abinary operation called the Lie bracket (a multiplication in V),
such that the following conditions hold for all x,y,z € V and a,b € F:
(i) Bilinearity: [ax + by, 2] = alz, 2] + by, 2] and [z, ay + bz| = alz, y] + b[z, 2],
(ii) Alternativity: [z, x] =0,
(iii) Jacobi identity: [z, [y, z]] + [, [z, z]] + [z, [z,9]] = 0.
Using cyclic summation notation, the Jacobi identity can be written as O, [z, [y, 2]] = 0.

The first two conditions imply skew-symmetry, that is, [z,y] = —[y, 2] while the third
condition shows that the Lie bracket is in general non-associative. To see that the first two

conditions imply skew-symmetry, we first observe that

0=[r+y,x+y], by alternativity
= [z, 2]+ [z,y] + [y, 2] + [y,y], Dby bilineality
=0+ [z,y] + [y,z] + 0, by alternativity
= [z,y] + [y, 2]
That is, [z, y] + [y, x] = 0, which implies [x,y] = —[y, z]. Therefore, bilinearity and alterna-
tivity indeed imply skew symmetry, and in view of this, we present another definition of a

Lie algebra which is equivalent to Definition [2.3.1
Definition 2.3.2. [27] A Lie algebra is a pair (V,[-,-]) where
e U/ is a vector space over a field F,

e [,:]:V xV — V is a bilinear map,
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such that the following conditions hold:
(i) Skew-symmetry: [z,y] = —[y,z] for all z,y € V,
(ii) Jacobi identity: Oy, . [x, v, ZH =0 forall z,y,z €V,
where O, . as before denotes cyclic summation with respect to z,y, 2.
Definition 2.3.3. [27] A hom-Lie algebra is a triple (V, -], a) where
e V is a vector space over a field F,
e [,:]:V xV — V is a bilinear map,
e o:V — V is a linear map,
such that the following conditions hold:
(i) Skew-symmetry: [z,y] = —[y,z] for all z,y € V|
(ii) Hom-Jacobi identity: O, .. [Oz(x), ly, z]] =0 forall z,y,z€V.

Note that in this definition if @ = idy (the identity linear map on V'), then we retain
Definition of a Lie algebra. In the following definition, Lr(V') denotes the vector space

of linear maps on a vector space V over a field F.
Definition 2.3.4. [41] A quasi-Lie algebra is a tuple (V, [, @, B, H,oJ) where

e V/ is a vector space over a field F,

e [,:]:V xV — V is a bilinear map,

e o, :V — V are linear maps,

e 0,w: Dy, D, — Lr(V) are maps with domains of definition Dy, D, CV x V|
such that the following conditions hold:

(i) w-symmetry: [z,y] = w(z,y)[y,z| for all (z,y) € D,,

(i) Quasi-Jacobi identity: O, {6’(z,x)<[a(x),[y, z)] + Bz, ly, z]])} = 0 for all
(z,y), (y> Z)? (ZE,y) € D@-

Note that in this definition if § = id and w = # = —id, then we retain Definition [2.3.3] of a
hom-Lie algebra. To see this, we first observe that under these conditions, skew symmetry

follows from w-symmetry since for all (z,y) € D,,, we have

[z,y] —w(z,y)[y, 2] =0, by w-symmetry
[z,y] — w(z,y)w(y, x)[z,y] =0, again by w-symmetry
[‘rv y](ld - w(x, y)w(y7 x)) = 07
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which implies w(z, y)w(y,z) —id = 0 so that w(x,y) = —1 whenever w = —id. Secondly,
under these same conditions, the hom-Jacobi identity follows from the quasi-Jacobi identity

since for all (z,y), (v, 2), (x,y) € Dy, we have

e {00,2)([0@), [, 2] + B[ 1, 21] )} =0,
Ovgn ( [a(2), [y, 2] + [z, [v, zH) — 0, applying the conditions 8 = id, w = 6 = —id
Oy, [a(@), [y, 2]]+ Ouy. [2,[y,2]] =0, distributing the cyclic sum
Oy, (), [y,2]] =0, since Ouy. [z, [y, 2]] =0, the Jacobi identity.

So indeed if f = id and w = # = —id, then we retain Definition of a hom-Lie algebra.

In the following definition we specialise in the case where 6 = w, and additionally, we impose
the [-twisting condition, [a(x), a(y)} = [ o afz,y|, where o denotes composition of maps.

This leads us to another algebraic structure called the quasi-hom-Lie algebra.
Definition 2.3.5. [25] A quasi-hom-Lie algebra is a tuple (V, -], «, B,w) where
e U/ is a vector space over a field F,
e [,:]:V xV — V is a bilinear map,
e o, :V — V are linear maps,
e w: D, — Lp(V)is a map with domain of definition D, CV x V|
such that the following conditions hold:
(i) S-twisting: [a($), a(y)} = foalz,y] forall z,y € V, where o is composition of maps,
(i) w-symmetry: [z,y] = w(x,y)[y,x] for all (z,y) € D,,

(ili) Quasi-hom-Jacobi identity: O, . {w(z, x)([a(x), ly,2]] + B[z, [y, z]])} =0
for all (z,2), (x,y), (y,2) € D,.

We end this section by presenting an important result from Hartwig et al. [19]. This result
is of fundamental importance in this dissertation as it introduces an [F-algebra structure on
a given submodule and turns this submodule into a quasi-hom-Lie algebra. To present this
result, we first introduce some terminology and notation. We denote as before the set of all

o-derivations on an algebra A by ©,(.A), and we let
Amn(d,) ={a€A:a-0, =0},

the annihilator of the o-derivation 0,. Furthermore, we fix an endomorphism o : A — A,

an element 0, € ©,(A), and an element 6 € A and assume that the following conditions
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are satisfied:

o(Ann(,)) € Ann(9,) (2.2)
95 (c(a)) = 60(d,(a)) for a € A. (2.3)

Furthermore, we let
A-0,={a 0,:a€e A},

the cyclic left A-submodule of ©,(A) generated by 0,, and we extend the endomorphism o
to the submodule A - 9, by

ola-0,) =0o(a)- 0,. (2.4)

Finally, we let “o” denote composition of maps. The following proposition introduces an

F-algebra structure on the submodule A - 0, and turns it into a quasi-hom-Lie algebra.

Proposition 2.3.6. [19] If condition (2.2]) holds, then the map [-, |, defined for all a,b € A
by

[a-0,,b-0,], = (c(a)-8y) 0 (b-9,) — (c(b) - 0y) o (a- D) (2.5)

18 a well-defined F-algebra product on the F-linear space A - 0,. This product satisfies the
following identities for all a,b,c € A:

(a-0y,b-8,], = (a(a)a,,(b) . a(b)ag(a))aa, (2.6)
[a- 8y, 8,], = —[b-0y,a-y],, (2.7)

and if in addition condition (2.3)) holds, then we have the 6-term deformed Jacobi identity:
Oabe ([a(a) 0y, [b-0pyc-0,),], 40 [a-0,,[b- D aa]a]a) —0. (2.8)

Remark 2.3.7. The algebra A-d, in this proposition is then a quasi-hom-Lie algebra with
a =0, f=0dss, and w = —id 4.9, (see Corollary 2.3.8). If moreover 6 € F, then after
pairing the terms, the 6-term twisted Jacobi identity is reduced to a 3-term twisted Jacobi
identity, and hence in this case A - J, is a hom-Lie algebra. Such class of o-derivations 0,
has been studied also in ring theoretical works in connection to iterated skew polynomial
extension rings, actions of hopf algebras, quantum algebras and quantum groups see, for
example, [5], [7, O 13| 18, 28, B4]. In this sense, our results and constructions can be also

seen as a contribution into these directions.
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We now prove Proposition 2.3.6

Proof of proposition 2.3.6. We first prove that the bracket [,-] is well defined. That

is, for a1, as,b € A, the condition a; - 0, = as - d, implies the following equations:

lai - 0,b-0,], =[az- 05,0 0,],, (2.9)
[b'aa,(ll '80-]0_ = [b-@a,ag-&,]g. (210)

To prove this, we first note that a; - 9, = ay - 9, is equivalent to (a; — az) - 9, = 0 which
implies that a; — ay € Ann(d,). Furthermore, o(a; — az) € Ann(d,) by condition (2.2)).

Therefore, using the given definition of the bracket [-, -] , we have
[a1 - 0y, 0,), — [az - 05,0 8,], = (0(a1) - ) o ( — (o(b) - 05) o (a1 - 0,)
— (o(as) - 0 ) 80) + (a(b) - ) as - 0y)
= (0(a1) - 9,) o (0‘(@2) 95) o (b-0y,)

= (a(b)- 0 ) < 95) + (o(b) - 95) o (az - 0y)
( o(a; — ay) ) (b- 0, (()-&,)o((al—ag)-&,)

) =
=0, since a; —ay € Ann(0,) and o(a; — az) € Ann(d,),

which proves equation (2.9)). Similarly, we have

b 0p,a1 0], — [b Do, a2 0y), = ((b) - 0,) o ( — (o(a1) - 0 ) (b-0y)
— (o(b) - 0 ) - 05) + (o(as ) (b-0,)
= (o(b) - 05) o ( —(o(b)- 0 ) Js)
— (o(ar) - 0 ) - 95) + (o(as ) (b-0,)
= (o(b) - 8,) o ((a1 ~ay) - ag) . (a(a1 ~ay) - a(,) o (b-8,)
=0, since a; —ay € Ann(0,) and o(a; — az) € Ann(d,),

which proves equation (2.10). Next, we prove identity (2.6 using the definitions of the
bracket [-, -] and the o-derivation 0,. For a,b € A, we have

(- 0y,b- 05, = o(a) -0, 0 (b-0,) — o(b) - 0 0 (a - )
= o(a) - (0:(0)0, + 0 (0)3(D,)) = 7(8) - (05(0)0s + ()0 (05))
(a) (b)
()

a)0,(0)0, + o(a)o(b)0,(0,) — a(b)0,(a)0, — o(b)o(a)0,(0y)
= 0(a)0y(b)0, — 0(b)0,(a)0y + c(a)o(b)0y(0y) — o(b)o(a)dy(0y)
(

= (0(@)25(6) = 0(0)0:(0) ) 9, + (c(a)o () — o(B)o(a) ) 00(3)

Il
9

(
( )
(

a)o
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Since the algebra A is commutatitve, the last term is zero and this proves identity 2.6, We
can now use identity (2.6) to prove identity (2.7). For a,b € A, we have

[a-0y,b-8,], = (J(a)(?g(b) - a(b)ao.m))ag, by identity
- ( — o(b)d,(a) + a(a)&,(b))@o
— —(0()0s(a) — 0(a)0s(1) )05
=—[b-0,,a-0,],, by identity (2.6),

as required. Finally, we prove the Jacobi identity (2.8)). For all a,b,c € A, we write it as
Oab.e [a(a) Oy [0+ Oy, C 80]0}04— Oz 0 - [a Oyy [b+ Oy, 80]0]0 =0
and prove it in parts. The first part can be expanded using identity (2.6)) as follows

Oupe [0(a) - Dy [b- Dy ,], ]

= Cune |o0) -0, (a0, ~ (12, ()0
= Oupe <02(a)ag <a(b)8(,(c) - U(c)ag(b)> - J(J(b)ag(c) - a(c)ag(b)>ag(a(a))> 9,
(a%a)aa (70) - 94(0)) = (@25 (5(0) - 0:(8)) = (D) (D (¢)) D (0r(a))
+ 2200 (0. ()0 (0(0) )0
= Cune (@0 (00)o(2:(0) + @) ~ 0*()04(0()o (0:(8) ~ @RI
— oz(b)a(&,(c))&,(a(@)) + 02(0)0(&;(1)))&, (a(a))) Oy
= Oupe (az(a)ag(a(b))a(ag(c)) -0y 4+ 02(a)0%(c)a?(b) - 0, — 0*(a)0y (a(c))a(ﬁg(b)) - Oy
— @) 0. — ) (262 (00) - 0n + oo (0,0 () - . )
= Cune (0 0)0(2,(0) -0, ~ @104 (o100 (0,0)) -0,
 Cune (@) 0, ~ D)) -0, )
+ Oape ( — 0%(b)0(0,(c))05(c(a)) - Oy + 02(0)0(8[,(6))00 (a(a)) . 80)

From here, the second and third term vanish when adding up cyclically. Therefore, we
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remain with

= e (02(@)0:(0(0))0(95(0)) - s = 3*(@)0s (0(0))(0, (1)) - 0, )

= Og,b,c (OQ(a)ag(a(b))(‘?g(c) -0y — 0%(a)0,(c(c))0y(b) - 8U> (2.11)
Computing the second part of the Jacobi identity, we obtain

Oa,b,c(s' |:a’.807[b'80’c'8‘7]0}0

= Oayr 0 - (o—(awg <a(b)8g(c) - a(c)&,(b)) - J(U(b)&,(c) . U(C)ao(b)>3(,(a)) a,

= Cune (8- (000, (00)(0,(0)) 05 + 3 0(@)2(0 () -0, b (@), (0()o (20(0) -
— 6 0 (@)PH)o(c) - Dy — 8- P (B)7 (95(¢)) D (a) - Dy + 8 - *(c)7 (9 (6)) D (a) - a[,)

= Cune (0100, (00)0n(0(0) 0, +5 o (@E(Io(0) -0, — o(o())2n (010) - 0,
— 5 o(a)P2(b)o(c) - Dy — 0*(b)ds (0(c)) D (a) - D,
+ 0%(c)9y ((b)) 0y (a) - aa) : by condition

= Ouse (5 0(@2()o(6) - 0, = 3 (@32 (c) - O

— 0*(0)0, (0(c)) D (a) - By + 0*(€)0 ( <>)8 (a) - 0,)
= Oupe (8- 0(0)2()o(b) - 0, — 5 - 7(@)B2 () (c) - D)
+ e (—0* ()0, (7(0))0s(a) - 05 + 0*()0, (0(1)) 0o @) - 0, ).

By applying the cyclic summation and taking note that A is commutative, the first term

vanish and we remain with
e (~0 (D)0, (5())05(a) - 0 + 5*()0, (7(8)) Ds(a) - 3, ). (2.12)
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Finally, when we combine (2.11)) and (2.12)), we obtain

= 0%(a)0,(0())0,(c) - Oy + 2(b)0y(0(c))0y(a) - Oy + 0*(c)0s(c(a))y (D) - Oy
— 0%(a)05(0(c)) 05 (b) - 05 — 0%(€)05(0(1))0s(a) - Dy — 0*(b) D5 (0(a)) Dy (c) - O
—o?(b)0, (U(c))&,(a) -0y — 02(c)0, (a(a))@o(b) -0y — 0*(a)0, (a(b))ag(c) -0y
+0%(¢)0, (0(b)) 0y (a) - 95 + 0*(b)0s(0(a)) 05 (c) - Dy + 0%(a)dy (0 (c))Ds(b) - Oy
=0.

This gives the required proof of the Jacobi identity . |

Corollary 2.3.8. [27] The algebra A - 0, in Proposition 2.3.6 is a quasi-hom-Lie algebra
with a« = o, = didgs, and w = —ida.g,

Proof. We show that A - 9, satisfies all the three conditions for a quasi-hom-Lie algebra.

The p-twisting condition follows since for all a,b € A, we have

g

[0(a) - Dy, (b) - 0] = (UQ(a)E)G(a(b)) - 02(1))80(0(@)))80, by condition 5
- (02(a)6 09, (0 (b)) — a*(b)6 - 0(&,(0(&))))&,, by condition
s 0<(0(a) -9, (o (b)) — o (b) - a(,(a(a)))a,), by condition
—6-0la-0,,b-,]..

