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ABSTRACT

An extended quasi-metric ¢ on a nonempty set X without any assumed structure is a distance
functional that satisfies the usual properties of a quasi-metric except that it can assume
values of infinity, in addition to non-negative real values. Given a quasi-metrizable space
X we exhibit a universal space for all extended quasi-metric spaces compatible with the
asymmetric topologies of X. Defining a set in an extended quasi-metric space (X, q) to be
bounded if it is contained in an intersection of the left-¢ and right-g open (or closed)-balls, we
characterize these kinds of bornologies on X and, obtain necessary and sufficient conditions
in order for the same bornologies to be realized as those for quasi-metrically bounded sets.
We also consider in this setting a second possible definition of bounded sets involving quasi-

components.
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Index of Notation

Below is a list of symbols that will be frequently used and a brief indication of their meaning.

B(x,r)
C(x,r)
cl(A)
int(A)
B(X)
5,()
N
FP(X)
Cla, b]
C(X)
C*(X)
q(z,y)
dim X
inf
max(V)
min(A)

Open ball of radius r centred at x

Closed ball of radius r centred at x

closure of set A

interior of set A

Bornology (or space of bounded subsets) on X
A quasi-metric bornology (or space of quasi-metrically bounded subsets) on X.
the set of natural numbers

Space of all paired functions f = (f1, f2) on X
Space of continuous functions on [a, b

Space of continuous functions on X

Space of bounded continuous functions on X
A quasi-metric distance from x to y
Dimension of a space X

Infimum (greatest lower bound)

Maximum

Minimum

max{z — y,0}

The set of real numbers

The set of complex numbers

Supremum (least upper bound)

the set of all subsets of X (Power set of X)
the set of all non-empty subsets of X

the set of all finite subsets of X

the set of all non-empty finite subsets of X
the set of all compact subsets of X

the set of all non-empty compact subsets of X
the set of all closed subsets of X

the set of all non-empty closed subsets of X
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CHAPTER 1: INTRODUCTION

1.1. Background

The concept of universal spaces and their groups of isometries first constructed by Urysohn
[37] in the 1920s have received considerable attention by many scholars in different perspec-
tives [7], [14], [19,20], [36], [39] etc. For instance, Dugundji [14, Theorem 5.2, p. 286] proved
that when X is metrizable for each compatible metric d, then (X,d) can be isometrically
embedded into the metric space (C(X),d) using the map © — d(z,-) — d(x, -) where
is a fixed point of X and d} is the supremum metric. Recently, Beer [7] has investigated the
results of Urysohn [37] and of Dugundji [14, Theorem 5.2, p. 286] and concluded that the
space of bounded continuous real-valued functions on X equipped with uniform distance is
universal for the family of metric spaces based on X. He has then extended these results to
produced a universal space for the family of extended metric spaces based on X. His uni-
versal space was the space of partial functions defined for any Hausdorff space. In addition,
Stojmirovi¢ in his Phd thesis [36] generalized the results of Urysohn [37] to quasi-metric

spaces.

The notion of bounded sets has also been very important in the theory of metric spaces, quasi-
metric spaces and normed vector spaces. For that reason this concept has been extended
to some different settings, like (bi)-topological vector spaces, uniform spaces or even in the
general context of (bi)-topological spaces. In this way one can see that there exists new
notions of bounded sets. In spite of the fact that there are different generalizations of the
notion of bounded sets, we can observe that all of them have a common property of forming
a bornology. By a bornology for any space X we mean a family % of bounded subsets of
X which: covers X, is stable under set inclusions and closed under finite unions [16]. The
pair (X, #) consisting of any (bi)-topological space X and a bornology % on X, is called a
bornological (bi)-universe [18], [29].

The systematic study of bornologies in topological spaces starts with a paper by Hu [18] some
68 years ago. The main result of that paper was to characterize bornologies that are metric
bornologies. He studied and solved a general problem of metrizability of bornologies, that
is, he investigated bornologies defined on a metric space that corresponds to the bornologies
of bounded sets. Hu’s results were an extension of boundedness in the realm of general

topology introduced in 1939 by Alexander [2].

Garrido and Merono in [15] applied the theorem of uniform metrization to a metric space
with a bornology of bounded sets in the sense of Bourbaki, that is, the subsets of X which
are bounded for every continuous function. This was done by use of a characteristic function.
They also applied this theorem to a bornology of compact subsets of a topological space X

and, this was achieved by using metrics on X with the Heine-Borel property. Their results



were generalizations of works by Hu [18].

Recently, Beer [7] has extended Hu’s metrization theorem and, Garrido and Merono’s uniform
metrization theorem for a bornology to subsets equipped with an extended real-valued metric.
He has proved that given a quasi-metrizable space X with a bornology 4, the bornology
B = PB4(X) for some compatible extended metric d on X. He further showed that, given
an extended real valued metric d on X, there exists a metric d = {1, d} which is uniformly
equivalent to d on X such that %,(X) = B (X).

More recently, Pigkosz and Wajch [29] have shown that, Hu’s [18] metrization theorem for
bornological universes can be applied in ZF-(Zermelo-Fraenkel) spaces and adopted it to a
quasi-metrization theorem for bornologies in bitopological spaces. They further investigated
the problem of uniform quasi-metrization of bornological biuniverse using a characteristic

function of which was a generalization of results by Garrido and Merotio [15].

Since a quasi-metric ¢ defined on a set without any assumed structure X can either be
real-valued provided ¢ : X — R or complex valued provided ¢ : X — C, our main goal
in this dissertation is to study the structure of sets equipped with an extended real-valued
quasi metric, with an emphasis on large structure, that is, our quasi-metric ¢ will be defined
from X onto R, U {400} = [0, +00] unless stated. We are devoted to resolve the following

fundamental questions:

(i) Given a quasi-metrizable space X, when can I exhibit up to isomorphism an extended
real-valued quasi-metric space (W, Q) which is universal for all extended real-valued
quasi-metric spaces that can be built on X. This means that whenever ¢ is an extended

real-valued quasi-metric on X, we can find an isometry ¢ : (X,q) — (W,Q), i.e.

Q(o(x),0(y)) = q(x,y), Yo,y € X.

(ii) Given a quasi-metrizable space X with a bornology %, when does there exist an
extended real-valued quasi-metric ¢ such that # = %,(X)? If that is the case, we say

that £ is quasi-metrizable with respect to q.

(iii) Given an extended real-valued quasi-metric ¢ on X with a bornology %, when does
there exist a real-valued quasi-metric ¢’ on X, uniformly equivalent to ¢, such that the
bornology of ¢’-bounded sets coincides with %, that is to say, B,(X) = B, (X)? If
that happens, we say that £ is uniformly quasi-metrizable. ¢’ is some times referred

to as a bona-fide quasi-metric.

We will characterize these kinds of bornologies on X, and obtain necessary and sufficient

conditions in order for the same bornologies to be realised as bornologies for (uniformly
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-) quasi-metrically bounded sets. We will also consider bornologies generated by pairwise

compact subsets of X.

1.2. Organisation of the dissertation

This dissertation is organized as described below.

Chapter 1. This chapter presents a background on universal spaces and bonorlogies in

topological spaces, metric spaces and quasi-metric spaces as investigated by different scholars.

Chapter 2. In this chapter, we recall some of the important definitions to be used through-
out the dissertation. The first section introduces quasi-metric spaces, thereafter, we present
a summary of notions related to asymmetric topologies. The second section briefly discusses
the concept of completeness and compactness in relation to quasi-metric spaces. Section

three briefly discusses the concept of a Hausdorff quasi-metric.

Chapter 3. In this chapter we present the results of Beer [7]. The first section gives the
definition of an extended-real valued metric, thereafter, we briefly discuss some results related
to metric components on the structure of sets equipped with extended real-valued metrics.
In the second section, we give some of Beer’s construction of a universal metric space of some
class of sets equipped with an extended real valued metric with emphasis on large structure.
The third section outlines the concept of a bornology induced by an extended metric, which
is an extension of a metrizable bornology constructed by Hu [?] and uniform metrization of

a bornology by Garrido and Merono [15].

Chapter 4. In this chapter, we start our own investigations. We generalize Beer’s [7]
work to extended real-valued quasi-metric spaces. In the first section, we give the concepts
of extended-real valued quasi-metrics with some examples, after which, we present a brief
summary of results related to quasi-components on sets that assume the value infinite. The
second section is devoted to constructing a universal quasi-metric space on sets equipped
with an extended real-valued quasi metric with emphasis on large structure of which, is
a generalization of Beer’s [7] extension of the Urysohn universal metric space and also an
extension of the universal quasi-metric space constructed by Stojmirovié¢ in [36]. In the third
section, we discuss the notion of a bornology of quasi-metrically bounded subsets, which is a
generalisation of Beer’s [7] results and an extension of works by Pigkosz and Wajch [29]. We

also construct some results in relation to bornologies generated by pairwise compact subsets.

Chapter 5. In this chapter, we summarize our investigations and present some open prob-

lems to be studied in future.



CHAPTER 2 : PRELIMINARIES

In this chapter, we recall the basic concepts from the theory of quasi metric spaces to be used
throughout the Msc dissertation and give some of the examples related to their asymmetric
topologies. For more details, we refer the reader to [9,10], [21], [22] [25] [31,33], [34], [27],

[35], [36]. Most known applications of quasi-metrics come from theoretical computer science.

2.1. Basic concepts and definitions in quasi-metric spaces

Definition 2.1.1. Let X be a nonempty set and consider a function ¢ : X x X — [0, 00).

Then, ¢ is called a quasi-pseudo-metric on X if

(i) g(z,x) =0 whenever x € X,

(ii) g(z,z) < q(x,y) + q(y, z) whenever z,y,2 € X.

In addition, we shall say that ¢ is a Ty-quasi-metric provided that ¢ also satisfies the

following Ty-condition: For each x,y € X,

(iii) ¢(z,y) =0 = q(y, ) implies that z = y.

A set X endowed with a quasi-pseudo-metric ¢ is called a quasi-pseudo-metric space denoted
by (X, q). In particular, if ¢ satisfies the symmetric condition, then (X, ¢) is the well-known

metric space. So, metric spaces are a particular case of quasi-pseudo-metric spaces.

Remark 2.1.2. If we replace [0, c0) by [0, oo] where for a ¢ attaining the value oo the triangle
inequality is interpreted in the obvious way, then in such a case we shall speak of an extended
quasi-pseudo-metric. If X is a nonempty set and ¢ is an extended quasi-pseudo-metric on
X, then the pair (X, q) is called an extended quasi-pseudo-metric space. Moreover, if ¢ is a

To-extended quasi metric on X, the pair (X, ¢) is called an extended quasi-metric space.

Note that, in a Ty-quasi-metric space, we can have ¢(z,y) = 0 with = # y. For example if
x € Aandy € cl(A) the g(x,y) = 0 but = # y.

The next definition is an obvious consequence of the lack of symmetry of the distance from

a point to another.

Definition 2.1.3. Let ¢ be a Ty-quasi metric on X. Then a mapping ¢~' : X x X — [0, 00)
defined by ¢ '(z,y) = q(y,z) whenever z,y € X is also a quasi metric on X, called the

conjugate (or dual) quasi metric of g.



Definition 2.1.4. Let ¢ be a Ty-quasi metric on X. Then, a map ¢°* : X x X — [0, 00)
defined by

¢ (z,y) = max{q(z,y),q " (z,y)}

whenever z,y € X is called the associated metric of q.

The associated metric ¢® is the smallest metric majorising ¢ and ¢~!. That is for ¢° on X,

the following inequalities hold for all z,y € X:

q(z,y) < ¢’(x,y) and q H(z,y) < ¢ (z,y).

1'is called a metric.

A quasi metric ¢ on X such that ¢ = ¢~
The following describes some concepts related to asymmetric topologies of a quasi-metric

space.

The topology .7, of a quasi metric space (X, ¢) can be defined starting from the family V,(z)
of neighborhoods of an arbitrary point x € X: for any V C X, we have V € V,(z) if and
only if there exists § > 0 such that B,(z,d) = {y € X : ¢(x,y) < 0} C V, if and only if there
exists € > 0 such that Cy(z,e) = {y € X : q(z,y) <€} CV. Aset U C X is J-open if and
only if for every x € U there exists § = d, > 0 such that B,(z,d) C U. We shall say that U
is a g-neighborhood of x or that the set U is g-open.

However, taking into consideration the lack of symmetry, a quasi metric ¢ generates three

different topologies (see [10]), that we recall next.

