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Abstract

This dissertation develops a first-order multivariate Poisson integer-valued autoregressive

(MPINAR(1)) model to improve disease outbreak detection in public health surveillance sys-

tems. The MPINAR(1) model is proposed as a computationally tractable alternative to the

general multivariate integer-valued autoregressive (MINAR(1)) model. While the MINAR(1)

framework allows for correlated innovations, it introduces substantial estimation challenges

and requires strong distributional assumptions that may not hold in practice. To address

these limitations, the MPINAR(1) model simplifies the innovation structure by assuming

that the innovation process consists of independent Poisson-distributed components. This

assumption retains the discrete nature of the data while reducing computational complexity,

allowing for efficient implementation using conditional maximum likelihood estimation.

A simulation study is conducted to evaluate the performance of the MPINAR(1) model in

detecting simulated outbreaks within trivariate count time series. The model is assessed

against independent univariate INAR(1) models using metrics such as average run length

(ARL), detection rate, and false alarm rate (FAR). Results show that the MPINAR(1) model

outperforms the univariate alternatives, particularly in scenarios involving moderate to large

outbreak sizes.

The model is further applied to syndromic surveillance data comprising daily counts of fever,

cough, and dyspnea among hospitalised COVID-19 patients. Covariate adjustments for day-

of-week and seasonal effects are incorporated into the innovation process. The MPINAR(1)

model demonstrates superior fit compared to univariate models, producing wider and more

reliable prediction intervals and detecting additional potential outbreak events. Residual

analyses confirm that the MPINAR(1) model provides a closer approximation to white noise

and better captures temporal and cross-sectional dependencies.

Overall, the MPINAR(1) model provides a theoretically sound and computationally efficient

framework for multivariate count time series modelling in surveillance settings. Its improved

detection capabilities and robustness to overdispersion make it a valuable tool for enhanc-

ing early warning systems in public health. Future extensions could include more flexible

innovation structures and refined alarm decision rules.
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Chapter 1

Introduction

The aim of public health surveillance systems is to detect disease outbreaks effectively and

timely so that control measures for the elimination of disease transmission are taken rapidly.

To achieve this, various statistical techniques, such as statistical process control methods

and statistical modelling techniques, have been developed (see [29, 30, 31]). These methods

are designed to identify unusual patterns in data series that may indicate disease outbreaks.

However, health surveillance data possess unique characteristics that introduce statistical

challenges in this research area.

Health data typically consist of non-negative counts representing the number of events ob-

served at specific time points. For example, daily counts of diagnosed cases or emergency

department visits are common metrics. Such data are often characterized by serial correla-

tion (dependence over time), overdispersion (variance exceeding the mean), and the integer-

valued nature of observations. Failure to properly account for these characteristics can lead

to misspecified models, undermining their reliability for outbreak detection. Time series

techniques, particularly autoregressive integrated moving average (ARIMA) models, have

been widely used in public health surveillance to model these dependencies and variations

over time (see [3, 16, 33]).

While these approaches have been useful, they are generally limited to monitoring single

data series, which has restricted their effectiveness in complex real-world scenarios. For the

early detection of large-scale epidemics or bioterrorism outbreaks, it is essential to consider

multivariate data. Such data can represent a specific variable measured across multiple

regions, different variables measured in a single region, or a combination of multiple variables

across multiple regions. These scenarios often involve correlations between data series (cross

correlation), as the same underlying process may influence several indicators.

These challenges highlight the need for a robust modelling framework capable of addressing

the complexities of multivariate health surveillance data, particularly the integer-valued

nature of health data, serial and cross correlations, and overdispersion. To address this gap,

this study introduces a first-order multivariate Poisson integer-valued autoregressive model

(MPINAR(1)), a robust framework designed to improve the effectiveness and timeliness of

disease outbreak detection. The proposed model aims to contribute to better public health

decision-making and resource allocation. The persistent challenges in health surveillance

systems underline the importance of developing advanced modelling frameworks. These

issues form the foundation of the problem explored in this study.
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1.1 Statement of the Problem

Public health surveillance systems collect multivariate data to track health indicators and

disease events. However, current statistical models often fail to account for complex inter-

dependencies, such as serial and cross-correlations between disease indicators over time, or

the integer-valued nature and overdispersion of the data. This limits timely and accurate

outbreak detection, underscoring the need for a robust modelling framework that handles

these challenges effectively.

1.2 Aim of the Study

The aim of this study is to develop a first-order multivariate Poisson integer-valued autore-

gressive model (MPINAR(1)) to enhance the effectiveness and timeliness of disease outbreak

detection in public health surveillance.

1.3 Research Objectives

(i) To formulate a practical and theoretically grounded MPINAR(1) model for detecting

disease outbreaks in public health surveillance.

(ii) To develop a parameter estimation approach and application strategy for the model.

(iii) To evaluate the model’s performance through a simulation study, comparing it with

independent univariate INAR(1) models under controlled conditions.

(iv) To assess the model’s practical utility by applying it to real-world surveillance data.

1.4 Research Questions

(i) How can an MPINAR(1) model be formulated to balance theoretical rigour with prac-

tical utility in public health surveillance?

(ii) What parameter estimation method and application strategy can ensure the model’s

practical implementation and reliability?

(iii) How does the MPINAR(1) model perform in comparison to independent univariate

INAR(1) models under controlled simulation settings?

(iv) How effective is the MPINAR(1) model in detecting outbreaks from real data?

1.5 Significance of the Study

This study contributes to the fields of public health surveillance and time series analysis by

developing a multivariate integer-valued autoregressive model that effectively captures the

integer-valued nature of health data, serial and cross-correlations, and overdispersion. The

proposed model promises earlier disease outbreak detection, more informed decision-making,

and improved resource allocation in public health responses.
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1.6 Literature Review

Research in public health surveillance has grown rapidly in recent years. However, only a few

approaches have simultaneously addressed the integer-valued nature of health surveillance

data alongside its complex correlation structure. Among the most notable contributions are

the works of Held et al. [12, 14, 15], who used multivariate branching processes to model

infectious disease surveillance data. While effective, these methods can be computationally

demanding and may not adequately capture the integer-valued property of the data.

This study proposes an alternative approach based on integer-valued autoregressive (INAR)

processes. INAR models were introduced in the literature as discrete-valued counterparts of

the standard Gaussian autoregressive process by Al-Osh and Alzaid [1] and McKenzie [21].

These models have been used in public health surveillance by several researchers. Cardinal

et al. [2] demonstrated that INAR models outperform autoregressive integrated moving av-

erage (ARIMA) models in forecasting infectious disease incidence by yielding smaller relative

forecast errors. Within a statistical process control framework, Weiß [35, 38] and Weiß and

Testik [36] extended INAR models to develop cumulative sum (CUSUM) and exponentially

weighted moving average (EWMA) control charts for Poisson first-order INAR processes.

Some extensions of the INAR models to the multivariate case have been proposed by Franke

and Rao [8], Latour [18], McKenzie [21], Quoeshi [28], Heinen and Rengifo [13] and Pedeli and

Karlis [25]. The extension of the first-order integer-valued autoregressive (INAR(1)) process

to a multi-dimensional framework is highly intriguing, yet it remains underdeveloped in the

literature to date. Pedeli and Karlis [27] introduced a multivariate INAR(1) (MINAR(1))

process with correlated innovations. This model was designed to capture dependencies both

within and across time series, providing a flexible framework for analyzing multivariate

count data. By incorporating correlations between the innovations, the model is well-suited

for applications where interactions between different health indicators are expected, such as

during the simultaneous monitoring of multiple symptoms or diseases. However, the inclusion

of correlated innovations increases the computational complexity of parameter estimation

and requires strong distributional assumptions about the nature of the correlations, which

may not always align with real-world data. To avoid such complications, Pedeli and Karlis

[26] considered a constrained MINAR(1) model by assuming a single source of dependence

between the univariate series that comprise the MINAR(1) process.

This study develops a simplified MINAR(1) model based on the work of Pedeli and Karlis

[27], assuming independent innovations that follow a Poisson distribution. The choice of the

Poisson distribution is motivated by its ability to reflect the integer-valued nature of health

data while being the simplest discrete distribution to work with. By focusing on prediction

thresholds for multivariate health data, this approach addresses key gaps in outbreak de-

tection related to overdispersion, correlations, and computational feasibility, enhancing the

effectiveness and timeliness of disease detection in public health surveillance.
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1.7 Methodology

This section outlines the methodology used to develop the first-order multivariate Poisson

integer-valued autoregressive (MPINAR(1)) model for public health surveillance. It begins

with the model formulation, followed by an explanation of the parameter estimation approach

and a strategy for applying the model to disease outbreak detection. The section then

describes the design of a simulation study to assess the model’s performance in controlled

settings and concludes with its application to real-world surveillance data.

1.7.1 Model Formulation

The MPINAR(1) model is formulated as a simplification of the first-order multivariate

integer-valued autoregressive (MINAR(1)) model introduced by Pedeli and Karlis [27]. The

MINAR(1) process {X t} is defined as:

X t = A ◦X t−1 + εt, t ∈ Z, (1.1)

where:

• X is a non-negative integer-valued n-dimensional random vector,

• A is an n× n matrix with entries αij satisfying 0 ≤ αij ≤ 1 for all i, j = 1, . . . , n,

• εt = (ε1t, . . . , εnt)
T is an innovation vector whose components εit are correlated non-

negative integer-valued random variables. The vector εt is independent of A ◦X t−1,

and has mean µε and variance Σε,

• A ◦X is an n-dimensional random vector with i-th component given by

(A ◦X)i =
n∑

j=1

αij ◦Xj, i = 1, . . . , n, (1.2)

where αij ◦Xj are mutually independent binomial thinning operations, defined by

αij ◦Xj =

Xj∑
k=1

Y
(ij)
k , (1.3)

where Y
(ij)
k are independent and identically distributed Bernoulli random variables with

P
(
Y

(ij)
k = 1

)
= αij and P

(
Y

(ij)
k = 0

)
= 1− αij. (1.4)

It follows from equation 1.2 that A◦ acts as the usual matrix multiplication while

simultaneously adhering to the definition of the binomial thinning operation.

Traditionally, statistical models for public health surveillance data aim to effectively capture

the endemic and epidemic dynamics of disease risk. In principle, the endemic component

explains a baseline rate of cases with a stable temporal pattern and is identified with the

innovations part of the model. More specifically, it describes the risk of new events as a
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function of external factors that are independent of the history of the epidemic process.

Examples of such external factors include seasonality, socio-demographic characteristics,

population density, and vaccination coverage. The epidemic component, on the other hand,

introduces infectiousness, that is, an explicit dependence between events. Consequently, the

epidemic component is driven by past observations and corresponds to the autoregressive

part of the model.

This additive decomposition of disease risk is well-embodied in the MINAR(1) model (1.1).

However, the inclusion of correlated innovations increases the computational complexity of

parameter estimation and requires strong distributional assumptions about the nature of the

correlations, which may not always align with real-world data. To avoid such complications,

we consider in this dissertation a simplification of the MINAR(1) model 1.1. In particular,

we formulate the MPINAR(1) model by relaxing the degree of complexity of the model by

assuming that the innovation series εt (the endemic components) are independent and follow

a Poisson distribution (see Chapter 3 for the actual formulation). The choice of the Poisson

distribution is motivated by its ability to reflect the integer-valued nature of health data

while being the simplest discrete distribution to work with. The resulting model admits a

realistic epidemiological interpretation and is extremely advantageous in terms of practical

implementation since the distribution of the innovations becomes a product of univariate

probability mass functions:

P (ε1t = k1, . . . , εnt = kn) =
n∏

i=1

P (εit = ki) . (1.5)

Moreover, overdispersion, a typical characteristic of health surveillance data, can be easily

accommodated even under our simplest parametric assumption of Poisson innovations.

1.7.2 Parameter Estimation

The MPINAR(1) process is defined as:

X t = A ◦X t−1 + εt, t ∈ Z, (1.6)

where A is a thinning matrix, X t is the observed multivariate count process, and εt is

a vector of innovations. The innovations εit are assumed to follow independent Poisson

distributions with means λi and variances viλi, where vi > 1 accounts for overdispersion.

The unknown parameter vector θ, which includes the elements of A and the innovation

means λi are estimated using conditional maximum likelihood estimation (CMLE). The

dispersion parameters vi are then estimated using the residuals from the fitted model.

The likelihood function for the MPINAR(1) process is derived from the conditional distri-

bution of X t given X t−1. For a time series of length T , the likelihood function is given by:

L(θ | x) =
T∏
t=2

f (xt | xt−1,θ) , (1.7)

5



where f (xt | xt−1,θ) is the conditional probability mass function (PMF) of X t given X t−1.

The estimation of θ involves maximizing the log-likelihood function:

l(θ | x) =
T∑
t=2

log f (xt | xt−1,θ) . (1.8)

This is typically done using numerical optimization techniques. In this dissertation, this is

implemented in R using the optim function from the tscount package. See Appendix C.

After obtaining the estimates for A and λi, the dispersion parameters vi are estimated using

the residuals from the fitted model. The residuals rit are computed as the difference between

the observed values xit and the predicted values x̂it based on the estimated model:

rit = xit − x̂it. (1.9)

The dispersion parameters vi are estimated by calculating the average of the squared residuals

divided by the estimated mean λ̂i for each component i over the time series, as follows:

v̂i =
1

T − 1

T∑
t=2

r2it

λ̂i

. (1.10)

We conclude this subsection by remarking that the quasi-likelihood framework provides an

alternative approach for estimating the parameters of the MPINAR(1) model, including the

dispersion parameters v1, . . . , vn. This method is particularly useful when the innovations

εt exhibit overdispersion, i.e., when Var(εit) > λi. Unlike the standard likelihood approach,

which requires a fully specified probability distribution, the quasi-likelihood framework relies

on specifying only the mean-variance relationship of the data. Specifically, the variance of

the innovations is modelled as:

Var(εit) = viλi, i = 1, . . . , n, (1.11)

where vi > 1 are the dispersion parameters. The quasi-likelihood function is then constructed

based on this relationship, allowing for efficient estimation of the parameters without requir-

ing a full distributional assumption. This approach is computationally simpler and more

flexible, making it well-suited for applications where overdispersion is present.

1.7.3 Strategy for Applying the Model to Outbreak Detection

The MPINAR(1) process can be used for modelling clean historical data and generating

one-step-ahead forecasts for prediction-based monitoring. We should emphasize here that

the set-up phase is assumed to be free of, or cleaned of, outbreaks. The proposed outbreak

detection statistical methodology comprises of two steps: In the first step, the available

series of data in the set-up phase (historical data) is modelled through an MPINAR(1)

process and a parameter vector of maximum likelihood estimates θ̂ is obtained. The second

step is dedicated to the successive monitoring of incoming observations in the operational

6



phase (surveillance data) using the model obtained from the set-up phase. In particular,

each new observation xt+1 is assessed against a multivariate prediction threshold derived

from the model fitted in the first step in order to determine whether an alarm should be

triggered. Specifically, for each multivariate observation xt+1 in the operational phase, we

estimate the one-step-ahead predictive distribution

P̂ (X t+1 = xt+1|xt, θ̂), x ∈ Nn
0 (1.12)

and obtain the marginal predictive probabilities

P̂ (Xi,t+1 = xi,t+1|xt, θ̂), i = 1, . . . , n. (1.13)

For each observation xi,t+1, we construct a (1 − α)% prediction interval with upper bound

xUB
i,t+1 equal to the (1 − α)-quantile of the corresponding marginal predictive distribution,

where α is a pre-specified level of significance. The lower bound of the prediction interval is

set to 0 as we are only interested in detecting positive deviations from the in-control model.

Each series flags an alarm at time t + 1 if the corresponding observation lies outside the

prediction interval, i.e., if

xi,t+1 > xUB
i,t+1. (1.14)

Finally, for the overall alarm, a majority rule can be defined, i.e. flagging an alarm if a

certain percentage of the series signals an alarm at the same point in time (see Vial [32]).

1.7.4 Simulation Study

A simulation study was conducted to evaluate the performance of the proposed MPINAR(1)

model in the context of disease outbreak detection. The study involved generating synthetic

trivariate time series data under controlled conditions, allowing comparison between the

MPINAR(1) model and independent univariate INAR(1) models.

Time series data of length n = 200 were simulated from a trivariate INAR(1) model with

independent Poisson innovations with parameters λi (i = 1, 2, 3). It was assumed that the

first 150 observations consist the set-up phase (that is a clean process without outbreaks)

and the last 50 observations consist the monitoring phase. Subsequently, for each series i, an

outbreak of expected size κi at time t = 170 was simulated from a Poisson distribution with

mean equal to κi . Therefore this trivariate case of the MPINAR(1) model has the form X1t

X2t

X3t

 =

 α11 α12 α13

α21 α22 α23

α31 α32 α33

 ◦

 X1,t−1

X2,t−1

X3,t−1

+

 ε1t

ε2t

ε3t

 , (1.15)

where εit are independent Poisson random variables with mean E (εit) = λi + κiI(t = 170)

and I(·) is an indicator function. The true parameter values were assumed to be

A =

 α11 α12 α13

α21 α22 α23

α31 α32 α33

 =

 0.4 0.1 0.3

0.3 0.4 0.2

0.3 0.2 0.1

 , (1.16)
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and λ1 = λ2 = λ3 = 1. It was also assumed that κ1 = κ2 = κ3 = κ and the values of κ

were taken to be 5, 8 or 10 . The aim of choosing these specific values for κ is to study both

cases where the outbreak is manifest, as well as cases where the outbreak cannot be easily

distinguished from the typical range of values in the in-control state.