Skew symmetry follows since w(a - 9,,a - 9,) = —1 whenever we choose w = —id 4., (see
pages 10-11). Thus the w-symmetry in Definition is equivalent to

a-0s,b-0,], =—[b-05,a-0,],

in Proposition 2.3.6 whenever we choose w = —id_4.9,. Finally, the Jacobi identity follows

since by condition [2.4] we have

Oabc ([0(@) Oy, [b- 0y, C- 30]0}0 +9- [a - Opy [0 Oy, C aahh) =0
O ([o(a-0,),[0-0rc-0,],), +6 - [a- 00, [b-0rc-0],] ) =0,

which is equivalent to the Jacobi identity of Definition with a = 0, 8 = did4.9, and
w = —id A0y - |
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2.4 The Lie Algebra sl,(IF)

In this dissertation, the basic undeformed object is the special linear Lie algebra of degree
2 over a field IF, abbreviated sly(F). It is defined as the Lie algebra of 2 x 2 matrices with
entries from [ and trace zero. As defined in Section 2.2, a Lie algebra is a vector space V'
over a field F equipped with a binary operation [-,:] : V' x V' — V called the Lie bracket
that satisfies the following axioms for all x,y,z € V and a,b € F:

(i) Bilinearity: [az + by, z] = alz, z] + bly, 2] and [z, ay + bz] = alz, y] + b[z, 2]
(i) Alternativity: [z,2] =0
(iii) Jacobi identity: [z, [y, z]] + [y, [z, 2]] + [z, [z,9]] =0
The first two axioms imply skew-symmetry, that is, [z,y] = —[y, x| while the third axiom

shows that the Lie bracket is in general non-associative. In the case of sly(IF), the Lie bracket

of two elements x and y is given by the commutator

[z,y] = zy — yx.

It is easy to see that the commutator defined in this manner satisfies all the three axioms of
a Lie bracket given above, so sly(FF) is indeed a Lie Algebra. To check that the commutator

satisfies the bilineality condition, we observe that for all x,y, z € sly(F) and a,b € F,

laz + by, 2] = (az + by)z — z(ax + by)
=axz+byz —azx — bzy
=arz —azr + byz — bzy
=a(xz — zx) + b(yz — 2y)
= alz, 2] + bly, 2],

which shows that the commutator is linear in the first argument. Furthermore, we have

[z, ay + bz] = z(ay + bz) — (ay + b2)x
=azry + bxrz — ayxr — bzx
= ary — ayxr + brz — bzx
= a(zy —yx) + b(xz — zx)
= alz,y] + b[z, 7],
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which shows that the commutator is linear in the second argument. The alternativity

condition follows since for all = € sly(F), we have
[z, 2] = xx — xx = 0.
Finally, the commutator satisfies the Jacobi identity since for all x,y, z € sly(F), we have

[,y 2] + [y, [z, 2] + [z, [v,9]] = [,92 — 29] + [y, 22 — 22] + [2, 2y — ya]

= 2(yz — 2y) — (yz — 2y)z + y(zz — z2)
— (2w — w2y + 2(wy — ya) — (ay — y)

= TYz — T2Y — YT + 2Yr + Y2xr — Yrz
— 2y + x2Y + 2xY — 2Yr — TxYZ + Yrz

= (xyz — zyz) + (yzo — yzzx) + (2yr — zyx) + (yrz — yaz)
+ (zay — zay) + (xzy — x2y)

=04+04+0+0+0+0

= 0.

As a vector space, sly(F) is generated by three matrices h,  and y given by
1 0 01 0 0
h= , T = , Yy = )
0 -1 0 0 10
These matrices satisfy the following relations:

[h, x] = 2z, [h,y] = —2y, [z,y] = h.

These are the defining relations of sly(IF), and since they contain the commutator, they will
be referred to as the commutation relations defining sly(F). To verify these commutation

relations we use the definition of the commutator. For the first relation, we have

e T Y (O [
(0)-63)
(3 )

= 2.
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For the second relation, we have

w000 - (0 )
= <_O1 8) - <(1) 8)
—(00)

= _23/,

and for the third relation, we have

o O

[z, y] =2y —yr =

FREE

[
[ -
o o
~___—
|
R
o o
— o
~

= h.

In view of the preceding narrations and the commutation relations, the following definition

of sl5(IF) is considered in this dissertation.

Definition 2.4.1. The special linear Lie algebra of degree 2 over a field F, abbreviated
sl5(IF), is a Lie algebra generated as a vector space by three elements h, x and y satisfying

the commutation relations

[h, x] = 2, [h,y] = =2y, [z,y] = h. (2.13)

In this dissertation, the starting point of our deformation process is the following repre-
sentation of sly(IF) in terms of first order differential operators acting on a vector space of

functions in the variable ¢:
h — —2t0, =0, y = —t20.

This is what we will generalize to first order operators acting on an algebra A, where 0 is
replaced by 0,, a twisted derivation on A. In the following section, we formally introduce

representations of algebras by linear operators.
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2.5 Operator Representations

Consider the commutation relations (2.13)) in Definition 2.4.1, An operator representation
of these commutation relations (or of the Lie Algebra sl,(F)) is any set of linear operators
satisfying these commutation relations. To indicate that generator A is represented by

operator A’, we write A — A’

Example 2.5.1. [37] The classical Heisenberg-Lie algebra is generated by two elements S

and () satisfying the commutation relation
SQ—-QS =S.

A concrete representation of this commutation relation (or of the Heisenberg—Lie algebra)

is given by the association S +— a; and ) — @,, where a; and @), are the linear operators

ar(f)(x) = flz+1) and  Qu(f)(x) = 2 f(x)

acting on polynomials or other suitable functions. To see this, we first observe that

a1 Q:(f)(z) = a:r(id - f)(z)
=(x+1)f(z+1)
= (v + Do (f) (=), (2.14)

where id denotes the identity function: id(xz) = z. Interpreting the multiplication with the
variable x as an application of the multiplication operator (), and suppressing the operand

f, equation ([2.14]) can be written as the commutation relation

041Qz - onq = Q.

Example 2.5.2. [37] Consider a deformed Heisenberg—Lie algebra generated by two ele-

ments S and @) satisfying the commutation relation
SQ —qQ)S =cS

for some scalars ¢ and ¢. A concrete representation of this commutation relation (or of the
deformed Heisenberg-Lie algebra) is given by the association S — ay and @ — @, where

as and @, are the linear operators

ay(f)(x) = flgz +¢) and Q.(f)(z) =z f(z)
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acting on polynomials or some other suitable functions. To see this, we first observe that

Q. (f)(z) = as(id - f)(x)
= (qgv +¢)f(qz +¢c)
= (g7 + c)aa(f)(z), (2.15)

where id denotes the identity function: id(z) = x. Interpreting the multiplication with the
variable x as an application of the multiplication operator (), and suppressing the operand

f, equation ([2.15]) can be written as the commutation relation

2@y — qQray = carp.

Example 2.5.3. [37] Generalizing the previous two examples, we consider the algebra

generated by two elements S and () satisfying the commutation relation

5Q =a(Q)S,

where o is a polynomial. A concrete representation of this relation is given by the association

S +— a, and Q — @Q,, where a, and (), are the linear operators
ag(f)(z) = flo(z)) and Q.(f)(z)=xzf(x)

acting on polynomials or some other suitable functions. To see this, we first observe that

a0 Q:(f)(x) = ao(id - f)()
() f(o(x))

T
i

(z)og (f) (), (2.16)

o
o
where id denotes the identity function: id(x) = z. Interpreting the multiplication with the

variable x as an application of the multiplication operator (), and suppressing the operand

f, equation ([2.16|) can be written as the commutation relation

aan - U(Qx)ao-

Example 2.5.4. [37] We consider the 3-dimensional Lie-type algebra generated by three
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elements R, J and () satisfying the commutation relations

RQ QR =~1,
JQ-QJ =R,
RJ—-JR=0.

A concrete representation of these commutation relations is given by the association R — R;,

J = J;and Q — @Q,, where R;, J; and (), are the linear operators

flaz+i) + fle—1i)
2

flo+1i) — flx =)
2i

Ri(f)(x) =

Ji(f)(z) =
Qu(f)(z) =z f(z)

acting on polynomials or some other suitable functions. Three systems of orthogonal poly-
nomials belonging to the class of Meixner—Pollaczek polynomials that are connected by these
operators were presented in [35] 36, [38]. Boundedness properties of the operators R~ and
JR™! in the function spaces related to the three systems of orthogonal polynomials were
investigated in [22] [36] 38]. To see this, we observe that

RiQ.(f)(z) = Ri(id - f)(x)
(x+d)f(r+1i)+ (x—d)f(x —1)

2
:xf(x—f—i)—l—if(x—i—z’)—i—xf(x—i)—if(x—i)
2
:xf(x+i)+xf(a:—i)+if(x+i)—if(x—z')
2
_olfle )+ fe=a] | ilf(e+d) = fle =)
2 2
_fet i)+ fle—0]  [fle+i) = flz =)
2 21
= e Ri(f)(x) = Ji(f) (@), (2.17)

where id denotes the identity function: id(z) = x. Interpreting the multiplication with the
variable x as an application of the multiplication operator (), and suppressing the operand

f, equation ([2.17)) can be written as the commutation relation

RiQy — QuRi = —J;.
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Similarly, for the commutation relation JQQ — QQJ = R, we have

JiQu(f)(x) = Ji(id - f)(x)
_ (x+i)f(x+1i)— (x — 1) f(x — 1)

21
zf(r+1i)+if(x+i)—af(x—1i)+if(z —1)
21
cf(x+1i) —xf(e —i)+if(x+i)+if(x—1i)
21
wlf(x+1) = fle =]  ilf(z+1)+ fle—i)
21 * 21
elfw i) = fle—d)] | e+ + fle—1)]
21 2

= xJi(f)(x) + Ri(f) (). (2.18)

Interpreting the multiplication with the variable x as an application of the multiplication
operator (), and suppressing the operand f, equation (2.18) can be written as the commu-

tation relation

Finally, for the commutation relation RJ — JR = 0, we have

Ri(f)(2) () () = Ji(F) (@) Bi(f) ()
<f(w +i)+ fle— i)) (f(w +i) — fle— i))

2 2
flo+0) = flx =)\ (fla+i)+ flz— )
(P ()
_ Pt fe i) f@—i) - flo =) f@+i) - o+ i)
4q
_(ﬁu+w+fu+wﬂx—w—fu—oﬂx+o—ﬂ@—o>
49
_ Plati) = P ti) + fla+i) (e —i) = [+ i) (@)
4q
~fla = )fa i) + fla— ) f (i) = o —i) + o i)
0 . 47
AR

And suppressing the operand f, the equation can be written as the commutation relation

R, J; — JiR;, = 0.
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Example 2.5.5. [27] The Lie algebra sly(IF) is generated as a vector space by three elements

H, X and Y satisfying the commutation relations
[H,X]=2X, [HY]=-2Y, [X,Y]=H. (2.19)
A concrete representation of these commutation relations (or of sly(F)) is given by
H — —2t0, X 0, Y — —t%0,

where 0 is the first order derivative acting on polynomials or some other suitable functions
in the variable t. To verify this, we use the definition of the commutator. For the first

commutation relation, we have

[H, X] = [-2t, ]
= —2t9(0) — 9(—2t9)
= —2t0* — (=20 + (—2t)0?)
= —2t0° + 20 + 2t9*

For the second commutation relation, we have

[H,Y] = [-2td, —t?0)]
= —2t0(—1%0) — (—t20)(—2t0)
= —24(=2t0 + (—120%)) — (—13(—20 + (—21)5?))
= 4120 + 2630% — 2120 — 2°0°
= 2t%0
= —2Y.

For the third commutation relation, we have

(X, Y] = [0, 0]
= (—t20) — (—t29)(9)
= —2t0 — t20* + t*0?
= —2t0
= H.

So indeed, the association H — —2t9, X +— 0, Y — —t20 is a representation of sl,(FF), and

this result is of fundamental importance in this dissertation.
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Chapter 3

Quasi-Deformations of sl,(F)

In this chapter we obtain quasi-deformations of sly(F), where F is a field of characteristic 0
(a field where n - 1 = 0 implies n = 0). In Section 3.1, we take the base algebra A to be as
general as it can be in this situation and deduce some necessary conditions for everything
to make sense. In Section 3.2, we take the base algebra A to be the polynomial algebra
F[t] and calculate some properties of the corresponding quasi-deformations. An elaborated

example of a quasi-deformed sly(IF) is provided in Section 3.3.

3.1 Quasi-Deformations with General Base Algebra A

and the Necessary Conditions

Let A be a commutative, associative algebra with unity 1 over a field I of characteristic 0,
and let o denote an endomorphism on A. We fix an element t € A, choose a o-derivation

(twisted derivation) 0, on A, and consider the A-module
A-0,={a-0,:a€A}.

To simplify notation, we will usually write ad, to mean a - d,. By Proposition [2.3.6] there

exists a skew-symmetric algebra product on this A-module given by
[a-0,,b-0,], = (c(a)-0,) 0 (b-9y) — (a(b) - ) o (a-Dy). (3.1)
Furthermore, the three elements
H=-2t0,, X=20, Y=-t0,
span an F-linear subspace of the A-module A - 9,, which we denote and write as
S = LinSpang{ —2t0,, 0,, —t*0, } = LinSpang{H, X,Y}.

We restrict the product (3.1)) to S without, at this point, assuming closure. In addition, we

make the general ansatz that

80(1):d0+d1t++dktk and 0(1):80+31t+“‘+5ntn.
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If all non-negative integer powers of ¢ are linearly independent over the field F, then o(1) = 1
or o(1) = 0 since o(1) = o(1-1)=0(1)?, and thus, s is either 1 or 0 and s; = --- = s, = 0.

In addition to this, in this case,

do + dit + - + dit* = 9,(1)
=0,(1-1)
(

= 0,(1)1 +0(1)0,(1), since 0, is a o-derivation

= (1+0(1))0,(1)
= (1 + 80) <d0 + dlt + -+ dktk) (32)
leading to dy = dy = --- = di, = 0 if sg = 1, and arbitrary dy, ..., d if s = 0. But if sq =0,

that is o(1) = 0, then (") = 0 for all w € N since o(t") = o(1-t*) = o(1)o(t") = 0, and
all our computations involving o-derivations will collapse. Therefore, o(1) # 0 and we thus
assume that o(1) = 1 which implies that 0,(1) = 0 by equation (3.2]). In this case,

0p(t?) = 05(t - t) = 0p(t)t + 0(1)0,(t) = (t + (1)) Du(t). (3.3)
We will also make use of the following identity from Proposition [2.3.6}
a-0,,5- 3], = (0(a)0s(b) — 7(6)D, (@) ) 0. (3.4)

We can now state the main result of this section.

Theorem 3.1.1. [27] Let A be a commutative, associative algebra with unity 1 over a field
F of characteristic 0 and fix an element ¢ € A. Let o be an endomorphism on A and 0, a
o-derivation (twisted derivation) on A. Furthermore, assume that o(1) =1 and 9,(1) = 0.
Then the A-module elements H = —2td,, X = 0, and Y = —t29, satisfy the following:

[H, X], = 20,(t),, (3.5)
[H,Y], = 20(t)0,(t)td,, (3.6)
(X,Y], = —(t+ o (t)0,(t)0s. (3.7)

Remark 3.1.2. Note that when o = id4 and 0,(t) = 1, we retain the usual sly(F) with

commutation relations:

[H, X] =2X,
[H’Y] = =2Y,
(X,Y]|=H
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Proof of Theorem 3.1.1. For the first relation, we have

[H7X]a:

[~2t0,,0,],

—2[t0y,05),, since the bracket [-, -]  is bilinear
—2<0(t)80(1) - 0(1)0(,@))00, by identity
—2(0 = 9,(t))d,, since o(1) =1 and 9,(1) =0

— 20, (1)9,,

as required. For the second relation, we have

[H,Y],

—2t0,, —1%0,|

2[758(,, 20, ] . since the bracket [-, -]  is bilinear

g

) —o t2)(3a(t)>80., by identity
1), () + 02(£)8, (1) — 0(752)(90(25))80
o(t)to, >(9
20(t)0,(1)t0s,

(o0,
2(0 t)<t+a (t))—a(tz)&,(t)>80, by (3-3)
(ot
( )

(
o
(

as required. For the third relation, we have

as required.