Definition 2.1.5. Let (X, ¢) be a quasi metric space. The topologies .7, and .7,-1 are

1

generated by the quasi metrics ¢ and ¢~ respectively, where the open balls are described as

follows: given x € X and 0 > 0, we have, By(x,¢€), B,-1(z,e) € X, where

By(z,0) ={y € X : q(z,y) <3}, and By1(z,0):={y € X :q(y,z) <}

and the closed balls are described as follows: given x € X and 6 > 0, we have, Cy(z,6), Cy-1(z, ) C
X, where

Cylz,0) ={y € X : q(z,y) <6} and Cyp(x,0) :={y € X :q(y,x) <}



The balls with respect to ¢ are called forward (or left) balls and the topology .7 is called
the forward topology and the balls with respect to ¢~! are called backward (or right) balls
and the topology .7,-1 is called the backward topology.

Remark 2.1.6. Note that, {C,(z,0) : 0 > 0} is a neighborhood base of the point x formed of

Ty-1-closed sets: this set is .7,-1 closed but not .7 closed because Cy(x, d) contains the closure

of the open balls By(z,d) and By(x,6) = clg,_, By(x,d). Similarly, {Cp-1(z,6) : 6 > 0} is a
neighborhood base of the point = formed of 7,-closed sets. The proof to this remark will be

shown in the later stage of this section.

Definition 2.1.7. Let (X, q) be a quasi metric space. The topology Zs = max{.7,, Z,-1}
is generated by the associated metric ¢®, where the open balls are described as follows: given
x € X and § > 0, we have, Bys(z,9) C X, where

By(z,0) ={y € X : ¢°(z,y) < 0}.

Remark 2.1.8. Note that if ¢ is a Ty-quasi-metric, then By (z,0) C By-1(x,0) and Bys(x,0) C
B,(z,0), whenever x € X and ¢ > 0. This also holds true for closed balls. The proof of this

remark will be shown in the later stage of this section

Definition 2.1.9. Let (X, q) be a quasi-metric space. Given A € Z;(X) and z € X, we
will set ¢(x, A) = inf{q(z,a) : a € A} and q(A,z) = inf{q(a,z) : a € A} for the left and

right distance from x to A respectively.

Definition 2.1.10. Let (X, q) be a quasi-metric space, z € X and § > 0. For A C X, we
define the d-neighborhood (or enlargement) of A with respect to ¢ by [A]g where,

[A]) = By(A,0) = {r € X : q(A,x) < 6} = {w € X :inf{q(x,a) : a € A} < 0} = | ] By(a,9).

q
acA

Similarly,

[A) = Cy(A,8) ={z € X 1 q(A,2) <6} = {z € X :inf{g(z,a) 1 a € A} < 6} = U Cy(a,9).

a€A

Definition 2.1.11. Let (X, q) be a quasi-metric space. Then a pair (B,(z,¢€); B,-1(z,9))
with x € X and ¢,0 € [0,00) is called a double ball at x € X. Generally,
[(By(i, €))ier; (Bg-1(i, ;) )ier] with z; € X, €;,0; € [0,00) is a family of double balls.
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[(By(i, €))icr; (Bg-1(xi, 8;) )ier] with z; € X and €;,d; € [0,00) whenever ¢ € I is said to

have the mixed binary intersection property if for all indices ¢,7 € I,

Bq<l’i, 62‘) N Bq—1<xj, 5]) 7£ (Z)

Definition 2.1.12. Let (X,q) be a quasi-metric space. For A € Zy(X), we will set
diam(A) = sup{¢(x,y) : z,y € A} for the diameter of set A.

Definition 2.1.13. Let (X, q) be a quasi-metric space. A subset A of X will be called ¢-
bounded provided that there is a real constant M such that ¢(z,y) < M whenever z,y € A.
Equivalently, an arbitrary subset A of X is said to be ¢g-bounded if there exists x € X and
€,0 > 0 such that A C By(x,€) N B,-1(x,0). Note that one can replace B,(z,€) N By-1(z,6)
by Cy(z,€) N Cy-1(x,0).

It is obvious that if a set A is ¢-bounded and ¢~! bounded, then A is ¢*-bounded.

Remark 2.1.14. Note that in a quasi-metric space (X, q), a set A C X can be simultane-

ously ¢ bounded and ¢~! unbounded as the following example below indicates.

Example 2.1.15. (cf. Example 1.6 of [29]) For z,y € X = N, let gq(z,y) = 0if z =y
and ¢q(z,y) = 2° if v # y. Then X = By(0,2) = {z € X : ¢(0,z) < 2}, so X is ¢-
bounded. However, for arbitrary x € X and ¢ € (0, +00), if y € X is such that 2¥ > ¢, then
y & By-1(z,d). Therefore, X is ¢~* unbounded.

Definition 2.1.16. [27] Let X be a nonempty set without any assumed structure and
B = {B;}ics be a collection of subsets of X. We say that {B;};cs is a basis for a topology
7 of X if the following conditions hold:

(i) For each z € X, there exists B; such that x € B;.

(ii) For every B;, B; € B, if v € B; N Bj, then there exists By, € B such that € By, C
BN B,

The topology generated by B is defined as follows: a set U C X is open if for each x € U,
there is a B € B such that x € B C U and thus, is given by I3 = |J B.

BeB
As a space with two topologies, a quasi-metric space can be viewed as a bitopological space
in the sense of Kelly [21] and so, all the results valid for bitopological spaces apply to quasi-
metric spaces. A bitopological space is simply a set X endowed with two (distinct) topologies
A, T and is denoted by (X, 71, Z5). For the real line R, the topology 7 = {0, R}U{(x, c0) :

7



x € R} is called the left topology on R, while the topology 7, = {0, R} U{(—o0,z) : z € R}
is called the right topology on R and so, (R, .7}, .7,) is a bitopological space [35,36]. The

relationship between quasi-metric and bitopological spaces are well researched in [25].
Definition 2.1.17. A bitopological space (X, 77, %) is said to be quasi-metrizable if there
exists a quasi-metric ¢ on X such that 7 = .7, and %% = 1 ( [21], [39])

The following describe some properties of maps between two quasi metric spaces.

Definition 2.1.18. Let (X, ¢x) and (Y, gy) be quasi-metric spaces. A map f: (X, qx) —
(Y, gy) is said to be:

(i) (gx,qy)-uniformly continuous provided that for each ¢ > 0 there exists 6 > 0 such that
for all z,y € X, qv(f(2), f(y)) < € whenever ¢x(z,y) < J;

(ii) a homeomorphism if it is a continuous bijective mapping and its inverse is continuous.

(iii) an isometry provided that gy (f(x), f(y)) = q¢x(x,y) whenever z,y € X, that is, f
is distance preserving. Two quasi metric spaces (X, ¢x) and (Y, gy) will be called
isometric provided that there exists a bijective isometry f : (X, gx) — (Y, ¢y ) between
them. It is clear that an isometry is always injective, uniformly continuous, and is a

homeomorphism of X onto f(X);

(iv) nonexpansive provided that ¢y (f(x), f(y)) < gx(z,y) whenever z,y € X.

Definition 2.1.19. Let (X, .7, Z,-1) be a bitopological space, with € X. Then;

(i) X is said to be countable if there exist an onto function from N to X.

(ii) X is said to be first-countable if it has a countable basis at each of its points z € X.
By a countable basis at © € X, we mean a sequence {U, },en of neighborhoods of x
such that if U is a neighborhood of x, then = € U,, C U for some n. The sets U, need

not be distinct.
(ili) X is said to be second-countable if it has a countable basis for its asymmetric topologies.

(v) A point z € X is an accumulation point (or limit point) of A C X if there exists
a € A—{x} such that a € B, (z,0), Y6 > 0, that is, every 7 ball centered at x

contains at least one point of A different from .



(vi) A C X is an (i, j)-dense subset in X if ¢l (cl5 A) = X, where 4,j = 1,2. Basically a
subset A is called pairwise-dense in (X, .7, Z,-1), if VN A # () for every pairwise open
set V. On the other hand, for any random point z in a large space X, one can draw a

circle around z using a random a € A as a radius and some element of the circle will
be in A.

If two elements z, y of a quasi-metric space are not equal, it is possible to put these elements
in two separate open sets. This is not always possible in a general asymmetric topological
space unless the asymmetric topological space is quasi-metrizable. We introduce, following

Kelly [21], some useful separation properties specific to a bitopological space.

Definition 2.1.20. A space (X, 7, %) is said to be pairwise Hausdorff (75) if, for each
two distinct points x and y, there is a .Z;-neighborhood U of x and Z3-neighborhood V' of y
such that UNV = 0.

Definition 2.1.21. In a space (X, 77, %), 9 is said to be regular with respect to .7 if, for
each point z in X ,there is a .Z;-neighborhood base of Z-closed sets ,or, as is easily seen to
be equivalent, if, for each point x in X and each 7;-closed set F' such that = ¢ F', there is a
J1-open set U and a Z5-open set V' such that

xeU, FCV,andUNV = 0.
(X, A, F) is pairwise regular if 7] is regular with respect to 7% and vice-versa.

Definition 2.1.22. A space (X, 71, %) is said to be pairwise normal if, given Z;-closed set
A and h-closed set B with AN B = (), there exist a Z5-open set U and a 7] -open set V
such that ACU ,BCV,and UNV = (.

Equivalently, (X, .77, %) is pairwise normal if, given a % -closed set C' and a 7] open set
D such that C' C D, there are a .Z;-open set G and a Z3-closed set F' such that

CCGCFcCD.

Definition 2.1.23. Let (X, .7, 7,-1) be a bitopological space. Two quasi-metrics on X
will be called bitopologically equivalent if they define the same asymmetric topologies on
X. Generally, quasi-metrics qg, g1 on a set X are called uniformly equivalent if for every
e € (0,00), there exists a dy,d; € (0,00) such that Vz,y € X, Vi € {0,1} the following

condition holds:

¢i(x,y) < 6 = q_i(z,y) <e



Proposition 2.1.24. Let q and p be quasi-metrics on X inducing the asymmetric topologies
Tys Tg—1 and F,, T,-1 respectively. Then, T is finer than T, (or s is a coarser topology
than T ) if and only if for all x € X and € > 0, there is a 6 > 0 such that By (x,6) C
B (x,€).

Proof. Suppose first that 7,s C Fs. Let € X and € > 0. B,s(x,€) is open in J, so it’s
open in Zs. Since the ¢*-open balls form a basis for .7s, then Vo € X, there is a § > 0 such
that

x € Bys(2,0) C Bys(x,€)

by the definition of a basis.

Conversely, suppose that for all z € X and € > 0, there is a 6 > 0 such that B,:(z,d) C
B,s(x,€). We need to show that .7,s C Js. Let U be open in J,:, we must show that it is
open in Js. Let x € U. Since the p® open balls forms a basis for .7,s, there is an € > 0 such
that

x € Bys(xz,e) CU.

By assumption, thereis a d > 0 such that x € Bys(x,0) C B,s(x,€). Thus, v € Bys(z,6) C U.
Since x € U was arbitrary, U is open in Zs. Therefore, 7, C Fs. n
The following results show the inversion of Remarks 2.1.6 and 2.1.8.
Lemma 2.1.25. ([10]). Let (X, q) be a quasi-metric space, then whenever x € X and 6 > 0,
(1) By(z,6) is Ty open, By-1(x,0) is Ty open and Cy(x,0) is Ty closed. The ball
Cy(z,9) need not be 7, closed.

(1) Bys(x,0) C By-1(x,9) and Bgs(x,8) C By(z,6). Similarly, for 6 > 0, Cys(z,6) C
Cy-1(z,6) and Cys(x,0) C Cy(z,9).

(111) the topologies T, and T-1 are Ty; but not necessarily Ty (and so nor Ty, in contrast
to the case of metric spaces). The topology 7, is T if and only if q(z,y) > 0 whenever
x # y. In this case, T-1 is also T\ and, as a bitopological space, X is pairwise
Hausdorff.

Proof. The proof is taken from [10].
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(i)

(i)

For y € X such that ¢(x,y) < 0, let € = 0 — g(z,y) > 0. If z € X is such that
q(y, z) < ¢, then q(z,2) < q(z,y) + q(y, 2) < q(z,y) + € = 6 showing that By(z,¢) =
{zreX q(z,2) <e} C{ye X :q(z,y) <0} = By(z,d). Hence By(x,0) is J, open.

Similarly, for y € X with ¢(z,y) > 0 take ¢ = ¢q(z,y) — 9 > 0. If z € X is such
that q(z,y) = ¢ '(y,2) < ¢, then q(z,y) < q(z,2) + q(z,y) < q(z,2) + ¢, so that
q(x,z) > q(z,y) — e = . Consequently, B,-1(x,¢) = {z € X : q(z,2z) > ¢} C {y €
X :q(z,y) > 0} = By-1(x,0). So, By-1(x,0) is F-1-open. This equivalently shows
that, the mapping y — q(x,y) (i. e, ¢(z,-) ) is J; upper continuous and 7,-1 lower

continuous. The 7, lower and .7,-1 upper continuity of z — ¢(z, y) also follows easily.