For each value of κ ∈ {5, 8, 10}, a total of 1000 replicates were generated. In each replicate,

the MPINAR(1) model was fitted to the set-up phase using maximum likelihood estimation,

and one-step-ahead upper prediction bounds were computed for the monitoring phase at

the 90%, 95%, and 99% significance levels. For comparison, three independent univariate

INAR(1) models with Poisson innovations were also fitted separately to each series.

The detection performance was evaluated using the following metrics:

• Detection Rate (DR): The proportion of replicates in which an alarm was raised at

the true outbreak time t = 170.

• False Alarm Rate (FAR): The proportion of total alarms triggered at times t ̸= 170,

computed as the number of false alarms divided by 1000 × 49 (i.e., the number of

monitoring points across all replicates).

• Average Run Length (ARL): For each series i, ARLi was defined as the average

number of time points before the first false alarm during the monitoring phase. A

conservative overall ARL was defined as ARL = mini ARLi.

An outbreak alarm was triggered if at least two out of the three series exceeded their corre-

sponding prediction intervals at the same time point, following a 2/3 majority rule.

The simulation study was implemented in the R statistical software. The code used for data

generation, model fitting, and evaluation is provided in Appendix B.

1.7.5 Application to Real-World Surveillance Data

The real-world applicability of the proposed MPINAR(1) model is assessed using syndromic

surveillance data provided by the Brazilian Ministry of Health. The dataset, which is pub-

licly available through the OpenDataSUS SRAG, contains daily records of symptoms com-

monly observed in COVID-19 patients. In this study, we focus on three distinct COVID-19

symptoms fever, cough, and dyspnea (shortness of breath) that are statistically significantly

correlated, with cross-correlation values ranging from 0.20 to 0.45. This correlation structure

makes them suitable for multivariate time series analysis.

The dataset is divided into two phases: a set-up phase (March 11, 2020 to August 7, 2020)

for model training, and a monitoring phase (August 8, 2020 to September 26, 2020) for

evaluation. Symptoms were recorded daily, resulting in t0 = 150 observations for the set-up

phase and t1 = 50 observations for the monitoring phase.

To assess stationarity, time series plots of the three symptom series were examined. The

8

https://opendatasus.saude.gov.br/dataset/srag-2020/resource/06c835a6-cf33-448a-aeb1-9dbc34065fea


absence of visible trends or seasonal patterns supports the assumption of weak stationarity.

The appropriate order of the trivariate model was determined by analysing autocorrelation

and partial autocorrelation functions during the set-up phase. The exponentially decaying

autocorrelation functions suggest the suitability of an autoregressive (AR) model, while the

partial autocorrelation functions showing significant lags at 1 indicate that a first-order

model is appropriate. Residual analysis following model fitting, showing minimal significant

autocorrelations, suggests a good model fit.

We then apply the strategy outlined in Subsection 1.7.3 by fitting a trivariate INAR(1)

model with independent Poisson innovations to the historical syndromic surveillance data.

To account for covariates commonly used in infectious disease modelling, we express the

expectation of the innovation series as a function of the available covariate information:

E (εit) = exp
(
zT
t βi

)
, i = 1, 2, 3, (1.17)

where zt is a vector of covariates and βi is the associated parameter vector. The candidate

covariates include a binary indicator for the day of the week (weekdays vs. weekends) and

trigonometric terms to capture potential seasonality. Since the series appear stationary, we

do not include a time trend. Each marginal series is thus modelled as

Xit =
3∑

j=1

αij ◦Xj,t−1 + εit, i = 1, 2, 3, (1.18)

where εit are independent Poisson random variables with mean

E (εit) = exp

{
βi0 + βi1 Weekday + βi2 cos

(
2πt

365

)
+ βi3 sin

(
2πt

365

)}
. (1.19)

For comparison, we also employ a univariate surveillance approach by fitting three inde-

pendent INAR(1) regression models with Poisson innovations. Covariate information is

incorporated in the same way as in the multivariate model. For both approaches, one-step-

ahead predictive distributions are used to construct (1−α)% prediction intervals. The upper

bounds of these intervals serve as thresholds for alarm detection. We assume a component-

wise type I error rate of α = 0.01 and apply a majority rule for overall alarm detection: an

alarm is triggered if at least two out of the three series flag an alarm at the same time point.

All analyses were conducted in the R statistical software. The code used for model fitting,

prediction, and alarm detection procedures is provided in Appendix C.

1.8 Organisation of the dissertation

The rest of the dissertation is organized as follows:

Chapter 2. In this chapter, we present the preliminaries needed to understand the content

of this dissertation. Section 2.1 provides an overview of the Poisson distribution, including

its mathematical formulation, properties, and applications. Section 2.2 introduces the bi-

nomial thinning operator, highlighting its properties and significance in integer-valued time
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series models. Section 2.3 discusses three commonly used parameter estimation methods:

maximum likelihood estimation (MLE), conditional least squares (CLS), and Yule–Walker

(YW) estimation. Finally, Section 2.4 outlines the steps involved in conducting simulation

studies and emphasises their importance in evaluating statistical models.

Chapter 3. In this chapter, we introduce the first-order multivariate Poisson integer-

valued autoregressive (MPINAR(1)) process as a simplification of the first-order multivariate

integer-valued autoregressive (MINAR(1)) process. Section 3.1 presents the MINAR(1) pro-

cess as a multi- variate extension of the first-order integer-valued autoregressive (INAR(1))

process, followed by the formulation of the MPINAR(1) process in Section 3.2. Section 3.3

details the parameter estimation approach, and Section 3.4 outlines a two-step methodology

for applying the MPINAR(1) model in public health surveillance.

Chapter 4. In this chapter, we evaluate the performance of the first-order multivariate

Poisson integer-valued autoregressive (MPINAR(1)) model through a simulation study and

a real-world data application. The goal is to demonstrate the model’s theoretical robustness

and practical utility in public health surveillance. Section 4.1 presents a simulation study

designed to assess the performance of the MPINAR(1) model in comparison to independent

univariate INAR(1) models, using synthetic data generated under controlled conditions. Sec-

tion 4.2 applies the MPINAR(1) model to COVID-19 syndromic surveillance data, focusing

on three statistically significantly correlated symptoms: fever, cough, and dyspnea.

Chapter 5. In this chapter, we discuss the results of the first-order multivariate Poisson

integer-valued autoregressive (MPINAR(1)) model as a practical alternative to the more

general multivariate integer-valued autoregressive (MINAR(1)) process for modelling multi-

variate count time series data in public health surveillance. Section 5.1 covers the formulation

and key statistical properties of the MPINAR(1) model. Section 5.2 discusses a simulation

study conducted to assess the model’s performance under various outbreak scenarios, while

Section 5.3 discusses the application of the model to real syndromic surveillance data.

Chapter 6. In this final chapter, we summarise the main findings of the dissertation and

highlight their implications for both theoretical and practical applications. Based on these

insights, we offer recommendations to guide future research and potential improvements.

Section 6.1 presents the summary, and Section 6.2 outlines the recommendations.

Appendices. These appendices provide supplementary materials supporting the main con-

tent of the dissertation. Appendix A presents the data set utilized for the real data example

discussed in Chapter 4, offering a detailed overview of the variables and data collection meth-

ods. Appendix B contains the R code employed for the simulation study outlined in Chapter

4, facilitating a deeper understanding of the computational processes used in the analysis.

Finally, Appendix C includes the R code relevant to the real data example in Chapter 4,

further illustrating the practical implementation of the methods discussed.
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Chapter 2

Preliminaries

In this chapter, we present the preliminaries necessary for understanding the content of

this dissertation. Section 2.1 provides an overview of the Poisson distribution, including its

mathematical formulation, properties, and applications. Section 2.2 introduces the binomial

thinning operator, highlighting its properties and significance in integer-valued time series

models. Section 2.3 discusses three commonly used parameter estimation methods: maxi-

mum likelihood estimation (MLE), conditional least squares (CLS), and Yule–Walker (YW)

estimation. Finally, Section 2.4 outlines the steps involved in conducting simulation studies

and emphasises their importance in evaluating statistical models.

2.1 Poisson Distribution

The Poisson distribution is one of the most prominent discrete probability distributions in

probability theory and statistics, widely used in modelling events that occur independently

over a fixed interval of time or space. Its relevance spans diverse fields such as queuing theory,

epidemiology, finance, and insurance. This section provides a detailed overview of the Poisson

distribution, including its mathematical formulation, properties, and applications.

2.1.1 Definition and Some Examples

A discrete random variable X is said to follow a Poisson distribution with parameter λ > 0

if its probability mass function is given by

P (X = x) =
e−λλx

x!
, x = 0, 1, 2, . . . . (2.1)

Indeed equation (2.1) defines a probability mass function, since

∞∑
x=0

P (X = x) =
∞∑
x=0

e−λλx

x!

= e−λ

∞∑
x=0

λx

x!

= e−λeλ, since
∞∑
x=0

λx

x!
is the Taylor series expansion of eλ

= 1.

Some examples of random variables that generally follow the Poisson probability distribution

(that is, they obey Equation (2.1)) are as follows:
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(i) The number of misprints on a page (or a group of pages) of a book.

(ii) The number of people in a community who survive to age 100.

(iii) The number of wrong telephone numbers that are dialed in a day.

(iv) The number of packages of dog biscuits sold in a particular store each day.

(v) The number of customers entering a post office on a given day.

(vi) The number of vacancies occurring during a year in the federal judicial system.

(vii) The number of α-particles discharged in a fixed period of time from some radioactive

material.

2.1.2 Moments and Properties

We write X ∼ POI(λ) to indicate that the random variable X follows a Poisson distribution

with parameter λ > 0. A key property of the Poisson distribution is that its expected value

and variance are both equal to its rate parameter. This property is formally stated in the

following proposition.

Proposition 2.1.1. If X ∼ POI(λ), then the expected value and variance of X are given by

E(X) = λ and Var(X) = λ, (2.2)

respectively. Thus, both the expected value and the variance of a Poisson random variable

are equal to its parameter λ.

Proof. We first prove the expected value of X as follows:

E(X) =
∞∑
x=0

xP (X = x)

=
∞∑
x=0

xe−λλx

x!
, by equation (2.1)

=
∞∑
x=1

xe−λλx

x(x− 1)!

= λ

∞∑
x=1

e−λλx−1

(x− 1)!

= λe−λ

∞∑
y=0

λy

y!
, where y = x− 1

= λe−λeλ, since
∞∑
y=0

λy

y!
is the Taylor series expansion of eλ

= λ,

as required.
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Next, we prove the variance of X by first computing E(X2) as follows:

E
(
X2
)
=

∞∑
x=0

x2P (X = x)

=
∞∑
x=0

x2e−λλx

x!
, by equation (2.1)

= λ
∞∑
x=1

xe−λλx−1

(x− 1)!

= λ
∞∑
y=0

(y + 1)e−λλy

y!
, where y = x− 1

= λ

(
∞∑
y=0

ye−λλy

y!
+

∞∑
y=0

e−λλy

y!

)
= λ(λ+ 1),

where the last equality follows since in the preceding equality the first sum equals E(X) = λ,

and the second equals 1 (sum of all probabilities). Finally, the variance is

Var(X) = E
(
X2
)
− (E(X))2

= λ(λ+ 1)− λ2

= λ,

which is the required expression for the variance of X.

Another important characteristic of a Poisson random variable X is its moment generating

function, MX(t), defined for all real values of t by

MX(t) = E
(
etX
)
. (2.3)

Proposition 2.1.2. If X ∼ POI(λ), then the moment generating function of X is given by

MX(t) = eλ(e
t−1). (2.4)

Proof. By the definition of the moment generating function,

MX(t) = E(etX) =
∞∑
x=0

etxP (X = x)

=
∞∑
x=0

etxλxe−λ

x!
, by equation (2.1)

= e−λ

∞∑
x=0

(λet)x

x!

= e−λeλe
t

, since
∞∑
x=0

(λet)x

x!
is the Taylor series expansion of eλe

t

= eλ(e
t−1),

which is the required expression for the moment generating function of X.
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Remark 2.1.3. The expected value and variance of a Poisson random variable can also be

derived from its moment generating function.

Proposition 2.1.4. If X1 ∼ POI(λ1) and X2 ∼ POI(λ2) are independent, then

X1 +X2 ∼ POI(λ1 + λ2). (2.5)

Proof. By the definition of the moment generating function,

MX1+X2(t) = E(etX1+tX2)

= E(etX1etX2)

= E(etX1)E(etX2), since X1 and X2 are independent

= MX1(t)MX2(t)

= eλ1(et−1)eλ2(et−1)

= e(λ1+λ2)(et−1).

This is the moment generating function of a Poisson random variable with parameter λ1+λ2.

Since the moment generating function uniquely determines the distribution of a random

variable, it follows that X1 +X2 ∼ POI (λ1 + λ2).

This result can be extended to n Independent Poisson Random Variables.

Proposition 2.1.5. If X1, X2, . . . , Xn are independent random variables such that Xi ∼
POI(λi) for i = 1, 2, . . . , n, then

n∑
i=1

Xi ∼ POI

(
n∑

i=1

λi

)
. (2.6)

Proof. Let Sn =
∑n

i=1Xi. By the definition of the moment generating function,

MSn(t) = E
(
etSn

)
= E

(
e
∑n

i=1 tXi

)
= E

(
n∏

i=1

etXi

)

=
n∏

i=1

E
(
etXi

)
, since X1, X2, . . . , Xn are independent

=
n∏

i=1

MXi
(t)

=
n∏

i=1

eλi(et−1)

= e
∑n

i=1 λi(et−1).

This is the moment generating function of a Poisson random variable with parameter
∑n

i=1 λi.

Since the moment generating function uniquely determines the distribution of a random

variable, it follows that
∑n

i=1 Xi ∼ POI (
∑n

i=1 λi).
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Corollary 2.1.6. If X1, X2, . . . , Xn are independent identically distributed (i.i.d.) random

variables, each following a POI (λ) distribution, then
n∑

i=1

Xi ∼ POI(nλ). (2.7)

Proof. It follows directly from the Proposition 2.1.5 that
n∑

i=1

Xi ∼ POI

(
n∑

i=1

λ

)
= POI (nλ), (2.8)

as required. This completes the proof of the corollary.

2.1.3 Examples of Applications of the Poisson Distribution

The Poisson distribution is widely applied in various fields to model the occurrence of events

that happen independently and at a constant average rate over a fixed interval of time, space,

or other dimensions. Below are several examples illustrating its practical applications.

1. Customer Arrivals in a Queue

In a queueing system, the number of customers arriving at a service point, such as a bank

or a call center, can be modelled using the Poisson distribution. For instance, if a bank

observes an average arrival rate of 10 customers per hour, then the number of arrivals in a

given hour, denoted by N(1), follows a Poisson distribution with parameter λ = 10, that is,

N(1) ∼ POI(10). The probability of having exactly 5 arrivals in an hour is given by:

P (N(1) = 5) =
e−10(10)5

5!
≈ 0.0378, or approximately 3.78%.

2. Natural Disasters

The Poisson distribution is used to model the occurrence of rare natural disasters such as

earthquakes in a specific region over time. For example, if a region experiences an average

of 3 earthquakes per year and X is the number of earthquakes in a year, then X ∼ POI(3).

The probability of observing exactly 2 earthquakes in a year is:

P (X = 2) =
32e−3

2!
=

9e−3

2
≈ 0.224, or 22.4%.

3. Traffic Accidents

The number of traffic accidents at a specific intersection over a week can be modelled using

the Poisson distribution. Suppose the average number of accidents is 5 per week and X is

the number of accidents in a week, then X ∼ POI(5). The probability of exactly 3 accidents

in a week is given by:

P (X = 3) =
53e−5

3!
=

125e−5

6
≈ 0.140, or 14%.
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4. Disease Outbreaks

The Poisson distribution is frequently used to model the occurrence of rare disease cases in

a population. For instance, if the average number of cases in a small community is 1 per

month and X is the number of outbreaks in a month, then X ∼ POI(1), The probability of

no cases reported in a month is:

P (X = 0) =
10e−1

0!
= e−1 ≈ 0.367, or 36.7%.

5. Defects in Manufacturing

In manufacturing, the Poisson distribution can model the number of defects found in a batch

of items. For example, if a factory produces 100 items per hour and the average defect rate

is 2 per hour and X is the number of defects per hour, then X ∼ POI(2). The probability

of finding no defects in an hour is:

P (X = 0) =
20e−2

0!
= e−2 ≈ 0.135, or 13.5%.

6. Radiation Emissions

In physics, the Poisson distribution is often used to model the count of radioactive particles

emitted from a source within a fixed period. For example, if an average of 8 particles

are emitted per second, then N(1), the distribution of particle counts over any one-second

interval, follows a Poisson distribution with parameter λ = 8, that is, N(1) ∼ POI(8).

2.2 Binomial Thinning Operator

Applying Autoregressive models for count time series is not as straightforward as in the

continuous case. Suppose we have the first order autoregressive (AR(1)) recursion

Xt = α ·Xt−1 + εt (2.9)

This recursion cannot be applied to the count process framework even if the innovations

εt ∈ N0 = {0, 1, 2, . . . }. The reason for this is due to the multiplication problem, that is,

the multiplication α ·Xt−1 does not guarantee to preserve the discrete range. To tackle the

multiplication problem, McKenzie [21] proposed the use of different mechanisms for reducing

Xt−1. One of these proposals is called binomial thinning (binomial subsampling).