3.2 Quasi-Deformations with Base Algebra A=F]t|

In this section, we take the base algebra A to be the polynomial algebra F[t], and as before,
we assume that o(1) = 1 and 0,(1) = 0. In the polynomial algebra [F[t], all non-negative
integer powers of ¢ are linearly independent over [, so this assumption is valid. Suppose that

o(t) = q(t) and 9,(t) = p(t), where p(t), q(t) € F[t]. To have closure of relations (3.5))—(3.7)

XY,

= [0,, —t*0,
[ .
— [80, 20 ] , since the bracket [-,-]_ is bilinear

(0 —o(th)0, (1))80, by identity
( L (t7) — O) >, since o(1) =1 and J,(1) =0

(t+o(t (t))&,, by

—(t+0(t))05(t)0,,
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over the field F, the polynomials p(¢) and ¢(t) are far from arbitrary. Relation (3.6|) implies

that, to have this closure, we need at least

deg (9, (t)o(t)) = deg(p(t)q(t)) <1,

where by deg( f (t)) we mean the degree of the polynomial f(¢). Thus three cases arise:

Casel: o(t) = q(t) = qo + q1t, @ # 0, p(t) = po.
Case2: o(t) = q(t) = qo, qo # 0, p(t) = po + pit.
Case3: o(t) = q(t) =0, p(t) =po+pit + - + pat™.

In all three cases we assume p(t) # 0. Note that if p(¢f) = 0 then 9, = 0 and so the original

operator representation collapses.

Remark 3.2.1. If we allow o(t) = ¢(t) and 0,(t) = p(t) where p and ¢ are arbitrary
polynomials in ¢ then we get a deformation of sl,(F) which does not preserve dimension;
that is, brackets of the basis elements H, X and Y are not simply linear combinations in
these elements but include more new “basis” elements. This phenomena could possibly be

interesting to study further.

3.2.1 Casel
For this case we assume ¢(t) = qo + ¢it, implying that p(t) = po for some constant py # 0.
This leads us to the following result.

Theorem 3.2.2. [27] Let A be a commutative, associative algebra with unity 1 over a field
F of characteristic 0 and fix an element ¢ € A. Let o be an endomorphism on A and 0, a
o-derivation (twisted derivation) on A where o(t) = qo + ¢t and 0,(t) = py. Furthermore,
assume that o(1) = 1 and 9,(1) = 0. Then the .A-module elements

H=-29,, X=20, Y =—12,

satisfy the following relations:

[H,X],: 2 X* + ¢ HX — XH = 2p X, (3.8)

[H,Y], : —2q0XY + ¢ HY + ¢ XH — qoqn H?> — ¢iY H = —qopoH — 2q1poY, (3.9)
+1

[(X,Y], : XY + ¢ X? — 2o HX — ¢iY X = —qopo X + %pOH. (3.10)
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Remark 3.2.3. Note that when ¢y = 0, ¢; = 1 and pg = 1, we retain the usual sl,(F) with
(H,X]: HX - XH=2X, [HY]:HY ~YH=-2Y, [X,Y]:XY-YX=H.

Also note that changing the role of H and Y in relation (3.9)) does not correspond to changing
H and Y in identity (3.4). This means that, in a sense, the skew-symmetry of identity (3.4))
is “hidden” in relation (3.9). When [Y, H] is calculated from (3.4)), one sees that indeed

Y, H],

[—t20,, —2t0, |
2[t%0,, 10,
2(0(#)@,@) . J(Zﬁ)@a(t2)>&7, by definition of [, ],

- 2(0(1&2)80(75) — o), ()t + a(t)f)a(t)))&,, by definition of [, ],
= —20(£)d, (t)td,
_[H’ Y]

as one would expect, and one gets exactly minus the left-hand side of relation (3.9)).

Proof of Theorem 3.2.2. We start by proving relation (3.8). For the left-hand side,

H,X], =[-2t0,,0,],
= —2[t0,,0,],, since the bracket [-,-]_ is bilinear
- —2(0@)80(30) - 0(1)&,@@,)), by definition of [, ],
= —2((% + qit)0,(0,) — 80(258(,)), since o(t) = qo + @1t
= —2q00? — 2q:t0,0, — O,(—2t0,), since 0, is F-linear
= 29 X*+ @ HX — XH, since X =0, and H = —2t0,,

as required. And for the right-hand side, we have

[H, X], =20,(t)0,, by relation (3.5) of Theorem (3.1.1])
= 2poX, since 0,(t) =po and 9, = X

as required. Next, we prove relation (3.9) in a similar way. For the left-hand side, we have

[H,Y], = [-2tD,,—t°0,]
2[t0,,1°0,]

2(0(1&)80(75280) . 0(t2)8g(t80)>, by definition of [, ],
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=9 ((qo +qt)0,(=Y) — (g0 + qlt)2(90 (%)) , since o(t) = qo + @1t

= —2¢0XY + HY + ¢¢XH — qoq1 H* — ¢{Y H,
as required. And for the right-hand side, we have

[H,Y], =20(t)0,(t)td,, by relation of Theorem ((3.1.1)
= 2(qo + @1t)(po) (t05)
= 2opotds + 2q1pot* 0,
= —qopoH — 2q1poY,

as required. Finally, we prove relation (3.10)). For the left-hand side, we have

(X, Y], = [0, —t°0,]
= —[0,,t°0,],
_ _<0(1)a(,<t2ao) _ a(t2)80(80)), by definition of [-, ],

- - (aa(t2aa) - (qo + Q1t)28a(aa)>v since U(t) = {qo + QIt

= XY + ¢ X? = 20 HX — ¢iY X,
as required. And for the right-hand side, we have

X,Y], = —(t + a(t))é?a(t)ﬁg, by relation (3.7) of Theorem (3.1.1])

= —(qo + @1t + t)po0s

H H
= —(qopoX + —(M;O + p_02
(n+1)

2

= —qopoX + poH,
as required. [}

For the present case, the associative algebra with three abstract generators X, H and Y

and the defining relations (3.9), (3.8) and (3.10) can be seen as multiparameter quasi-Lie
deformations of U(sl, (), the universal enveloping algebra of s, ().

Twisted Jacobi Identity for Case 1

We now determine the Jacobi identity applicable for the present case. We will make use of

the following result concerning condition ([2.3)).
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Lemma 3.2.4. [27] The following identity holds for all a € A = F[t]:
Os(0(a)) =6 0(0,(a)) (3.11)

Proof. It suffices to prove this assertion for the monomials a = t*, where k is a non-negative
integer. We make use of the assumptions o(1) = 1 and 9,(1) = 0. We proceed by induction
on k. When k = 0, we have a = t° = 1 and thus

L.H.S = 8, (0(1)) = 9,(1) = 0
RHS=5-0(0,(1)=6-0(0)=6-0=0

which proves (3.11)) for k& = 0.
Suppose now that (3.11)) holds for some integer k£ > 0, then

RHS=94- a<&,(tk+1)> =6 0(9,(tt"))

J- 0(8U(t)tk + U(t)&,(tk)), since 0, is o-derivation on F|t]
Jo(t) +6 - a*(1) (9,(1°))

Jo(t*) + o*(t) - 0 - (05 ("))

a(t)o(t*) + o ()95 (o ("))

o(t*™)) = L.H.S.

)
o

0o
0,

o

(
(

which proves (3.11)) for £+ 1. Hence (3.11]) holds for all non-negative integer values of k. W

Now, by Proposition [2.3.6} the bracket [, -] on the A-module A-0, = F[t] - 0, satisfies the
6-term deformed Jacobi identity

Orae ([o@): 1:2L,], + 0l .2),],) = 0 (312)

We need to find the possible § € A = F[t] in this deformed Jacobi identity. By Lemma
(3.2.4), equation ([3.11]) holds for all monomials a = t*, where k is a non-negative integer.

Now for k = 1, we have a = t' =t and thus

L.H.S =0,(c(t)) = 9,(q0 + q1t) = 05(q0) + ¢1(0-(t)) = q1po,
R.H.S = 8- 0(8,(t) =6 - o(po) = Opo-

Since equation (3.11)) holds for £ = 1, we have L.H.S = R.H.S, which implies that § = ¢;.
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We thus have the following Jacobi identity on A - 0, = F[t] - 0, for the present case:

Ocy,2 ([0(1’)7 v, 2l,], + [z [y, ZLL) =0. (3.13)

Corollary 3.2.5. [27] By defining a(z) = q; 'o(z), the Jacobi-identity (3.13) can be re-

written as the Jacobi-like relation for the hom-Lie algebra given by
Ouy,: [(a+id)(z),[y,2],], = 0. (3.14)

Proof. This follows immediately from the following observation:

(e +id)(2), [y, I, ], = [a(@) + 2.y, 2],],

= [a(2), [y, 2],], + [z. [y, 2],] . since [, -], is bilinear

= [q_ O'(ZE), [y, Z]O_}J +qq [I7 [y,Z]U]U |

We take note that the deformed Jacobi-identity (3.13]) is directly generated from the general
Proposition [2.3.6 This shows that we do not need to go through lengthy trial-and-error

computation with various arbitrary assumptions on the form of the identity.

We conclude that the deformed sl,(F) is a quasi-hom-Lie algebra with Jacobi identity

O ([0(2). 1,21, + ar[2.19.21,],) = 0.
Alternatively, the deformed sl,(IF) is a hom-Lie algebra with Jacobi identity
Opy,e [(a+id)(2), [y, Z]U]g =0,

where a(z) = ¢; ‘o ().

3.2.2 Case 2
For this case we assume that o(t) = ¢(t) = qo # 0, implying that J,(t) = p(t) = po + p1t for
some constant p; # 0. This leads us to the following result.

Theorem 3.2.6. [27] Let A be a commutative, associative algebra with unity 1 over a field
F of characteristic 0 and fix an element ¢t € A. Let ¢ be an endomorphism on A and 9, a
o-derivation (twisted derivation) on A4 where o(t) = qo and 0,(t) = po + p1t. Furthermore,
assume that o(1) =1 and 0,(1) = 0. Then the A-module elements

H=-2t0,, X=0, Y =-t%0,
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satisfy the following relations:

[H,X], : —2qoX* — XH = 2pyX — p1 H, (3.15)
[H,Y], : —2qoXY + ¢ X H = —qopoH — 2qop1Y, (3.16)
qop1 + Po

(X,Y], : XY + ¢ X* = —qopoX + H +pY. (3.17)

2
Proof. We start by proving relation (3.15)). For the left-hand side, we have
(H,X], =[-2t0,,0,],
= —2[td,,0,],, since the bracket [-,-]_ is bilinear
- —2(0(1&)30(80) - 0(1)80(t80)>, by definition of [, ],
= —2<q080(8(,) - 8(,(2580)), since o(t) = qo

= —2¢p0? — 0,(—2td,), since J, is F-linear
= —2¢9oX*— XH, since X =0, and H = —2t0,,

as required. And for the right-hand side, we have

[H, X]|, =20,(t)0,, by relation (3.5) of Theorem (3.1.1])
=2(po + p1t)Dy, since 9,(t) = po + pit
=2poX —p1H, since X =0, and H = —2t0,,

as required. Next, we prove relation (3.16)) in a similar way. For the left-hand side, we have

[H,Y],

[—2t8,, —1%0, ],

= 2[t,,t°0,]

- 2(0(15)30(25280) - a(ﬂ)aa(ta,)), by definition of [, ],
= 2000, (t20,) + ¢20,(—2t0,), since o(t) = qo

=2 XY + ¢ X H,

as required. And for the right-hand side, we have

[H,Y], =20(t)0,(t)td,, by relation (3.6 of Theorem ({3.1.1])
= 2qo(po + p1t)t0,
= —qopoH — 2qop1Y’,

as required.
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Finally, we prove relation (3.17)). For the left-hand side, we have

20,
0y (t°0,) — o (t )80(80)), by definition of [, ],

[0, 12
o
( (80)), since o(t) = qo
= XY + ¢ X3,

as required. And for the right-hand side, we have

(X,Y], =—(t+0(t)0,(t)d, by relation (3.7) of Theorem (3.1.1)

—(qo0 +t)(po + p1t) 0y

H H
CI01721 +po2 FpY

_I_
C]op12 p0H+p1Y,

= —qopoX +

= —qopoX +
as required. The proof is now complete. |

Since H = —2t0,, X =0, and Y = —t20,,, we have

o(H)=—20(t)0, = —2qo X, (3.18)
o(X)=0(0,) =0, = X, (3.19)
oY) =—0o(t)*0, = -3 X. (3.20)

Therefore, we cannot recover the usual sl,(F) from the present deformation by specifying

suitable parameters since, in a sense, the commutators “collapsed” due to the choice of o.

Indeed, when we substitute ((3.18))—(3.20]) into relations ([3.15)—(3.17)), we obtain

oc(H)X —o(X)H = —0o(H) — ;1 H (3.21)
—20(H)Y —o(Y) = —qopoH — 2qop1Y (3.22)
F(X)Y — o(Y)X = —qopoor(X) + qopl—;poﬂ + Y. (3.23)

So it is impossible to retain the undeformed relation HX — X H = —2X from relation (3.21)),
since this will require o = id, pg = —1 and p; = 0, but py # 0 by assumption Similarly,
relations HY — Y H = —2Y and XY —Y X = H can not be retained from ((3.22)) and -

respectively. Therefore, we have a quasi-deformation for the present case.
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Twisted Jacobi Identity for Case 2

We now determine the Jacobi identity applicable for the present case. We need to find the
possible 6 € A = F[t] in the Jacobi identity (3.12)). By Lemma (3.2.4)), equation (3.11]) holds

for all monomials @ = t*. For k = 1, we have a = t' =t and thus

L.HS = 8,(c(t)) = 9, (q0) = 0,
RHS=0-0(9,(t) =0 -0o(po+pit) =6 - (po + qop1)

Since equation (3.11]) holds for £ = 1, we have L.H.S = R.H.S, which implies that 6 = 0.
We thus have the following Jacobi identity on A - 0, = F[t] - 0, for the present case:

O ([0(@): .2, +0- [,y 21,],) =0,

which simplifies to the hom-Jacobi identity

Oryyz [0(2), [y, 2,], = 0. (3.24)

We conclude that the deformed sl,(F) in this case is a hom-Lie algebra.

3.2.3 Case 3

For this case we assume o(t) = ¢(t) = 0, implying that d,(t) = p(t) = po + pit + - - - + put™.
However, substituting o(¢) = 0 into relation (3.7]) implies that deg(p(¢)) < 1 (since we need
relations (3.5)—(3.7)) to be closed over ). This leads us to the following result.

Theorem 3.2.7. [27] Let A be a commutative, associative algebra with unity 1 over a field
F of characteristic 0 and fix an element ¢ € A. Let o be an endomorphism on A and 0, a
o-derivation (twisted derivation) on A where o(t) = 0 and 0,(t) = pp. Furthermore, assume
that o(1) = 1 and 0,(¢) = p(t) = po + p1t + - - - + put™. Then the A-module elements

H=-29,, X=20, Y=—12,

satisfy the following relations:

[H,X], : —~XH = 2poX — p.H, (3.25)

H,Y],:0=0, (3.26)
H

X,Y],: XY = pOT + Y. (3.27)
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Proof. We start by proving relation (3.25)). For the left-hand side, we have

H,X], = [~2t0,,0,],
= —2[t0,,0,),, since the bracket [-, -] is bilinear
_ _2<g(t)ag(ag) - 0(1)3(,(7500)), by definition of [, ],
= =2(0=8,(t9,)), since o(t) =0
= —0,(—2t0,), since 0, is F-linear
=—XH, since X =0, and H = —2t0,,

as required. And for the right-hand side, we have

[H,X], =20,(t)0,, by relation (3.5)) of Theorem ({3.1.1])
= 2(po + p1t)0,, since 0,(t) = p(t) = po + pit + - - - + ppt" where deg(p(t)) < 1
=2poX —p1H, since X =0, and H = —2t0,,

as required. Next, we prove relation (3.26)) in a similar way. For the left-hand side, we have

[H,Y], = 2[td,,t°0,]
_ 2(0(15)30@230) _ a(t2)8g(tag)), by definition of [+, ],

= 2(a()0,(20,) — (D0, (10,)) =0, since o(t) = g(t) =0,
as required. And for the right-hand side, we have

[H,Y], =20(t)0,(t)td,, by relation (3.6 of Theorem ({3.1.1])
= 2q(t)(po + p1t)0,(t)t0,, since o(t) = q(t)
=0, since ¢(t) =0,

as required. Finally, we prove relation (3.27)). For the left-hand side, we have

= —0,(t?0,) = 0,(—t%0,) = XY,

as required.
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And for the right-hand side, we have

(X,Y], =—(t+0(t)0,(t)dys, by relation (3.7) of Theorem (3.1.)