Next, to prove that Cy(z, §) is F,-1-closed, let y € X be such that y € X\ Cy(z,§) with
q(x,y) > 6. Put € = g(z,y) — 0 > 0. Then By-1(x,¢) N Cy(x,d) = 0, or equivalently,
B1(z,e) € X \ Cy(z,6). Indeed, if there exists an element z € B,-1(x,€) N Cy(x, ),
with q(z,y) = ¢ *(y, 2) < €, then

q(r,y) < q(z,2) +q(z,y) <0+q(z,y) <I+e=q(r,y),
a contradiction. Consequently, X \ C,(z,0) is .Z,-1 open and so, C,(z, ) is F,-1 closed.

The inclusions follow from the inequalities ¢(z,y) < ¢*(x,y) and ¢~ *(z,y) < ¢*(x,y).
Indeed, for if ¢ '(z,y) < ¢*(z,y) from ¢*(x,y) = max{q(z,y),q (x,9)}, G € T
is equivalent to the fact that for every x € G there exists a compatible quasi-metric
q and 0 > 0 such that B (z,d) C G. Because ¢(z,y) < ¢ implies that ¢°(z,y) <
q(z,y) <9, we have By(x,6) C By (x,0) C G, so that G € .. As aresult, By(z,6) C
B,(x,0). Similarly, if ¢(z,y) < ¢°(x,y), then G € s with x € G implies, there exist
a compatible quasi-metric ¢ and § > 0 such that By (z,d) C G. As ¢(y,x) < ¢ implies
¢*(z,y) < q(y,z) <9, we have By-1(x,d) C Bys(x,0) C G, so that G € J,-1. Hence,
Bys(x,0) € By-1(x,0). Thus, Bgs(x,0) = By(z,6) N By-1(z,6) and also Cys(x,0) =
Cy(x,0) N Cy-1(x,0). We infer that the topology ;s is finer than the asymmetric
topologies .7, and .7,-1.

If z, y are distinct points in the quasi-metric space (X, ¢) then max{q(z,y), ¢(y,z)} > 0.
If g(x,y) > 0, then y ¢ By(x,€) where € = ¢(z,y). Similarly, if ¢(y,z) > 0, then
x & By(y,0), where § = ¢(y,z). Consequently, .7, is Ty and Z,-1 as well.

Next, suppose that ¢(z,y) > 0 for every x # y. Then y ¢ B,(z,q(x,y)). Since
q(y,z) > 0 too, x ¢ By(y,q(y,x)), showing that the topology .7, is Ti. Similarly .7,
is T7. Conversely suppose that .7 is T} and let z,y € X, z # y. Then, there exists a
quasi-metric ¢ and § > 0 such that = ¢ B,(y, ), implying ¢(x,y) > 9.
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Also, B,(z,6) N By-1(y,d) = @ where § > 0 is given by 26 = ¢g(z,y) > 0. Indeed, if
2 € By(x,0) N By-1(y,0), then

q(z,y) < qz,2) +q(z,y) <d+6 = q(v,y)

a contradiction which shows that (X, .7, 7,-1) is pairwise Hausdorff.

]

Any unbounded quasi-metric can be converted to a bounded quasi-metric while preserving

the asymmetric topologies in the following way:

Definition 2.1.26. Let (X, ¢) be a quasi-metric space. If g is unbounded, it can be converted
to a bounded quasi-metric in the form ¢'(z,y) = min{l, q(z,y)} for each z,y € X while
preserving the asymmetric topologies, 7, = 7, and Zq,)A = J,-1. ¢ is called the truncation

or bona-fade of ¢ and, ¢ and ¢’ are bitopologically equivalent.
Proposition 2.1.27. Let (X,q) be a quasi-metric space. Define ¢ : X x X — R by
¢ (xz,y) = min{l, q(z,y)} for all x,y € X. Then,
(i) ¢' is a quasi-metric.
(i1) q and ¢ induce the same asymmetric topologies on X.
Proof. (i) Let z,y € X. Since ¢q(z,y) > 0, ¢'(x,y) = min{1,¢(z,y)} > 0, and ¢'(z,z) =
min{1, ¢(z,z)} = min{1,0} = 0.

If¢'(z,y) = min{l,q(z,y)} = 0 = min{1,q(y, x)} = ¢(y, ), then q(z,y) = 0 = q(y, x),
so x = y. Thus, the Ty condition holds.

To verify the triangle inequality, let z,y, z € X. Now, if either ¢(z,y) > 1 or ¢(y, 2z) >
1, then ¢'(z,y) =1 or ¢'(y,2z) = 1. Thus, ¢'(z,y) + ¢'(y,2) =2 > 1 =¢'(z,2).

Assume that ¢(x,y) < 1 and ¢(y, z) < 1 then

q(x,9) +d(y, 2) = q(x,y) + qly, 2) > q(x,2) > ¢'(z, 2).

Hence, ¢ is a quasi-metric and if defined on R U {0}, it becomes an extended quasi-

metric.
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(ii) Let x € X. Then, by applying Proposition 2.1.24 and shrinking the balls if necessary

2.2.

to make their radii less than 1 (i.e., 0 < § < 1), we have that

x € Bys(x,0) = Bgsy (w,9).

If 6 > 1 then z € By (x, g) C Bgsy(z,9).

Therefore, the ¢° topology is finer than the (¢*) topology. The other inclusion follows
by swapping the ¢* and (¢°)’.

Some concepts on completeness and compactness in quasi-metric

spaces

The lack of symmetry in the definition of a quasi-metric causes a lot of troubles, mainly

concerning completeness, compactness and total boundedness in such spaces. There are

a lot of completeness notions in quasi-metric spaces, all agreeing with the usual notion of

completeness in the case of metric spaces, each of them having its advantages and weaknesses,

see for example [10], [21], [25], [32,33]. For a quasi-metric space (X, ¢), we shall present briefly

following [33] some of these notions of completeness.

Definition 2.2.1. Let (X, ¢) be a quasi-metric space and (z,) be a sequence in X.

(i) The convergence of a sequence (x,,) to z with respect to .7, (respectively .7,-1), called

-1
left (respectively right) g-convergence and denoted by, z, — z (respectively z, +— )
as n — oo, is defined in the following way: lim z, = x <= lim ¢(x,z,) = 0,

nq%OO N0
(respectively lim =z, =z <=
—1

lim ¢(z,,z) =0).
n——>o0 OO

n—-

(ii) A sequence (z,) ¢°-converges to x if it is both left ¢ and right g-convergent to z. Hence

q° q q !
T, — T << x, — x and r,, —> T.

Definition 2.2.2. Let ¢ be a quasi-metric on X. A sequence (z,) in (X, q) is said to be

(i) left g-Cauchy if for each € > 0, there exists z € X and n. € N such that Vn > n,,

q(z,z,) < €. Equivalently it implies, Ve > 0, 3n,. € N such that x,, € B,(x,€), Vn > n;
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(i) right ¢-Cauchy if for each € > 0, there exists z € X and n. € N such that ¥n > n,,
q(xn, ) < €. Equivalently, Ve > 0, In. € N such that z,, € B-1(x,¢€), Yn > ng;

(ii) ¢°-Cauchy if for each € > 0, there exists n. € N such that Vk,n > n., q(x,, zx) < €

(iv) left K-Cauchy if for each € > 0, there exists n. € N such that Vk,n : n > k > n,,
q(wg, n) <€

(v) right K-Cauchy if for each € > 0, there exists n. € N such that Vk,n : n > k > n,,
Q(xm xk) <€

(vi) weakly left (right) K-Cauchy if for each € > 0, there exists n. € N such that Vn : n. <
n,q(z,,,x,) <€, (respectively q(z,,x,. ) < €).
The following results concerning sequences in quasi-metric spaces are true.

Proposition 2.2.3. Let (x,) be a sequence in a quasi-metric space (X, q).

(1) If (z,) is Ty-convergent to x and J-1-convergent to y, then q(z,y) = 0.
(i1) If (x,,) is T-convergent to x and q(y,x) = 0, then (z,) is also F,-convergent to y.

(111) If (xy,) is left K-Cauchy and has a subsequence which is F;-convergent to x, then (x,)

is Jy-convergent to x.

(w) If (z,) is left K-Cauchy and has a subsequence which is T -1-convergent to x, then

(x,,) is Ty-1-convergent to x.
Proof. This proof comes from Cobzas [10]

(i) Fix 6 > 0. By assumption, z, — z so there exists N; € N such that ¢(x,z,) < 0

for all n > N;. Also, z, £> y, so there exists Ny € N such that ¢(z,,y) < J for all
n > Ny. Then for all n > N := max{Ny, No}, q(z,y) < q(z,2,) + q(x,,y) <. As o
was arbitrary, we deduce that ¢(z,y) = 0, which implies x = y. Equivalently, letting
n — oo in the inequality ¢(x,y) < q(z, x,) + q(z,,y), one obtains ¢(x,y) = 0.

(ii) Follows from the relations q(y,z,) < q(y,z) + q(x,z,) = 0+ q(z, z,) = ¢(x,x,) — 0

as n —r o0.

(iii) Suppose that (z,) is left K-Cauchy and (z,,) is a subsequence of (z,) such that
kli_r>noo q(z,xp,) = 0. For 6 > 0 choose ng such that nog < m < n implies q(z,, z,) < 6,
and let ky € N be such that ng, > ng and ¢(z,z,,) < 0 for all & > ky. Then, for
n > Ny, ¢, x,) < q(x,xnko) + q(xnko,xn) < 20.

14



(iv) Suppose that (z,,) is left K-Cauchy such that there exists a subsequence (x,,) which
is -1 -convergent to some x € X: For 6 > 0 let by € N be such that for all
k > ko, q(xn,,x) < 9, and let ng € N be such that for all m,n € N, ng < m < n
implies q(zp,z,) < 8. For n > ny, let k > ko be such that ny < n, k € N. Then
Q(Tn,x) < q(zn, 20,) + q(2n,, ) < 20.

O

Remark 2.2.4. Obviously, if ¢ and ¢! are a pair of conjugate quasi-metrics on X, then a
sequence is left Cauchy (in some sense) with respect to ¢ if and only if it is right Cauchy (in
the same sense) with respect to ¢~!. And also, a sequence is ¢°-Cauchy if and only if it is
both left and right K-Cauchy if and only if it is both left and right ¢g-Cauchy.

Definition 2.2.5. [33] Let (X, ¢) be a quasi-metric space. We say that (X, q) is

(i) left K-complete provided that any left K-Cauchy sequence in X is g-convergent.
(ii) right K-complete provided that any right K-Cauchy sequence in X is ¢~ !-convergent.

Definition 2.2.6. Let (X, q) be a Ty-quasi-metric space. Then (X, ¢) is called bicomplete

provided that the associated metric space (X, ¢®) is complete.

At this point, we present some results on compactness specific to quasi-metric spaces follow-
ing [1], [9], [21], [32]

Definition 2.2.7. In a bitopological space (X, .7, %) the topology .7 is compact with
respect to the topology .7 if for every i-open cover U of X and for each point x € X there is
a j-neighborhood of = covered by a finite subfamily of U, i.e., every family U = {Uj}4es such

that U C AU %, X = |J Us and U N 7} contains a nonempty set, has a finite subfamily.
seS

Definition 2.2.8. [1] Let (X, ¢) be a quasi metric space. We say that a subset A of X is

(i) g-precompact if for all € > 0 we can find a finite set of points {ay,...,a,} in A such
that A C J_, By(a;,¢) for all i € {1,2,...,n}.

(i) Outside g-precompact if for each € > 0 there is a finite set {z1,...,x,} in X such that

A C U?:l Bq(ﬂfi, E).

The same notions can be obtained if one works with closed balls. Obviously if a set A
is g-precompact, then it is outside g-precompact; the converse is not true in general, a

g-convergent sequence is outside g-precompact but it is not necessarily g-precompact.
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Definition 2.2.9. [30,32] Let (X, 71, %) be a bitopological space. (X,.7,.%) is (i,j)-
locally quasi-compact if each point # € X has an i-neighborhood U(,) such that clz U, is
quasi-compact. Equivalently, we say that .77 is locally compact with respect to 7% if each

point of X has a 7 open neighbourhood whose .7, closure is pairwise compact.

It is clear that, pairwise compactness implies pairwise locally compactness. Note that, a
pairwise locally compact bitopological space is not a pair of locally compact topological

spaces as the example below shows.