Definition 2.2.1. (Weiß [40]) Let X be a random variable with values in N0 = {0, 1, 2, . . . }
and α ∈ (0, 1). Furthermore, let Y1, . . . , YX be independent and identically distributed binary

random variables that are independent of X such that Y1, . . . , YX ∼ Bernoulli(α) = Bin(1, α).

The random variable

α ◦X =
X∑
i=1

Yi (2.10)
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is said to arise from X by binomial thinning. Here, “o” is referred to as the binomial thinning

operator. At the boundaries, where α = 0 or α = 1, define 0 ◦X = 0 and 1 ◦X = X. It is

then clear that α ◦X can only have integer values between 0 and X.

Note that if the value of X is known in Definition 2.2.1, then

α ◦X | X = Y1 + Y2 + . . .+ YX ∼ Bin(1 + 1 + . . .+ 1︸ ︷︷ ︸
X

, α) = Bin(X,α) (2.11)

Moreover, we see that

E(α ◦X) = E
(
E(α ◦X | X)

)
, by the law of total expectation

= E(α ·X), by equation (2.11) (2.12)

This shows that the mean of α·X and α◦X are the same. This further motivates substituting

α ·Xt−1 with α ◦Xt−1 in the AR(1) recursion, since the mean does not change based on this

substitution. However, the variance of α ·X and α ◦X are not the same as shown below:

Var(α ◦X) = Var
(
E(α ◦X | X)

)
+ E

(
Var(α ◦X | X)

)
, by the law of total variance

= Var(α ·X) + E
(
α(1− α) ·X

)
(2.13)

̸= Var(α ·X), by equation (2.11)

In the following proposition we present some properties of the binomial thinning operator

which will be useful in Chapter 3.

Proposition 2.2.2. Let X, Y and Z be random variables with values in N0 = {0, 1, 2, . . . },
and let α, β, γ ∈ [0, 1] be constants. Then the following binomial thinning operations hold:

(1) 0 ◦X = 0

(2) 1 ◦X = X

(3) α ◦ (β ◦ X)
d
= (αβ) ◦ X, that is, the random variables α ◦ (β ◦ X) and (αβ) ◦ X are

distributed identically.

(4) E(α ◦X) = αE(X)

(5) E(α ◦X)2 = α2E (X2) + α(1− α)E(X)

(6) E(α ◦X)3 = α3E (X3) + 3α2(1− α)E (X2) + α(1− α)(1− 2α)E(X)

(7) E((α ◦X)Y ) = αE(XY )

(8) Cov(α ◦X,X) = αVar(X)
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(9) E ((α ◦X)2Y ) = α2E (X2Y ) + a(1− α)E(XY )

(10) E[(α ◦X)(β ◦ Y )] = αβE(X)E(Y ), if X and Y are independent.

Proof. Parts (1) and (2) follows directly from Definition 2.2.1. Furthermore, we have

α ◦ (β ◦X) ∼ Bin(β ◦X,α)

= Bin(X,αβ), since β ◦X ∼ Bin(X, β) by Definition 2.2.1,

proving part (3). Next, by equation 2.12, we have

E(α ◦X) = E(αẊ) = αE(X),

proving part (4). For part (5), we have

E(α ◦X)2 = Var(α ◦X) +
(
E(α ◦X)

)2
= Var(αX) + E

(
α(1− α)X

)
+
(
αE(X)

)2
, by equation 2.13 and part (4)

= α2Var(X) + α(1− α)E
(
X
)
+ α2E(X)2

= α2
(
E(X2)−

(
E(X)

)2)
+ α(1− α)E

(
X
)
+ α2E(X)2

= α2E(X2)− α2E(X)2 + α(1− α)E
(
X
)
+ α2E(X)2

= α2E(X2) + α(1− α)E(X),

proving part (5). For part (6), we have

E(α ◦X)3 = E
[
E
(
(α ◦X)3 | X

)]
, by the law of total expectation

= E
[
αX
(
X2α2 + 3X(X − 1)α(1− α) + (1− α)(1− 2α)

)]
= α3E

(
X3
)
+ 3α2(1− α)E

(
X2
)
+ α(1− α)(1− 2α)E(X),

where the second equality follows from equation (2.11) that α ◦X | X ∼ Bin(X,α) and also

from the third moment of a binomial random variable. This proves part (6). Next,

E
(
(α ◦X)Y

)
=

X∑
i=1

E(ZiY ), since α ◦X =
X∑
i=1

Zi

=
X∑
i=1

E(Zi)E(Y ), since Zi and Y are independent

=
X∑
i=1

αE(Y ), since Zi ∼ Bernoulli(α)

= αE(XY ),
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proving part (7). For part (8), we have

Cov(α ◦X,X) = E
(
(α ◦X)X

)
− E(α ◦X)E(X), by the definition of covariance

= αE(X2)− αE(X)E(X), by parts (3) and (7)

= αE(X2)− α
(
E(X)

)2
= αVar(X),

proving part (8). For part (9), we have

E
(
(α ◦X)2Y

)
= E

((
α2X2 + a(1− α)X

)
Y
)
, by parts (5) and (7)

= E
(
α2X2Y + a(1− α)XY

)
= α2E

(
X2Y

)
+ a(1− α)E(XY )

proving part (9). Finally, we have

E
[
(α ◦X)(β ◦ Y )

]
= αE

[
X(β ◦ Y )

]
, by parts (4) and (7)

= αβE(XY ), by parts (4) and (7) again

= αβE(X)E(Y ), since X and Y are independent,

proving part (10).

We now define the integer-valued AR(1) process using the binomial thinning operator “◦”.

Definition 2.2.3. The first order integer-valued autoregressive (INAR(1)) model is given by

Xt = α ◦Xt−1 + εt, t = 1, 2, 3, . . . , (2.14)

where {εt} is an innovation process consisting of uncorrelated non-negative integer-valued

random variables with finite mean and variance.

We now interpret binomial thinning, and for this, we present the example given by Weiß [40].

Suppose first that Xt−1 represents some population at time t − 1. At the next time step t,

the population may shrink due to individuals dying. If we can assume that each individual

survives independently of each other with the probability α of a individual surviving from

time t− 1 to t, then the population at time t can be given as

Xt = α ◦Xt−1, (2.15)

where α ◦Xt−1 is the number of survivors from t− 1. This can be represented as follows:

Xt︸︷︷︸
Population at time t

= α ◦Xt−1︸ ︷︷ ︸
Survivors from time t−1

+ εt︸︷︷︸
Immigration

(2.16)

The conditional mean and variance are given by:

E (Xt | Xt−1) = α ·Xt−1 + µε,

Var (Xt | Xt−1) = α(1− α) ·Xt−1 + σ2
ε , (2.17)

which are both linear functions of Xt−1, and µε = E(εt) and σ2
ε = Var(εt).
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2.3 Parameter Estimation in Time Series Analysis

This section explores three widely used methods for parameter estimation in time series anal-

ysis: maximum likelihood (ML) estimation, conditional least squares (CLS) and Yule–Walker

(YW) estimation, estimation. Each method offers unique advantages and is tailored to spe-

cific types of time series models.

2.3.1 Maximum Likelihood Estimation

Maximum Likelihood Estimation (MLE) is a statistical method for estimating parameters by

maximizing the likelihood function, which quantifies the probability of observing the given

data under different parameter values. Let X1, . . . , Xn be random variables with a joint

density function f(x1, x2, . . . , xn | θ). Given observed values Xi = xi (i = 1, . . . , n), the

likelihood function is defined as

L(θ) = f(x1, x2, . . . , xn | θ). (2.18)

If the X1, . . . , Xn are independent and identically distributed (i.i.d.) random variables, the

joint density simplifies to the product of the marginal densities:

L(θ) =
n∏

i=1

f(Xi | θ) (2.19)

To simplify computation, the natural logarithm of the likelihood, known as the log-likelihood,

is often maximized instead of the likelihood itself. For an i.i.d. sample, the log-likelihood is:

ℓ(θ) =
n∑

i=1

log f(Xi | θ). (2.20)

Now consider the case where X1, . . . , Xn are i.i.d. and follow a Poisson distribution and λ is

the parameter to be estimated. The maximum likelihood estimate (MLE) of λ is obtained

by maximizing the log-likelihood function:

ℓ(λ) =
n∑

i=1

(
Xi log λ− λ− log(Xi!)

)
= log λ

n∑
i=1

Xi − nλ−
n∑

i=1

log(Xi!) (2.21)

Next, we differentiate the log-likelihood with respect to λ and set it equal to zero:

ℓ′(λ) =
1

λ

n∑
i=1

Xi − n = 0. (2.22)

Solving for λ, the MLE is:

λ̂ = X̄, where X̄ is the sample mean

MLE is widely regarded as a highly efficient and consistent method for parameter estimation

in statistical models. It offers key advantages such as asymptotic normality, flexibility, and

compatibility with likelihood ratio tests for hypothesis testing. However, it can be sensitive

to small sample sizes and model misspecification, which may lead to biased estimates.
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2.3.2 Conditional least squares Estimation

Conditional least squares (CLS) estimation is a widely used method for parameter estima-

tion in time series models, particularly in autoregressive (AR) models, autoregressive moving

average (ARMA) models, and integer-valued time series models such as INAR models. The

CLS approach is derived from basic linear regression principles, where Xt+1 is treated as the

dependent variable (Y ) in the regression model, and Xt, . . . , Xt−p are treated as the inde-

pendent variables (Xi). This method leverages the conditional expectation of the dependent

variable given its past values, ensuring efficient parameter estimation for models that rely

on autoregressive relationships.

Consider an AR(p) model Xt = ϕ1Xt−1 + ϕ2Xt−2 + · · ·+ ϕpXt−p + εt, where Xt is the value

of the time series at time t, ϕ1, ϕ2, . . . , ϕp are the parameters of the model, and εt is white

noise with zero mean and constant variance. The conditional least square estimates are(
θ̂1, . . . , θ̂p

)
= argmin

ϕ1,...,ϕp

n∑
t=p+1

(Xt − ϕ1Xt−1 − · · · − ϕpXt−p)
2 (2.23)

and

σ̂2
ε =

1

n− p

n∑
t=p+1

(
Xt − ϕ̂1Xt−1 − · · · − ϕ̂pXt−p

)2
(2.24)

Notice there is a common term in the above two expressions. We call the term

SC (ϕ1, . . . , ϕp) =
n∑

t=p+1

(Xt − ϕ1Xt−1 − · · · − ϕpXt−p)
2 (2.25)

the conditional sum of squares function. This term represents the total squared error between

the observed values and the model’s predicted values over the time series. By minimizing

SC , the CLS method identifies the parameter values ϕ̂1, . . . , ϕ̂p that lead to the best fit for

the data, in terms of the least squared residuals as

θ̂1, . . . , θ̂p = argmin
ϕ1,...,ϕp

SC (ϕ1, . . . , ϕp) (2.26)

Once the parameters ϕ̂1, . . . , ϕ̂p are estimated, we can calculate the error variance σ̂2
ε , which

measures the variance of the residuals:

σ̂2
ε =

1

n− p
· SC

(
ϕ̂1, . . . , ϕ̂p

)
(2.27)

In summary, Conditional least squares (CLS) is a method used for estimating parameters in

statistical models, where the objective is to minimize the sum of squared residuals conditional

on the given data, typically applied when there is conditional dependence between variables,

allowing for estimation based on conditional expectations or given information. This method

is commonly used in time series models and other situations where conditional relationships

are important for accurate estimation.
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2.3.3 Yule-Walker Estimation

The Yule-Walker estimation method is used to estimate the parameters of autoregressive

(AR) models by leveraging the relationship between the autocorrelation function and the

model parameters by the use of Yule-Walker equations. The Yule-Walker equations are a

set of linear equations that are used to estimate the coefficients of an autoregressive (AR)

model. An AR model is a type of time series model that expresses a variable of interest as a

linear combination of its own past values. The Yule-Walker equations provide a method for

estimating the parameters of the AR model from the autocorrelation function of the time

series data. An autoregressive model of order p, denoted as AR(p), can be written as:

Xt = ϕ1Xt−1 + ϕ2Xt−2 + . . .+ ϕpXt−p + εt (2.28)

where Xt is the value of the time series at time t, ϕ1, ϕ2, . . . , ϕp are the parameters of the

model, and εt is white noise with zero mean and constant variance. The Yule–Walker equa-

tions are derived from the autocorrelation function of the time series. The autocorrelation

function, ρ(k), measures the correlation between values of the time series at different time

points, at lag k. For an AR(p) model, the Yule-Walker equations are given by:

ρ(1) = ϕ1ρ(0) + ϕ2ρ(1) + . . .+ ϕpρ(p− 1)

ρ(2) = ϕ1ρ(1) + ϕ2ρ(0) + . . .+ ϕpρ(p− 2)

...

ρ(p) = ϕ1ρ(p− 1) + ϕ2ρ(p− 2) + . . .+ ϕpρ(0) (2.29)

For an AR(p) process, the Yule-Walker equations can be written in matrix form Rϕ = r.

Where:

Vector of autocorrelations:

r = [ρ(1)ρ(2) . . . ρ(p)] (2.30)

Vector of AR coefficients:

ϕ =
[
ϕ1 ϕ2 . . . ϕp

]
(2.31)

The autocorrelation matrix R is a Toeplitz matrix:

R =



1 ρ(1) ρ(2) . . . ρ(p− 1)

ρ(1) 1 ρ(1) . . . ρ(p− 2)

ρ(2) ρ(1) 1 . . . ρ(p− 3)
...

...
...

. . .
...

ρ(p− 1) ρ(p− 2) ρ(p− 3) . . . 1


(2.32)

To estimate the AR coefficients, one can solve the Yule-Walker equations using methods for

solving linear equations, such as the Levinson-Durbin recursion, which is computationally
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efficient for Toeplitz matrices. The solution provides estimates of the AR coefficients that

are consistent and asymptotically efficient, meaning that as the size of the time series data

grows, the estimates converge to the true values with minimal variance.

The Yule-Walker equations are a fundamental component of time series analysis, providing

a method to estimate the parameters of autoregressive models. They leverage the autocor-

relation structure of the data to produce parameter estimates, enabling the modelling and

forecasting of time series. While useful for estimating α in the context of AR(1) models,

Yule-Walker equations do not directly estimate λ and rely on stationary assumptions, which

may limit their applicability in certain cases (Dunsmuir & Scott, [7]).

2.4 Simulation Studies to Evaluate Model Performance

Simulation studies are essential tools in statistical research for assessing the properties and

performance of proposed models and methods under controlled and replicable conditions.

Unlike real-world datasets, which often present unknown complexities and confounding fac-

tors, simulations allow researchers to systematically generate data from known distributions

and model structures. This controlled environment enables an objective comparison of model

behaviour across different scenarios.

2.4.1 Purpose and Importance

The primary purpose of a simulation study is to evaluate the finite-sample performance of a

statistical method or model. Specifically, simulations help to:

• Assess the bias, variance, and mean squared error (MSE) of parameter estimates;

• Evaluate the coverage probability of confidence or prediction intervals;

• Investigate the power and type I error rate of hypothesis tests or detection procedures;

• Examine the model’s robustness under model misspecification or variations in distri-

butional assumptions;

• Compare the performance of competing models or estimation strategies.

Simulation studies are particularly valuable when theoretical analysis is intractable or when

empirical validation using real-world data is limited.

2.4.2 General Steps in a Simulation Study

A typical simulation study follows these steps:

1. Model Specification: Define the data-generating process (DGP), including the sta-

tistical model, distributional assumptions, and true parameter values. This step should

reflect the characteristics of the real-world setting that the model is intended to address.

23



2. Data Generation: Simulate multiple datasets (typically a large number, such as

1000 or more) from the DGP using a programming environment such as R, Python, or

MATLAB. Each dataset should have the same sample size and structure as the data to

which the model will be applied in practice.

3. Model Fitting: Fit the proposed model (and possibly alternative models) to each

simulated dataset. This involves applying the estimation procedure(s) of interest and

recording the resulting parameter estimates, predictions, or test statistics.

4. Performance Evaluation: For each simulation run, compute evaluation metrics such

as bias, variance, root mean squared error, or empirical coverage. These metrics are

then averaged across all simulated datasets to summarise the model’s performance.

5. Result Interpretation: Summarise the findings using tables, graphs, and descriptive

statistics. Interpret the results with respect to the research questions or modelling

goals, and discuss under what conditions the model performs well or poorly.

2.4.3 Design Considerations

A well-designed simulation study should be:

• Transparent: All assumptions, parameter values, and procedures should be clearly

documented;

• Reproducible: The study should be implemented using code that allows others to

reproduce the results;

• Comprehensive: Include a range of scenarios, such as varying sample sizes, parameter

values, or noise levels, to test model performance under diverse conditions.

2.4.4 Limitations

While simulation studies provide valuable insights, they are not without limitations. Results

are often specific to the chosen DGP and parameter settings and may not generalise to all

real-world situations. Moreover, simulation studies rely on the quality and realism of the

scenarios considered.