= —t(po + p1t)0,, since o(t) =q(t) =0

H
= pOT +p1Y7

as required. The proof is now complete. |

Twisted Jacobi Identity for Case 3

We now determine the Jacobi identity applicable for the present case. We need to find the
possible 6 € A = F[t] in the Jacobi identity (3.12)). By Lemma (3.2.4)), equation (3.11]) holds

for all monomials @ = t*. For k = 1, we have a = t' =t and thus

LIS = ,(a(t)) = 8,(0) = 0,
RIS = 6 - 0(3,(t")) = 6 - o(t") = 5 - 0.

Hence ¢ can be chosen completely arbitrary in this case, for example, 6 = 0, giving as in
Case 2 the following hom Jacobi identity on A - 0, = F[t] - 0,:

Ozy,z ([U(x), y, z]g]g +0- [3:, [y, Z]UL> =0 or Oy [a(x), [y, Z]U}U =0.

We conclude that the deformed sl,(IF) in this case is a hom-Lie algebra.

3.3 An Elaborated Example

Consider relations ([3.8)—(3.10)) in Case 1. By taking ¢o = 0 and ¢; = ¢ # 0, we obtain a
deformation of sl,(IF) corresponding to replacing the ordinary derivation operator 0 with

the Jackson g-derivative D, acting on C[t] (see Section 2.2):

_algt) —a()

TR ge C\{1}.

Dy(a)(?)

Due to the intriguing nature of this deformation, we explicitly record it here.

Relations (3.8)—(3.10]) in Case 1 are given by:

_2q0X2 -+ quX — XH = 2p0X,
20 XY + qHY + ¢ X H — qoq1 H?> — ¢}Y H = —qopoH — 2q1poY,

(1 +1)

XY + ¢2X? — 200n HX — ?Y X = —qopo X + 5

poH.
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Taking ¢o = 0 and ¢; = ¢ # 0 in these relations, we obtain

gHX — XH = 2pyX,
qHY — ¢*Y H = —2¢pY,

(g+1)

XY - Y X = 5

poH.

Dividing the first two relations through by ¢, we obtain

HX — ¢ 'XH =2¢""py X, (3.28)
HY — qYH = —2pyY, (3.29)

1
XYV—fYXE:g?;lpJ[ (3.30)

Note that, by taking ¢ = 1 and py = 1 in relations (3.28)—(3.30]), we obtain the usual

commutation relations for sl,(IF), corresponding to the ordinary derivation operator 0:

HX — XH = 2X,
HY —YH = -2Y,
XY -YX=H.

By taking ¢ = 1 and pg = 0 in relations ({3.28])—(3.30) we get the “abelianized” versions:

HX — XH =0,
HY ~YH =0,
XY -YX =0.

However, the original operator representation
H=-2t0,, X=20,, Y=-t°0,

collapses in this case since d, = 0.

Consider now the “lifting” of the right-hand-side of relations ((3.8)—(3.10):

[H, X]U = 2po X,
(H,Y], = —qopoH — 2q1p0Y,

(1 +1)

[X7 Y]o’ = _QOPOX + 2

poH.

Ifpo=1, qo =0, g1 = q +# 0, we obtain an abstract skew-symmetric algebra with products:
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(¢+1)

H.X],=2X, [HY],=-2v, [xv], =g

We denote this algebra by ,sl,(F) and informally call it the “Jackson sl,(F)”. It will be
shown in Example that ,sl,(IF) is a (quasi)-hom-Lie algebra. When py # 1 we get a
natural 1-parameter deformation of ,sl,(F).

Proposition 3.3.1. [27] For q # 1, we can rewrite relations (3.28)—(3.30) using transfor-

mations

2po
qg—1

H — 2poqg~ty + 1, X =z, Y — x,
where 1 denotes the identity element, in the form
1 =0 1 =0 2 _ 21 —1 2@ 3.31
yz—q zy=0, ay—q yr=0,  zz—qgrz=ps(l+q )y+p0q_1- (3.31)

Proof. We rewrite relation (3.28)) as follows:

HX — ¢ 'XH =2¢"'"pyX

B 2p _ _ 2p _
2p0q 'y + —=1 )z — ¢ 2(2pog Yy + 1) = 2¢ po2
qg—1 q—1
_ 2P0z _ 2 *1p z _
2poq 'y + q_—ol —2¢pozy — —— f =2q"'poz

_ _ _ 200z  2q 'poz
2p0g'yz — 2¢ 2pozy = 2¢ 'por — —— + 0

¢g—1 q-1
_ _ q — 1)2¢""poz — 2poz + 2q” ' poz
Ipoq~yz — 2 Ppoy = L1 L1
4 o 2poz — 29 'poz — 2poz + 29 'poz
2poq Yz = 2q "pozy = 1
_ B 2o(z —q 2 —24+q 12
Ypoq e — 2q 2 pyzy = 220 1 )
gy B
2pog—(q — 1)
yz—q 'zy =0,

as required. Similarly, we rewrite relation (3.29)) as follows:

HY —qYH = —2pY

2po
q —

- 2p _
<2poq ty + q_—011>x —qx(2pog 'y + 1) = —2pox
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_ 2pox 2p
2poq Y + —— — 2poxy — = —2pox
qg—1 qg—1

2pow n 2poqx

2p0q'yx — 2poTy = —2poT —

g—1 q-1
_ —2pox(q — 1) — 2pox + 2poqx
Ypoq i — oy = 20 q)_lo -
-1 —2poqa + 2pox — 2pox + 2poqx
2poq yr — 2pory = —1
oy — ay = —2po(qr — x + x — qx)
2po(q — 1)
vy — g lyr = — o
g g—1)
xy —q 'yz =0,
as required. Finally, we rewrite relation (3.30)) as follows:
1
XY - Y X = @poﬂ
+1 B 2p
2 — qPuz = Po(2p0q ™y + p _01 1)
_ qg+1
zx — ¢z =py(1+q )y +p§q_—1 :
as required. [}

Example 3.3.2. [27] On page 39 we defined ,s[,(F) as the algebra generated by three
elements H, X and Y satisfying the relations

(¢+1)
2

[H,X],=2X, [HY], =-2V, [X,Y], = H. (3.32)

The algebra ,sl,(F) is a hom-Lie algebra with the Jacobi identity as given by (3.14)):

Oz7yaz [(a + ld)(l’), [y7 Z]U]U = 07

1

where o = ¢~ 'o. This is not clear a priori since 4sl,(F) is not a subalgebra of A - 0,. When

451 (F) is represented by its “nonlifted” operators
Hw— —2t0,, X — 0, Y — —t%0,,

this representation becomes a subalgebra of A - 0,, and hence, a hom-Lie algebra. However,
the algebra ,s(,(F) is defined abstractly without reference to a particular representation. It
is initially possible that the twisted Jacobi identity is a result of some extra relations (for

example, by the o-Leibniz rule) available in that representation as o-derivations.[27]
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To prove that ,s(,(F) is a hom-Lie algebra, we proceed as follows. First we define « on the

basis vectors H, X and Y respectively as
a(H) =H, a(X) =q X, a(Y) = gqY. (3.33)
It is enough to consider the case when x = X, y =Y and z = H. That is,

Oy, [(a +id)(2), [y, 2],],
=Ox,yn [(o+id)(X),[Y, H]UL,
= [(a+id)(X), [V, H], ] + [(a +id)(Y), [H, X],], + [(a +id)(H), [X, Y]],
= [a(X) +id(X), [V, H],]_+ [a(Y) +id(Y), [H, X], ] + [a(H) +id(H),[X,Y],]_
= [ X +X,[Y, H]U]U + [qY + Y, [H, X]o]a + [H + H,[X, Y]OL, by equations
(¢+1)

= [(q‘1 +1)X, 2qY] + [(¢+1)Y,2X]_+ [2H, H] , by relations (3.32)

=2q(¢" '+ DX, Y], +2(qg+ 1)[Y,X], + (¢+ 1)[H, H]_, since the bracket [-,]_ is bilinear
= 2(g + D)[X,Y], — 2(¢+ 1)[X,Y], +0, since [V, X], = —[X,Y], and [H, H], =0
=2(1+q)[X,Y], —2(¢ + DX, Y],

as required.
Remark 3.3.3. Unlike in the case of the undeformed universal enveloping algebra U (s, (F)),

the 1-parameter deformation of U, (with ¢ # 1) has nontrivial 1-dimensional representations.

Indeed, taking H = 2py/(q — 1), the relations ({3.28))—(3.30) become

(3.34)

So X and Y can be chosen as any numbers satisfying (3.34). When py = 1 and ¢ — 1,
we “approach sl,(F)” in the relations ([3.28)—(3.30]), but the representation (3.34) goes to

infinity and thus does not converge to a representation of s, ().

Remark 3.3.4. It is important to note that Proposition (2.3.6) gives us two alternative

ways to view our algebras:

(i) Either one uses Proposition to construct a bracket on the vector space A- 0, with
the help of equation (2.5 viewing this bracket as a product; or

(ii) Ome uses equation (2.5)) in adjunction with the Definition [2.6| of the bracket to obtain
quadratic relations and “moding” out these from the tensor algebra, thereby giving
us an associative quadratic algebra which loosely can be thought of as a deformed

“enveloping algebra” of the corresponding algebra from viewpoint (i).
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Chapter 4

Quasi-Deformations of sl,(F) with Base F[t]/(t°)

In this chapter we obtain quasi-deformations of sl,(F), where F is a field of characteristic 0
that includes all the third roots of unity (the solutions to the equation z3 = 1). We take the
base algebra A to be F[t]/(t?), the algebra of polynomials of degree less than 3 over F in
the variable t. In Section 4.1, we take the base algebra A = F[t]/(¢?) to be as general as it
can be in this situation and deduce some necessary conditions for everything to make sense.
One special case of this deformation is considered in Section 4.2 while another special case

is considered in Section 4.3.

4.1 General Case and the Necessary Conditions

We begin this section by recalling that sly(IF) is generated by three elements H, X and Y

satisfying the commutation relations
HX — XH =2X, HY —YH = -2Y, XY -YX=H.

We now let F be a field of characteristic 0 that includes all the third roots of unity and take
the base algebra A to be F[t]/(#*). This is obviously a 3-dimensional F-vector space and a
finitely generated F[t]-module with basis {1,¢,t?}. We also take

H=-2t0,, X=0, Y =-t%0,.
We observe from this representation that
9t-X=H, t-H=2Y, t-Y=0
Since we are considering the base algebra F[t]/ (%), we take
Oy (t) = po+ it +pat® and  o(t) = o + @it + got®. (4.1)

We assume that o(1) = 1 and 0,(1) = 0. Consequently, the following relations given in
Theorem B.1.1] still hold:

[H, X], = 20,(t)0s, (4.2)
[H,Y], = 20(t)d,(t)tD,, (4.3)
(X,Y], = —(t+ o(t)) 0 (t)0s- (4.4)
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Now equations (4.1)) have to be compatible with our assumption of 3 = 0. This means that

Q

0=0(0)

=o(t*), since t® =0

=o(t)o(t)o(t), since o is an endormophism

=a’(t)

= (g0 + @it + ¢ot*)?

= (g0 + @1t)” + 3(q0 + @1t)*(q2t?) + 3(q0 + @1t) (q2t?)? + (gst®)’

= qo + 3gaqut + (3q3q2 + 3qoq3)t?, since terms with higher powers of ¢ vanish,

implying that gy = 0, and thus, o(¢) becomes o(t) = ¢t + ¢ot?. Furthermore, we have

0, (1) = 0,(tt)
= 0,(t)t + o(t)0,(1)
= (po + pit + patHt + (qut + qot®)(po + pit + pot?), substituting for 9,(¢) and o(t)
= pot + p1t? + poqit + prqit + poget?,  since terms with higher powers of ¢ vanish
= (po + poq1)t + (p1 + 1y + pog2)t*. (4.5)

Finally, we observe that

= 0,()t* + o(t)0,(t?), since 0, is a o-derivation
= (po + prt + pat®)t* + (@1t + gat?) ((po +poq)t + (pr+ pray + poQ2)t2>

= pot® + poqut® + pgqftQ, since terms with higher powers of ¢ vanish

=po(l+q + ¢7)t%. (4.6)

We now have the following result.

Proposition 4.1.1. [27] The action of the module A-38, on A =TF[t]/(t?) has the following

matrix representation with respect to the basis {1, t, tQ}:

0 0 0 0 po 0 0O 0 O
H— 0 —2p0 0 s X— 10 P1 pg(l + Q1) 5 Y— 10 0 0
0 —2p1 —2po(1+q1) 0 p2 pi(1+q1) + poge 0 —po O

Remark 4.1.2. Note that when pg =1, p1 =p2 =0, qo = ¢ = 0 and ¢; = 1, which
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seemingly would correspond to the case of sl,(F), we surprisingly obtain the matrices

0 0 0 010 0
H— |0 -2 0 |, X—=10 0 2], Y — 0],
0 0 -4 0 00 -1 0

satisfying the relations: HX — XH =2X, HY —YH = —-2Y and XY +2Y X = H. The
reason for this anomaly is that the values of the parameter so chosen are not compatible
with the o-Leibniz rule on A = F[t]/(t?) since (4.6) becomes 0 = 3t2, the equality which is

not possible in A over a field of characteristic zero.

Proof of Proposition 4.1.1. Let H;, Hy and Hz be column vectors of the matrix H.
Since F[t]/(t%) is a finitely generated F[t]-module with basis {1,¢,t?}, we have

o = —2t0,(t) = —2t(po + p1t + pat?) = —2pot — 2p1t?,

If a;; is the (7, j)th entry of the 3 x 3 matrix H, then

(1 t t2> H1 = ay; + aglt + a/31t2,
(1 t t2> H2 = ay2 + aggt + G32t2,

(1 13 t2> Hj = a3 + asst + asst”.
Equating the right-hand sides gives

an + agit + azt? =0,
a1g + agot + agst® = —2pot — 2pit?,
ars + agat + asst® = —2po(1 + q1)t>.

Equating terms with the same powers of ¢ gives

ayp =0, az = 0, ag; = 0,
ayp =0, a9 = —2po, asy = —2p1,
a3 =0, ag3 = 0, ass = —2po(1 + q1),

as required.
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Similarly, if X, X5 and X3 are the column vectors of the matrix X, then

(1 t t2>X1 =0,(1) =0,
(1t )% =0,(t) = po+ pit + pat?,
(1 t t2>X3 = 9,(t*) = (po + po@1)t + (p1 + Pra1 + Poga)t”.
If a;; is the (7, j)th entry of the 3 x 3 matrix X, then
(1 t t2>X1 = ai1 + ast + azt®,
<1 t t2> X = a1z + asst + azt’,

(1 t t2> X3 = a3 + ast + ast’.
Equating the right-hand sides gives

ay + agit + azt? =0,
a1 + agat + azgt® = po + pit + pat?,
ar3 + agat + asst® = (po + poqi)t + (p1 + Prqy + Pog2)t>.

Equating terms with the same powers of ¢ gives

ap =0, az =0, ag =0,
a12 = Po, Q22 = P1, a32 = P2,
a3 =0, ass = po(l+q1), ass = p1(1+ 1) + poge,

as required. Finally, if Y7, Y5 and Y3 are the column vectors of the matrix Y, then

(1t #)vi=—£o,0) =0,
(1t 2)¥s = =20,(t) = ~C(po + pit + pat?) = —pot?
(1 t t2>y3 = —1%0,(t*) = —t*((po + poq)t + (p1 + Pra1 + Pog2)t*) = 0.
If a;; is the (7, j)th entry of the 3 x 3 matrix Y, then
(1 t t2>Y1 = ay; + agt + azt?,
(1 t t2>Y2 = a12 + agt + agt’,

(1 t t2>YE; = Q13 + a23t + CL33t2.
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Equating the right-hand sides gives

an + agit + azt? =0,
a1y + agot + azst® = —pot?,

a3 + a23t + a33t2 = 0.