Example 2.2.10. [32] Let X be the set of real numbers, .77 be the left hand topology
with base the family {(—o0,a) : a € X} and 7 the right hand topology. Then (X, .7]) is
not locally compact, since for each .73 open set U we have ¢l U = X, and (X, .Z]) is not
compact. Similarly, (X, .%) is not locally compact. However, (X, 7, %) is pairwise locally

compact because it is pairwise compact.

Lemma 2.2.11. (Compare [14, Theorem 6.2]) Let ((X,q) be a pairwise Hausdorff space.

Then the following are equivalent

(i) X is pairwise locally compact.

it) For each x € X and each Z; open neighborhood U,y of x, there is a pairwise relativel
g (z) y
compact F open set V with x € V C clg,V C U and clV is pairwise compact.

(iii) For each pairwise compact set K and 71 open set U D K, there is a pairwise relatively
compact F open set V with K CV CeclgV CU.

(iv) X has a basis consisting of pairwise relatively compact open sets.

Proof. The proof comes from [32].

(i) = (ii) Let € X and Uy, be the 77 neighborhood of x. There is some .7, open set
W in X with x € W C clgW and clzW is pairwise compact. Since the space clgz W
is pairwise compact and pairwise Hausdorff, it is hence pairwise regular and cl,W N U
is a neighborhood of x in ¢l W. Thus, there is a 7] open set G in clzW such that
€ G CdgnGagw) CdazW CdgzWNU. Now, G = ENclyW for some 7 open subset
Eof X. f V=ENW,then V is a 7] set containing x, and

claV =cla,VNecaW = Cl%V(Cl%W)

so that, cl#V is pairwise compact. Moreover, x € V C clzV C clg, G(0192W) cU.
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(ii) = (iii) For each ¢ € K, there is a relatively compact .73 neighborhood V) with ¢l V) C
U. Since K is pairwise compact, finitely many of these .77 neighborhoods cover K and this
union has % compact closures which is pairwise compact, as it is a finite union of pairwise

compact subsets of a pairwise Hausdorff space [1].

(iii) = (iv) Let A, be a family of all pairwise relatively compact subsets of X. Since X is
pairwise Hausdorff and locally compact, for each x € X, every 7] open set in %, is % closed

and bounded, and (iii) asserts that % is a basis.

(iv) = (i) Let z € X and A, be a base of X consisting of pairwise relatively compact open
subsets. Since each .77 member of %, has 7 compact closures and z lies at least in one
of these members, finitely many of these .77 neighborhoods cover X and the union has %
compact closures. Hence, X is pairwise locally compact as it is a union of pairwise relatively

compact sets. O

Lemma 2.2.12. (Compare [14, Theorem 6.3]) Let (X, q) be a second countable quasi-metric
space. If X is pairwise-locally compact, it has a countable basis of pairwise-relatively compact

open sets.

Proof. Let X be a pairwise locally compact space satisfying the second axiom of countability
and {U, : n € N} be a basis formed by 7 open sets in X. Since X is pairwise locally
compact, for each fixed n and x € U, there is a family {V(,) : « € U,} of 7 open sets
covering U,, such that € V C ¢l5 V() C U, [1,21]. Since a subspace of a second countable
space is second countable, we can extract countable sub-coverings {V,; : i € N} of U,.
Repeating for each n, the family of pairwise relatively compact sets {V,,; : (n,7) € N x N}

forms a countable basis of X. O]

2.3. Some concepts on a Hausdorff quasi-metric

Asymmetric variants of the Hausdorff metric provide further examples of quasi-metrics. For
a quasi-metric space (X, q), we shall present briefly some notions of a Hausdorff-quasi-metric
following [36].

Definition 2.3.1. Let A and B be nonempty subsets of a metric space (X, d). Then, we
define the gap Dy and the excess e; of A over B with respect to the metric d by

D4(A, B) = inf{d(a,b) : a € A,b € B} =inf{d(a,B) :a € A} = in£ d(a, B)
ac
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and

eq(A, B) = sup{d(a,b) : a € A,b € B} =supd(a, B) = sup{inf{q(a,b) : b € B}}.
acA acA
Gap is symmetric in A and B while excess is not; additionally, excess can assume values of
infinity, and this will occur if A is unbounded and B is bounded (see [3,39]).

Definition 2.3.2. Let (X, d) be a metric space. For any two nonempty subsets A, B of X,
amap dy : Zy(X) x Po(X) — R, define by

dy(A, B) = max {sup d(a, B),supd(b, A)} =inf{0 > 0: A, B € [B]}}
acA beB
is called the Hausdorff metric between A and B. Observe that: D4(A, B) < dy(A, B). The

quantity e;(A, B) = supd(a, B) is sometimes termed as the semi-(Hausdorff) distance from
acA
the set A to the set B.

Clearly, if {a,b} C X, then dy({a}, {b}) = d(a,b) so that distance so defined is an extension
of ordinary d-distance. When the metric d is unbounded, we can obtain an infinite Hausdorft
metric, for whenever z € X, we get dy({z}, X) = co. Notice that the Hausdorff distance
is invariant under replacing sets by their closures, and in particular, the Hausdorff distance
between a set A and its closure must be zero. Further, dy as defined also makes sense for
arbitrary closed sets, and if restricted to the family %,(X) of nonempty closed subsets of X,
one yields an infinite valued metric which is not a metric unless the space (X, d) is bounded.
Hausdorff distance on a variety of set structures has been extremely well studied by various
scholars e.g., see [3,7], [36], [39], etc.

We omit the proof of a Hausdorff metric being a metric as it follows from the properties of

the Hausdorff quasi-metric given below.

Definition 2.3.3. Let (X, q) be a Ty-quasi-metric space. Denote by ¢}, ¢ and gy the maps
Po(X) x Po(X) — Ry U{oo} where for all A, B € Zy(X),

q;;(A, B) = supq(a, B), qyz(A, B) =supq(A,b)
acA beB

and

QH(A> B) = maX{QIJ;(Av B)a QIZT(A? B)}
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Lemma 2.3.4. Let (X,q) be a Ty-quasi-metric space. Then qj;, 5, and qi as defined are

extended quasi-metrics.

Proof. The proof is taken from [36]. For any A € &,(X) it is obvious that,

qlE(A7 A) = QIZI(A? A) = QH(Aa A) =0

as ¢ is a Ty-quasi-metric. To prove the triangle inequality let A, B,C' € Zy(X). Take any
a € A, b € B, then we have q(a,C) < q(a,b) +q(b,C) < q(a,b) + q;(B,C), by the definition
of ¢j;. Now, taking infimum over b € B on both sides gives ¢(a,C) < ¢(a, B) + ¢};(B,C).

Taking supremum over a € A on both sides we get

a(A,C) < ¢ (A, B) + ¢f(B, C).

Similarly, by noting that ¢;(A, B) = supq(A,b) = supq (b, A), we have ¢ (b,C) =
beB beB

q(C,b) < q(C,a) + q(a,b) < quz(C,A) + g(a,b) by the definition of ¢ (A, B). Hence,
q(C,b) < qy(C, A) + q(A,b). Taking supremum over b € B on both sides we get

qu(C, B) < qx(C, A) + qx (A, B).

It is obvious that if both ¢f; and g;; satisfy the triangle inequality, so does qg. O

Lemma 2.3.5. Let (X, q) be a quasi-metric space with d = ¢°, the associated metric. Then
for any A, B € Zy(X),

d}_I(Aa B) = maX{QI—;(A> B)aQI;(BVA)} and dl_{(A> B) = maX{Q;I(A’ B)?Q;I(BvA)}'

Proof. The proof is taken from [36]. By the definition and positivity of any distance ¢(a, B),

we have

max{q}; (4, B), ¢y (B, A)} = max {sup q(a, B), sup q(b, A)} = sup max{q(a, B),q(B,a)}

acA beB acA

= supd(a, B)

a€A

_ d%(A, B).

Similarly,

19



max{qy (A, B),q};(B, A)} = max {sup q(a, B), sup q(b, A)} = supmax{q(A,b),q(b, A)}

acA beB beB

=supd(A4,b)

beB

= d7(A, B).

]

Lemma 2.3.6. [36] Let (X,q) be a quasi-metric space. Then qg restricted to 6o(X,q)
satisfying 6o(X,q) O A = clzANcly_, A whenever A C X is an estended (Hausdorff)
quasi-metric and restricted to (X, q) is a (Hausdorff) quasi-metric.

Proof. To show that gy is an extended quasi-metric, only the separation axiom needs to be

provided as the rest follows by the Lemma 2.3.4.

Suppose A, B € %5(X,q) and gqy(A, B) =0 = qu(B, A). Let d = ¢°. By the Lemma 2.3.5,
we have df;(A,B) = 0 = d;(A, B). Now, if dj;(A, B) = 0, then for all a € A there exists
b € B such that d(a,b) = 0 as B is closed, implying a = b since d is a metric. Hence,
d*H(A,B) =0= A C B. Similarly, if d;(4,B) =0 = B C A as dy(A, B) = ¢};,(B, A).
Therefore, gy (A, B) = 0 = qu(B, A) implies A = B.

If A,B € J#y(X,q), for any a € A, the function a — ¢(a, B) is continuous and bounded
since A is compact ([36]). Hence gy (A, B) < oo and thus gy is a quasi-metric. O
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CHAPTER 3: THE STRUCTURE OF EXTENDED REAL-VALUED
METRIC SPACES

This chapter is a literature review of the works done by Beer [7]. We investigate his resolu-

tions to the fundamental questions he outlined as below:

(i) Given a metrizable space X, when can we exhibit or display upto isomorphsim, an
extended real-valued metric space (W, D) which is universal for all extended real-valued
metric spaces that can be built on X. This means that when ever d is an extended

real-valued metric on X, we can find an isometry ¢ : (X, d) — (W, D).

(ii) Given a metrizable space X and a bornology # on X, when does there exist an
extended real-valued metric d such that 2 = %,(X)?

(iii) Given an extended real-valued metric d on X, when does there exist a bona fide metric

d" on X such that By (X) = Ba(X)?

For the sake of understanding by the reader and in preparation for generalization in chapter

3, we give proofs to most of the results.

3.1. Definitions and basic properties

Definition 3.1.1. ([7]) Let X be a set without any assumed structure. An extended real-
valued metric defined on a set X, is a distance function d : X x X — [0, 00| satisfying the
conditions below Vz,y, z € X:

(i) d(z,y) =0if x = y;
(i) d(z,y) = d(y, z);
(iii) d(z,2) < d(z,y)+d(y, 2).

A set X endowed with an extended real-valued metric d is called an extended real-valued

metric space denoted by (X, d).

Throughout this chapter, we shall call an extended real-valued metric d on a metrizable space
X simply an extended metric, and a set equipped with such a metric (X,d) an extended

metric space.

Next are some concepts in relation to metric components.
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Definition 3.1.2. (Compare [18, Definition 10.3]) Let ((X,.7),d) be an extended metric
space. Two extended metrics on X will be called topologically equivalent if they define the
same topology on X. They will be called topologically and bornologically equivalent if they

determine the same open sets and the same collection of bounded sets [17].

Definition 3.1.3. Let ((X,.7),d) be an extended metric space. Then for each z,y € X,
we define a natural relation Rq (or ~) on X by z Rq y (or z ~ y) provided d(z,y) < co.

Lemma 3.1.4. [7] If (X, d) is an extended metric space, then the natural relation Rq is an

equivalence relation on X.

Proof. Let (X,d) be an extended metric space on which is defined a relation Rq. Then,
for each x € X, co > 0 = d(x,z) and so z Rq x implying reflexivity. For each x,y € X
let z Rq y. By the symmetrization of d, we have that co > d(z,y) = d(y,z) implying
y Rq x. Thus, x Rq y if and only if y Rq x. Finally, for every x,y,z € X lets assume
that © Rq y and y R4 z holds. We aim to show that x Rq z. By the triangle inequality,
d(z,z) < d(z,y) + d(y,z) < 0o + 0o = oo which implies = Rq z and so, transitivity holds.

Thus, Rq is an equivalence relation. O

Definition 3.1.5. ([11]) Let ((X,.7),d) be an extended metric space.

(i) We say that a subset A of X is clopen if A is both open and closed in X.

(ii) (X,.7) is said to be connected if X could not be represented as the union of disjoint
sets A and B in .

(iii) A connected component of a topological space X is a maximal connected subset Y C X
ie. if Z C X is connected and Z D Y then Z =Y. Two connected components of X

can be equal or disjoint.

(iv) The metric-component Cy(x) of x € X is the union of all clopen subsets of X containing
z ie, Cy(x) = J{Upg) : ® € Uy clopen subset of X}. We will denote the metric-

component of z € X by mcy(x).

Remark 3.1.6. As Ry is a natural equivalence relation on the extended metric space X, it
provides a partition of X into equivalence classes. These equivalence classes of Rq are clopen

subsets of X which are called metric components of X.