2.4.5 Conclusion

Simulation studies serve as a cornerstone in validating statistical models, offering a practical

means to explore their properties under various settings. When designed carefully, they

provide essential evidence of model reliability, guiding both methodological development

and real-world application.
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Chapter 3

From MINAR(1) to MPINAR(1):

Structure, Estimation, and a Two-Step

Approach to Public Health Surveillance

In this chapter, we introduce the first-order multivariate Poisson integer-valued autoregres-

sive (MPINAR(1)) process as a simplification of the first-order multivariate integer-valued

autoregressive (MINAR(1)) process. Section 3.1 presents the MINAR(1) process as a multi-

variate extension of the first-order integer-valued autoregressive (INAR(1)) process, followed

by the formulation of the MPINAR(1) process in Section 3.2. Section 3.3 details the param-

eter estimation approach, and Section 3.4 outlines a two-step methodology for applying the

MPINAR(1) model in public health surveillance.

3.1 MINAR(1): A Multivariate Extension of INAR(1)

This study proposes a public health surveillance approach based on integer-valued autore-

gressive (INAR) processes. INAR processes were first introduced as discrete-valued analogues

of the standard Gaussian autoregressive process by Al-Osh and Alzaid [1] and McKenzie [21].

The simplest integer-valued autoregressive process is of order one, abbreviated as INAR(1),

and is defined as the non-negative process {Xt} satisfying

Xt = α ◦Xt−1 + εt, t ∈ N, (3.1)

where α ∈ [0, 1] and {εt} is a sequence of uncorrelated non-negative integer-valued random

variables with finite mean µ and finite variance σ2 (hereafter referred to as the innovations).

The ◦ symbol denotes the binomial thinning operator, defined by

α ◦X =
X∑
j=1

Yj (3.2)

where {Yj} is a sequence of independent and identically distributed (i.i.d.) Bernoulli random

variables, independent of X, such that

P (Yj = 1) = α and P (Yj = 0) = 1− α. (3.3)

We call {Yj} the counting sequence of α ◦X. The binomial thinning operator serves as an

analogue to scalar multiplication in standard Gaussian (real-valued) time series models while

ensuring that only integer values occur. This operator thus preserves the integer nature of

the INAR(1) process and introduces serial dependence through conditioning on Xt−1.
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INAR processes are useful for modelling count time series in a univariate setting. However,

many real-world applications, including public health surveillance, require modelling multiple

interdependent count processes. This need has led to several extensions of INAR processes

to the multivariate case. We consider a multivariate extension of the INAR(1) process, as

proposed by Pedeli and Karlis [26, 27]. Before presenting this multivariate INAR(1) model,

we first extend the binomial thinning operator to a matrix formulation.

Definition 3.1.1. Let A be an n × n matrix with entries αij satisfying 0 ≤ αij ≤ 1 for

i, j = 1, . . . , n, and let X be a non-negative integer-valued n-dimensional random vector.

The action of A◦ on X = (X1, . . . , Xn)
T , denoted by A ◦X, is an n-dimensional random

vector with i-th component given by

(A ◦X)i =
n∑

j=1

αij ◦Xj, i = 1, . . . , n. (3.4)

More explicitly, the matricial binomial thinning operator ◦ is defined by
α11 α12 . . . α1n

α21 α22 . . . α2n

...
...

. . .
...

αn1 αn2 . . . αnn

 ◦


X1

X2

...

Xn

 =


∑n

j=1 α1j ◦Xj∑n
j=1 α2j ◦Xj

...∑n
j=1 αnj ◦Xj

 . (3.5)

The univariate thinning operations αij ◦ Xj are based on counting sequences {Y (ij)
k }k∈N,

which consist of i.i.d. Bernoulli random variables. Consequently, these univariate operations

are mutually independent. Furthermore, equation (3.5) demonstrates that A◦ functions

similarly to matrix multiplication but applies binomial thinning element-wise instead of

standard arithmetic operations.

The following properties of the matricial binomial thinning operator are useful for deriving

the moments of the MINAR(1) process.

Lemma 3.1.2. Let A = (αij) and B = (βij) be two n×n matrices, where 0 ≤ αij, βij ≤ 1 for

all i, j = 1, . . . , n. Let X and Y be two non-negative integer-valued n-dimensional random

vectors. The matricial binomial thinning operator ◦ satisfies the following properties:

(i) Linearity of Expectation:

E(A ◦X) = AE(X). (3.6)

(ii) Expectation of the Cross Product:

E
[
(A ◦X)(B ◦ Y )T

]
= AE(XY T )BT , (3.7)

provided that all the counting sequences of A ◦X and B ◦ Y are independent.

(iii) Expectation of the Quadratic Form:

E
[
(A ◦X)(A ◦X)T

]
= AE(XXT )AT + diag

(
CE(X)

)
, (3.8)
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where C = (cij) is the n×n variance matrix of Bernoulli random variables αij ◦Xj,t−1,

with elements for all i, j = 1, . . . , n given by

cij = αij(1− αij), (3.9)

and diag(M ) denotes the diagonal matrix of M .

Proof. By Definition 3.1.1, A ◦X and B ◦ Y are n-dimensional random vectors with i-th

components given by (A ◦X)i =
∑n

j=1 αij ◦Xj and (B ◦ Y )i =
∑n

j=1 βij ◦ Yj. Therefore,

parts (i) and (ii) follow directly from the univariate relations given in Proposition 2.2.2 by

E(α ◦X) = αE(X) and E[(α ◦X)(β ◦ Y )] = αβE(X)E(Y ), (3.10)

assuming the counting sequences of α ◦ X and β ◦ Y are independent. Part (iii) is proved

for each component separately, i.e., for k, l = 1, . . . , n, we consider(
E
[
(A ◦X)(A ◦X)T

])
k,l

=
n∑

i,j=1

E
[
(aki ◦Xi)(alj ◦Xj)

]
. (3.11)

If k ̸= l or i ̸= j, then aki ◦Xi and alj ◦Xj are conditionally independent binomial random

variables given Xi and Xj, and

E
[
(aki ◦Xi)(alj ◦Xj)

]
= E

[
E
(
(aki ◦Xi)(alj ◦Xj) | Xi, Xj

)]
, law of total expectation

= E
[
(akiXi)(aljXj)]

= akialjE(XiXj). (3.12)

But if k = l and i = j, we have

E(aki ◦Xi)
2 = E

[
E
(
(aki ◦Xi)

2 | Xi

)]
, by the law of total expectation

= E
[
a2kiX

2
i + aki(1− aki)Xi

]
, since aki ◦Xi ∼ Bin(Xi, aki)

= a2kiE(X2
i ) + aki(1− aki)E(Xi) (3.13)

Using the Kronecker delta,

δkl =

1 if k = l,

0 if k ̸= l,
(3.14)

equations (3.12) and (3.13) can be combined to yield the following relation:(
E
[
(A ◦X)(A ◦X)T

])
k,l

=
n∑

i,j=1

akialjE(XiXj) + δkl

n∑
i=1

aki(1− aki)E(Xi). (3.15)

From this relation, part (iii) follows immediately.

The matricial binomial thinning operator provides a strong foundation for modelling multi-

variate count time series. In particular, it enables the extension of the univariate INAR(1)

process to a multivariate setting while preserving key probabilistic properties. We now de-

fine the multivariate integer-valued autoregressive process of order one (MINAR(1)), which

generalises the INAR(1) process to accommodate multiple interdependent count processes.
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Definition 3.1.3. Let A be an n × n matrix with entries αij satisfying 0 ≤ αij ≤ 1 for

i, j = 1, . . . , n, and let X be a non-negative integer-valued n-dimensional random vector. The

first-order multivariate integer-valued autoregressive (MINAR(1)) process {X t} is defined as:

X t = A ◦X t−1 + εt, t ∈ Z, (3.16)

where εt = (ε1t, . . . , εnt)
T is an innovation vector whose components εit are correlated non-

negative integer-valued random variables. The vector εt is independent of A◦X t−1, and has

mean µε and variance Σε. For greater clarity, the MINAR(1) model is expressed as:
X1t

X2t

...

Xnt

 =


α11 α12 . . . α1n

α21 α22 . . . α2n

...
...

. . .
...

αn1 αn2 . . . αnn

 ◦


X1,t−1

X2,t−1

...

Xn,t−1

+


ε1t

ε2t
...

εnt

 , t ∈ Z. (3.17)

Thus, each component of the MINAR(1) process satisfies

Xit =
n∑

j=1

αij ◦Xj,t−1 + εit, i = 1, . . . , n,

where αij ◦Xj,t−1 are mutually independent univariate binomial thinning operations.

To ensure the existence of a strictly stationary solution to the MINAR(1) process, we impose

conditions on the matrixA and the innovation process εt. The following proposition provides

a sufficient condition for strict stationarity, as established by Franke and Rao [8].

Proposition 3.1.4. The non-negative integer-valued process {X t}t∈Z is the unique strictly

stationary solution of (3.16) if the largest eigenvalue of A is less than 1 and E ∥εt∥ < ∞.

We now derive the mean vector and variance-covariance matrix of the MINAR(1) process,

using the properties of the matricial binomial thinning operator established in Lemma 3.1.2.

Proposition 3.1.5. Let X t be a strictly stationary MINAR(1) process. Then, the mean

vector and variance-covariance matrix of X t, defined respectively as

µ = E (X t) and γ(h) = E
[
(X t+h − µ)(X t − µ)T

]
,

satisfy the following equations:

µ = (I −A)−1µε, (3.18)

γ(h) =


Aγ(0)AT + diag(Bµ) +Σε, h = 0,

Ahγ(0), h ≥ 1,
(3.19)

where I is the identity matrix, and B = (βij) is the n × n variance-covariance matrix of

Bernoulli random variables αij ◦Xj,t−1, with elements given by

βij = αij(1− αij), (3.20)

for all i, j = 1, . . . , n.
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Proof. The MINAR(1) process X t is defined by equation 3.16 as

X t = A ◦X t−1 + εt, t ∈ Z. (3.21)

Taking expectations on both sides of this equation, we obtain

E(X t) = E (A ◦X t−1) + E (εt)

E(X t) = AE (X t−1) + E (εt) , by Lemma 3.1.2 (i)

E(X t) = AE (X t) + E (εt) , by stationarity of the process

µ = Aµ+ µε, by definition of µ

µ−Aµ = µε

(I −A)µ = µε

Since I is the identity matrix and all the eigenvalues of A lie inside the unit circle, the

matrix I −A is invertible, and thus, we can multiply through by its inverse to obtain

µ = (I −A)−1µε.

To prove the variance-covariance matrix equation (3.19), we first observe that

γ(h) = E
[
(X t+h − µ)(X t − µ)T

]
= E

[
(A ◦X t+h−1 + εt − µ)(A ◦X t−1 + εt − µ)T

]
, by equation (3.16) (3.22)

For the case h = 0, we obtain

γ(0) = E
[
(A ◦X t−1 + εt − µ)(A ◦X t−1 + εt − µ)T

]
= E

[
(A ◦X t−1)(A ◦X t−1)

T
]
+ E(εtε

T
t ) + cross terms

= Aγ(0)AT + diag(Bµ) + E(εtε
T
t ) + cross terms, by Lemma 3.1.2 (iii)

= Aγ(0)AT + diag(Bµ) +Σε, (3.23)

where the cross terms vanish since εt is independent of A ◦X t−1. For h ≥ 1, we have

γ(h) = E
[
(X t+h − µ)(X t − µ)T

]
= E

[
(A ◦X t+h−1 + εt − µ)(X t − µ)T

]
= AE[(X t+h−1 − µ)(X t − µ)T ], by Lemma 3.1.2 (ii)

= Aγ(h− 1) (3.24)

We now iterate this recurrence relation as follows:

γ(h) = A1γ(h− 1)

= A2γ(h− 2)

= A3γ(h− 3)

...

= Ahγ(0), (3.25)

which is the required variance-covariance matrix relation for h ≥ 1.
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We conclude this section with a discussion on parameter estimation for the first-order mul-

tivariate integer-valued autoregressive (MINAR(1)) process, defined as:

X t = A ◦X t−1 + εt, t ∈ Z, (3.26)

where A is a thinning matrix, X t is the observed multivariate count process, and εt is an

innovation vector whose components εit are correlated non-negative integer-valued random

variables. The vector εt is independent of A ◦X t−1, and has mean µε and variance Σε.

The unknown parameter vector θ, which includes the elements of A, µε and Σε, can be es-

timated using conditional maximum likelihood estimation (see Pedeli and Karlis [27]). The

likelihood function for the MINAR(1) process is derived from the conditional distribution of

X t given X t−1. For a time series of length T , the likelihood function is given by:

L(θ | x) =
T∏
t=2

f (xt | xt−1,θ) , (3.27)

where f (xt | xt−1,θ) is the conditional probability mass function (PMF) of X t given X t−1,

and θ is the vector of unknown parameters. The conditional PMF f (xt | xt−1,θ) involve

convolutions of n sums of binomial distributions, given by

fi (xi | xt−1) = P (Xit = xi | X t−1 = xt−1) , i = 1, . . . , n, (3.28)

and a distribution of the form

g (k1, . . . , kn) = P (ε1t = k1, . . . , εnt = kn) , (3.29)

which corresponds to the joint distribution of the innovation process {εt}. Consequently,

the conditional PMF f (xt | xt−1,θ) can be expressed as the multiple sum

f (xt | xt−1,θ) =

m1∑
k1=0

· · ·
mn∑
kn=0

f1 (x1t − k1 | xt−1) · · · fn (xnt − kn | xt−1) g (k1, . . . , kn) ,

(3.30)

where mi = min (xit, xi,t−1) for i = 1, . . . , n.

The estimation of θ involves maximizing the log-likelihood function:

l(θ | x) =
T∑
t=2

log f (xt | xt−1,θ) . (3.31)

This is typically done using numerical optimization techniques, such as the Newton-Raphson

method or gradient-based algorithms. However, when assuming a cross-correlated innovation

process, the complexity of the MINAR(1) model increases significantly with dimensionality,

making numerical maximization computationally demanding (see Pedeli and Karlis [27]). To

mitigate this challenge, in the next section, we introduce a simplification of the MINAR(1)

model by assuming that the innovations εit are uncorrelated and follow a Poisson distribution.
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3.2 The MPINAR(1) Model: A Simplified MINAR(1)

Model for Public Health Surveillance

Traditionally, statistical models for public health surveillance data aim to effectively capture

the endemic and epidemic dynamics of disease risk. In principle, the endemic component

explains a baseline rate of cases with a stable temporal pattern and is identified with the

innovations part of the model. More specifically, it describes the risk of new events as a

function of external factors that are independent of the history of the epidemic process.

Examples of such external factors include seasonality, socio-demographic characteristics,

population density, and vaccination coverage. The epidemic component, on the other hand,

introduces infectiousness, that is, an explicit dependence between events. Consequently, the

epidemic component is driven by past observations and corresponds to the autoregressive

part of the model (see Meyer [20]).

This additive decomposition of disease risk is well embodied in the MINAR(1) model (3.16).

However, the inclusion of correlated innovations increases the computational complexity

of parameter estimation and requires strong distributional assumptions about the nature

of the correlations, which may not always align with real-world data. To mitigate these

computational challenges, we introduce a simplified version of the MINAR(1) model (3.16).

Specifically, we propose the first-order multivariate Poisson integer-valued autoregressive

(MPINAR(1)) model, which reduces model complexity by assuming that the innovations εt

(the endemic components) are independent (uncorrelated) and follow a Poisson distribution.

The choice of the Poisson distribution is motivated by its ability to reflect the integer-valued

nature of public health data while being the simplest discrete distribution to work with. The

resulting model admits a realistic epidemiological interpretation and is extremely advanta-

geous in terms of practical implementation since the distribution of the innovations becomes

a product of univariate mass functions:

P (ε1t = k1, . . . , εnt = kn) =
n∏

i=1

P (εit = ki) . (3.32)

The mean vector and variance-covariance matrix of the simplified MPINAR(1) process X t

remain consistent with equations (3.18) and (3.19), where Σε is now a diagonal matrix.

Definition 3.2.1. Let A = (αij) be an n×n matrix where 0 ≤ αij ≤ 1 for all i, j = 1, . . . , n,

and let X be a non-negative integer-valued n-dimensional random vector. The first-order

multivariate Poisson integer-valued autoregressive (MPINAR(1)) process {X t} is defined as

X t = A ◦X t−1 + εt, t ∈ Z, (3.33)

where εt = (ε1t, . . . , εnt)
T is an innovation vector whose components εit are independent

(hence uncorrelated) Poisson-distributed random variables with parameters λi for i = 1, . . . , n.

The innovation vector εt is independent of A ◦X t−1, and has mean µε = (λ1, . . . , λn)
T and

variance Σε = diag(v1λ1, . . . , vnλn), where vi > 1, allowing for overdispersion.
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Proposition 3.2.2. Let X t be a strictly stationary MPINAR(1) process. Then, the mean

vector and variance-covariance matrix of X t, defined respectively as

µ = E (X t) and γ(h) = E
[
(X t+h − µ)(X t − µ)T

]
, (3.34)

satisfy the following equations:

µ = (I −A)−1µε, (3.35)

γ(h) =


Aγ(0)AT + diag(Bµ) +Σε, h = 0,

Ahγ(0), h ≥ 1,
(3.36)

where I is the identity matrix, and B = (βij) is the n × n variance-covariance matrix of

Bernoulli random variables αij ◦Xj,t−1, with elements given by

βij = αij(1− αij), (3.37)

for all i, j = 1, . . . , n, and Σε = diag(λ1 . . . , λn) is a diagonal matrix.