Equating terms with the same powers of ¢ gives

aj; =0, az =0, az; =0,

aiz =0, ag =0, asz = —po,

a;z =0, azs =0, asz =0,
as required. [ |
We now compute the bracket [-, -] explicitly under the present conditions. The result is

presented in the following theorem and the required computations in the subsequent proof.

Theorem 4.1.3. [27] Let A be a commutative, associative algebra with unity 1 over a field
[F of characteristic 0 and fix an element ¢ € A. If conditions [4.1] holds where we let o be an

endomorphism on A and 0, a o-derivation (twisted derivation) on A. Furthermore, assume

that o(1) = 1 and 0,(1) = 0. Then the .A-module elements

H=-2t0,, X=20,, Y =-t%0,

satisfy the following relations:

[H, X]o : quX + QQQYX — XH = 2p0X —le - QPQY, (47)

[H,Y], : qHY +2¢:Y? - ¢iYH = —2qp,Y, (4.8
1

[(X,Y], : XY —¢YX = (quip1 + @2po + ;)Y + 5po(q1 +1)H. (4.9)

Proof. We start by proving relation (4.7). For the left-hand side,

(H,X], =[—2t0,,0,],

= —2[t0,,0,|,, since the bracket [, -] is bilinear

= —2(0(1)0,(0,) — 0(1)0,(t0,)), by

- —2<q1t + u12)8,(0,) — a,@ac,)), since o(t) = qit + got?

= —2q1t0,(0,) — 2q2t°0,(0,) — 0,(—2tD,), since J, is F-linear
=qHX +2¢YX — XH, since H=—-2t0,, X =0, and Y = —t%0,
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as required. And for the right-hand side, we have

[H, X], =20,(t)0,, by relation (4.2)
= 2(po + pit + p2t?)d,,  since 9,(t) = po + pit + pat’
= 200X — p1H — 2p,Y, since H = —2t0,, X =0, and Y = —t20,,

as required. Next, we prove relation (4.8)) in a similar way. For the left-hand side, we have

[H,Y], = [-2t0,, —t°0,] , = 2[t0,,1°0,]
2(0(1&)80(152&,) . a(tQ)&,(t&U)), by

= 2((at + 6t%)0,(120;) — (@t + 612)0,(10,) ), since o(t) = ait + gof?

= 20110, (t20,) + 2q2t20, (t*0,) — 2¢7t%0,(t0,), since t* =0
= qHY +2¢Y? - ¢?YH,

as required. And for the right-hand side, we have

[H,Y], =20(t)0,(t)t0,, by relation (4.3)
= 2(qut + g2t*) (po + it + pat®)t0,
= 2q1pot*dy = —2q1poY’

as required. Finally, we prove relation (4.9). For the left-hand side, we have

X,Y], = —[0,,20,] = —(0(1)@,(7523(,) - a(tZ)aa(a(,)), by
= —<80(t2(90) — (1t + qqt2)280(8g)>, since o(t) = qt + qot*
= —0,(t?0,) + ¢;t°0,(0,), since t* =0
= XY — Y X,

as required. And for the right-hand side, we have

(X,Y], = —(t+0(t))05(t)05, by relation (4.4)
= —(t + qit + @t*) (po + pit + pat*)0,
= —(pot + q1pot + p1t® + apit® + @pot®) 0y

H H
=Poy + NP +p1Y + @apiY + gepoY

1
= (q1p1 + @2po +11)Y + 5290(611 +1)H,

as required. [}
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Let us now consider equation (4.6) which is given as
po(qi + ¢+ 1)t* = 0.

This equation shows that if po = 0, then ¢; is a true free deformation parameter, and if
po # 0, we generate deformations at the imaginary third roots of unity. This means that we

have to subdivide our presentation from this point into two special cases.

4.2 Case 1: pg=0

For this case we assume that py = 0, and this leads us to the following result.

Corollary 4.2.1. [27] Let A be a commutative, associative algebra with unity 1 over a
field F of characteristic O and fix an element t € A. If conditions holds where pg = 0,
and we let o be an endomorphism on A and 0, a o-derivation (twisted derivation) on A.
Furthermore, assume that o(1) =1 and 0,(1) = 0. Then the A-module elements

H=-2t0,, X=0, Y =-t%0,

satisfy the following relations:

[H, X]G : quX + 2QQYX — XH= —le - 2p2Y, (410)
[H,Y],: qHY +2¢Y? - q¢}YH =0, (4.11)
[(X,Y], : XY —¢YX =pi(q: + 1)Y. (4.12)
Proof. Take py = 0 in relations (4.7)-(4.9) of Theorem [4.1.3| [ |

Note that we cannot retain sl,(IF) from this deformation by choosing suitable parameter

values. This is because sl,(IF) is generated by relations
[H,X]=2X, [HY]=-2Y, [X,Y]=H,

but in commutation relations (4.10)—(4.12), the commutator [X,Y] can never be H, the

commutator [H, X] can never be 2X, and the commutator [H, Y] is identically 0.

If py =p2 =0, ¢1 =1, and € = —2¢, then relation (4.11)) becomes
HY —YH = €Y?,

which is the defining relation for the Jordanian quantum plane or the e-deformed quantum
plane (see Cho et al.[12]). After the re-scaling H — eH, the quadratic algebra with this

defining relation becomes one of the two possible Artin—Schelter regular algebras (graded in
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degree 1) of global dimension 2, while the other is the ordinary quantum plane
HY —q¢YH =0.

For a broader view, see Artin and Schelter [IJ.

Suppose for this paragraph that F = C. When ¢; = 1,¢ = —2, and p; = p, = 0, then

2
relations (4.10)—(4.12)) become
HY - YH=Y? HX -XH=YX, XY -YX=0,

which can be viewed as a kind of “noncommutative deformation in Y-direction” of the

algebra of polynomials in two commuting variables indeed recovered for Y = 0. Furthermore,

if pp =1, p2 =75, ¢ =1and g, =0, then relations (4.10)-(4.12)) become
HY —YH =0, HX — XH=—-H —daY, XY -YX =2Y.

These are the defining relations of a 3-dimensional Lie algebra g. This algebra is solvable

for every a € C. Furthermore, if p; =0, pp = —1/2, ¢; = 1 and ¢» = 0, then
HY —YH =0, HX — XH=Y, XY -YX=0.

These are the defining relations of the Heisenberg Lie algebra. If instead ¢; = 1, ¢o = 0 and

p1 = p2 = 0 we obtain the 3-dimensional polynomial algebra in three commuting variables:
HY —YH =0, HX — XH =0, XY -YX=0.

In view of the above observations, we conclude that the class of algebras with three genera-
tors and defining relations of Corollary |4.2.1} being obtained via a special twisting of sl, (IF),
is a multiparameter deformation of the polynomial algebra in three commuting variables, of

the Heisenberg Lie algebra, and of the solvable Lie algebra.

Twisted Jacobi Identity for Case 1

We now determine the Jacobi identity applicable for the present case. By Proposition [2.3.6|
the bracket [-,-] on the module F[t] - 0, satisfies the 6-term deformed Jacobi identity

Oy, ([0(@, v, 2],], +0[z, [y, z]g}o> = 0. (4.13)
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We need to find the possible values of § € A = F[t]/(¢?) in this deformed Jacobi identity.
By Lemma [3.2.4] the identity

9 (0(a)) =6-0(0,(a))
holds for all monomials a = t*, where k is a non-negative integer. In particular, for a = t,

LH.S = 9,(c(t)) = 0 (1t + ¢ot”)
= 05 (t) + 20, (t°)
= 10, (t) + q2 (0, (1)t + o (£)0,(t))
= q1(pit + pot?) + o (((ht + @ot®) (it + pot®) + t(pit + p2t2))
= piqut + Pt + prugat® + prgot?
= piut + (P21 + P11 + Pra2)t,

RHS=56- O'(&T(t)) =0- O'(plt + thZ)
=0 (mo(t) + po(t?))
=0 (pi(qit + @at) + paqt + got®)?)

=0- (plqlt + (p1g2 +pzqf)t2>,
which implies that

0 (Pl@ht + (P2 + p2Q%)t2> = piat + (P21 + P12 + P1@2) (4.14)

Since 6 € A = F[t]/(t?), we can write § = 8§+ 1t + dat? for some dy, d1, 02 € F. Furthermore,
we let &, & and & denote three free parameters. Equation (4.14)) then becomes

(0o + 0t + 62t%) (prqut + (P16 + P2a})t?) = Praut + (P2qr + P1qaga + Prg2)t”
Since t3 = 0, this equation can be simplified to the equation

P1G100t + ((p1QQ + pagi)do + ]?1Q151)152 =pigit + (po2qi + Pr1aage + P1ga)

Equating the coefficients of the same powers of ¢t and rearranging gives the following linear

system of equations for dy, d; and ds:

P1¢160 — p1q1 = 0, (4.15)

(p1g2 + p2G3) 00 + P1¢101 — Pagi — P1q1g2 — P1g2 = 0.
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Since 65 is not involved at all, it can be chosen arbitrarily, say do = &. We now have several

cases to consider:

(1)

If p1g1 # 0, then the first equation of system (4.15)) implies that
0o —1=0,
giving 9y = 1. Substituting dy = 1 in the second equation of system (4.15)) gives

P1G2 + P2qi + P11y — P2qi — Pr1giga — P1gz = 0
P2qi + P1i01 — paqi — P1qige = 0

P1¢101 = P1G1G2 + P2qi — pz‘]f
5 — D2 + q2p1 — p2qa
1 —_ .
D1

With these values of dy, §; and &3, we have

§ = 0y + 01t + 5ot?
D2 + q2p1 — P21
y4!

=1+ t + &t

Substituting this ¢ in equation (4.19)) gives the Jacobi identity

Ouy.c (Pf(x% [y, 2] + (1 + 2 +p1§ e 52152) [z, L%z]]) = 0.

Therefore, for the case p1q; # 0, the deformed s, (F) is a quasi-hom-Lie algebra.

If py 20, ¢ = 0 and g2 # 0, then the first equation of system (4.15)) vanishes while the

second equation becomes

P1g200 — p1g2 = 0,

which implies that §o = 1. Since d; and d, are not involved at all, they can be chosen

arbitrarily, say 0; = & and 5 = &. With these values of 4y, d; and d5, we have

§ = 8g + 01t + 5yt?
=1+ &t + &%

Substituting this § in equation (4.19) gives the Jacobi identity

Orgee ([0@), 9.2]] + (1+ &4t + &) [z, [y, 2)] ) = 0.
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Now &1 and & can be chosen completely arbitrarily in this case, for example, & = 0

and & = 0, giving the hom-Jacobi identity
Oy.z (0 +id)(2), [y, 2]] = 0.

Therefore, for the case p; # 0, ¢ = 0, g2 # 0, the deformed sl,(F) is a hom-Lie algebra.

If p1 # 0 and ¢; = ¢q2 = 0, then both first and second equations of system (4.15|) vanish.
Since 01, 0; and J, are not involved at all, they can be chosen arbitrarily, say dg = &,
01 = & and 9y = &. With these values of dg, d; and d9, we have

(5 == 50 + (51t + (52t2
=& + &t + &t

Substituting this ¢ in equation (4.19)) gives the Jacobi identity
Og,y,z ([U(I)7 [y, 2]] + (& + &t + &t) [z, [y, Z”) =0

Now &g, & and & can be chosen completely arbitrarily in this case, for example, & = 0,

& =0 and & = 0, giving the hom-Jacobi identity

Oaye [(0(2), [y, 2]] = 0.

Therefore, for the case p; # 0, g1 = g2 = 0, the deformed sl,(F) is a hom-Lie algebra.

If py =0, ps # 0 and ¢; # 0, then the first equation of system (4.15)) vanishes while the

second equation becomes

pQQ%(SO —p2q1 =0,

which implies that 6y = ¢;'. Since d; and J, are not involved at all, they can be chosen

arbitrarily, say 6; = & and 0, = &. With these values of dg, d; and do, we have

§ = 8 + 01t + 5ot?
=g+ &t + &

Substituting this ¢ in equation (4.19)) gives the Jacobi identity

Oy ([0(0), 19, 4]] + (a7 + &t + &) [, [y, 2]] ) = 0.

Now & and & can be chosen completely arbitrarily in this case, for example, & = 0
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and & = 0, giving the hom-Jacobi identity

O,z ([o*(x), vzl + [ [y, z]}) =0.

Therefore, for the case p; = 0, py # 0, ¢1 # 0, the deformed sl,(F) is a quasi-hom-Lie
algebra. However, Corollary implies that we also have the Jacobi identity

Oaye [(a+id)(2), [y, 2],], =0,

where a(z) = q1o(x). So the deformed sl,(IF) can also be viewed as a hom-Lie algebra.

(5) If p = p2 = 0 or p; = ¢ = 0, then both first and second equations of system (4.15))
vanish. Since 01, d; and d9 are not involved at all, they can be chosen arbitrarily, say
0o = &0, 01 = & and 09 = &. With these values of 4y, 0; and 65, we have

6 =& + &t + &tP.
Substituting this § in equation (4.19)) gives the Jacobi identity

Oame ([0) 2] + 0+ a8 + €02 . 1] ) = 0

Now &g, & and & can be chosen completely arbitrarily in this case, for example, & = 0,

& =0 and & = 0, giving the hom-Jacobi identity

Oaye [(0(2), [y, 2]] = 0.

Therefore, when p; = py = 0 or p; = ¢; = 0, the deformed sl,(F) is a hom-Lie algebra.

4.3 Case 2: py #£ 0

For this case we assume that pg # 0. Equation (4.6)), given as
po(gi + @ + 1)t =0,

then implies that ¢2 4+ ¢; + 1 = 0, giving the roots ¢ = w* # 1, where w = e37 is a third

root of unity. This leads us to the following result.

Corollary 4.3.1. [27] Let A be a commutative, associative algebra with unity 1 over a
field F of characteristic O and fix an element t € A. If conditions holds where py # 0,

and we let o be an endomorphism on A and 0, a o-derivation (twisted derivation) on A.
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Furthermore, assume that o(1) =1 and 0,(1) = 0. Then the A-module elements
H=-2t0,, X=0, Y=-t°0,

satisfy the following relations:

[H, X], : W"HX + 2V X — XH = 2poX — piH — 2p,Y, (4.16)
[H,Y], : w"HY +2¢,Y?* — w*Y H = —2w"p,Y, (4.17)
1
X,Y] : XY — WYX = ((1 M )p + quo)Y + 5Pt + D H. (4.18)
Proof of Corollary 4.3.1. Put ¢; = w" in relations (4.7)—(4.9) of Theorem m [ |

Remark 4.3.2. When p; = p; = ¢ = 0 and w* = ¢, then we retain relations ([3.28))—(3.30):

HX — ¢ 'XH =2¢""pX,
HY — qY H = —2pyY,

(q+1)

XY — 'YX ==

poH.

These are the defining relations for the Jackson sl,(F) (see page 37 of Chapter 3).