Observe that, if a metric component happens to be connected, it is already a connected
component of X. Each point z € X is contained in a unique connected component of X,

namely, [ J{Z C X : Z is connected and x € Z}. However, if we equip each metric component
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with the relative topology, the topology of X then is the free union topology, equivalently,
X is the direct sum of (or partitioned by) these subspaces (see, e.g., ([41, p. 65])).

Lemma 3.1.7. [7] Let (X,.7) be a (Hausdorff)-topological space. If X can be partitioned
into nonempty clopen sets {X; : i € I} and each X; is metrizable, then choosing a compatible
metric d; for X;, the functional d on X x X defined by

di(x,y) if 3 with {z,y} CX;
d(z,y) =

oo otherwise

is an extended metric compatible with the topology of X and has {X; : i € I} as metric

components.

Proof. Let z,y,z € X. If {z,y} C X;, then d(z,y) = di(z,y) > 0 and d(z,y) = d;(z,y) =0
if and only if x = y. Also, d(z,y) = d;(z,y) = d;(y,z) = d(y,z). If {z,y,z} C X, we clearly
have that d(flj’, Z) = dz($a Z) < dz(x7y) + dz(ya Z) = d($a y) + d(y7 Z)

Next, if {z} C X;, {y} C Xj for all i # j, then either {z} C X;, {z} C X, or {2} C X,
{y} € X

IfVi#j {z} CXj, {z} CX,, then co =d(x,y) + d(y, z) > d(z, z).

IfVi#j {2} C X, {y} C X, then co = d(z,y) +d(y, z) > d(z, z). Thus, d as defined

is an extended metric.

Finally, since d; is a restriction of d on X; x X; and the family of nonempty clopen sets
{X; : i € I} partitions X, we infer that d as defined has {X; : i € I} as the metric

components. O

These concepts immediately lead to the following.

Definition 3.1.8. Let (X,.7,) be a topological space. Two subsets A, B of X are separated
if the closure of each of them does not meet the other (this is equivalent to say that A and B
are clopen in AU B). X is said to be connected if it cannot be partitioned in two separated
sets. A subset S of X separates the nonempty sets A and B if the complement of S can be

partitioned in two separated sets, one of which containing A, the other containing B.

Proposition 3.1.9. ([7]) A metrizable space X is connected if and only if each extended

metric d on X s a metric.
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Proof. For sufficiency, suppose X is not connected, that is X admits a partition into two

nonempty clopen sets X; and X,. Then the construction

di(ﬂﬁ, CL’Q) Zf di = 1, 2 with {$1, CL‘Q} Q Xz
d(.fl,l’g) -

oo otherwise

produces an extended metric on X that assumes values of infinity since x; € X1, 2 € X5
implies d(z1,x2) = co0. Let © € X be arbitrary. Let mcy(z) be the metric component of z
with respect to d. We claim that {mcq(x)} and {X \ mcq(x)} are separated. Now, mcy(x)
is closed implies that (mecg(z)) = meq(z), and meq(x) is open implies X \ meq(z) is closed
so that (X \ meq(z)) = X \ meq(x) as well. By separability, () = (mcg(z)) N (X \ meg(z)) =
meq(z) N (X \ meqg(x)) = meqg(x) N (X \ meq(z)). Since X = (meq(x)) U (X \ meg(z)), we see
that {mcq(x), X \ meq(x)} is a partition of X into two nonempty clopen sets, that is, X has

been written as a union of two nonempty separated sets, and so X is not connected. O

3.2. A universal space for extended metric spaces

In this section, we present works among others done by Beer [7] involving completeness
and universality of extended-metric spaces. The universal space will be a space of partial
functions and can be defined for any Hausdorff space X, that is, there is no need to assume

metrizability.

We first present in the sense of Beer [7] an extended metric that will be useful throughout

this chapter.

Definition 3.2.1. [23,24] A partial function from a nonempty set X to a nonempty set ¥
denoted f : X — Y, is a function with domain X, and codomain Y, where X, is some subset
of X.

Definition 3.2.2. Let ((X,.7),d) be a (Hausdorff) metric space and A C X. We denote
by C(X) the set of continuous real-valued functions on X and within C'(X), we denote the
set of bounded continuous real-valued functions by C?(X). If we let X = R and C(A) set of

continuous functions f : A — R, then we can define a supremum metric on the set A x A
by

d(f,g) =sup | f(z) —g(x) | .

z€EA
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Definition 3.2.3. [7] Let X be a metrizable space and Ax = {(f,A4) : f € C(A) and
A € 6,(X)}. Then, for any compatible metric d on X, the map D on Ay defined by

oo if A#B
D((f, A), (g, B)) =
supeeq | fa) —gla)| A=DB

is an extended metric on Ax.

For completeness purpose, we first recall the following standard result.

Proposition 3.2.4. Let X be a metrizable space. Then (C(X),d) the space of all real-valued

continuous functions on X, with metric

d(f,g9) = sup | f(z) —g(z) |

18 complete.

Proposition 3.2.5. [7] Let X be a Hausdorff space. Then (Ax, D) is a complete extended

metric space.

Proof. Let (f,, An) be a Cauchy sequence in the space Ax. Lets assume without loss of
generality that the partial functions all have a common domain A. Then, for each t € A,
Ve > 0, AN € N such that

D<<fn7An)a(fj7Aj)):igg|fn(t)_fj(t)‘<€7 An:AJ’ Vj,n >N

where A € €,(X), fn, f; € C(A). Hence, for any fixed t = ¢, € A we have

| fu(to) — fj(tO) |<e Vjin>N.
This shows that, (f,(t,), An)nen is a Cauchy sequence of real numbers and so converges. In
other words, this means that the function sequence (f,, A,) converges point-wise to (f, A).

We now show that, this point-wise convergence is actually uniform in t € A € €,(X), that
is, Ve € (0,00),3N € N such that

sup | fn(t) — f(t) |[<e Vn> N.

teA
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Given € € (0, 00) choose N such that D((fn, An), (fj, 45)) < 5, ¥n,j > N. Then for n > N,

| fu(t) = SO IS fa(®) = F50) [+ [ f5(8) = f(0) [ < 31615){\ Fu@) = L@ |+ 1 £ = £(0) 1}
=sup | fu(t) = f50) | + [ f5() = f(?) |

teA

= D((fn, An), (f5: A))+ | F5) = f() |-

By choosing j sufficiently large (j may depend on t), each term on the right-hand side can

€

be made less than § so that igx) | fu(t) — f(t) |< € Vn > N. So, the sequence is uniformly

Cauchy on A and thus uniformly convergent to some f. Since the f,’s are continuous
on A and the convergence is uniform, it follows that, f(¢) is continuous on A. Hence,
lim D((fn, An), (f,A)) = 0. Since D((f,A),(g,B)) = oo VA # B, (Ax, D) is a complete
n—oo

extended metric space. O

For the universality of an extended metric space we consider the following characterizations.

Definition 3.2.6. (cf. S. D. Iliadis [19,20]). A space X is said to be (topologically) universal

in a class say P of spaces if:

(i) X is an element of P, and

(i) for every element Y of P there exists a topological embedding e of Y into X.

If only condition (ii) is satisfied, then X is said to be (topologically) containing for the class
PP. If, moreover, the space X and the elements of P are metric spaces and e¥ is considered to
be an isometry, then X is said to be isometrically universal in P or isometrically containing

for P, respectively.

Definition 3.2.7. (cf. S. D. Iliadis- [19,20]). Assume any arbitrary considered mapping to
be continuous. For every mapping f we denote by Dy and R; the domain and range of f,

respectively.

(i) Let f and F' be two mappings. A pair (¢,v), where ¢ is a topological embedding of
Dy into Dp and 1 is a topological embedding of R into Rp such that ¢o f = Fo¢, is
said to be a (topological) embedding of f into F. If, moreover, the spaces Dy, Ry, Dp,
and Rp are metric and the embeddings ¢ and 1) are isometries, then the pair (¢, 1)) is

called an isometric embedding of f into F.
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(ii) A mapping F' is said to be (topologically) universal in a class F of mappings if:

(a) Fis an element of F and

(b) for every element f of F there exists a topological embedding (¢ f, v f) of f into
F.

If only condition (ii) is satisfied, then F is said to be (topologically) containing for the
class F. If, moreover, the domain and range of F', as well as, the domains and ranges
of all elements of ' are metric spaces and the embedding (¢f, f) is considered to be
isometric, then F is called isometrically universal in F or isometrically containing for

IF, respectively, [also see [14], p. 286].

Generally, the concepts above imply the following definition:

Definition 3.2.8. (Compare [36, Definition 2.8.2]) Let € be a class of extended metric
spaces. An extended metric space V = (U, dy) of class € is called universal or Urysohn if it

satisfies the following properties:

i) For every extended metric space X = (X,dx) of class € there exists an isometric

embedding X < U; (Universality).

(ii) For every two isometric finite extended metric subspaces Fi, Fy of U, the isometry

F) <> F; extends to a global isometry U <» U; (Ultrahomogeneity).

Theorem 3.2.9. [7] Let X be a metrizable space. Then for each compatible extended metric
don X, ¢:(X,d) — (Ax, D) defined by

where z € X, is an isometry.

Proof. Choose fixed distinct points x; and x5 in X. Let ¢ : X — Ax be the map
x1 — fz, given by

fo () = d(x1,2) — d(29, 7).

where we assume z to be from a common metric component.
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We verify that f,, € C®(X). By the triangle inequality, and each z in the common metric

component say mcy(z1) we have the inequality

| d(x1,2) — d(zg, x) | < d(21, x2).

Hence | f,,(x) |< d(z1,x2) and since d(z1,x9) is a constant independent of = we infer that
fa € C(X).

Next, we prove that ¢ is an isometry, that is D(¢(x1), ¢(x2)) = d(x1, x2) by showing that

sup | fo, (x) = fo,(2) |= d(21, 22) Vay, xe € X.

xEmeq(x1)

There are two cases to consider
Case 1 If d(xy, z3) = oo, then mcy(z1) # meq(x2), and so by the definition of D,
D<<d(x17 JJ)‘mCd(m)a mcd<x1))7 (d(z% x)lmCd(m)? mcd(x2>)) = 0.
Case 2. If d(xy,z5) < oo, then mey(z1) = meq(xs), and the definition of D implies

D((d(1, %) mey(er), mea(1)), (A2, ) mey(ea), ma(22))) < 00,

Now, since | fy, (z) — fu, (z) |=| d(z1,2) —d(x, 25) |< d(x1, 22), then for each x in the common

domain, the supremum taken over x can not exceed d(x1,xs), that is

sup | fo, () — faun (2) [< d(21, 22).
z€meg(x1)
On the other hand, selecting x = 27 and/or x = 5, we get that

sup | d(ay,x) — d(ws, ) |> (w1, 2).

zemegq(x1)

Hence,
Sup ‘ fml(x)_fr2<x> ’: d($1,$2),
zeEmMeg(x1)
implying that ¢ as defined is an isometry. N
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In the following result, we aim to show that a generalization of the kind of functions used
in Theorem 3.2.9 from singletons to nonempty subsets of X leads to the extended Hausdorff

metric. Indeed this fact motivates the definition of the distance D on Ax above.

Proposition 3.2.10. [1/] Let X be a metrizable space. Then for each compatible extended
metric d on X and A € Py(X), the map f : X — (Ax, D) defined by x — d(z, A) is

continuous.

Proof. Let x,y be any two elements of X and define f : X — Ax by f(z) = d(z, z)—d(y, 2)

for some fixed z € X. Then, for each a € A, we have

d(z,a) < d(z,y) + d(y,a).

Taking infimum over a € A gives

d(x, A) = inf d(z,a) < d(x,y) + inf d(y, a) = d(z,y) + d(y, A),
ac ac

which implies d(z, A) — d(y, A) < d(x,y). Similarly, d(y,a) < d(y,z) + d(z,a), so that
d(y, A) = inf d(z, a) < d(z,y) + inf d(z, A) = d(z,y) + d(z, A),
ac ac
implying d(y, A) — d(z, A) < d(z,y).
Together, we obtain | d(x, A) —d(y, A) |< d(z,y) and d(z,y) is independent of a € A, which

clearly gives the continuity of f. O

The next result shows that the Hausdorff distances between two nonempty subsets is equiv-

alent to the uniform distance between distance functionals.

Definition 3.2.11. [3](Pompeiu-Hausdorff distance) Let (X, d) be a metric space, A, B €
Py(X). Then the Pompeiu-Hausdorff distance between A and B is given by

Do (A, B) = sup{| d(z,A) —d(z,B) |:x € X} =sup | d(z,A) — d(z,B) | .

zeX

Note that, if either A = () or B = (), then D, is undefined.