Proof. The result follows directly from Proposition 3.1.5, since setting Σε as a diagonal

matrix accounts for the assumption of uncorrelated innovations.

The independent innovations of the MPINAR(1) model imply that overdispersion, a typical

characteristic of publlic health surveillance data, can be easily accommodated even under

our simplest parametric assumption of Poisson innovations. More specifically, in line with

Pedeli and Karlis [27], if εt = (ε1t, . . . , εnt)
T are independent Poisson random variables with

parameters λ = (λ1, . . . , λn)
T , then the joint distribution of X t is given by the product of

n generalized Poisson distributions (see Gurland [10], Kemp [17]) with parameters that are

nonlinear combinations of λ and powers of A.

In the bivariate case (n = 2), the expectation vector µ = (µ1, µ2)
T has elements given by

µ1 =
(1− α22)λ1 + α12λ2

(1− α11)(1− α22)− α12α21

,

µ2 =
(1− α11)λ2 + α21λ1

(1− α11)(1− α22)− α12α21

, (3.38)

and the variance-covariance matrix

γ(0) =

(
γ11(0) γ12(0)

γ12(0) γ22(0)

)
has elements given by

γ11(0) =
α2
12γ22(0) + 2α11α12γ12(0) + α11(1− α11)µ1 + α12(1− α12)µ2 + v1λ1

1− α2
11

,

γ22(0) =
α2
21γ11(0) + 2α21α22γ12(0) + α21(1− α21)µ1 + α22(1− α22)µ2 + v2λ2

1− α2
22

,

γ12(0) =
α11α21γ11(0) + α12α22γ22(0)

1− α11α22 − α12α21

. (3.39)

We formally present and prove these results in the following proposition.
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Proposition 3.2.3. Let X t = (X1t, X2t)
T be a strictly stationary bivariate process satisfying

X t = A ◦X t−1 + εt, t ∈ Z, (3.40)

where A is a 2× 2 thinning matrix given by

A =

(
α11 α12

α21 α22

)
, (3.41)

with 0 ≤ αij ≤ 1 for all i, j = 1, 2, and εt = (ε1t, ε2t)
T is an innovation vector of i.i.d. random

variables with mean vector µε = (λ1, λ2)
T and variance matrix Σε = diag(v1λ1, v2λ2), where

vi, λi > 0 for all i, j = 1, 2. Then, the expectation vector µ = (µ1, µ2)
T is given by

µ1 =
(1− α22)λ1 + α12λ2

(1− α11)(1− α22)− α12α21

,

µ2 =
(1− α11)λ2 + α21λ1

(1− α11)(1− α22)− α12α21

. (3.42)

Furthermore, the variance-covariance matrix γ(0), given by

γ(0) =

(
γ11(0) γ12(0)

γ12(0) γ22(0)

)
,

has elements

γ11(0) =
α2
12γ22(0) + 2α11α12γ12(0) + α11(1− α11)µ1 + α12(1− α12)µ2 + v1λ1

1− α2
11

,

γ22(0) =
α2
21γ11(0) + 2α21α22γ12(0) + α21(1− α21)µ1 + α22(1− α22)µ2 + v2λ2

1− α2
22

,

γ12(0) =
α11α21γ11(0) + α12α22γ22(0)

1− α11α22 − α12α21

. (3.43)

Proof. For the expectation vector, Proposition 3.2.2 gives the expectation equation:

µ = (I −A)−1µε. (3.44)

Thus, to derive the elements of the expectation vector, we first compute I −A:

I −A =

(
1 0

0 1

)
−

(
α11 α12

α21 α22

)
=

(
1− α11 −α12

−α21 1− α22

)
. (3.45)

Since X t strictly stationary, the matrix I −A is invertible and its inverse given by

(I −A)−1 =
1

(1− α11)(1− α22)− α12α21

(
1− α22 α12

α21 1− α11

)
. (3.46)

The elements of the expectation vector are then found as follows:

µ = (I −A)−1µε

=
1

(1− α11)(1− α22)− α12α21

(
1− α22 α12

α21 1− α11

)(
λ1

λ2

)

=
1

(1− α11)(1− α22)− α12α21

(
(1− α22)λ1 + α12λ2

α21λ1 + (1− α11)λ2

)
(3.47)
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For the variance-covariance matrix, Proposition 3.2.2 gives the moment equation:

γ(0) = Aγ(0)AT + diag(Bµ) +Σε, (3.48)

where B =
(
αij(1− αij)

)
is a 2× 2 matrix. We expand this moment equation as follows:(

γ11(0) γ12(0)

γ12(0) γ22(0)

)
=

(
α11 α12

α21 α22

)(
γ11(0) γ12(0)

γ12(0) γ22(0)

)(
α11 α12

α21 α22

)T

+ diag

[(
α11(1− α11) α12(1− α12)

α21(1− α21) α22(1− α22)

)(
µ1

µ2

)]
+

(
v1λ1 0

0 v2λ2

)

=

(
α11γ11(0) + α12γ12(0) α11γ12(0) + α12γ22(0)

α21γ11(0) + α22γ12(0) α21γ12(0) + α22γ22(0)

)(
α11 α21

α12 α22

)

+

(
α11(1− α11)µ1 + α12(1− α12)µ2 0

0 α21(1− α21)µ1 + α22(1− α22)µ2

)
+

(
v1λ1 0

0 v2λ2

)

=

(
A11 A12

A12 A22

)
+

(
B11 0

0 B22

)
,

where

A11 = α2
11γ11(0) + 2α11α12γ12(0) + α2

12γ22(0),

A12 = α11α21γ11(0) + (α11α22 + α12α21)γ12(0) + α12α22γ22(0),

A22 = α2
21γ11(0) + 2α21α22γ12(0) + α2

22γ22(0),

B11 = α11(1− α11)µ1 + α12(1− α12)µ2 + v1λ1,

B22 = α21(1− α21)µ1 + α22(1− α22)µ2 + v2λ2.

The individual components are then obtained element-wise as follows:

γ11(0) = α2
11γ11(0) + 2α11α12γ12(0) + α2

12γ22(0) + α11(1− α11)µ1 + α12(1− α12)µ2 + v1λ1(
1− α2

11

)
γ11(0) = α2

12γ22(0) + 2α11α12γ12(0) + α11(1− α11)µ1 + α12(1− α12)µ2 + v1λ1

γ11(0) =
α2
12γ22(0) + 2α11α12γ12(0) + α11(1− α11)µ1 + α12(1− α12)µ2 + v1λ1

1− α2
11

,

γ22(0) = α2
21γ11(0) + 2α21α22γ12(0) + α2

22γ22(0) + α21(1− α21)µ1 + α22(1− α22)µ2 + v2λ2(
1− α2

22

)
γ22(0) = α2

21γ11(0) + 2α21α22γ12(0) + α21(1− α21)µ1 + α22(1− α22)µ2 + v2λ2

γ22(0) =
α2
21γ11(0) + 2α21α22γ12(0) + α21(1− α21)µ1 + α22(1− α22)µ2 + v2λ2

1− α2
22

,

γ12(0) = α11α21γ11(0) + (α11α22 + α12α21)γ12(0) + α12α22γ22(0)(
1− α11α22 − α12α21

)
γ12(0) = α11α21γ11(0) + α12α22γ22(0)

γ12(0) =
α11α21γ11(0) + α12α22γ22(0)

1− α11α22 − α12α21

.

This completes the derivation of the variance-covariance components.
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3.3 Conditional Maximum Likelihood Estimation for

the MPINAR(1) Process

Conditional maximum likelihood estimation (CMLE) is a widely used method for estimating

the parameters of time-series models (see Pedeli and Karlis [27]). The first-order multivariate

Poisson integer-valued autoregressive (MPINAR(1)) process is defined as:

X t = A ◦X t−1 + εt, t ∈ Z, (3.49)

whereA is a thinning matrix,X t is the observed multivariate count process, and εt is a vector

of innovations. The innovations εit are assumed to follow independent Poisson distributions

with means λi and variances viλi, where vi > 1 accounts for overdispersion. The goal of

CMLE is to estimate the unknown parameter vector θ, which includes the elements of A

and the innovation means λi. The dispersion parameters vi are then estimated using the

residuals from the fitted model.

The likelihood function for the MPINAR(1) process is derived from the conditional distri-

bution of X t given X t−1. For a time series of length T , the likelihood function is given by:

L(θ | x) =
T∏
t=2

f (xt | xt−1,θ) , (3.50)

where f (xt | xt−1,θ) is the conditional probability mass function (PMF) of X t given X t−1,

and θ is the vector of unknown parameters. The conditional PMF f (xt | xt−1,θ) depends

on the distribution of the innovations εt. For the bivariate case with Poisson innovations,

the conditional PMF can be expressed as:

f (xt | xt−1,θ) =

m1∑
k1=0

m2∑
k2=0

e−(λ1+λ2)

min(k1,k2)∑
m=0

λx1t−k1−m
1 λx2t−k2−m

2

(x1t − k1 −m)!(x2t − k2 −m)!

×
k1∑

j1=0

(
x1,t−1

j1

)(
x2,t−1

k1 − j1

)
αj1
11(1− α11)

x1,t−1−j1αk1−j1
12 (1− α12)

x2,t−1−k1+j1

×
k2∑

j2=0

(
x2,t−1

j2

)(
x1,t−1

k2 − j2

)
αj2
22(1− α22)

x2,t−1−j2αk2−j2
21 (1− α21)

x1,t−1−k2+j2

}
,

where:

• mi = min(xit, x1,t−1, x2,t−1) for i = 1, 2,

• θ = {α11, α12, α21, α22, λ1, λ2} is the parameter vector,

• αij are the elements of the thinning matrix A,

• λ1 and λ2 are the parameters of the Poisson innovations.
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The estimation of θ involves maximizing the log-likelihood function:

l(θ | x) =
T∑
t=2

log f (xt | xt−1,θ) . (3.51)

This is typically done using numerical optimization techniques, such as the Newton-Raphson

method or gradient-based algorithms. The steps are as follows:

1. Initialize the parameter vector θ(0).

2. Compute the log-likelihood l(θ(k) | x) at iteration k.

3. Update the parameter estimates using the optimization algorithm.

4. Repeat until convergence is achieved (e.g., when the change in the log-likelihood or

parameter values falls below a predefined threshold).

After obtaining the estimates for A and λi, the dispersion parameters vi are estimated using

the residuals from the fitted model. The residuals rit are computed as the difference between

the observed values xit and the predicted values x̂it based on the estimated model:

rit = xit − x̂it. (3.52)

The dispersion parameters vi are estimated by calculating the average of the squared residuals

divided by the estimated mean λ̂i for each component i over the time series, as follows:

v̂i =
1

T − 1

T∑
t=2

r2it

λ̂i

. (3.53)

We conclude this section by remarking that while the current formulation assumes Poisson

innovations, the MPINAR(1) model can be extended to accommodate other distributions,

such as the negative binomial or generalized Poisson. For instance, with negative binomial

innovations, the conditional PMF f (xt | xt−1,θ) would need to be modified to include the

additional dispersion parameter. The likelihood function and estimation procedure would

remain conceptually similar, but the mathematical expressions would become more complex.

3.4 Two-Step Approach to Public Health Surveillance

The proposed MPINAR(1) process can be used for modelling historical data and generating

one-step-ahead forecasts for prediction-based monitoring. We should emphasize here that

the set-up phase is assumed to be free of, or cleaned of, outbreaks. The proposed outbreak

detection statistical methodology comprises of two steps: In the first step, the available

series of data in the set-up phase (historical data) is modelled through an MPINAR(1)

process and a parameter vector of maximum likelihood estimates θ̂ is obtained. The second

step is dedicated to the successive monitoring of incoming observations in the operational

phase (surveillance data) using the model obtained from the set-up phase. In particular,

each new observation xt+1 is assessed against a multivariate prediction threshold derived
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from the model fitted in the first step in order to determine whether an alarm should be

triggered. Specifically, for each multivariate observation xt+1 in the operational phase, we

estimate the one-step-ahead predictive distribution

P̂ (X t+1 = xt+1|xt, θ̂), x ∈ Nn
0

and obtain the marginal predictive probabilities

P̂ (Xi,t+1 = xi,t+1|xt, θ̂), i = 1, . . . , n.

For each observation xi,t+1, we construct a (1 − α)% prediction interval with upper bound

xUB
i,t+1 equal to the (1 − α)-quantile of the corresponding marginal predictive distribution,

where α is a pre-specified level of significance. The lower bound of the prediction interval is

set to 0 as we are only interested in detecting positive deviations from the in-control model.

Each series flags an alarm at time t + 1 if the corresponding observation lies outside the

prediction interval, i.e., if

xi,t+1 > xUB
i,t+1.

Finally, for the overall alarm, a majority rule can be defined, i.e. flagging an alarm if a

certain percentage of the series signals an alarm at the same point in time (see Vial [32]).
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Chapter 4

Evaluating the MPINAR(1) Model:

Simulation and Application to COVID-19

Syndromic Surveillance Data

In this chapter, we evaluate the performance of the first-order multivariate Poisson integer-

valued autoregressive (MPINAR(1)) model through a simulation study and a real-world data

application. The goal is to demonstrate the model’s theoretical robustness and practical

utility in public health surveillance. Section 4.1 presents a simulation study designed to

assess the performance of the MPINAR(1) model in comparison to independent univariate

INAR(1) models, using synthetic data generated under controlled conditions. Section 4.2

applies the MPINAR(1) model to COVID-19 syndromic surveillance data, focusing on three

statistically significantly correlated symptoms: fever, cough, and dyspnea.

4.1 Simulation Study

A simulation study was conducted to evaluate the performance of the proposed MPINAR(1)

model. Time series data of length n = 200 were simulated from a trivariate INAR(1) model

with independent Poisson innovations with parameters λi (i = 1, 2, 3). It was assumed that

the first 150 observations consist the set-up phase (that is a clean process without outbreaks)

and the last 50 observations consist the monitoring phase. Subsequently, for each series i, an

outbreak of expected size κi at time t = 170 was simulated from a Poisson distribution with

mean equal to κi . Therefore this trivariate case of the MPINAR(1) model has the form X1t

X2t

X3t

 =

 α11 α12 α13

α21 α22 α23

α31 α32 α33

 ◦

 X1,t−1

X2,t−1

X3,t−1

+

 ε1t

ε2t

ε3t

 ,

where εit are independent Poisson random variables with mean E (εit) = λi + κiI(t = 170)

and I(A) is an indicator function. The true parameter values were assumed to be

A =

 α11 α12 α13

α21 α22 α23

α31 α32 α33

 =

 0.4 0.1 0.3

0.3 0.4 0.2

0.3 0.2 0.1

 , (4.1)

and λ1 = λ2 = λ3 = 1. It was also assumed that κ1 = κ2 = κ3 = κ and the values of κ

were taken to be 5, 8 or 10 . The aim of choosing these specific values for κ is to study
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both cases where the outbreak is manifest, as well as cases where the outbreak cannot be

easily distinguished from the typical range of values in the in-control state. Figure 4.1 shows

the cumulative distribution of the maximum values of 10,000 trivariate INAR(1) series with

independent Poisson innovations and n = 200 observations. All trivariate series are free of

outbreaks (κ = 0) and have been simulated with parameter values as already described.

Figure 4.1: Cumulative distribution of the maximum values of 10,000

triavariate INAR(1) series with independent Poisson innovations.

The maximum values range between 8 and 25 for {X1} and {X2} and between 6 and 12 for

{X3}. Since the process is in contol until t = 169, the expected value of the trivariate series at
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the time of the outbreak (t = 170) can be easily computed as E (X170) = AE (X169)+λ+κ =

A(I −A)−1λ+λ+κ, where λ = (λ1, λ2, λ3)
T . The computed expectations for κ = 5, 8 and

10 are summarized in Table 4.1 below.

Table 4.1: Expected values of a triavariate INAR(1) series with independent Poisson

innovations at the time of an outbreak of expected size κ equal to 5,8 and 10. As-

sumed parameter values are equal to = (α11, α12, α13, α21, α22, α23, α31, α32, α33, λ1, λ2, λ3) =

(0.4, 0.1, 0.3, 0.3, 0.4, 0.2, 0.3, 0.2, 0.1, 1, 1, 1)

κ E(X1t) E(X2t) E(X3t)

5 9.36 10.08 8.69

8 12.35 13.08 11.69

10 14.36 15.08 13.69

Table 4.2 summarizes the empirical probabilities of the maximum value of each univariate se-

ries being greater than the corresponding expectation of the series at the time of an outbreak

(t = 170), P (maxt̸=170 (xit) > E (Xi,170)) , i = 1, 2, 3.

Table 4.2: Empirical probabilities of the maximum value of each univariate series be-

ing greater than the corresponding expectation of the series at the time of an out-

break of expected size κ equal to 5, 8 and 10. Data have been simulated with n =

200 and = (α11, α12, α13, α21, α22, α23, α31, α32, α33, λ1, λ2, λ3) = (0.4, 0.1, 0.3, 0.3, 0.4, 0.2,

0.3, 0.2, 0.1, 1, 1, 1). The outbreak is assumed to happened at time t = 170.

P (maxt̸=170 (xit) > E (Xi,170))

κ i = 1 i = 2 i = 3

5 0.9993 0.4642 0.9626

8 0.7476 0.0349 0.2192

10 0.2996 0.0035 0.0315

From Figure 4.1 and Table 4.2 above we can conclude that κ = 5 corresponds to outbreaks

that cannot be easily distinguished from the typical range of values in the in-control state,

since the empirical probabilities P (maxt̸=170 (xit) > E (Xi,170)) are high for all univariate

series. In contrast, k = 8 and k = 10 correspond to pronounced outbreaks with small

empirical probabilities.