Twisted Jacobi identity for case 2

We now determine the Jacobi identity applicable for the present case. By Proposition [2.3.6
the bracket [-,-], on the module F[t] - 0, satisfies the 6-term deformed Jacobi identity

Ocy.z ([0(3?), ly, 2], + 6]z, [y, z]om =0. (4.19)

We need to find the possible values of § € A = F[t]/(¢?) in this deformed Jacobi identity.
By Lemma [3.2.4] the identity

95 (0(a)) =6-0(0,(a))
holds for all monomials a = t*, where k is a non-negative integer. In particular, for a = t,

L.H.S = 0,(0(t)) = 0, (w*t + got?)
= w0, (t) + q20,(t?)
= WFO, (1) + @205 (1)t + q20 ()0 (1)
= w*(po + pit + pot®) + @ ((wkt + ¢ot*) (po + pit + p2t2)>

+ tqz (po + p1t + pat?)
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= whpy + <wkp1 + gapow® + poCJ2>t + (WkPQ + p1gow® + pogs + p1Q2>7527

RH.S=6-0(9,(t) =60 (po+ pit + pat?)
=5 (po +pio(t) + pao(t)?)
2
=6 (po+p1) (wkt + q2t2> + Py (wkt + q2t2>

=4- (po + prwtt + prgot® + psz’“tQ),
which implies that
J- (po + prwtt + prgot® + pzw%t2>
ok k k k k 2 2
= w"py + (w P1 + G2pow +poCI2>t + (w P2 + Pogaw™ + Poqs +P1QQ>t . (4.20)

Since § € A = F[t]/(t?), we can write § = dg+ 0,1t + dot? for some g, 01, 62 € F. Furthermore,
we let &, & and & denote three free parameters. Equation (4.20) then becomes
(8o + &1t + 0at?) <P0 + p1wt + pigot® + p2w2kt2>

= Wkpo + (wkpl + Qonwk + pon)t + <wkp2 + POQka + Poqg + ple)t2-

Since t? = 0, this equation can be simplified as follows:

dopo+ <5op1wk + 51p0>t + (50]91% + Sopaw? 4 S1prw® + 521?0)?52

= wpy + (wkpl + gapow® + pon)t + <w'“pz + p1gaw® + pogs + pm)tz.

Equating the coefficients of the same powers of ¢t and rearranging gives the following linear

system of equations for &y, 6; and ds:

p050 = wkpo
dop1w® + d1po = poga + pogaw® + wFpy (4.21)
Sop1ga + dopaw® + G1p1w* + dapo = pogs + p1ga + wFpa + prgaw’.

Since p # 0, the first equation of system (4.21]) implies that §, = w”*. Substituting 6y = w*
in the second equation of system (4.21]) gives

p1w2k + 01po = Pog2 + poqw}k + Wkpl
5190 = Poga + Pogew” + wFp; — prw®

_ Do + (pogz + p1)w* — prw?
bo

01
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Substituting these obtained values of dy and ¢; in the third equation of system (4.21]), and

remembering that > = 0 and w® = 1, gives

Pog2 + (Poga + Pl)wk — pw?

Pods + P1g2 + W'ps + prgow® = Wpige + WP + ( )plw’“ + bap0

Do
k 2\, 2k 2, 3k
DoP1G2w” + (Pop1q2 + p1)w™ — piw
= CUkpl% + P2w3k + ( » ) 1 + d2po
0
pop1gaw” + (pop1gz + p3)w? — p?

+ dapo.

= Wkplfh + p2 + »
0

Solving for 9o, we have

k 2\, 2k 2

PoP1G2wW” + (Pop1q2 + py)w™ —p

Sapo = w¥ps + p1gow” + Pogs + P1ge — Prgow” — po — ( 0P1¢2 ( 0; 2 +pY) 1)
0

Sapp = WFpopa + Pop1@aw” + Pias + Pop1da — Pop1Gaw” — Popa — Pop1Gaw” — (Popr1e + )W + pi

02D = Poprdz — Pob2 + 1@ + Py + (Popz — pop1dz)w” — (Poprgz + pi)w™

5, — Pobida = Pops + pyds + Pi + (Pop2 — Pop1@2)w” — (pop1ge + pi)w?
2 = 5 :
Po

In summary, the values of the parameters dy, 0; and o that we have obtained are:

k
50 w wk
pog2+(pogz+p1)w* —p1w?*

o | = ( 20 : = | w1
5 Pop1g2—Ppop2+piaa+pi+(pop2 —pop1g2)w” — (pop1ge+p?)w?* W
2

26)

With these values of 9y, d; and d5, we have

§ = 8p + 01t + 5yt?

= wk + Wlt + W2t2

Substituting this § in equation (4.19) gives the Jacobi identity

Oy, ([a(x), ly,2]] + <wk + wqt + w2t2> [z, [y, z]]) =0

which corresponds to a quasi-hom-Lie algebra. This becomes a hom-Lie algebra when

wi = wy = 0, that is, for some special choices of the parameters defining o(t) and 0, ().
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Chapter 5

Deformations of sl,(F) with Base F[t|/(t%)

In this chapter we obtain quasi-deformations of sl,(IF), where F is a field of characteristic 0
that includes all the fourth roots of unity (the solutions to the equation z* = 1). We take
the base algebra A to be F[t]/(t*), the algebra of polynomials of degree less than 4 over F in
the variable t. In Section 5.1, we take the base algebra A = F[t]/(t*) to be as general as it
can be in this situation and deduce some necessary conditions for everything to make sense.
One special case of this deformation is considered in Section 5.2 while another special case

is considered in Section 5.3.

5.1 General Case and the Necessary Conditions

Let F be a field of characteristic 0 that includes all the fourth roots of unity and take the
base algebra A to be the algebra F[t]/(¢*). This is obviously a 4-dimensional F-vector space
and a finitely generated F[t]-module with basis {1,¢,¢% t*}. As before, we take

H=-2t0,, X=20, Y =-t%0,.
In addition, we introduce the fourth basis element R = 2t30,. We observe from this that
9t.-X=H, t-H=2Y, —2-Y=R
Since we are considering the base algebra F[t]/(t*), we take
0o (t) = po + prt + pat® + pst®  and o (t) = qo + @it + ot + gst®. (5.1)

As in the previous chapters, we assume that ¢(1) = 1 and 9,(1) = 0. Consequently, the
following relations given in Theorem still hold:

[H, X], = 20,(1)0s, (5.2)
[H,Y], = 20(t)0,(t)td,, (5.3)
[(X,Y], = —(t+ o (t))0,(t)0s. (5.4)

We will also make use of the following identity from Proposition [2.3.6}
@+ 05+ 8], = (7(a)0, () = 7 (1), (a) ) 0. (5.5)
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Now equations (5.1)) have to be compatible with our assumption of ! = 0. This means that

0=0(0) =o(t"), sincet*=0
=o(t)o(t)o(t)o(t), since o is an endormophism
— o(t)
(90 + it + got* + Q3753)4
= qq + 4giart + (64507 + 4q5)t” + (4g0q; + 12q5q192 + 4gig3) %, (5.6)

implying that gy = 0, and thus, o(t) becomes o(t) = qit + g2t* + gst>. Furthermore, we have

05(1?) = 0, (tt) = O, ()t + ()0, (1)
= (po + pit + pat® + pst®)t + (@t + q2t® + qst®) (po + prt + pat® + pst”?)
= pot + p1t? + pat® + poqut + prut’ + poqrt® + pogat® + prgat’ + pogst’
= (po + poq1)t + (p1 + P1aa + Po@2)t” + (D2 + poqr + Pra2 + pogs)t®  (5.7)

and
0,(t?) = 0, (%)
= 0,(t)t* + o(t)0,(t*), since 0, is a o-derivation
= (po + pit + pat® + pat®)t* + (it + qut® + gst?) ((po + poq)t + (p1 + Prqy + poga )t
+ (p2 + P2 + P1g2 +p0(J3>t3>

= pot® + p1t® + poqr (1 + @)t* + q1(p1 + Pray + Pog2)t® + poga(1 + q1)t?
= pot® + poqit® + Poit? + pit® + prut’ + PGt + pogaqit® + pogat® + poqigat®

=po(l+aq +q)t*+ (pl(l +aq1+47) + polgz + 2(]16]2)>tg- (5.8)

Finally, we observe that

0 =0,(0) = 0,(t*), since t* =0
O, (tt?)
0y ()t> + o(t)0,(t*), since 0, is a o-derivation

= (po + p1t + pat® + pst®)t® + (it + got” + g5t?) <p0(1 +q +q)t

+ <p1(1 +q + qf) +po(q1q2 + ¢2 + Q1QQ)>753)

=pot® + poqr (1 + q1 + ¢)t?
=po(1+q +q + @)t (5.9)
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Let us now consider this equation (5.9)) which is given as

po(1+qi +qi +¢})t* = 0.

This equation shows that if py = 0, then ¢; is a true free deformation parameter, and if

po # 0, we generate deformations at the zeros of the polynomial 1+ ¢; + ¢% + ¢}.

Moreover, the introduction of the new generator R means that we obtain three additional

relations using identity (5.5). This leads us to the following result.

Theorem 5.1.1. In addition to satisfying relations (5.2)—(5.4)), the A-module elements

H=-2t0,, X=0, Y =-t0,, R=2t0,
satisfy the following relations:

[H, R], = —4(o(t) + t)to(t)0,(t)0s,
X, R], = 2(t* + o (t)t + 0(t)*)9, ()0,
[Y,R], = —2t%0(t)*0,(t)0,.

Proof. For the first relation, we have
[H,R], = [—2t0,,2t°0,]
= —4[td,, t°0, } , since the bracket [-, ] is bilinear
( — ()0, (t))&,, by identity
- 4(0 (1) + to(t) + £2)0,(1)) — g(t3)a,(t))aa
- 4(0 (£2)0, (1) + a2 ()0, (1) + o (£)20, () — a(ts)a,(t)>80
= 4<t02 + o ()20, (t))&,

= —4(o(t) + t)ta 95 ()05,
as required. For the second relation, we have

(X, R], = [0,,2t%0,]
= 2[0,,t°0,],, since the bracket [, ]  is bilinear
(0(1)(9 () — o(t%)d, (1 )) ., by identity
= 20,(t)9,, since o(1) =1 and 8, (1) =
( > + o (t) (9, (1)t + o (t)d (t)))&,
=2(8* + to(t) + o*(t))0,(t)

=2
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as required. For the third relation, we have
Y, R], = [—t°0,,2t°0,]
—2[t? 8U,t38 ] , since the bracket [-, -] is bilinear
- 2( 28, a(t?’)ag(t?))ag, by identity
= =2(0 () (o) + ta(t) + £2)0, (1) = (1) (0,()t + o ()0, (1)) )&,
(a ()8,(t) + ta(B3)0, (t) + a2 (1)2)0, (t) — o (£3)0, (£)t — 04(25)@0(15))@,
— —200(1)20, (1)),

o(t

as required. [}

We also have the following result.

Proposition 5.1.2. The action of the module A -9, on A = F[t]/(t*) has the following

matriz representation with respect to the basis {1, t, 12, t3}:

0 0 0 0
0 —2 0 0
H— Po ,
0 —2p —2]90(1 + 91) 0
0 —2p2 —2(p1(q1 +1) +pog2) —2po(1+q1 + qi)

|
|

0 po 0 0
0 1 0
X P1 pO( +Q1) 2 |
0 po (14 aq1) + poge po(1+ a1+ i)
0 ps p2(14aq) +p1ge +pogs pr(1+aq+q7) + poda(1 + 2q1)

0 0 0 0
0 0 0 0
Y — ,
0 —po 0 0
0 —p1 —po(l+aq) O

o O O O
o O O
o O O O

[\~
= O O O
o
=
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Proof. Let Hy, Hy, Hy and H; be column vectors of the matrix H. Since F[t]/(t*) is a
finitely generated F[t]-module with basis {1, t, 12, t3}, we have

(1 t t? t3>H1 = —2t0,(1) =0,
(1 t 2 t3> Hy = =2t0,(t) = —2t(po + p1t + pat” + pst®) = —2pot — 2p1t* — 2pst”,
(1 t ¢ t3>H3 = —2t0,(t%) = —Qt((Po + poq1 )t + (p1 + P11 + poge)t?
+ (p2 + P21 + P1¢2 +pOQS)t3) = —2po(1+ q)t* = 2(m (1 + q1) + pog2)t’,
(1 ¢t f2 t3> Hy = —2t0,(t) = —2t(po(1 + a1+ @)+ (p1(1 +qu+¢7) + polgz + 2q1q2))t3)
= —2po(1 +q + g))t’.

If a;; is the (7, j)th entry of the 4 x 4 matrix H, then

(1 t t? t3> Hi = ay; + ant + azt® + agnt?,

HQ = a1z + aggt + (Iggtz + a42t3,

t2 t3>
(]_ t t2 tg) H3 = a3+ a23t + CL33t2 + a43t3,
t2 t3> H4 = a14 + a24t -+ a34t2 + a44t3.

Equating the right-hand sides gives

a11 + ant + agit® + agt® =0,

12 + Aot + agat® + ast® = —2pgt — 2pit* — 2pst®,

a1s + ast + asst® + agst® = —2po(1+ q1)t* — 2(p1(1 + ¢1) + poga)t®,
a1g + azat + azt’® + ast® = =2po(1+ q + ¢7)t.

Equating coefficients of the same powers of ¢ gives

an =0, asn =0, az =0, an =0,

aiz =0, ag2 = —2po, asy = —2pi, g2 = —2po,

a3 =0, asz = 0, ags = —2po(1 + qu), as3 = =2(p1(1+ 1) + pog)
ayy =0, azy = 0, azy = 0, ag = —2po(1+ ¢ + q),

as required. Similarly, if X7, X5, X3 and X, are the column vectors of the matrix X, then

(1 t t? t3)X1=80(1):0,

(1 t 2 t3)X2 = 0,(t) = po + pit + pat® + pat®,
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(1 t 2 t3> X3 = 0,(t%) = (po + poq1)t + (p1 + P11 + Pog2)t* + (P2 + P2qi + P1Ga + Pogs)t®,

(1 t ot t3>X4 =0,(°) =po(L+qu + ¢i)t* + <p1(1 + a1+ q7) +polge + 2q1q2)>t3.
If a;; is the (7, 7)th entry of the 4 x 4 matrix X, then

(1 t t? t3> X| = ayy + ant + azit® + agt®,

(1 t t2 t3> X2 = a2+ Clggt + (Iggtz + a42t3,
(1 t t? tg) X3 = aj3 + agst + a33t2 + a43t3,
(1 t t2 t3> X4 = a14 + (124t -+ a34t2 + (l44t3.

Equating the right-hand sides gives

an + agit + azit? + agnt® =0,
1 + Qgot + azot® + agt® = po + pit + pat® + pst®,
13 + agst + azst® + agst® = (po + poqi)t + (p1 + P11 + Pog2)t® + (P2 + Paqi + P1ge + pogs)t®,

14 + agat + asat® + aut® = po(1+ ¢ + ¢7) ¢ + (Pl(l + a1+ G) + polquge + @ + Q1Q2))t3-
Equating coefficients of the same powers of ¢ gives

a;p =0, az =0, az = 0, asy = 0,
a1z = By, az =p1, 32 = P2, Q42 = P3,
a13 =0, as3=po(l+q1), aszs= P11+ q1) +pogz), ass= (p2(1+q1) + p1gz + pogs),
aig =0, ag =0, ass = po(1+ q1 + ), age = pr(1+ a1 + &) + pog2(2q1 + 1),

as required. Similarly, if Y7, Y5, Y3 and Y, are the column vectors of the matrix Y, then
(1 t 12 t3)Y1 = —t20,(1) = 0,
(11 2 £)Ve=—£20,(t) = —(po + pit +pat? + pat?) = —pot® — pit’,

(1 t t3)Y3 = —1°0,(t*) = —t2<(po + poq1)t + (p1 + Prqy + Poga)t?

+ (p2 + P21 + P12 +pOQ3)t3> = —po(1 + q)t?,
(1 t t? t3>Y4 = —¢ (po(l +q+ Q%)tQ + <p1(1 +q1+q7) + polge + 291612))253) =0.

If a;; is the (7, j)th entry of the 4 x 4 matrix Y, then

(1 t t? t3>Y1 = ayy + ant + azt® + agnt?,
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(1 t t2 tg)Yé = a2+ a22t + a32t2 + a42t3,

YZL = a14 + agqt + a34t2 + a44t3.

(1 t t? t3>Y3 = a3 + agst + asst® + agst?,

(1 t 2 3

Equating the right-hand sides gives

ai + a2]_t + a31t2 + a41t3 = O,

1o + oot + agat® + agt® = —pot® — pit?,
13 + agst + azst® + agt® = —po(1 + q,)t°

aq + (124t + a34t2 + a44t3 =0.