29



Proposition 3.2.12. [3] Let X be a metrizable space. Then for each compatible metric d
on X and A, B € 6y(X), du(A, B) =sup | d(z,A) —d(x, B) |.
zeX

Proof. = let A,B € %,(X), a € Aand b € B. For a fixed x € X, define f, : X —
[0,00) by & — d(x,a) — d(z,b). By the triangle inequality we have

d(x,A) < d(z,b) + d(b, A).

Since b € B is arbitrary, this implies that

d(xz,A) < gng d(z,b) +d(b,A) < gnjg d(xz,b) +supd(b, A) < d(x,B) + eq(B, A).
S S

beB

So that d(z, A) — d(x, B) < eq(B, A).
Similarly, we have d(z, B) — d(z, A) < eq(A, B). Hence,

max{d(z, A) — d(z, B),d(z, B) — d(z, A)} < max{eq(B,A),eq(A, B)},

implying | d(z, A) — d(z, B) |< du(A, B).
Taking supremum over z € X on both sides gives D (A4, B) < dy(A, B) and d(A, B)

is independent of z, implying that D, is continuous.

< For any x € X and arbitrary b € B

eq(B, A) = supd(b, A) = sup{d(b, A) — d(b, B)} < sup{d(z, A) — d(x, B)}

beB beB reX

<sup | d(z,A) —d(z, B) | .

zeX
Analogously, e (A, B) < sup,cx | d(A,z) —d(B,x) |= sup,ex | d(z,A) —d(z, B) |.

Consequently, we have

max{ey(B, A),eq(A, B) < sup | d(z,A) — d(x, B) |

zeX

implying dy (A, B) < Dy (A, B), which completes the proof.
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Remark 3.2.13. From Proposition 3.2.12 it is clear that the Hausdorff metric convergence
of a sequence of closed sets {A,} to A amounts to the uniform convergence of {d(., A,)}
to d(., A), that is to say Hausdorff distance is just a uniform distance between distance

functionals.

Proposition 3.2.14. [7] Let X be a metrizable space. Then for each compatible metric d
on X, (60(X),dy) can be isometrically embedded in (Ax, D).

Proof. Let d be a compatible metric on X; if A and B are contained in %,(X), then
du(A, B) = sup,cyx | d(z, A) — d(z, B) | by Proposition 3.2.12. Choose a fixed point x € X
and let ¢ : A — Ax be the map defined by

falz) =d(z,A) — d(z, B).

We need to verify that f4 € C(%,(X)). Now, by Propositions 3.2.10 and 3.2.12, d(x, A) —
d(xz,B) < dy(A, B)and d(z, B)—d(z, A) < dy(A, B). Hence, | d(z, A)—d(x, B) |< dy(A, B)

x, A
implying fa € C(%,(X)) since dgy(A, B) is a metric independent of x.

Next, we prove that ¢ : A — (d(+, A), X) is an isometry, that is D(¢(A), ¢(B)) = dy(A, B).

We have two cases to consider.

Case 1. If dy(A, B) = oo, then A # B, and so by the definition of D,

D((d(x, A), X), (d(z, B), X)) = 00 = dy(A, B).

Case 2. On the other hand, if dy (A, B) < oo, then A = B and so

D((d(x, A), X), (d(z, B), X)) < 0.
Now, taking supremum over z € X on both sides of | d(z, A) — d(z, B) |< du(A, B),

the left side can not exceed dy (A, B), that is,

sup | d(z, A) — d(x, B) |< du(A, B).

zeX

Further, selecting z € A or « € B, we get that sup |d(z,A) —d(z, B) |> du(A, B).
T€AUB

As a result, (¢5(X),dg) can be isometrically embedded into (Ax, D). O
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3.3. Bornology of metrically bounded subsets

In this section, we aim to present Beer’s [7] characterizations of bornologies on a metrizable
space denoted by %,;(X), for some compatible extended metric d of which are extensions of

Hu’s [?] construction and work by Garrido and Merono’s [15].

We first consider some general concepts of a bornology that will be useful throughout this

section, and the third section of our third chapter.

Definition 3.3.1. [26] Let X be a Hausdorff space. If & C Z(X), we define;
(a) L () by | (&) ={B:BC A, for some A € &/} and,

(b) () = {iL:JlAi i<neN A e d}.

Definition 3.3.2. [16] Let X be a nonempty set without any assumed structure. A family
A of subsets of X is called a bornology on X provided the following conditions are satisfied:

(i) £ forms a cover of X, ie. X = |J B;
Be#

(ii) & is hereditary under inclusion; whenever B € # and A is a subset of X contained in
B, then A € %,

(iii) A is stable under finite union; if By, By, ..., B, € % then | B; € A.

i=1

A pair (X, %) consisting of a set X and a bornology Z is called a bornological space or
universe, and the elements of Z are called the bounded subsets of X. If (X, d) is an extended
metric space, we denote its bornology of metrically bounded subsets by %,(X) and call this

the metric bornology determined by d.

The condition of #Z being stable under set inclusions implies that it is a hereditary family
and thus must contain the empty set. Note that for any space X, the smallest bornology on

X is the family of its finite subsets and the largest is its power set.

Definition 3.3.3. ([16]) Let X be a nonempty set without any assumed structure. A basis
for a bornology % on X is a subfamily %, C %, such that every element of 4 is contained
in some element of %, that is, for each A € # there exists a B € %, such that A C B.
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Evidently, %, is cofinal in . By being cofinal, it means %, satisfies the property that: for
a non-empty set X with a binary relation <, its subset A C X is said to be cofinal if and
only if for every x € X, there exists some a € A such that x < a. %, is called a closed
(open) basis of 4, if each set A € %, is closed (open), [18].

Lemma 3.3.4. (/18, Theorem 4.2 and Theorem 4.3]) Let X be a topological space.

(i) A family By = {A} of subsets of X is a basis for some bornology in X, if and only
if By covers X and the union of any two elements of Ay is contained in a member of

B .

(i) If the bornology A in X is generated by By, then the finite unions of elements in Ay
form a basis of AB.

Proposition 3.3.5. [7,26] Let X be a topological space.

(i) If < is a nonempty family of subsets of X, then the following properties are satisfied:

(a) o S| ().
(b) o C ().
(¢c) L 2(#)) = 2 (L ().

(i) If of C P(X) is a cover of X, > (I (&) =l O_()) is the smallest bornology on X
containing <7 .

Proof. (i) (a) For sufficiency, let A and B be arbitrary subsets of X. Then, for each
B e Z(X) we can find a set A € o/ such that B C A by the definition of | ().
Since B generated from . lies in | (&) and A was arbitrary, we infer that, A
belongs to | («7) as such, & is cofinal. Hence, o C| (7).

(b) Set in (a) B = U A, A; € &, i=1,2,...,n, n € N. Now for each i < n, (a)
guarantees that there exists A € o7 such that A; C A. Since each A; is arbitrary
and A can be one of the A4;, |J A; € A and so, &/ C ) ().

=1

(¢) We have from | (&) = {B: B C A, for some A € &/} and
Z(ﬂ/)z{UAi:nEN,ign,AiE%} that

=1
> (L () ={UL,Ai: A el ()}
={U A;: A, € {B:BCA, for some A € &}}

={U A, : A, C C;, for some C; € o7}
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={UL A, U A, C UL, Gy, for some C; € o'}
C{B:BCA,forsome C; CA=U",C;e>(F)}
L (X ()
Conversely,
1 O(«)={B:BC A, for some A € > ()}
={B: B CA, for some A € {U",C;:C; € &}}
={B:BCA, for some A=U",C; € > ()}
C{uUr A, - UL A, C U Cy, for some C; € o7}
={Ul A A, CUY_C;, for some C; € o}
={U A, A, € {Ul_,C; : C; C E, for some F € &/}}
={Ul,A;: A, €{C;:C; C E, for some E € &/}}
— (U A A, el )
=S (@)
(ii) For necessity, suppose the family 7 is a cover of X. We first need to show that

> () (&)) satisfies bornological properties. Since 7 is a subset of both | (&) and
> (), &/ must be a subset of > (] (7)) and so,

x=JBc |IJ ¢

Bed/ BCCEY (L)

which implies that > (| (&) covers X through <.

Next, from Y (] (#7)) ={B: B C A, for some A€ > (&)} itis clear that > (| (&))
is hereditary under set inclusion. We also notice from > (| (&)) = {U,A4; : A; €1
o/ ,n € N} that, > (| (&)) is closed under finite union.

Finally, suppose £ is another bornology containing the space <. Then, | (&) C &
and so, > ({ (&)) C £ by (c) and the definition of a bornology. Hence, > ({ (&) is

the smallest bornology.

]

Remark 3.3.6. From Proposition 3.3.5, it’s clear that if o7 is a cover of X then there is a
smallest bornology that contains 7, namely the family of nonempty subsets of finite unions
of members of the cover. Constructively, to begin with &/ U.%# (X)), form all finite unions of
sets in this family, and then take all subsets. We call this the bornology generated by <.
From a cover of X directed by inclusion, we can obtain the bornology it generates simply by

taking subsets. Such a cover is called a base for the bornology it generates.
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We now consider the concepts of a bornology of metrically bounded sets. We start by
stating [18, Hu’s Theorem] that will be useful throughout this section, and the third section
of chapter 3.

Definition 3.3.7. (cf. Definition 3.4 of Hu [18]) Let (X, .7) be a topological space. Then,
a boundedness or bornology & in X will be called .7-proper if the universe ((X,.7), %) is
proper, that is, for every A € A, there exist a B € 4 such that clA C intB.

Definition 3.3.8. (cf. Definition 10.1 of Hu, [18]) Let ((X,.7), %) be a bornological uni-
verse. We say that, ((X,.7), %) is metrizable if there exists a metric d on X such that
T = g and B = {A C X : diamg(A) < +o0}. Moreover, & is the collection of all
d-bounded sets.

Lemma 3.3.9. (/18, [Hu’s Theorem]) Let X be a metrizable space. Then a bornology % on
X can be realized as By4(X) for some compatible metric d if and only if
(Z) VB, € 1@, dBy € & with Cl(Bl) - mt(Bg),

(1)) P has a countable base.

Conditions (i) indicates that the bornology has both a closed base and an open base.

Lemma 3.3.10. [7] Let (X,d) be an extended metric space. Then

(i) the family of all finite unions of open balls forms a base for Bqy(X);
(ii) By(X) contains the bornology of relatively compact subsets of X ;

(7ii) whenever (x,) is a Cauchy sequence in X, then {z, : n € N} € %B4(X).

Proof. (i) Let B, = {U Ba(xi,0;) v, € X,0,>0,1<i<ne N}, a family of finite
i=1

unions of open balls. Next, since each By(z;, d;) is open and d bounded, so is | J Bg(x;, d;)
i=1
as it is a union of open and d bounded sets. By the definition of a bornology, %} gen-

erates %,(X). Since the union of any two d-balls of % is contained in a set of %,
then the union of any finite number of d-balls of % is contained in a set of % by
Lemma 3.3.4. Thus, every bounded d-ball of %,(X) is a subset of some set in % and

hence, we infer that % is a basis of %y(X).

35



(ii) Let A, be a bornology of relatively compact subsets of (X,d) and C' € %,. We aim
to show that A, C B,(X). For 6 > 0, it follows from the relatively compactness of C'
that there exists a finite set K C C such that C' C J,c,e Ba(¢,2) C Uex cl(Ba(c, 2))
and cl(By(c, %)) is compact. Then

i< [Bd (cg)} c | Balc,9).

ceK ceX

Now, { U [Bd(c, g)] 3} forms a basis of %, and { |J Bu(c, d)} forms a basis of %4(X),
we inferc etﬁat B. C By(X). <

(iii) Let (z,) be a Cauchy-sequence in X. Then by definition, given an € > 0, there exists
an n. € N such that for all m,n > n,, d(x,,z,,) < €. Now let us pick any ¢ > 0; say,
€ = 1. Then by assumption, there exists some n; € N such that for all n,m > n; we
have that d(x,,z,,) < 1. Now let k € N and k > n;. Since d(zg,x,,) < 1, there are
infinitely many terms of this sequence inside the ball of radius 1 centered at x;; thus,
these terms are bounded. In particular, we have d(z,,z,,) < 1, where z, € B(z,,,1)
for all n > ny. Thus, {z, : n > n; € N} is bounded. Also {z, : n < n; € N} is
bounded since its finite. Hence we conclude that, the entire range {z, : n € N} is a
bounded subset of X and so lies in %B,(X).

O

Proposition 3.3.11. ([7]) Let (X,d) be an extended metric space and let E be a dense
subset of X. Denoting the restriction of d to E' x E by dg, suppose By is a basis for Bq,.
Then {cl(B) : B € By} is a base for By(X).