For each scenario (κ = 5, 8 or 10), we conducted 1000 simulation replicates. In each replicate,

a trivariate INAR(1) model with independent Poisson innovations was fitted to the set-up

phase and the parameter estimates were used to compute 90%, 95% and 99% upper prediction

limits for the monitoring phase. For comparison purposes, we also fitted three independent

INAR(1) models with Poisson innovations to the historical data and followed the same

process for the computation of upper prediction limits. As evaluation measures we used the
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detection rate and weekly false alarm rate based on a rule of 2/3 that is, assuming that an

alarm is triggered if at least two out of the three series flagged an alarm at the same point

in time. The detection rate was computed as the proportion of the 1000 replicates in which

an alarm was triggered at time t = 170 while the weekly false alarm rate was defined as the

number of cases in which an alarm was flagged at time t ̸= 170 divided by 1000× 49. Based

on our simulations, we have also approximated the average run length (ARL) for different

outbreak sizes κ and different significance levels α. In particular, for each univariate series

we used the standard definition of ARL that is, we defined ARLi, i = 1, 2, 3 as the average

number of points in the monitoring phase that precede the very first indication of a false

alarm. Then, to get an overall measure of the performance of the suggested multivariate

surveillance approach, we followed a conservative approach defining ARL = miniARLi.

However, it is important to note that this approximation and the related results should be

treated with caution, first of all due to the limited number of simulations (see Weiß [39]),

secondly because we are handling multivariate count data through a multivariate surveillance

approach, and thirdly because our decision on the occurrence of an outbreak is based on a

2/3 rule rather than on modelling each series separately. The estimated ARL i ’s and overall

ARLs are summarized in Table 4.3 below.

Table 4.3: Average run lengths for the three series (ARL i ’s) and overall (ARLs), for different

outbreak sizes κ and different significance levels α.

trivariate INAR(1) independent INAR(1)

Outbreak size Sign. level ARL1 ARL2 ARL3 ARL ARL1 ARL2 ARL3 ARL

κ = 5 a = 10% 16.0 15.5 15.3 15.3 17.0 13.0 14.0 13.0

a = 5% 20.5 20.1 19.5 19.5 21.5 17.5 18.2 17.5

a = 1% 25.8 27.1 24.7 24.7 26.0 25.0 24.5 24.5

κ = 8 a = 10% 15.2 14.8 14.4 14.4 16.0 12.0 13.0 13.0

a = 5% 21.0 20.8 20.2 20.2 21.0 17.0 18.0 17.0

a = 1% 26.5 28.0 25.8 24.0 24.0 24.0 24.3 24.0

κ = 10 a = 10% 17.0 15.5 16.0 15.5 17.5 12.5 13.8 12.5

a = 5% 20.0 21.0 20.7 20.0 21.0 15.8 17.0 15.8

a = 1% 30.0 26.0 27.0 26.0 25.5 21.5 23.0 21.5

The ARLs range from 14.4 to 15.5, 19.5 to 20.2 and 24.0 to 26.0 for α = 10%, 5% and

1% respectively when the multivariate approach is applied. Keeping in mind that the true

outbreak has actually occurred at t = 170 and that the monitoring phase is the period

t = 150, . . . , 200, we conclude that if a false alarm is triggered, this is expected to happen

around a week earlier than the true outbreak when α = 10%, around the time of the true

outbreak when α = 5% and a bit later than the time of the true outbreak when α = 1%.

Fitting three independent INAR(1) models to the data results in generally lower ARLs

that range between 12.5 and 13.0 when α = 10%, between 15.8 and 17.5 when α = 5%
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and between 21.5 and 24.5 when α = 1%. The consistently higher ARLs obtained by the

multivariate approach indicate its superiority over the univariate modelling approach in

terms of this specific evaluation measure. The estimated detection rates and false alarm

rates are summarized in Table 4.4 below.

Table 4.4: Detection rates (DR) and false alarm rates (FAR) for different outbreak sizes κ

and different significance levels α. The reported numbers have been multiplied by 100.

trivariate INAR(1) independent INAR(1)

Outbreak size Sign. level DR FAR DR FAR

κ = 5 α = 10% 87.5 1.20 87.0 2.80

α = 5% 78.6 0.30 76.9 0.90

α = 1% 53.8 0.01 48.2 0.09

κ = 8 α = 10% 98.9 1.25 98.8 3.70

α = 5% 98.2 0.30 97.5 1.45

α = 1% 92.8 0.01 90.8 0.22

κ = 10 α = 10% 99.5 1.35 99.6 4.10

α = 5% 99.6 0.38 99.5 1.85

α = 1% 98.0 0.02 97.6 0.35

As expected, the larger the size of the outbreak is, the higher the achieved detection rate.

This conclusion holds for both the trivariate and the indepedent INAR(1) modelling ap-

proaches that are equivalently effective in terms of the estimated detection rates. However,

the multivariate approach has an obvious superiority in terms of the false alarm rates that

are consistently lower than the corresponding false alarms rates achieved for all κ ’s and

α ’s under the univariate approach. The outperformance of the multivariate approach in

terms of false alarm rates is not surprising since the independent INAR(1) models ignore

the cross-correlation between the series resulting in narrower prediction intervals and thus

increasing the number of false alarms.

Focusing on the multivariate approach, it is evident that the false alarm rates are generally

low without any particular pattern with regard to the outbreak size. Regarding the role of

the significance level α, we observe that decreasing α results in lowering both the detection

rates and false alarm rates. The degree of reduction depends however on the true oubreak

size. In particular, the conservative α = 1% proves to be too strict for κ = 5 as it achieves

a detection rate of around 53.8% contrary to α = 5% or 10% that achieve detection rates of

78.6% and 87.5% respectively. However, the detection rates achieved at different significance

levels improve considerably for larger outbreak sizes even reaching 99.6% for κ = 10 and

α = 5%. For α = 1% the corresponding detection rate is equal to 98.0% but with a false

alarm rate of 0.02% that is much smaller than those corresponding to α = 5% or 10%(0.38%

and 1.35% respectively). In the following section, the choice of the significance level to be

used for outbreak detection purposes is the conservative α = 1%.
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4.2 Application to COVID-19 Syndromic Surveillance

Among various aspects of health surveillance, syndromic surveillance is considered as an

important tool since it is based on symptoms rather than diagnosis and hence it can create

alerts faster. For example, syndromic surveillance systems for detection of biologic terrorism

after the terrorist attack of September 11, 2001 have been launched in New York city (Das

et al. [6]). In addition, during large athletic events such surveillance systems can be useful

to quickly detect threats for the public health, and they have been used in winter Olympic

Games in Salt Lake City 2002 (Gesteland et al. [9], Mundorff et al. [22]) and Athens

2004 Olympic Games (Dafni et al. [5]). Syndromic surveillance data are by nature low

count data, especially if they refer to incidences of diseases and symptoms that are not

so common. In such cases, the usual normal approximation is not appropriate and the

data should rather be treated as discrete-valued time series. Moreover, when the collected

data involve several related variables, this brings forward the need to consider multivariate

surveillance techniques.

Unlike traditional surveillance systems that generally rely on voluntary reports from providers,

syndromic surveillance systems continuously acquire data through protocols or automated

routines, making them valuable for early detection, monitoring, and investigation of out-

breaks, including bioterrorism-related events. The data used in this study is the syndromic

surveillance data of the most commonly experienced clinical symptoms among hospitalized

COVID-19 patients provided by the Brazilian Ministry of Health available for download at

OpenDataSUS SRAG. The dataset has been organized on a daily basis. In this study, we

considered three distinct symptoms of COVID-19 that are significantly correlated to each

other (cross-correlations ranging from 0.20 to 0.45). In particular, we shall consider fever,

cough, and dyspnea(a sensation of difficulty breathing or shortness of breath).

Our Set up phase was between March 11, 2020 and August 7, 2020 while our monitoring

period started on August 8, 2020 and ended on September 26, 2020. During both periods

symptoms were recorded on a daily basis so that the historical and surveillance data consist

of t0 = 150 and t1 = 50 observations respectively.

The time series plots of the three series during the set-up and monitoring phases are included

in Figure 4.2. Table 4.5 summarizes basic descriptive statistics. The plots of autocorrela-

tions and partial autocorrelations of the three series during the set-up phase are shown in

Figure 4.3 and Figure 4.4. The exponentially decaying autocorrelation functions indicate

the appropriateness of an AR-type modelling approach whilst the partial autocorrelation

functions suggest an order of dependence around one or two.
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Figure 4.2: Time series plot for distinct symptoms for covid-19, fever, cough and dyspnea

at Set-up phase(left panel) and Operational phase(Right panel)

Table 4.5: Mean, variance and coefficient of variation (CV) for the three syndromes during

the set-up and monitoring phases.

Set-up phase Monitoring phase

Mean Variance CV Mean Variance CV

Fever 8.96 17.80 47% 7.94 14.42 48%

Cough 9.19 16.65 44% 9.56 15.52 41%

Dyspnea 5.76 22.75 83% 5.18 22.15 91%
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Figure 4.3: Plots of the autocorrelations of the historical data (set-up phase) for an INAR(1)

time series model shows an exponential decay validating the suitability of the model to the

given data showing exponential decay indicate the appropriateness of an AR-type modelling

approach.

Figure 4.4: Plots of the patial autocorrelations of the historical data (set-up phase)
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In the following we apply the approach of Section 3.4, i.e. we fit a trivariate INAR(1)

model with indepedent Poisson innovations for modelling and prediction using the historical

syndromic surveillance data. To account for regressors usually related to infectious disease

data we express the expectation of the innovation series as function of the available covariate

information, i.e. E (εit) = exp
(
zT
t β
)
, i = 1, 2, 3, where zt as a vector of covariates with

associated regression parameters β (see Pedeli and Karlis [27]). As candidate covariates we

consider terms for seasonality and a binary indicator for the day of the week on which the

recording of syndromes was implemented (weekdays vs. weekends). We don’t consider time

trends since Figure 4.2 does not suggest the presence of any trend in our data. Therefore,

each marginal series is modeled as Xit =
∑3

j=1 αij ◦ Xj,t−1 + εit,i = 1, 2, 3, where εit are

independent Poisson random variables with mean

E (εit) = exp

{
βi0 + βi1 Weekday + βi2 cos

(
2πt

365

)
+ βi3 sin

(
2πt

365

)}
(4.2)

for t = 1, . . . , t0. Note that in the trigonometric terms that have been employed to capture

seasonal patterns, we consider a seasonal period equal to 365. For comparison purposes we

also employ a univariate surveillance approach based on fitting three indepedent INAR(1)

regression models with Poisson innovations. Covariate information is incorporated in the

univariate models in the same way, i.e. through equation 4.2. With both approaches, the

marginal one-step-ahead predictive distributions are used for the construction of (1 − α)%

prediction intervals, the upper bounds of which serve as thresholds for outbreak detection.

We assume a component-wise type I error rate of α = 0.01 and for the overall alarm we

set a rule of 2/3 that is an alarm is triggered if at least two out of the three series flag

an alarm at the same point in time. The parameter estimates and corresponding standard

errors obtained with the two modelling approaches are summarized in Table 4.6 and 4.7.

Correlation Parameters Trivariate INAR(1) Independent INAR(1)

α̂11 0.32(0.044) 0.41(0.039)

α̂12 0.28(0.043) -

α̂13 0.35(0.054) -

α̂21 0.42(0.040) -

α̂22 0.45(0.045) 0.39(0.041)

α̂23 0.30(0.048) -

α̂31 0.41(0.039) -

α̂32 0.22(0.039) -

α̂33 0.34(0.047) 0.43(0.045)

Table 4.6: Maximum likelihood estimates (standard errors) of the correlation parameters

obtained from fitting three independent Poisson INAR(1) or a trivariate INAR(1) regression

model with independent Poisson innovations to the historical data.
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Regression Parameters Trivariate INAR(1) Independent INAR(1)

β̃10 0.890(0.153) 0.806(0.099)

β̂11 −0.355(0.145) −0.378(0.110)

β̂12 −0.359(0.118) −0.322(0.078)

β̂13 −0.318(0.098) −0.340(0.073)

β̂20 0.797(0.135) 0.896(0.096)

β̂21 −0.367(0.133) −0.318(0.102)

β̂22 0.311(0.121) 0.356(0.070)

β̂23 0.348(0.110) 0.396(0.068)

β̂30 0.690(0.155) 0.746(0.109)

β̂31 0.347(0.142) 0.346(0.113)

β̂32 −0.374(0.099) −0.312(0.072)

β̂33 −0.398(0.090) −0.346(0.071)

Table 4.7: Maximum likelihood estimates (standard errors) of the regression parameters

obtained from fitting three independent Poisson INAR(1) or a trivariate INAR(1) regression

model with independent Poisson innovations to the historical data.

Results in Table 4.6 and 4.7 indicate significant first-order autocorrelations under both fit-

tings. The cross-correlation parameters estimated by the trivariate INAR(1) model are also

significant indicating the appropriateness of the multivariate approach. Figure 4.5 below

shows the correlograms of the residuals obtained by the two modelling approaches.

Figure 4.5: Plots of the autocorrelations of the residuals obtained by the trivariate INAR(1)

(first row) and the independent INAR(1) regression models (second row).
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The trivariate INAR(1) model shows fewer significant autocorrelations in the residuals. This

implies that the residuals can be considered approximately white noise, indicating that the

model fit is adequate. In contrast, the independent models show more significant autocorre-

lations, indicating a less precise fit compared to the trivariate approach.

However, Figure 4.6 below reveals some remaining cross-correlations with the two modelling

approaches equally capturing cross-correlations effectively.

Figure 4.6: Plots of the cross-correlations of the residuals obtained by the trivariate INAR(1)

(first row) and the independent INAR(1) (second row) regression models.

The surveillance plots for the two modelling approaches are illustrated in Figure 4.7. In these

plots, red lines represent the upper bounds of the 99% prediction intervals, which define the

thresholds for detecting alarms. Blue markers indicate the specific time points at which an

overall alarm is raised.

The analysis shows that the four alarms detected using the trivariate INAR(1) model are

also identified when applying the independent INAR(1) models to the historical data. This

indicates that the alarms flagged by the trivariate model are consistent with those detected by

the independent models. However, trivariate INAR(1) model raises an additional alarm that

is not detected by the independent INAR(1) model. This suggests that while both models

identify some common alarms, the trivariate INAR(1) model is more sensitive, revealing an

extra alarm that may not be captured by the independent INAR(1) model.
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Figure 4.7: Surveillance plots as obtained after fitting a trivariate INAR(1) regression

model with independent Poisson innovations (first three rows) or three independent Poisson

INAR(1) regression models (last three rows) to the historical data. Statistical alarms (blue

markers) are raised when at least two series exceed the upper bounds of the corresponding

99% prediction intervals (red lines).
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Chapter 5

Discussion

In this chapter, we discuss the results and implications of the first-order multivariate Pois-

son integer-valued autoregressive (MPINAR(1)) model as a practical alternative to the more

general multivariate integer-valued autoregressive (MINAR(1)) process for modelling multi-

variate count time series data in public health surveillance. Section 5.1 covers the formulation

and key statistical properties of the MPINAR(1) model. Section 5.2 discusses a simulation

study conducted to assess the model’s performance under various outbreak scenarios, while

Section 5.3 discusses the application of the model to real syndromic surveillance data.

5.1 On the Structure of the MPINAR(1) Model

This study has proposed the MPINAR(1) model as a practical alternative to the more gen-

eral MINAR(1) process for modelling multivariate count time series data in public health

surveillance. While the MINAR(1) model offers a flexible framework for capturing inter-

dependencies among multiple count series, its reliance on correlated innovations introduces

significant computational challenges during parameter estimation. These challenges become

more pronounced as dimensionality increases and distributional assumptions about the cor-

relation structure of the innovations become more difficult to justify in real-world surveillance

settings. To address this, the MPINAR(1) model simplifies the innovation structure by as-

suming that the innovation terms follow independent Poisson distributions. This assumption

reduces the complexity of the likelihood function, making conditional maximum likelihood

estimation more tractable. Importantly, the assumption of independence does not compro-

mise the model’s ability to accommodate overdispersion, a common feature in public health

count data, since dispersion parameters can be estimated through residual-based methods.

Moreover, the MPINAR(1) model preserves the key structural and probabilistic properties

of the MINAR(1) model. These include the binomial thinning-based autoregressive struc-

ture and the stationarity conditions based on the spectral radius of the thinning matrix.

By retaining these features, the MPINAR(1) model maintains theoretical robustness while

enhancing practical usability. In the context of public health surveillance, this simplified

framework facilitates more efficient implementation of monitoring and outbreak detection

systems. The two-step methodology outlined in Section 3.4 leverages the fitted model from

clean historical data to generate one-step-ahead forecasts and define predictive thresholds.

This setup allows for timely detection of abnormal deviations in observed data, enabling

early warning signals for potential outbreaks.
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While the independence assumption simplifies inference, it may limit the model’s ability

to capture cross-correlations in innovations that may be present in practice. Nevertheless,

this trade-off is justified in applications where computational efficiency, interpretability, and

timely detection are prioritised. Future extensions of this work could explore flexible de-

pendence structures, such as copula-based innovations or hierarchical models, that preserve

tractability while allowing for limited correlation among innovation terms.