Equating coefficients of the same powers of ¢ gives

ap; =0,
ayp =0,
aiz = 07
ays =0,

a9 = 07 asgy = 0, a41 = 07

az =0, aszy = —po, (42 = —P1,

A93 = O, asz = 0, aq3 = _pO(l + q1)7
asy = 0, ass =0, agy =0,

as required. Finally, if Ry, Ry, R3 and R, are the column vectors of the matrix R, then

(1 ¢ t3>R1:2t380(1):0,

(1 t t? t3> Ry = 2t30,(t) = 2t3(po + pit + pat® + pst?) = 2pet?,

(1 t t? t3> R3 = 2753((170 +poq1)t + (p1 + pras + Pog2)t® + (P2 + P21 + P12 +pOCI3)t3> =0,

(1 t t? t3> Ry=2t (po(l +q+ (I%)t2 + <p1(1 +q1+q7) + polg + 291Q2)>t3) =0.

If a;; is the (7, 7)th entry of the 4 x 4 matrix R, then

t ot t3> Ry = ay1 + agit + azit® + ant®,

t t2 R2 = a2 + CLQQt -+ Cl32t2 + &42t3,

Ry = ayq + agat + azt® + ayt®.

t3>
t t2 t3> R3 = a3 + CL23t + a33t2 + CL43t3,
t t3>

Equating the right-hand sides gives

an + agit + azit? + agt® =0,
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g + agot + azat® + agt® = 2pot?,
13 + agst + azst® + ayst® =0,

a4 + a24t + a34t2 + a44t3 = 0.

Equating coefficients of the same powers of ¢ gives

aj; =0, az =0, az =0, ag; =0,
aip =0, ag =0, azp =0, ag2 = 2po,
a3 =0, asz = 0, asz = 0, asz =0,
a4 =0, ags = 0, azs = 0, agq = 0.
as required. |

We now compute the bracket [-,:] explicitly under the present conditions. The result is

g

presented in the following theorem and the required computations in the subsequent proof.

Theorem 5.1.3. Let A be a commutative, associative algebra with unity 1 over a field F
of characteristic 0 and fix an element ¢ € A. If conditions holds where we let o be an
endomorphism on A and 9, a o-derivation (twisted derivation) on A. Furthermore, assume
that (1) = 1 and 0,(1) = 0. Then the A-module elements

H=-2t0,, X=0, Y =-t0,, R=2t30,

satisfy the following relations:

[H, X]U : quX + QQQYX — Q3RX —XH= 2poX — le — 2p2Y —I—pgR, (513)
(H,)Y]| :qHY + 2¢:Y? — g3 RY — q%YH + q@RH = —2¢p0Y + upr R+ @opo R, (5.14)
, 1 1 1
[X, Y]o- : XY — q1YX + Q1QQRX = §p0H + P1Y — §p2R + Ep()qu
1 1 1

+qpY — §Q1P2R + pogeY — 56122?23 - 5190%37 (5.15)
[H,R], : (HR +2¢:Y R — ¢3R* — ¢;RH = —2¢ipoR — 2q1po R, (5.16)
[X,R|, : XR— quRX = —qupoY + q%le + 2q1qapoR — 2q1poY

+api R+ @epoR — 2poY + pi R, (5.17)
[Y,R], :qiYR — qquR* — ¢RY = 0. (5.18)
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Proof. We start by proving relation (5.13]). For the left-hand side,

(H,X], =[-2t0,,0,], = —2[t0,,0,],, since the bracket [-,-] is bilinear
= —2(0(1&)80(60) - J(l)&,(tﬁa)), by definition of [-, -]
— =2t + @t + 451")0,(9,) = D,(10) ), since o(t) = a1t + got? + gst”

= 2110, (05) — 2q2t*0,(0,) — 2q3t°05(0,) + 0,(2t0,), since d, is F-linear
= HX +2¢YX —qgsRX — XH,

as required. And for the right-hand side, we have

[H,X], =20,(t)0,, by relation ({5.2)
= —2(po + p1t + pat® + pst®) 0,
= — 2000, — 2p1t0, — pat?0, — 2pst>0,
= 2poX — p1H = 2pY + p3R,

as required. Next, we prove relation ([5.14)) in a similar way. For the left-hand side, we have

[H,Y],

[—2t0,, —t70,] | = 2[tDy,t°0,]
- z(a(t)ao(ﬂag) - U(tz)&,(t&,)), by definition of |-, ],
- 2((Q1t + QZt2 + Q3t3)ao(t280) - (QIt + Q2t2 + QSt3)28cr<taa))

= 20110, (120,) + 2¢ot?0,(t20,) + 2q5t*0,(t20,) — ¢*120,(2t0,) + 4q1qot* 0, (L)
= qHY +2¢Y? — sRY — Y H + qiqoRH,

as required. And for the right-hand side, we have

[H,Y], =2to(t)0,(t)0,, by relation (.3
= 2t(qit + qat” + qst®) (po + prt + pat® + pst®) 0,
= 21pot? 05 + 2111705 + 2q2p0t>0s
= =2qpoY + a1 B+ @2po R,

as required. Next, we prove relation ((5.15) in a similar way. For the left-hand side, we have

XY, = = [05,£20,], = ~(0(1)0,(120,) = o(t)0,(0) ), by definition of [-,1,
= —(0(20,) = (ant + 0ot + 5t*)20,(0)

= _af(tQaa) + Q%t280<80) + 2q1Q2t3aa(ao)
= XY - @YX +q@pRX,
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as required. And for the right-hand side, we have

X,Y], = - (t + a(t))@o(t)&,, by relation (5.4)
—(t + @it + gat® + gst®) (po + it + pat® + pst®) 0,

= (—pot — p1t* — pat® — qupot — ip1t* — @pat® — @pot”® — qip1t® — pogst®) O,
1

1 1 1 1 1
= §poH +pY — §p2R + §POCI1H +@plY — zqip2 R+ pogeY — qep2 R — —pog3 R,

2 2 2
as required. Next, we prove relation in a similar way. For the left-hand side, we have
4[ 0o, 170, ]
~4(0(t)05)(t°05) — 4o (t°)0,)t0s
—4((qit + @t + ¢3t?)0,(20,) — (it + qot® + q5t®)*0,(t0,))
=q@HR+2¢YR— 3sR* — ¢{RH,

as required. And for the right-hand side, we have

H,R], = —4(c(t) + t)to(t)0,(t)0,, by relation
—4(qut + @t? + g3t” + 1) (qupot® + @uprt® + qepot®) 05
= —4(gpot” + qpot®)0s
= —2¢ipoR — 2q1po R,

as required. Next, we prove relation ((5.17)) in a similar way. For the left-hand side, we have

(X, R], = 2[0,,°0, |,
= 2(0(1)0,(£0,) — o(*),(0))
= XR —2(qut + qot® + gst*)°0,)0,
= XR - ¢’RX, (5.19)

as required. And for the right-hand side, we have

X,R] = 2<a(t)2 Y to(t) + t2)80(t)(9(,, by relation (5.11)
= 2(qit” + 2q1¢ot® + 1> + qot® + %) (po + pit + pat® + pst*) 0,
= (2¢ipot® + 2¢;p1t” + 4q1gopot® + qipot® + 2qip1t® + gapot® + pot® + pi't?) 0,
= =2¢ipoY + ¢im R + 2q1¢2po R — 2q1poY’
+api R+ @poR — 2pY +p1 R,

as required.
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Next, we prove relation (5.18]) in a similar way. For the left-hand side, we have

Y, R, = =2[t*0,,£°0,],,
= —2(0(t*)0,(t°0,) — (0(t*)8, ) (£*0,)
= =2(qit + got® + gst°)°05(1°0,) — (it + got” + gst°)* 0, (£°0,)
= ¢ YR — qi2R* — ¢} RY, (5.20)

as required. And for the right-hand side, we have

Y, R], = 2t%0(t*)0,(t)d,, by relation (5.12))
=2 <t2(Q1t + got® + qst”)? (po + prt + pot® + p3t3)>5’0

= ()7
as required. [}

We now subdivide our presentation into two cases, ¢ = 1 and ¢; = —1, where ¢, = q3 = 0.

5.2 Casel: gg=1and ¢o =¢q3=0
For this case we assume that ¢; = 1 and ¢ = ¢z = 0. Equation (5.9)), given as
po(1+ a1 +af + )t =0,

then implies that po = 0. This leads us to the following result.

Corollary 5.2.1. Let A be a commutative, associative algebra with unity 1 over a field F of
characteristic 0 and fix an element t € A. If conditions[5.1] where py = 0 holds where we let
o be an endomorphism on A and 0, a o-derivation (twisted derivation) on A. Furthermore,
assume that o(1) = 1 and 9,(1) = 0. Then the A-module elements

H=-2t0,, X=0, Y =-t%0,, R=2t0,

satisfy the following relations:

[H,X],: HX — XH = —p H — 2p,Y + psR, (5.21)
[H,Y], : HY —YH =pR, (5.22)
[X,Y], : XY —YX =2p,Y — R, (5.23)
[H,R], : HR — RH =0, (5.24)
[X,R],: XR— RX = 3p\R, (5.25)
[Y,R] :YR—RY =0. (5.26)

q
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Proof. Take py =0, ¢; = 1 and g5 = g3 = 0 in relations (5.13)—(5.18)) of Theorem[5.1.3] W

Corollary 5.2.2. Forpy =0, ¢4 =1 and ¢ = q3 = 0, the action of the module A - 0, on
A =F[t]/(t*) has the following matriz representation with respect to the basis {1,t,t* t*}:

0 0 0 0 0O 0 O 0
0 0 0 0
H— , X O P 0 y ,
0 —2p1 0 0 0 p2 2p1 O
0 —2py —4p; O 0 p3 2p2 3p
0O 0 00 00 0O
0O 0 00 00 0O
Vi ; R~
0O 0 00 00 0O
0 —p; 0 O 00 0O

Proof. Put py =0, ¢ = 1 and g2 = g3 = 0 in the representation given in Theorem|[5.1.2, M

Twisted Jacobi Identity

We now determine the Jacobi identity applicable for the present case. By Proposition [2.3.6]
the bracket [-,-], on the module F[t] - 0, satisfies the 6-term deformed Jacobi identity

o ([o@): [:21,], + [ [9:2),],) = 0. (5.27)

We need to find the possible values of § € A = F[t]/(t*) in this deformed Jacobi identity.
By Lemma |3.2.4] the identity

9 (0(a)) =6-0(0,(a))
holds for all monomials a = t*, where k is a non-negative integer. In particular, for a = t,

L.H.S = 9,(c(t)) = 0y (1t + got” + g5t°)
= 0,(t), since for this case ¢ =1 and g =¢2 =0
= po + pit + pat® + pst®
= pit + paot® + pst®,  since for this case py = 0
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RHS=9¢- 0(80( )) =0- O'(po +p1t +p2t2 +p3t3)
=0 (p1o(t) + pao(t®) + pso(t®)), since for this case py =0
=0- (pl(Q1t + @t + @at?) + pa(qit + g2t + at?)? + p3(qut + qot® + Q3t3)3)
=0- (plt + pot? —1—p3t3), since ¢ = 1 and ¢u = ¢qo = 0,
which implies that
§ - (pit + pot® + p3t®) = pit + pat® + pst®. (5.28)

Since 6 € A = F[t]/(t*), we can write § = &g + 01t + dat* + 03t for some dg, 01, 02,03 € F.
Furthermore, let &y, &1, & and &3 denote four free parameters. Equation ((5.28)) then becomes

(80 + O1t + 02t® + 53t°) (prt + pat® + pst®) = pit + pat® + pst®.
Since t* = 0, this equation can be simplified as follows:
Sopirt + (Gopa + 61p1)t* 4 (Bops + 61p2 + Gapr )t = pit + pat® + pst”.

Equating the coefficients of the same powers of ¢ gives the following linear system of equa-

tions for dg, 01, 02, and d3:
dop1 = p1
dop2 + 01p1 = p2 (5.29)
dops + 01p2 + d2p1 = p3

Since p; # 0, the first equation of system ([5.29)) implies that 09 = 1. Substituting dp = 1 in

the second equation of system ([5.29)) gives

P2+ 01p1 = P2
51 == 0

Substituting these obtained values of dy and d; in the third equation of system ([5.29)) gives

p3 + dap1 = p3
(52 = 0

Since d3 is not involved at all, it can be chosen arbitrarily, say d3 = &3. With these values

of dg, 01, 93 and 63, we have

§ = 8g + 01t + 6ot% + 55t°
= 1 + fgtg.
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Substituting this § in equation ([5.27)) gives the Jacobi identity

Onge ([o(@), [y 2] + (1 &) [z, [y, 2] ) =0,

Now &3 can be chosen completely arbitrarily in this case, for example, {5 = 0, giving the

hom-Jacobi identity

Oz,y,z [(0 +1id)(z), [y, z]] =0.

Therefore, for the case pg = 0, ¢1 = 1, g2 = g3 = 0, the deformed sl,(F) is a hom-Lie algebra.

5.3 Case 2: ¢j=—1and g =¢q3=0
For this case we assume that ¢ = —1 and ¢2 = ¢3 = 0. Equation (5.9)), given as
po(1+aq +¢i + @)’ = 0,

then gives pg - 0 = 0, implying that py can be chosen completely arbitrarily in this case.

Corollary 5.3.1. Let A be a commutative, associative algebra with unity 1 over a field F of
characteristic 0 and fix an element t € A. If conditions where py # 0 holds where we let
o be an endomorphism on A and 0, a o-derivation (twisted derivation) on A. Furthermore,
assume that o(1) = 1 and 9,(1) = 0. Then the A-module elements

H=-2t0,, X=0, Y =-t%0,, R=2t30,

satisfy the following relations:

(H,X], : HX + XH = —poX + p1H + 2p,Y — p3R, (5.30)
(H,)Y], :HY +YH = =2p)Y + p R, (5.31)
(X,Y], : XY -YX=0, (5.32)
[H,R],: HR— RH =0, (5.33)
[X,R], : XR+ RX = —2p)Y + pR, (5.34)
Y,R| : YR+ RY =0. (5.35)
Proof. Put ¢ = —1, ¢ = q3 = 0 in relations — of Theorem . |
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Corollary 5.3.2. For ¢ = —1 and ¢ = g3 = 0, the action of the module A - 0, on
A =TF[t]/(t*) has the following matriz representation with respect to the basis {1,t,t* 3}

0 0 0 0 0 po O
0 -2
H— po 00 , X = 0 b 0 ,
0 —2p1 0 O 0 p2 0 po
0 —2p; 0 2pg 0 p3 0 py
0O 0 00 0 0 0
0O 0 00 0 0 0
Y — , R
0 —po 0 O 0 0 0
0 —p1 0 O 0 2pp 0 O
Proof. Put ¢; = —1 and ¢ = g3 = 0 in the representation given in Theorem [5.1.2] [ |

Twisted Jacobi Identity

We now determine the Jacobi identity applicable for the present case. By Proposition [2.3.6]
the bracket [-,-]_ on the module F[t] - 0, satisfies the 6-term deformed Jacobi identity

Oy (0@l 21, +6[2.[p:21,],) = 0. (5.36)

We need to find the possible values of § € A = F[t]/(t*) in this deformed Jacobi identity.
By Lemma the identity 9, (c(a)) = ¢ 0(9,(a)) holds for all monomials a = t*, where

k is a non-negative integer. In particular, for a = ¢,

LH.S = 9,(c(t)) = 95 (1t + qot” + g5t”)
= O,(qit), since for this case ¢ = g3 =0

- QIacr(t>
= —1(po + pit + pat® + pst®), since for this case ¢ = —1

= —po — pit — pat® — pat®

po+ p1o(t) + pao(t?) + pso(t?))
po + pr(qut + @t + ¢ot®) + pa(qut + got® + q3t”)? + ps(@ut + gt® + gst*))

/N TN TN

po — pit + pat® — pst?),
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which implies that

§ - (po — p1t + pat® — pst’®) = —po — prt — pat® — pst®. (5.37)

Since § € A = F[t]/(t*), we can write § = &y + 61t + dot? + 3t for some b, 8y, 0o, 03 € F.
Furthermore, let &y, &1, & and &5 denote four free parameters. Equation ((5.37)) then becomes

(80 + 01t + 62t% + 58°) (po — prt + pat® — pst’) = —po — p1t — pat® — pst®.
Since t* = 0, this equation can be simplified as follows:

Sopo + (=81p1+0110)t + (Sop2 — d1p1 + Gapo)t® + (—dops + 61p2 — dap1 + d3po)t
= —po — pit — pat® — pst®.