Proof. The proof is as a consequence of [5, Theorem 2.3. ], [6, Lemma 3.3] and [15, Lemma
4.1]). Let C € H4(X). Since E is dense in X, we choose for each n € N a finite subset E,, of
E in A, (F) such that C' C En% , with the enlargement being taken in X. This means that
reciprocally, E, C Cw. Let T, = E, N Cx so that T}, € B, (E) and dg(C,T,) < % Now

for each n € N set B, = |J T} € HBa,(E). We need to prove that C'U |J T, is bounded in
j=1

n=1

X. Let > 0 be arbitrary; we claim that whenever % < g then
culJT1;C B
j=1
First dy(C,T,) < L < 2 gives
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Sm\a«.
Sl

CcCT;CB

If j <n then T; C B, C BS. On the other hand, if j > n then dy(C,T;) < g and so,
o 0

Thus in this case T; € T2 C BJ. Since § > 0 was arbitrary we infer that C' U (U Tn)
n=1
CCC

is d-bounded, and so its subset |J 7}, is d-bounded. Our construction gives B
n=1
clx (U Tn) and so, B C clg <U Tn). Let By = {By}nen, then it is clear that clx B, €
n=1 n=1
Ba(X), for every B, € B, (E) . O
The following characterization gives properties of a generating cover for a metric bornology.

Theorem 3.3.12. [7] Let X be a metrizable space and let 2 be a bornology on X. Then
B = B4(X) for some compatible extended metric d if and only if there exist &7 C % such
that | (X(&7)) = % and a partition {7 : i € I} of o/ with the following properties:

(i) each 7 contains a nonempty subset of X;
(11) Vi € I,VAl S in, E|A2 € :ﬁy@ with CI(A1> g Znt(A2>,
(iii) whenever A; € & and A; € o7 for i # j, then A;NA; = 0;

(iv) each 7 has a countable subfamily which is cofinal in 4 with respect to inclusion.

Proof. —> Suppose X is metrizable. For necessity, let d be a compatible extended metric on
X with metric components {X; : i € I'}. For each i € I, let o = {By(z,a) : x € X;, a0 > 0}
and let o7 be the collection of open balls in X. Since a subset of X is d-bounded if and only

if it is contained in a finite union of open balls and &7 is a cover of X, we have

Bu(X) = BuUierX) =L (3 (Uierh)) =4 (3o () -

(i) This condition clearly holds, because from .o7’s construction, we can always find a
neighborhood A; of z € X; such that A; C By(x;, d;) where we can take o« = max{d;—d :
i € I}. That is equivalently to say <7 covers an A;.
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(ii) Since each 7 contains a nonempty bounded subset of X, we have for every arbitrary
A € a7 that there exists an open ball B;(y) such that A C B;(y) so, A C B;(y) C
Bii1(y), taking cl(A;) = A and int(Ay) = Biy1(y).

(iii) Let A; € o and Ay € & Vi # j,i,5 € {1,2}. Since {< : i € I} partitions &7, we
have that, A; N Ay = (). Generalizing this to all but finitely many arbitrary <7’s we
have for the indices i # j,4,j € I that A; N A; = 0.

(iv) Finally, choose a point y € X;, i € I. For some positive integer n the collection
o, ={Ba(y,n) :n e N} ={B,(y) ={r € X;:d(y,z) <n}:ie€l,1<i<nmneN}
of open balls forms a subfamily for .7 which is countable. Since from our construction,
Bi(y) € Ba(y) C ... € B,(y), then > _({B.(y) ={zr € X, : d(y,z) <n}:ie€l,1 <i<

n,n € N}) contains a countably cofinal subfamily for 7.

<= Conversely, suppose the partition {<% : i € I} of &/ has the asserted properties. For
each i € I, let X; = Ugs. By property (i), each X; is nonempty, and by (ii), each X; is open
since each 7 has an open basis. Since X; = U, (iii) guarantees that {X; : ¢ € I} is a
pairwise disjoint family and thus partitions X. Since {X; : ¢ € I'} are metrc components and
(ii) implies there is both a closed base and an open base, we infer that each X is clopen. For
each i € I, put %; =] (X()) where | (X(%)) =} {UL 1A :n e NJA;, € Uje & = o} =
{A; : A; C UL |A; C B; € o, for some B; € o, C o/}. Since < is a cover of X;, %, is a
bornology on X;. Since the closure of a finite union is the union of the closures, property (ii)
holds with %, replacing .o7. Property (iii) holds as well if %; replaces < and %; replaces
<7;. Finally, if 7 is countable and cofinal in 7 ,then ¥(A}) is countable and cofinal in %;
and so, (iv) holds with %; replacing 7. Thus by Lemma 3.3.9, for each positive i € I, there
is a metric d; on X; such that %; = %,,(X;).

As | (X(&7)) is assumed to be a cover of X, we conclude that </ is a cover of X and
so {X; : i € I} covered by the partition {<7 : i € I} is a cover of X. Let us define
d: X xX — [0,00] by d(z,w) = di(x,w) if Ji with {z,w} C X;, and d(z,w) = o

otherwise. Then,

f%d(X> - Z(Uielr%i) =] <Z(Uielf2{i)> =} (Z(ﬂ)) = 3.
O

The second result is based on this strong defining property of metrically bounded subsets.
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Definition 3.3.13. [7] Let (X, d) be an extended metric space and A C X be d-bounded.

Then, A is said to be a member of %,;(X) if its intersection with each metric component lies

in the relative metric bornology and all but finitely many of these intersections are empty.

Theorem 3.3.14. [7] Let X be a metrizable space and let Z be a bornology on X. Then

%:
{%z

(i)
(i)
(i)
(iv)
(v)

PBy(X) for some compatible extended metric d if and only if there exists a collection

i € I} of families of subsets of X with the following properties:

Vi € I, %; has at least two subsets of X as elements including 0);

Vie I, VB, € %;, ABy € %; with cl(By) C int(By);

whenever B; € %; and B; € %, for i # j, then B; N B; =

each Z; has a countable subfamily which is cofinal in %; with respect to inclusion;

VA e Z(X), Ae Aifand only if Vi € I, AN (UH;) € %, and for all but finitely
many i ,AN (U%;) = 0.

Proof. —> For necessity let d be a compatible extended metric on X such that 8 = %B,(X).
Let {X; : i € I'} be the metric components of X and let d; be the restriction of d on X; x X;.
Set %z = %di (XZ), then

(i)

(i)

(i)

From the definition of a metric component of X, each X; contains some element of X
implying that each is nonempty and %, (X;) contains minimally the finite subsets of
X;.

Fix z; € X;. Since each 4; contains at least two subsets of X as elements, then for
every arbitrary bounded subset B of X; in %; there exists an open ball B;(z;) such
that B Q Bl(Zz) SO, E C Bz<ZZ> C Bz—l—l(zz) Hence, CZBI = E C Bi—i-l(Zi) = mth

Suppose By € %; and By € B, Vi # j,i,5 € {1,2}. Since d; the restriction of d
assumes values of infinite, let x1, 29 € X; be such that x; # z5. Then q(x1,25) > 0
in X; and so for an a > 0, the a-open balls By(z1,a) and By(xe, ) are disjoint.
Indeed, suppose there exists a z € X; such that z € By(z1,«) and z € By(x, ), then
d(ry,2) < aand d(z,73) < a. Put a = %, we have that d(z1,2) +d(z,z2) < 200 =
d(x1,x2). This is a contradiction of the definition of a metric, so there can be no such a
point z. Since B; and B; are bounded, taking | J By(z1,9) 2 By and | By(xs, @) 2 Ba,
we infer that By and B; are disjoint. Generalizing this to many arbitrary %;’s for all
indices i # j,4,j € I we have, B; N B; = ().
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(iv) Choose a point z; € {X; : i € I}. For each positive integer n the collection of
open balls {B(z;,n) = {& € X; : d(z;,z) < n} : i € I,n € N} is a countable
sequence of bounded sets which in turn must form a countable subfamily for %;. Thus,
Y- ({B(zi,n) ={r € X; : d(z;,z) <n}:i€l,neN})is also countably bounded and

hence must contain a countable cofinal subfamily for 4;.

(v) Finally, let A € Z(X) be such that A € B. As {%; : i € I} partitions B, A €
PBi(X) must be contained in some ;. Now, since the %;s are bornologies on metric
components X; which are clopen subsets of X, AN %, is just an intersection of A with
the X; and so, by the definition of a bornology, AN (U%;) = U(AN%;) € %;. Since A
is arbitrary in &2(X) and d assumes the infinite value, we have by applying (iii) and (i)
for all but finitely many indices 7 that AN%; = () and so, AN(U%;) = U;(AN %) =0,
(One could also use Proposition 3.2, Theorem 4.1 of Beer [4]).

<= Conversely, suppose {Z; : i € I} satisfies the properties above. For each i € I, put
X; := UZ%;; by condition (i) each X; is a nonempty subset of X. By conditions (ii) and (iii),
{X; :i € I} partitions X into clopen subsets. Next, we need to show that each family %; is
a bornology on Xj.

Fix i € I and set % .= {BN X, : B € A}. Since each X; = U%;, we have by (v) that %; is
contained in %;. Thus, %; is clearly a basis for a bornology on X; since for each arbitrary
B € A, there is an arbitrary BN X; € %; with B C BN X, € %;. So, %; is however a
bornology on X;. Conversely, we need to show that %; C %;. Let B; € %; be arbitrary,
then its enough to show that B; € %; which suffices to show that B; € 4. The structure
X; = U%, implies B; N X; € %,. Taking j # i, condition (iii) gives B; N X; = (). And by

condition (i), we have

Biij:(DG:@j.

Now, in view of condition (v), B; € % so that B; = B; N X; € %;. Hence, the family %; is

established as a bornology.

Further, applying Lemma 3.3.9, conditions (ii) and (iv) implies that for each i € I, there
exists a metric d; on X; such that %; = %, (X;) that is to say %; is a metric bornology
on X; induced by some metric d;. With the extended metric d on X defined by d(z1,xs) =
di(xq,x9) if Ji with {z1,20} C X; and d(x1,25) = oo otherwise, condition (iv) guarantees
that Z = B,(X).

O
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The concept of uniform metrization of bornological universes was studied by Garrido and
Merofio in [15]. In their results they used the concepts of a characteristic function as it plays
a crucial role in the study of bornologies. The use of a characteristic function in order to
obtain metrization for bornological universes was first introduced by Hu in [18], as such, the
results of Garrido and Merono [15] was an extension of Hu’s. The next result gives concepts
of uniform metrization of a bornology on sets equipped with an extended metric, which is a

natural extension of results by Garrido and Merofio [15].

Definition 3.3.15. [18, Definition 13.1] Let (X, %) be a bornological universe. A character-
istic function of (X, %) is a real-valued non negative continuous function y : X — [0, 00)
such that a subset £ C X is bounded if x(E) is bounded in [0, 00) , that is,

#={E C X :sup{x(z) : z € E} < +00}.

Lemma 3.3.16. [15] Let (X, d) be a metric space and % a bornology on it such that X ¢ 2.
Then, (X, %) admits a uniformly continuous characteristic function if and only if B has a

countable base {B,, : n € N}, such that for some § > 0,

B’ C Bhi1,Vn € N,

Proof. The proof comes from [15]. First, suppose that % has a countable base satisfy-
ing the above hypotheses. For n € N define the function ¢, : X — [0,1] by ¢,(z) =
min{1, 3d(z, B,)}. Then ¢,(B,) =0, ¢,(X — Buy1) =1, 0 < ¢, < 1 and ¢, is uniformly
continuous. Now if we put By = () and ¢o(z) = 1, for all x € X, we can consider a function
X : X — [0,00), defined by

n—1

@) =Y dila) =n — 2+ 6,1 (a)

=2

when x € B,, — B,,_1,n € N. In this way, x is a uniformly continuous characteristic function
of (X,%). Indeed, Ve > 0, 36" > 0 such that ¢ < § and ¢ < €, and Vz,y € X with
d(x,y) < ¢, there exists n € N such that both z,y are in B,, — B,,_1, or ¢ € B,, — B,,_; and

y € Bh,i1 — B,. In any case, we have
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| X(2) = x(W) |=] Pn-1(x) = Pn1(y) + On(x) — duly) | < %d(ﬂf,y) + %d(:v,y)

2

= Sd(x, Y).

n—1

Now, let £ C 4, there exists n € N such that £ C B,. So x(F) = >_ ¢:(F) C [0,n — 1].
i=1

On the other hand, if x(F) is bounded then E C B, for some n € N, because otherwise for

every n € N there will be z € E such that y(z) > n. Thus, x is a characteristic function for
(X, 2).