5.2 On the Simulation Study

To evaluate the practical effectiveness of the MPINAR(1) model in outbreak detection, a

simulation study was conducted using trivariate count time series with controlled outbreak

events. The results confirmed the model’s ability to detect outbreaks reliably, especially for

larger deviations from the in-control state. For small outbreaks (κ = 5), the model exhibited

weaker detection performance due to the challenge of differentiating small anomalies from

routine variability. However, detection performance improved significantly with increased

outbreak sizes (κ = 8 and 10), as reflected in higher detection rates and lower empirical

probabilities of missed detection.

The MPINAR(1) model consistently outperformed independent univariate INAR(1) models

across key performance metrics, including average run length (ARL) and false alarm rate

(FAR). The multivariate structure leveraged cross-series information to generate more stable

predictions and appropriately wide prediction intervals, resulting in fewer false alarms. For

example, at κ = 8 and α = 5%, the MPINAR(1) model achieved a detection rate of 98.2%

and a FAR of only 0.30%, compared to a higher FAR of 1.45% under the univariate approach.

These findings underscore the importance of accounting for multivariate dependencies in

surveillance data.

The simulation study also examined the role of the significance level α in balancing detection

sensitivity and specificity. A conservative threshold (α = 1%) reduced false alarms but also

lowered the detection rate for smaller outbreaks. Nonetheless, for larger outbreaks, α = 1%

still provided high detection performance, suggesting it may be an appropriate choice when

minimising false positives is a priority.

Several limitations of the simulation design should be noted. The outbreak was assumed to

occur at a fixed point in time within a fixed-length series, which may not fully reflect real-

world conditions. Furthermore, the number of simulation replicates (1000) may limit the

precision of ARL estimates. The chosen majority rule (2/3) for overall alarm generation is

one of several possible strategies and could be refined or replaced in future work. Additional

investigations could consider a broader range of parameter values, outbreak timings, and

alternative decision rules.
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5.3 On the Real Data Application

The application of the MPINAR(1) model to syndromic surveillance data from hospitalized

COVID-19 patients provides valuable insights into its practical utility for real-time outbreak

monitoring. The dataset, consisting of daily counts of three key symptoms fever, cough,

and dyspnea exhibited moderate cross-correlations and clear signs of temporal dependence,

justifying the use of a multivariate integer-valued autoregressive framework.

By fitting a trivariate INAR(1) model with independent Poisson innovations, we were able to

incorporate relevant covariate information, including day-of-week effects and seasonal com-

ponents, to account for systematic variability in the innovation process. The parameter

estimates indicated significant first-order autocorrelations and cross-correlations, reinforcing

the appropriateness of the multivariate structure. In contrast, univariate INAR(1) regres-

sion models failed to capture the cross-series dependence, resulting in narrower prediction

intervals and a higher potential for false alarms.

The residual analysis supported the improved fit of the multivariate approach. The cor-

relograms of residuals from the trivariate model showed fewer significant autocorrelations,

suggesting a better approximation to white noise. Meanwhile, residuals from the indepen-

dent models exhibited more pronounced autocorrelation, indicating that these models did

not fully capture the structure in the data. Interestingly, the cross-correlation plots of the

residuals showed that both approaches performed similarly in capturing cross-series dynam-

ics, though the trivariate model offered slight improvements.

Surveillance performance was evaluated using one-step-ahead predictive intervals with a 99%

confidence level. The trivariate MPINAR(1) model triggered five alarms, compared to four

from the univariate approach. Notably, all alarms raised by the univariate model were also

detected by the trivariate model, but the latter identified an additional potential outbreak

that was not captured by the independent models. This added sensitivity illustrates a key

advantage of the multivariate approach: its ability to detect subtle, correlated deviations

that might be missed when monitoring each series separately.

The use of a 2/3 majority rule for issuing an overall alarm proved to be an effective compro-

mise between sensitivity and specificity. It ensured that isolated spikes in individual series

did not lead to unwarranted alerts while still allowing for timely detection when multiple

symptoms simultaneously showed abnormal behaviour.

Overall, the application highlights the strengths of the MPINAR(1) model in real-world

settings. Its flexibility in incorporating covariate effects, ability to capture interdependencies,

and suitability for low-count data make it a robust tool for modern syndromic surveillance.

While the independent univariate models offer simplicity, they may overlook meaningful

multivariate patterns that are crucial for early outbreak detection.

Future work could explore the inclusion of more granular covariates, alternative alarm rules,
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or extensions to account for potential overdispersion or missing data. Nonetheless, the

current findings strongly support the use of MPINAR(1) models in public health monitoring

systems.
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Chapter 6

Conclusion and Recommendations

In this final chapter, we summarise the main findings of the dissertation and highlight their

implications for both theoretical and practical applications. Based on these insights, we offer

recommendations to guide future research and potential improvements. Section 6.1 presents

the summary, and Section 6.2 outlines the recommendations.

6.1 Conclusion

This dissertation has developed and evaluated the MPINAR(1) model as a practical and

theoretically robust framework for modelling multivariate count time series data in public

health surveillance. By simplifying the more general MINAR(1) process through the as-

sumption of independent Poisson-distributed innovations, the model achieves a significant

reduction in computational complexity while preserving critical structural properties, such as

the binomial thinning mechanism and conditions for stationarity. This innovation enhances

computational efficiency while maintaining the methodological rigour required for accurate

and reliable analysis.

The comprehensive simulation study in Chapter 4 underscores the model’s effectiveness in

outbreak detection, demonstrating its superior performance over univariate INAR(1) mod-

els across key metrics, including average run length, false alarm rate, and detection rate.

Furthermore, the study reveals how the choice of significance level influences the trade-off

between sensitivity and specificity, providing valuable insights for optimizing outbreak de-

tection systems. These findings highlight the model’s potential to improve the timeliness

and accuracy of public health responses.

The real-data application to syndromic surveillance during the COVID-19 pandemic further

solidifies the model’s practical utility. The MPINAR(1) model delivers improved model

fit, superior residual diagnostics, and enhanced detection of multivariate anomalies. Its

flexibility in incorporating covariates and adaptability to real-world surveillance conditions

make it an indispensable tool for modern public health monitoring. This application not

only validates the model’s theoretical foundations but also demonstrates its readiness for

deployment in real-time surveillance systems.

In conclusion, the MPINAR(1) model represents a significant advancement in the field of

multivariate count time series analysis, bridging the gap between methodological rigour and

computational efficiency. Its design enables real-time implementation, making it a powerful

tool for early warning systems and informed decision-making in public health surveillance.
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By addressing critical challenges in outbreak detection and monitoring, this work contributes

to the ongoing effort to safeguard public health in an increasingly complex data-driven world.

6.2 Recommendations

The MPINAR(1) model has demonstrated its effectiveness in modelling multivariate count

time series data for public health surveillance, as evidenced by the simulation study, which

highlighted its superior outbreak detection performance, and the real-data application, which

validated its practical utility in COVID-19 syndromic surveillance. However, challenges

such as detecting small outbreaks and handling missing data, as well as opportunities to

extend the model’s methodological framework, have been identified during this research. To

address these challenges and leverage these opportunities, the following recommendations are

proposed to extend the methodological framework, enhance outbreak detection performance,

and broaden the model’s applicability in real-world settings.

1. Enhancing the Innovation Structure

While the assumption of independent Poisson innovations simplifies computation, it

may limit the ability of the model to capture cross-correlations and overdispersion in

real-world data. Future work could explore alternative innovation structures, such as

copula-based models or hierarchical frameworks, to allow for limited dependence among

innovation terms while maintaining computational tractability. Moreover, the use of

alternative distributions, such as negative binomial or zero-inflated Poisson, could be

investigated to better handle overdispersed or zero-inflated data. These improvements

would further enhance the model’s flexibility and applicability.

2. Extending the Methodological Framework

The current MPINAR(1) framework focuses on first-order autoregressive processes, but

future work could extend the framework to higher-order models, such as MPINAR(p)

for p > 1, to capture more complex temporal dependencies. Additionally, a Bayesian

implementation of the MPINAR(1) model could provide a natural framework for in-

corporating prior knowledge, handling uncertainty, and enabling real-time updating of

parameter estimates as new data become available. Furthermore, comparative studies

should be conducted to evaluate the MPINAR(1) model against other multivariate

count time series models, such as Bayesian networks, machine learning approaches, or

state-space models, to identify the specific contexts where each method excels.

3. Exploring Alternative Estimation Techniques

While conditional maximum likelihood estimation was effective for parameter estima-

tion in the MPINAR(1) model, future work could explore alternative approaches, such

as Bayesian inference or Expectation-Maximization (EM) algorithms. These methods

may offer improved robustness, particularly in scenarios with limited data or complex

dependence structures. Additionally, a comparative study of estimation techniques

could provide insights into their relative strengths and limitations.
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4. Improving Outbreak Detection Performance

The simulation study revealed that the MPINAR(1) model struggles to detect small

outbreaks (κ = 5) due to the challenge of differentiating subtle anomalies from routine

variability. Future research could explore adaptive thresholding techniques or machine

learning-based anomaly detection methods to enhance sensitivity for small outbreaks.

Moreover, the simulation study assumed fixed outbreak timings, which may not reflect

real-world conditions. Future work should investigate the model’s performance under

varying outbreak timings and durations to better assess its robustness in dynamic

settings. Lastly, the 2/3 majority rule used in this study is one of many possible

decision rules. Future research could evaluate alternative rules, such as weighted voting

schemes or Bayesian decision frameworks, to optimize the balance between sensitivity

and specificity.

5. Expanding the Real-Data Application

The real-data application demonstrated the model’s ability to incorporate covariates

like day-of-week effects and seasonal components. Future work could explore the inclu-

sion of more granular covariates, such as weather data, vaccination rates, or mobility

patterns, to further improve predictive accuracy. Additionally, while the model was val-

idated using COVID-19 syndromic surveillance data, its application to other infectious

diseases (e.g., influenza, dengue, or tuberculosis) should be investigated to assess its

generalizability and versatility. Furthermore, real-world surveillance data often contain

missing values, and future research could extend the MPINAR(1) model to incorporate

imputation methods or robust estimation techniques for handling incomplete data.
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Appendix A

Data set for the Application

In Section 4.2, the MPINAR(1) model is applied to a trivariate syndromic surveillance

dataset related to COVID-19. The dataset comprises daily counts of three key symptoms:

fever, cough, and dyspnea, recorded in Brazil from March 11, 2020, to September 26, 2020.

The data, sourced from the Brazilian Ministry of Health and available on OpenDataSUS

SRAG, is divided into two phases: the setup phase (March 11, 2020, to August 7, 2020) with

150 observations, and the monitoring phase (August 8, 2020, to September 26, 2020) with

50 observations. Observations were recorded daily, and cross-correlations among symptoms

ranged from 0.20 to 0.45. This appendix provides the dataset used in the analysis.

Test date Fever Cough Dyspnea Test date Fever Cough Dyspnea

11/03/2020 8 6 3 29/04/2020 16 12 14

12/03/2020 13 7 2 30/04/2020 17 13 7

13/03/2020 5 11 6 01/05/2020 7 9 4

14/03/2020 12 14 13 02/05/2020 4 10 9

15/03/2020 4 2 0 03/05/2020 8 8 12

16/03/2020 3 0 4 04/05/2020 7 4 0

17/03/2020 8 4 6 05/05/2020 6 15 7

18/03/2020 8 5 2 06/05/2020 7 10 2

19/03/2020 14 16 7 07/05/2020 8 7 6

20/03/2020 16 9 1 08/05/2020 8 11 6

21/03/2020 12 13 14 09/05/2020 11 9 3

22/03/2020 7 9 5 10/05/2020 2 9 11

23/03/2020 17 14 6 11/05/2020 15 2 3

24/03/2020 5 6 0 12/05/2020 0 4 0

25/03/2020 7 9 2 13/05/2020 16 10 8

26/03/2020 4 6 0 14/05/2020 16 12 2

27/03/2020 14 9 2 15/05/2020 9 10 2

28/03/2020 5 0 0 16/05/2020 5 15 2

29/03/2020 5 10 7 17/05/2020 8 12 5

30/03/2020 13 6 10 18/05/2020 7 8 0

31/03/2020 7 4 16 19/05/2020 19 12 6

01/04/2020 7 8 0 20/05/2020 6 7 7

02/04/2020 12 12 9 21/05/2020 8 9 3
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Test date Fever Cough Dyspnea Test date Fever Cough Dyspnea

03/04/2020 15 16 5 22/05/2020 5 3 0

04/04/2020 9 10 6 23/05/2020 11 4 0

05/04/2020 16 14 15 24/05/2020 9 7 1

06/04/2020 8 16 9 25/05/2020 4 4 1

07/04/2020 4 7 4 26/05/2020 11 7 7

08/04/2020 6 5 0 27/05/2020 19 13 7

09/04/2020 12 13 6 28/05/2020 8 8 16

10/04/2020 6 9 0 29/05/2020 16 17 5

11/04/2020 14 12 4 30/05/2020 15 16 1

12/04/2020 0 5 0 31/05/2020 0 13 13

13/04/2020 8 6 7 01/06/2020 8 14 15

14/04/2020 10 12 5 02/06/2020 3 3 0

15/04/2020 7 16 7 03/06/2020 8 10 0

16/04/2020 4 4 0 04/06/2020 8 8 4

17/04/2020 12 7 4 05/06/2020 14 7 10

18/04/2020 5 9 11 06/06/2020 9 5 10

19/04/2020 3 10 4 07/06/2020 10 12 0

20/04/2020 9 12 15 08/06/2020 10 15 14

21/04/2020 10 6 0 09/06/2020 11 13 10

22/04/2020 5 5 2 10/06/2020 15 9 10

23/04/2020 10 3 1 11/06/2020 15 7 8

24/04/2020 8 4 0 12/06/2020 6 9 4

25/04/2020 8 9 2 13/06/2020 11 10 0

26/04/2020 9 10 10 14/06/2020 10 12 7

27/04/2020 7 5 0 15/06/2020 10 7 6

28/04/2020 0 6 11 16/06/2020 5 14 11

17/06/2020 13 11 13 07/08/2020 15 13 6

18/06/2020 3 8 2 08/08/2020 8 7 9

19/06/2020 13 9 8 09/08/2020 8 16 9

20/06/2020 0 1 1 10/08/2020 7 15 15

21/06/2020 8 7 2 11/08/2020 6 11 8

22/06/2020 10 9 6 12/08/2020 14 14 2

23/06/2020 12 7 0 13/08/2020 17 11 1

24/06/2020 9 20 10 14/08/2020 5 10 1

25/06/2020 13 17 3 15/08/2020 5 2 0

26/06/2020 9 15 5 16/08/2020 2 11 5

27/06/2020 11 8 8 17/08/2020 7 8 6

28/06/2020 13 9 12 18/08/2020 9 15 13
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Test date Fever Cough Dyspnea Test date Fever Cough Dyspnea

29/06/2020 6 8 8 19/08/2020 8 11 11

30/06/2020 13 16 10 20/08/2020 5 8 0

01/07/2020 14 19 11 21/08/2020 5 13 12

02/07/2020 16 16 5 22/08/2020 7 13 7

03/07/2020 10 12 8 23/08/2020 4 13 1

04/07/2020 12 7 4 24/08/2020 13 12 5

05/07/2020 5 6 9 25/08/2020 11 11 0

06/07/2020 8 14 11 26/08/2020 10 7 0

07/07/2020 9 3 0 27/08/2020 13 6 13

08/07/2020 13 12 3 28/08/2020 0 0 1

09/07/2020 2 2 0 29/08/2020 9 12 5

10/07/2020 11 10 6 30/08/2020 5 5 4

11/07/2020 10 6 0 31/08/2020 4 11 4

12/07/2020 8 13 16 01/09/2020 8 10 1

13/07/2020 7 11 16 02/09/2020 8 2 1

14/07/2020 0 2 0 03/09/2020 7 5 6

15/07/2020 7 11 5 04/09/2020 10 8 0

16/07/2020 10 11 6 05/09/2020 12 10 0

17/07/2020 14 12 5 06/09/2020 5 0 0

18/07/2020 14 10 7 07/09/2020 5 10 1

19/07/2020 7 11 5 08/09/2020 8 3 4

20/07/2020 6 9 3 09/09/2020 9 7 9

21/07/2020 6 5 0 10/09/2020 10 10 0

22/07/2020 11 11 14 11/09/2020 12 16 8

23/07/2020 10 11 8 12/09/2020 11 11 8

24/07/2020 6 8 3 13/09/2020 13 12 7

25/07/2020 6 4 12 14/09/2020 6 5 7

26/07/2020 5 9 9 15/09/2020 2 10 3

27/07/2020 7 4 0 16/09/2020 9 13 6

28/07/2020 5 3 0 17/09/2020 12 8 17

29/07/2020 11 10 9 18/09/2020 0 10 1

30/07/2020 9 8 4 19/09/2020 9 15 6

31/07/2020 9 11 0 20/09/2020 5 7 0

01/08/2020 6 13 19 21/09/2020 6 8 0

02/08/2020 15 10 12 22/09/2020 9 10 10

03/08/2020 15 17 10 23/09/2020 7 11 7

04/08/2020 6 7 16 24/09/2020 3 9 1

05/08/2020 4 6 8 25/09/2020 14 11 11

06/08/2020 10 10 4 26/09/2020 15 15 13
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Appendix B

R code for the Simulation Study

In Section 4.1, a simulation study is conducted to evaluate the performance of the proposed

MINAR(1) model for detecting disease outbreaks in multivariate health surveillance data.