Equating the coefficients of the same powers of ¢ gives the following linear system of equa-
tions for 50, (51, 52, and 532

50290 = —Po

—0op1 + 01po = —p1 (5.38)
dop2 — 01p1 + O2po = —P2

—0op3 + 01p2 — dap1 + d3po = —ps.

\

Since pg # 0, the first equation of system ({5.38)) implies that 6o = —1. Substituting g = —1
in the second equation of system ([5.38)) gives

p1+ 01po = —p1

-2
61 - P .

Po

Substituting these obtained values of dy and ¢; in the third equation of system ([5.38]|) gives

dop2 — 011 + O2po = —P2
2p2

—pa+ —— 4 apo = —p2
Po

—2p2
by = —ot.
Po
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Substituting these values of dg, 0; and - in the fourth equation of system ([5.38)) gives

— 0ops + 01p2 — O2p1 + I3po = —Ds.

2p 2pi
D3 — —1]72 + —21171 + d3po = —p3
Do Po

Pops — 2popipe + 207 + S3ph = —pips
. 2pop1p2 — 2}93293 - 219?
— . .

Po

03
With these values of dg, 01 , 0o and 09, we have
§ = 0p + 01t + 6ot + 95t°

2p1 Q_P% 24 2pop1pa — 2pgps — 2p} 43
P Db 2

Substituting this § in equation ([5.27)) gives the Jacobi identity

2 2p? 2 — 2paps — 2p3
Do Do Do

Therefore, for the case ¢; = —1, g = g3 = 0, the deformed sl,(FF) is a quasi-hom-Lie algebra.

Remark 5.3.3. Note that when p; = p3 = 0, this Jacobi identity reduces to

O ([0(@), 9:2]] = [ [y 2]] ) =0,

which by Corollary can be written as the hom-Jacobi identity

Oay. [(a+id)(2), [y, 2],], =0,

where a(z) = —o(z). So we have a hom-Lie algebra for this choice of the parameters.
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Chapter 6

Discussion

In this chapter, we delve into the results and implications of quasi-deformations of sl (F). We
reflect on the insights garnered from our exploration of this fascinating field of deformation
theory. The aim and objectives of this dissertation are restated and discussed in Section 6.1
while the employed methodology to achieve these goals is discussed in Section 6.2. In Section
6.3 we discuss quasi-deformations of sly(IF), where F is a field of characteristic 0. Here the
base algebra is first taken to be as general as it can be in this situation, and thereafter,
taken to be the polynomial algebra F[t]. In Section 6.4 we discuss quasi-deformations of
s[,(F), where F is a field of characteristic 0 that includes all the third roots of unity. Here
the base algebra is taken to be F[t]/(¢?), the algebra of polynomials of degree less than 3
over F in the variable ¢. In Section 6.5 we discuss quasi-deformations of sl,(IF), where F is
a field of characteristic 0 that includes all the fourth roots of unity. Here the base algebra
is taken to be F[t]/(t*), the algebra of polynomials of degree less than 4 over F.

6.1 On the Aim and Objectives

The primary aim of this dissertation was to explore and obtain quasi-deformations of sly(F),
where [F denotes a field of characteristic zero, using twisted derivations. To achieve this aim,

the following research objectives were formulated:

(a) To obtain and deform an operator representation of sly(IF): The first objective
involved obtaining an operator representation of the Lie algebra sly(F) and deforming

it using twisted derivations.

(b) To determine the algebraic structure represented by the deformed opera-
tors: The second objective focused on analysing the algebraic structure represented
by the deformed operators. This involved studying the commutation relations and the

corresponding Jacobi identities, and identifying any deviations from the usual sly(F).

(c) To provide an elaborated example of a quasi-deformed sly(F): The final ob-
jective was to illustrate the theoretical findings through an elaborated example. This
example serves to demonstrate the practical implications of the quasi-deformations and

provides insight into their behavior in specific scenarios.
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6.2 On the Methodology

In this dissertation the basic undeformed object is sly(IF), which is defined as the Lie algebra

generated by three elements H, X and Y satisfying the commutation relations
HX —XH=2X, HY-YH=-2Y, XY-YX=H.

In order to achieve the objectives outlined in Section 6.1, our approach involved obtaining
the following representation of sly(IF) in terms of first order differential operators acting on

a vector space of functions in the variable ¢:
H— —2t0, X +—0, Y~ —t%0.

This was then generalised to first order operators acting on an algebra A by replacing 0 with
0,, a o-derivation on A (where o is an endomorphism on A). By choosing different base
algebras A, we got different algebraic structures on the module A -3d,. So in a way we have
two different deformation “parameters”, namely, o and A. However, changing the algebra
A and not changing the endomorphism ¢ is mathematically absurd, since o is dependent

on A, but it is nice to loosely think about A as an independent deformation parameter.

6.3 On Quasi-Deformations of sl,(IF)

One of the main points of Chapter 2 is Proposition which shows that for a o-derivation
0, defined on a commutative associative algebra A with unity, the module A - 9, admits a

C-algebra with a o-deformed commutator
la-0y,b-0,] =0c(a)-0,(b-0,) —a(b) - 0,(a-0,),

as a multiplication bracket, satisfying a twisted 6-term Jacobi identity. Chapter 3 builds on
this and provides an elaborated example of a quasi-deformed sly(F), where F is a field of
characteristic zero. The result becomes a natural quasi-deformation of sly(IF) and we have

shown that it is a quasi-hom-Lie algebra in general.

It is also important to note that Proposition gives us two alternative ways to view
our algebras. On the one hand, one can use Proposition to construct a bracket on the
vector space A - J, with the help of relation (2.5) viewing this bracket as a product. On
the other hand, one can use relation in adjunction with relation of the bracket to
obtain quadratic relations and “moding” out these from the tensor algebra, thereby giving us
an associative quadratic algebra which loosely can be thought of as a deformed “enveloping

algebra” of the corresponding algebra from the viewpoint of the preceding sentence.
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In Section 3.2 the base algebra A is taken to be the polynomial algebra F[t] and it is
assumed that o(t) = ¢(t) and 9,(t) = p(t), where p(t),q(t) € F[t]. To have closure of the
corresponding deformed commutation relations, the polynomials p(t) and ¢(t) are far from
arbitrary. Note that if we allow o(t) = ¢(t) and 0,(t) = p(t) where p and ¢ are arbitrary
polynomials in ¢ then we get a deformation of sl,(F) which does not preserve dimension;
that is, brackets of the basis elements H, X and Y are not simply linear combinations in
these elements but include more new “basis” elements. This phenomena could possibly be

interesting to study further.

One intriguing deformation provided in the elaborated example in Section 3.3 is given by

HX —q¢ 'XH =2q¢'pX,
HY — qY H = —2pyY,

1
XY — @YX = (q; )

poH.

The algebra generated by these relations is denoted by U,. Using the transformations

2po

H— 2p0q_1y +
qg—1

1, X =z, Y — x,

where 1 denotes the identity element, we obtained the relations

- - _ q+1
yr—gq =0, ay—qyr=0,  ar—grz=pltg )y +py L

Unlike in the case of the undeformed universal enveloping algebra of sl,(F), the 1-parameter
deformation of U, (with ¢ # 1) has nontrivial 1-dimensional representations. Indeed, taking
H =2py/(q — 1), then the defining relations of U, become

(6.1)

So X and Y can be chosen as any numbers satisfying (6.1). When pg = 1 and ¢ — 1, we
“approach sl,(F)” in the defining relations of U, but the representation (6.1)) explodes to

infinity and thus does not converge to a representation of sl,(IF).

6.4 On Deformations of sl,(F) with Base F[t]/(1?)

In Chapter 4 we obtained quasi-deformations of sl,(IF), where F is a field of characteristic
0 that includes all the third roots of unity (the solutions to the equation z* = 1). Here the
base algebra A is taken to be F[t]/(¢?), the algebra of polynomials of degree less than 3 over
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F in the variable ¢. With this base algebra, we took
aﬂ(t> = po + pit +p2t2 and o‘(t) =qo+ qit + q2t2‘

One of the main points of Chapter 4 is that the action of the module A- 39, on A = F[t]/(3)

has the following matrix representation with respect to the basis {1, t, tz}:

0 0 0 0 po 0 0O 0 0
H— 10 —2pg 0 ; X—= [0 p po(1+ q1) , Y= [0 0 0
0 —2p1 —2po(1+q1) 0 p2 pi(1+q1) + poge 0 —po O

However, when pg =1, p; =ps =0, ¢ = ¢ = 0 and ¢; = 1, which seemingly would

correspond to the case of sl,(IF), we surprisingly obtained the matrices

0 0 0 010 0
H— {0 -2 0 ], X—= 100 2], Y= 10 0 )
0 0 —4 000 0 -1 0

satisfying the relations: HX — XH =2X, HY —YH = —-2Y and XY +2Y X = H. The
reason for this anomaly is that the values of the parameter so chosen are not compatible

with the o-Leibniz rule on A = F[t]/(¢?) since the necessary condition
po(l +q1+ Q%)tQ =0

becomes 3t2 = 0, the equality which is not possible in A over a field of characteristic zero.

Furthermore, the condition pq (qf +q1+ 1)1&2 = 0 shows that if py = 0, then ¢; is a true
free deformation parameter, and if py # 0, we generate deformations at the imaginary third

roots of unity. This meant that we had to subdivide our presentation into two special cases.

The case pg = 0 resulted in deformed commutation relations where we could not retain
sl,(F) by choosing suitable values of the parameters. In fact, the commutator of the basis
elements H and Y was identically zero. In general, the class of algebras for the case pg = 0
obtained via a twisting of sl,(IF), is a multiparameter deformation of the polynomial algebra

in three commuting variables, of the Heisenberg Lie algebra, and of the solvable Lie algebra.

For the case py # 0, the condition py (q% +q + 1)152 = 0 implies that we generate deforma-
tions at the zeros of the polynomial ¢? +¢; +1. The deformed s, (FF) for this case corresponds
to a quasi-hom-Lie algebra. However, it can also be viewed as a hom-Lie algebra for some
special choices of the parameters defining o(t) and 0,(t). Furthermore, in the special case

p1=p2 = ¢z = 0 and w* = ¢ we obtained the defining relations for the Jackson sl (IF).

We remark that the construction to generate deformations at third roots of unity can be
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generalized to deformations at n'™ roots of unity by using A = F[t]/(t") (where F is a field

including the relevant primitive roots of unity) in exactly the same way as in Chapter 4.

6.5 On Deformations of sl,(F) with Base F[t]/(t%)

In Chapter 5 we obtained quasi-deformations of sl,(F), where F is a field of characteristic 0
that includes all the fourth roots of unity (the solutions to the equation z* = 1). Here the
base algebra A was taken to be F[t]/(t?), the algebra of polynomials of degree less than 4
over I in the variable £. With this base algebra, we took

Oy (t) = po + pit + pot® + pst® and o (t) = qo + @it + qot* + gst®.
One necessary condition for the existence of the deformations under this case is that
po(1+q + ¢ +q})t* = 0.

This condition implies that if pg = 0, then ¢; is a true free deformation parameter, and if
po # 0, then we generate deformations at the zeros of the polynomial 1+ ¢; + ¢? + ¢5. This

meant that we had to subdivide our presentation into two special cases.

The case py = 0 is equivalent to the case q; = 1 since po(1 + q1 + ¢% + ¢3)t2 = 0. Therefore,
for this case we considered ¢; = 1, and for simplicity, we took ¢o = g3 = 0. One of the main
points under this case is that the action of the module A-9, on A = F[t]/(¢*) has the matrix
representation with respect to the basis {1, t, 12, t3} where the R element is represented by
the zero matrix (see Corollary 5.2.2). This means that all commutation relations involving
R collapse and we retain the usual three commutation relations of a deformed sl,(F). The

deformed sl,(IF) for this case turns out to be a hom-Lie algebra.

The case py # 0 is equivalent to the case ¢ = —1 since py(1+q1 +¢2 + ¢3)t2 = 0. Therefore,
for this case we considered ¢; = —1, and for simplicity, we took ¢o = g3 = 0. One of the
main points under this case is that, for py = p1 = ps = p3 = 0, the action of the module
A- 0, on A =TFIt]/(t*) has the matrix representation with respect to the basis {1,¢,¢?,*}
where the R element is represented by a non-zero matrix (see Corollary 5.3.3). This means

that we retain all the six commutation relations we started with.
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Chapter 7

Conclusion and Recommendations

In this final chapter, we summarize the main findings of our research and underscore their
implications. We offer recommendations based on our insights to guide future research. The
summary of the main findings is given in Section 7.1 while the recommendations are given

in Section 7.2.

7.1 Conclusion

The theoretical framework developed in this dissertation lays the foundation for understand-
ing quasi-deformations in the context of Lie algebras. By establishing representations and
studying commutation relations, we have elucidated the algebraic structures arising from
these deformations. Our investigation has revealed the intricate dependence of deformations
on parameters such as an endomorphism ¢ and the choice of base algebra A. The interplay
between these parameters influences the resulting algebraic structures, leading to diverse de-
formation phenomena. Special cases, such as deformations at roots of unity, have unveiled
unexpected outcomes and mathematical anomalies. These anomalies provide valuable in-
sights into the underlying mathematics and suggest avenues for further exploration. The
elaborated example presented in this dissertation demonstrates the practical implications of
quasi-deformations. By illustrating specific scenarios, we have showcased the relevance and

applicability of these deformations in mathematical contexts and theoretical physics.

In conclusion, the exploration of quasi-deformations of sly(F) presented in this disserta-
tion opens up exciting possibilities for future research and underscores the richness and

complexity of algebraic structures that emerge from deformation theory.

7.2 Recommendations

Building upon the insights gained, several avenues for future research emerge:

1. Generalisation: Further investigation into generalisations of quasi-deformations, in-
cluding deformations at higher-order roots of unity and extensions to other Lie alge-
bras, can deepen our understanding of deformation theory and uncover new algebraic

structures.

2. Generalisation to Other Fields: Extend the analysis to fields beyond characteristic
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zero, examining the effects of characteristic on the properties of quasi-deformations

and exploring potential applications in algebraic geometry and mathematical physics.

3. Study of Special Cases: Investigate special cases and limiting behaviors of quasi-
deformations, such as the behavior as parameters approach certain values or the study

of specific subclasses of deformations for their unique properties.

4. Further Exploration of Parameter Configurations: Given the sensitivity of
quasi-deformations to parameter configurations, further exploration is warranted to
uncover additional intriguing algebraic structures. Investigating different parameter

choices and their implications could lead to the discovery of novel algebraic phenomena.

For example, in Chapter 3, if we allow o(t) = ¢(t) and J,(t) = p(t) where p and ¢
are arbitrary polynomials in ¢ then we get a deformation of sl,(F) which does not
preserve dimension; that is, brackets of the basis elements H, X and Y are not simply
linear combinations in these elements but include more new “basis” elements. This

phenomena could possibly be interesting to study further.

5. Applications: Investigating applications of quasi-deformations in related fields such
as mathematical physics, representation theory, and algebraic geometry can uncover

connections and potential practical uses of these deformations.

6. Computational Approaches: Utilizing computational tools and techniques could
facilitate the study and analysis of quasi-deformations. Employing computer alge-
bra systems for computations, simulations, and symbolic manipulation could aid in

exploring complex parameter spaces and verifying theoretical results.

7. Collaborative Research: Collaborating with researchers from diverse mathemati-
cal backgrounds could enrich our understanding of quasi-deformations. Engaging in
interdisciplinary collaborations could lead to innovative approaches, new perspectives,

and fruitful exchanges of ideas.

By pursuing these avenues of research, we can further deepen our understanding of quasi-
deformations and their significance in mathematics and theoretical physics, opening up new

directions for exploration and discovery in this fascinating field.
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