The simulation involves generating synthetic trivariate time series data with independent

Poisson innovations, assessing the model’s ability to capture serial and cross-correlations

while addressing overdispersion. The study includes 200 observations, with the first 150

forming the setup phase (without outbreaks) and the last 50 constituting the monitoring

phase (with simulated outbreaks).

This appendix contains the complete R code used to implement the simulation study. It

includes scripts for generating synthetic data, estimating model parameters using conditional

maximum likelihood, and evaluating performance metrics such as detection rates, false alarm

rates, and average run lengths. The code is structured into sections corresponding to the

simulation tasks, enabling reproducibility and further exploration of the methods.

B.1 Section 4.1: Generating Simulation Data

on simulation study to come up with data n = 200

set.seed(123) # For reproducibility

# Parameters

n <- 200

alpha <- matrix(c(0.4, 0.1, 0.3,

0.3, 0.4, 0.2,

0.3, 0.2, 0.1),

nrow = 3, byrow = TRUE)

lambda <- c(1, 1, 1)

kappa <- 5 # Example with kappa = 5

# Initialize the series

X <- matrix(0, nrow = 3, ncol = n)
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# Generate the series

for (t in 2:n) {

if (t == 170) {

epsilon <- rpois(3, lambda + kappa)

} else {

epsilon <- rpois(3, lambda)

}

X[, t] <- rowSums(alpha * X[, t-1]) + epsilon

}

# Convert to data frame for easier manipulation and visualization

X_df <- data.frame(t(X))

colnames(X_df) <- c("X1", "X2", "X3")

# Display the entire dataset

print(X_df)

B.2 Table 4.1: Calculating Expected Values

# Define the parameters

alpha <- matrix(c(0.4, 0.1, 0.3,

0.3, 0.4, 0.2,

0.3, 0.2, 0.1),

nrow = 3, byrow = TRUE)

lambda <- c(1, 1, 1)

kappa_values <- c(5, 8, 10) # Example outbreak sizes

# Identity matrix

I <- diag(3)

# Function to compute the expected values at the time of the outbreak

expected_values <- function(kappa, alpha, lambda) {

term1 <- solve(I - alpha) %*% lambda

term2 <- lambda + kappa

result <- alpha %*% term1 + term2

return(result)

}
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# Compute expected values for each outbreak size

results <- sapply(kappa_values, function(kappa) {

expected_values(kappa, alpha, lambda)

})

# Convert results to a data frame

results_df <- data.frame(

kappa = kappa_values,

E_X1t = results[1, ],

E_X2t = results[2, ],

E_X3t = results[3, ]

)

# Print the results

print(results_df)

B.3 Table 4.2: Calculating Empirical Probabilities

# Define the parameters

alpha <- matrix(c(0.4, 0.1, 0.3,

0.3, 0.4, 0.2,

0.3, 0.2, 0.1),

nrow = 3, byrow = TRUE)

lambda <- c(1, 1, 1)

kappa_values <- c(5, 8, 10)

n <- 200

iterations <- 10000 # Number of iterations for simulation

# Function to compute the expected values at the time of the outbreak

expected_values <- function(kappa, alpha, lambda) {

I <- diag(nrow(alpha))

term1 <- solve(I - alpha) %*% lambda

term2 <- lambda * kappa

result <- term1 + term2

return(result)

}

# Function to simulate the trivariate INAR(1) series

simulate_inar <- function

(n, alpha, lambda) {

series <- matrix(0, n, ncol(alpha))
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for (t in 2:n) {

series[t, ] <- rpois(ncol(alpha), lambda) + t(apply(alpha, 1,

function(a) rbinom(ncol(alpha), series[t - 1, ], a)))

}

return(series)

}

# Calculate empirical probabilities

calculate_empirical_prob <- function(kappa_values, alpha, lambda, n,

iterations) {

p <- ncol(alpha)

empirical_probs <- matrix(0, length(kappa_values), p)

for (k in 1:length(kappa_values)) {

kappa <- kappa_values[k]

expectations <- expected_values(kappa,

alpha, lambda)

max_values <- matrix(0, iterations, p)

for (i in 1:iterations) {

series <- simulate_inar(n, alpha, lambda)

max_values[i, ] <- apply(series[-170, ], 2, max)

}

for (j in 1:p) {

empirical_probs[k, j] <- mean(max_values[, j] > expectations[j])

}

}

return(empirical_probs)

}

# Calculate empirical probabilities for the given kappa values

empirical_probs <- calculate_empirical_prob(kappa_values,

alpha, lambda, n, iterations)

# Convert the results to a data frame for better presentation

empirical_probs_df <- data.frame(

kappa = kappa_values,

‘i=1‘ = empirical_probs[, 1],
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‘i=2‘ = empirical_probs[, 2],

‘i=3‘ = empirical_probs[, 3]

)

# Print the results

print(empirical_probs_df)

B.4 Figure 4.1: Plotting Cumulative Sum

# Load required libraries

library(ggplot2)

# Parameters

n <- 200

alpha <- matrix(c(0.4, 0.1, 0.3,

0.3, 0.4, 0.2,

0.3, 0.2, 0.1),

nrow = 3, byrow = TRUE)

lambda <- c(1, 1, 1)

# Function to generate a single INAR(1) series

generate_inar1_series <- function(n, alpha, lambda) {

X <- matrix(0, nrow = 3, ncol = n)

for (t in 2:n) {

epsilon <- rpois(3, lambda)

X[, t] <- rowSums(alpha * X[, t-1]) + epsilon

}

return(X)

}

# Generate 10,000 series and find the maximum values

num_series <- 10000

max_values <- matrix(0, nrow = num_series, ncol = 3)

for (i in 1:num_series) {

X <- generate_inar1_series(n, alpha, lambda)

max_values[i, ] <- apply(X, 1, max)

}

# Convert to data frame for ggplot2

max_values_df <- data.frame(max_values)

colnames(max_values_df) <- c("X1", "X2", "X3")
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# Plot cumulative distribution using step functions

plot_cumulative_step <- function(data, variable) {

ggplot(data, aes_string(x = variable)) +

stat_ecdf(geom = "step", color = "blue", size = 1) +

labs(title = paste("Cumulative Distribution of Maximum Values for", variable),

x = "Maximum Value",

y = "Cumulative Probability") +

theme_minimal()

}

# Plot for each series

plot1 <- plot_cumulative_step(max_values_df, "X1")

plot2 <- plot_cumulative_step(max_values_df, "X2")

plot3 <- plot_cumulative_step(max_values_df, "X3")

# Display plots

print(plot1)

print(plot2)

print(plot3)
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Appendix C

R code for the Application

In Section 4.2, the proposed MINAR(1) model is applied to real-world syndromic surveillance

data to assess its performance in modelling and forecasting occurrences of key COVID-19

symptoms, namely fever, cough, and dyspnea. The model’s ability to capture serial and

cross-correlations in the data while addressing overdispersion is demonstrated. Parameters

were estimated using conditional maximum likelihood, and one-step-ahead forecasts were

generated to evaluate the model’s effectiveness in detecting potential outbreaks.

This appendix provides the complete R code used for the application of the MPINAR(1)

model. The code includes scripts for data preprocessing, parameter estimation, plotting

autocorrelation functions, generating forecasts, and visualizing results. Each section of the

code corresponds to a specific step in the analysis, ensuring reproducibility and facilitating

further exploration of the methodology.

C.1 Table 4.6: Parameter Estimation

library(tscount)

# ‘brazil_covid‘ is a data frame with columns fever, cough, and dyspnea

data <- brazil_covid

#Independent INAR(1) Models

# Fit independent INAR(1) models to each series

inar1_fever <- tsglm(data$fever, model = list(past_obs = 1), distr = "poisson")

inar1_cough <- tsglm(data$cough, model = list(past_obs = 1), distr = "poisson")

inar1_dyspnea <- tsglm(data$dyspnea, model = list(past_obs = 1), distr = "poisson")

# Extract coefficients and standard errors for independent INAR(1)

independent_coeffs <- c(coef(inar1_fever), coef(inar1_cough), coef(inar1_dyspnea))

independent_se <- c(sqrt(diag(vcov(inar1_fever))),

sqrt(diag(vcov(inar1_cough))), sqrt(diag(vcov(inar1_dyspnea))))
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# Print results for independent INAR(1)

print("Independent INAR(1) Model:")

print(data.frame(Parameter = c("alpha11_fever", "alpha22_cough",

"alpha33_dyspnea"),

Estimate = independent_coeffs, StdError = independent_se))

#Trivariate INAR(1) Model

# Define a likelihood function for trivariate INAR(1) model

log_likelihood_trivar_inar <- function(params, data) {

alpha11 <- params[1]

alpha12 <- params[2]

alpha13 <- params[3]

alpha21 <- params[4]

alpha22 <- params[5]

alpha23 <- params[6]

alpha31 <- params[7]

alpha32 <- params[8]

alpha33 <- params[9]

# Initialize log-likelihood

log_likelihood <- 0

# Loop through time series data

for (t in 2:nrow(data)) {

# Model for fever, cough, and dyspnea (trivariate INAR(1))

mean_fever <- alpha11 * data$fever[t-1] + alpha12 * data$cough[t-1] + alpha13 * data$dyspnea[t-1]

mean_cough <- alpha21 * data$fever[t-1] + alpha22 * data$cough[t-1] + alpha23 * data$dyspnea[t-1]

mean_dyspnea <- alpha31 * data$fever[t-1] + alpha32 * data$cough[t-1] + alpha33 * data$dyspnea[t-1]

# Log likelihood for each series (assuming Poisson distribution for each)

log_likelihood <- log_likelihood +

dpois(data$fever[t], lambda = mean_fever, log = TRUE) +

dpois(data$cough[t], lambda = mean_cough, log = TRUE) +

dpois(data$dyspnea[t], lambda = mean_dyspnea, log = TRUE)

}

return(-log_likelihood) # Negative log-likelihood for optimization

}
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# Set initial parameter for optimization

initial_params <- rep(0.5, 9) # Initial guesses for alpha parameters

# Perform optimization (maximum likelihood estimation)

optim_results <- optim(par = initial_params,

fn = log_likelihood_trivar_inar, data = data, method = "BFGS")

# Extract parameter estimates for the trivariate INAR(1) model

trivar_inar_coeffs <- optim_results$par

# Print results for trivariate INAR(1)

print("Trivariate INAR(1) Model:")

print(data.frame(Parameter = c("alpha11", "alpha12", "alpha13",

"alpha21", "alpha22", "alpha23", "alpha31", "alpha32", "alpha33"),

Estimate = trivar_inar_coeffs))

C.2 Figure 4.5: Plotting ACF for Residuals

library(tscount)

library(forecast)

#Inputing Data

data <- brazil_covid[, c("fever", "cough", "dyspnea")]

#data columns converted to numeric

data <- data.frame(lapply(data, as.numeric))

# Fit independent Poisson INAR(1) models to each series

inar1_fever <- tsglm(data$fever, model = list(past_obs = 1), distr = "poisson")

inar1_cough <- tsglm(data$cough, model = list(past_obs = 1), distr = "poisson")

inar1_dyspnea <- tsglm(data$dyspnea,

model = list(past_obs = 1), distr = "poisson")

# Extract residuals for independent INAR(1) models

residuals_fever_ind <- residuals(inar1_fever)

residuals_cough_ind <- residuals(inar1_cough)

residuals_dyspnea_ind <- residuals(inar1_dyspnea)
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# Define likelihood function for trivariate INAR(1) model

log_likelihood_trivariate_inar1 <- function(params, data) {

n <- nrow(data)

alpha <- matrix(params, nrow = 3, ncol = 3, byrow = TRUE)

lambda <- colMeans(data)

log_likelihood <- 0

for (t in 2:n) {

mu_t <- alpha %*% as.numeric(data[t-1, ])

log_likelihood <- log_likelihood + sum(dpois(as.numeric(data[t, ]),

lambda = mu_t + lambda, log = TRUE))}

return(-log_likelihood) # Negative log-likelihood for minimization}

# Initial parameter estimates for optimization

init_params <- rep(0.2, 9) # Example: Initial values for a 3x3 matrix

# Fit trivariate INAR(1) model using optim

fit <- optim(par = init_params,

fn = log_likelihood_trivariate_inar1,

data = data,

hessian = TRUE,

method = "BFGS"

)

# Extract residuals for trivariate INAR(1) model

alpha_hat <- matrix(fit$par, nrow = 3, ncol = 3)

lambda <- colMeans(data)

residuals_trivar <- matrix(0, nrow = nrow(data), ncol = ncol(data))

for (t in 2:nrow(data)) {

mu_t <- alpha_hat %*% as.numeric(data[t-1, ])

residuals_trivar[t, ] <- as.numeric(data[t, ]) - (mu_t + lambda)

}

residuals_fever_trivar <- residuals_trivar[, 1]

residuals_cough_trivar <- residuals_trivar[, 2]

residuals_dyspnea_trivar <- residuals_trivar[, 3]

# Plot autocorrelations of residuals

par(mfrow = c(2, 3))
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# Trivariate INAR(1) model residuals

acf(residuals_fever_trivar, main = "Trivariate INAR(1) - Fever")

acf(residuals_cough_trivar, main = "Trivariate INAR(1) - Cough")

acf(residuals_dyspnea_trivar, main = "Trivariate INAR(1) - dyspnea")

# Independent INAR(1) model residuals

acf(residuals_fever_ind, main = "Independent INAR(1) - Fever")

acf(residuals_cough_ind, main = "Independent INAR(1) - Cough")

acf(residuals_dyspnea_ind, main = "Independent INAR(1) - dyspnea")

par(mfrow = c(1, 1)) # Reset to default
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C.3 Figure 4.6:Plotting Cross-Correlation correlogram

library(tscount)

library(forecast)

# ‘brazil_covid‘ is a data frame with columns fever, cough, and dyspnea

data <- brazil_covid[, c("fever", "cough", "dyspnea")]

# Ensure the data columns are numeric

data <- data.frame(lapply(data, as.numeric))

# Fit independent Poisson INAR(1) models to each series

inar1_fever <- tsglm(data$fever, model = list(past_obs = 1), distr = "poisson")

inar1_cough <- tsglm(data$cough, model = list(past_obs = 1), distr = "poisson")

inar1_dyspnea <- tsglm(data$dyspnea, model = list(past_obs = 1),

distr = "poisson")

# Extract residuals for independent INAR(1) models

residuals_fever_ind <- residuals(inar1_fever)

residuals_cough_ind <- residuals(inar1_cough)

residuals_dyspnea_ind <- residuals(inar1_dyspnea)

# Define likelihood function for trivariate INAR(1) model

log_likelihood_trivariate_inar1 <- function(params, data) {

n <- nrow(data)

alpha <- matrix(params, nrow = 3, ncol = 3, byrow = TRUE)

lambda <- colMeans(data)

log_likelihood <- 0

for (t in 2:n) {

mu_t <- alpha %*% as.numeric(data[t-1, ])

log_likelihood <- log_likelihood + sum(dpois(as.numeric(data[t, ]),

lambda = mu_t + lambda, log = TRUE))

}

return(-log_likelihood) # Negative log-likelihood for minimization

}

# Initial parameter estimates for optimization

init_params <- rep(0.2, 9) # Example: Initial values for a 3x3 matrix

# Fit trivariate INAR(1) model using optim

fit <- optim(
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par = init_params,

fn = log_likelihood_trivariate_inar1,

data = data,

hessian = TRUE,

method = "BFGS"

)

# Extract residuals for trivariate INAR(1) model

alpha_hat <- matrix(fit$par, nrow = 3, ncol = 3)

lambda <- colMeans(data)

residuals_trivar <- matrix(0, nrow = nrow(data), ncol = ncol(data))

for (t in 2:nrow(data)) {

mu_t <- alpha_hat %*% as.numeric(data[t-1, ])

residuals_trivar[t, ] <- as.numeric(data[t, ]) - (mu_t + lambda)

}

residuals_fever_trivar <- residuals_trivar[, 1]

residuals_cough_trivar <- residuals_trivar[, 2]

residuals_dyspnea_trivar <- residuals_trivar[, 3]

# Plot partial autocorrelations (PACF) and cross-correlograms (CCF)

par(mfrow = c(3, 2)) # 3 rows, 2 columns of plots

# Cross-correlograms for Trivariate INAR(1) Model Residuals

ccf(residuals_fever_trivar, residuals_cough_trivar,

main = "Trivariate INAR(1) - Fever vs Cough")

ccf(residuals_fever_trivar,

residuals_dyspnea_trivar, main = "Trivariate INAR(1) - Fever vs dyspnea")

ccf(residuals_cough_trivar, residuals_dyspnea_trivar,

main ="Trivariate INAR(1) - Cough vs dyspnea")

# Cross-correlograms for Independent INAR(1) Model Residuals

ccf(residuals_fever_ind, residuals_cough_ind,

main = "Independent INAR(1) - Fever vs Cough")

ccf(residuals_fever_ind, residuals_dyspnea_ind,

main = "Independent INAR(1) - Fever vs dyspnea")

ccf(residuals_cough_ind, residuals_dyspnea_ind,

main = "Independent INAR(1) - Cough vs dyspnea")

par(mfrow = c(1, 1)) # Reset to default plot layout
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