Conversely, suppose that (X, %) admits a uniformly continuous characteristic function x.
Then from the uniform continuity of x, there exists some ¢ > 0 such that d(z,y) < § implies
| x(x) — x(y) |< 1. Now if we take, B, = x~!([0,n]), n € N, then it is easy to see that the
family {B,}, is a countable base for £, satisfying the required property for this 4. [

Theorem 3.3.17. [7] Let (X, d) be an extended metric space. The following conditions are

equivalent:

(i) the set of metric components induced by d is countable;

(ii) there exists a compatible metric d' such that %, (X) = ZBa(X).

Proof. The proof of our characterization is a consequence of [15, Theorem 2.4].

(i) = (ii) Let {mcq(x;) : @ € I} be the set of distinct metric components induced by d
where [ is countable. For each positive integer n, the collection { B, (z;) = {Bg(x;,n) : x; €
meq(x;),i € I} : n € N} is a countable sequence of bounded sets and so is {>_({ By(zi,n) : 1 €
I,n € N})} since it is a finite union of countable sequences and thus forms a countable basis
for B4(X). Now, let B denote an arbitrary subset of X and choose an integer n satisfying
n > d(B,z;), then we have B C By(z;,n) implying B C > ({Bqy(x;,n) : i € I,n € N}). For
this B € %,4(X), there exists B, (x;) such that B C B, (x;) s0, B C Bn(x;) C Bri1(x:).
Hence the closure of each bounded set is contained in the interior of another, and this is true

for each finite union of open balls.

Now, if each mecy(z;) € HBu(X), the proof is of course trivial because B = P (meq(z;) =
P(X) and we have d = min{1,d}. So now, suppose mecq(z) ¢ HBq(X). Since X is metrizable,
there exists a bounded metric d* : X x X — R which is topologically equivalent to d defined
by d* = min{1, d}. Applying Lemma 3.3.16 we define a new metric &’ : X x X — R, by
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d'(x,y) =d"(z,y)V | x(x) — x(y) |

where x is a characteristic function associated to the base of %,(X). To show that d’ and d
are equivalent it is enough to prove that d’ and d* are equivalent. On one hand, d* < d’, so
if d'(x,y) < € then d*(z,y) < € and then .7 is coarser than Jz«. On the other hand, using
the uniform continuity of x, that is, using the property of Lemma 3.3.16 that d(z,y) < §
imply | x(z) — x(y) |< % - d(z,y), we have that

d'(z,y) = d(z,y)V | x(z) — x(y) |[< max {d(fv, Y), %d(% y)} = max {1, %} ~d(w,y)

whenever d(z,y) < min{1,0}, and we have that the equivalence of topologies follows and

also the equivalence of the metrics.

Finally, if B € £ then it is clearly bounded for the quasi-metric d* and x(B) is bounded in R
by Lemma 3.3.16, and so B € %y (X) since d* and d' are uniformly equivalent. Conversely,
if B € B4(X) then there exists a M € R such that Vz,y € B, d'(x,y) < M. Since d* is
a bounded metric, y(B) is bounded in R so then by Lemma 3.3.16, B € #4. Consequently
PBy(X) = By (X) of which is an extension of Lemma 3.3.9.

(ii) = (i) Let {mcq(z;) : i € I} denote the distinct metric components. If Z,(X) = ZBq(X),
fix a certain x € {mcy(z;) : i € I}. By Lemma 3.3.9, we have for some n € N that the

collection

{By(z;,n) = {x; € mecy(x;) - d(x,2;) <n},i € [,n €N}

forms some countable base for By(X). Hence, 3({By(x;,n) : i € I,n € N}) must contain a
countable cofinal family within %,;(X). This implies that I is countable as {{z;} :7 € I} is
a family of d-bounded sets. Therefore, {mcq(x;) : i € I} is countable. O

We now investigate concepts of a bornology generated by compact subsets of X called com-

pact bornology.

Definition 3.3.18. Let (X,.7) be a topological space and B C X. Then, B belongs to
a compact bornology if it is contained in some compact subset of X, or equivalently, when
clx B is compact. A compact bornology is metrizable when there exists a metric d on X,

in such a way that (X, d) satisfies the Heine-Borel property. We say that the metric space
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(X, d) satisfies the Heine-Borel property when every closed and bounded subset of (X, d) is
compact (See, [15], [18]).

Since locally compact Hausdorff spaces are completely regular [14, p. 137-139], [41, p. 136], a
second countable locally compact Hausdorff space is immediately metrizable by the Urysohn
metrization theorem [41, p. 166]. The problem of metrizability of the compact bornology was
studied by Vaughan in [38]. In the proof of our next result, we will make use of Vaughan’s
result [38].

Lemma 3.3.19. (Vaughan’s result [38] ) A Hausdorff space X admits a compatible metric
such that closed and bounded sets are compact if and only if X is locally compact and second

countable (or equivalently, separable).

For simplicity purposes, we will call an extended metric space whose closed and bounded

sets are compact boundedly compact.

Theorem 3.3.20. [7] Let X be a Hausdorff space that is a free union of metric components

{X; :i € I'}. The following conditions are equivalent:

(i) each X; in its relative topology is second countable and locally compact;

(ii) there exists a boundedly compact compatible extended metric d with metric compo-
nents {X; : 7 € I'}.

Proof.

(i) = (ii) Suppose (i) holds. As each X; is Hausdorff, let d; for each ¢ € I be a metric
compatible with the relative topology for X; and {By,(z;,n) : i € I,1 <i < n,n € N} be
its countable base. By locally compactness of X;, the open d;-ball is a bounded compact
neighborhood for x; and so, each closed d;-ball is compact by Lemma 3.3.19. Since X
is a free union of the X;’s, define the extended metric d induced by {d; : i € I} on X
by d(z1,xs) = di(xq1,29) if Fi with {z1,20} C X; and d(z1,25) = oo otherwise. Then,
{By(zi,n) : 1 € I,n € N} forms a compact countable base for X and hence each closed and

d-bounded subset must lie in a finite union of compact closed balls and is thus compact.

(ii) = (i) Suppose (ii) holds; since each Xj is closed, the restriction of d to X; x X; is bound-
edly compact as well. Again by Lemma 3.3.19, each X; in the relative topology is both

second countable and locally compact. O]
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Given an extended metric space (X, d), the topology on X is the free union topology de-
termined by its metric components {mcq(x;) : i € I'}. Analogously, we could have defined
a subset A of X to be bounded if its intersection with each metric component is metrically
bounded. This is a weaker requirement than A belonging to %,;(X). We next investigate
concepts of a bornology generated by weakly bounded subset of X.

Definition 3.3.21. Let (X, d) be an extended metric space and Z be its bornology. Then,
we will say that A C X is d-weakly bounded if for each ¢ € I, we have ANmcy(z;) € Ba(X)
whenever z; € X. We denote the bornology of d-weakly bounded sets by %Y (X).

As just mentioned, £y (X) D ABq(X), with equality if X has at most finitely many metric
components (cf,. [5], [16]). Clearly, a subset of a particular metric component is bounded if
it is weakly bounded. The proof of Theorem 3.3.14 with very slight modifications yields the

following characterization of bornologies of weakly bounded sets.

Theorem 3.3.22. [7] Let X be a metrizable space and let Z be a bornology on X. Then
B = ABY(X) for some compatible extended metric d if and only if there exists a collection

{%; - i € I} of families of subsets of X with the following properties:

(i) Vi € I, B; has at least two subsets of X as elements including 0);
(11) Vi € I, VB; € %Z', dB; € %z with Cl(Bl) - 1Ht(Bg)7
(iii) whenever B; € %, and B; € %; for i # j, then B; N B; = {);
(iv) each %, has a countable subfamily which is cofinal in %; with respect to inclusion;

(v) VAe Z(X), Aec Bifand only if Vi e I, AN (UH;) € ;.

Proof. = The metrizability of X implies that & = %,(X) for some compatible extended
metric d on X. Now for this d, suppose B = HBY(X). Let {X; : i € I} be the metric
components of X and let d; be the trace of d on X; x X;. Set %; = %y (X;). Clearly
condition (i), (ii), (iii) and (iv) holds in a similar manner as those of Theorem 3.3.14. Now,
for condition (v), let A € Z(X) be an element of A, then A is a weakly bounded subset of
X. Since {Z; : i € I} induces &, A must be contained in some %;. As A is weakly bounded,
ANB; € By(X;) and the definition of a bornology implies A N (U%;) = U(AN %) C B;.
Since A is arbitrary in Z(X) and d assumes values of infinite, we have by applying (iii) and
(i) for all but finitely many indices ¢ that, AN (U%;) = U;(AN %;) = () and so (v) holds.

<= Conversely, suppose {Z; : i € I} satisfies the properties above. For each i € I, put

X, := U%,; which by condition (i) is a nonempty subset of X as it contains an element of x.
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By conditions (ii) and (iii), {X; : ¢ € I} partitions X into clopen subsets. We next aim to
show that each family 4, is a weak bornology on Xj.

Fix i € I and set % := {BN X, : B € #}. Since X; = U%,; and the arbitrary set B is
bounded, we have BN X; € %,(X) so that B is weakly bounded. Evidently %; is a base
bornology of weakly bounded sets on X since for each arbitrary weakly bounded set B € 4,
there is an arbitrary BN X; € % with B C BN X; € %. By (v), % is contained in
PBa,(X) = B;. So, U is basically a weak bornology on X;. Conversely, suppose % is a weak
bornology on X, then we need to show that %; C %;. Let B; € %; be an arbitrary weakly
bounded set, then its enough if we show that B; € %; by first showing that B; € . Now,
as X; = U%; it is clear that B; N X; € Ay, (X;) = %,;. Taking i # j, condition (iii) gives
B; N X; = (. And by condition (i), we have

BiﬂXjZQG%j.

Now, in view of condition (v), B; € % so that B; = B; N X; € %, where the B; can be
empty. Hence, the family %, is established as a weak bornology.

Further by conditions (ii) and (iv), invoking Hu’s Theorem, for each i € I, there exists a
metric d; on X; such that %; = % (X;) that is, %; is a weak metric bornology on X; induced
by some metric d;. Finally, define the extended metric d induced by d; on weakly bounded
subsets in X by d(z1,x2) = d;(x1, x) if i with {x1, 25} C X; and d(x1, z5) = oo otherwise.
Then, condition (v) guarantees that Z = %Y (X). O

Theorem 3.3.23. [7] Let (X, d) be an extended metric space. The following conditions are

equivalent:

(i) all but finitely many of the metric components for d are d-bounded that is, they belong
in g@d(X),

(ii) there exists a compatible metric d’ such that %, (X) = BY(X).

Proof. Denote the metric components determined by d by {mcy(z;) : i € I}, so we will

apply facts of Theorem 3.3.17 throughout the proof.

(i) = (ii) Suppose (i) holds, let I; C I be those indices for which mcy(z;) € A4(X). To show
(ii) holds, we need only to produce a countable base for Ay (x). For each n € N, define &/
by
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o = {U,-Ehmcd(xi) UUie]_h%’d(mi,n) n e N} .

Since each mcy(z;) for i € I is d-bounded, U;cr,meq(x;) is also d-bounded and intersects no
Uier—1, Ba(x;,n) for all but finitely many indices i. But (U;er, meq(2;)) () (Uier—1, Ba(zi,n)) €
PBy(X) = By(X), which implies U;er, meq(z;) is weakly bounded and so is mcy(x;). Hence,
the collection o/ forms a countable base for ZY(X). Further, {mcq(x;) : i € L;} C
{Ba(xi,n) :i € I;,n € N} and so,

{meq(z;) 1€ L} C{mecy(x;) i€l — L}
C{By(ziyn):iel—1I,neN}
C {Ba(ziyn) :i € I,n € N}
C {By(xiyn):ieI—1I;,n €N}
= nt{By(z;,n):ie€l—1,ne N}

Evidently the closure of each weakly bounded subset is in the interior of another. Hence, by

Lemma 3.3.9, there exists a compatible d’ such that By (X) = B (X).

(ii) = (i) Suppose a compatible metric d’ exists with By (X) = By (X), yet for some count-
ably infinite set of indices {i; : j € N}, mcy(w;;) is not d-bounded. Fix p € X. For each
n € N, put B, = {By(p,n) : n € N} and let § € (0,1) where we take § < 1. Since

[Bn]% € Bhy1 and [By]2 N Bay(p,n) € Ba(X), B, must be cofinal in BY(X).

Now for each j € N, 3A; € %,(X) such that A; C mcy(z;,) and that A; € By (p, j). Then
U, Aj U {{w;} 1 i € I} is weakly d-bounded but is not contained in any d'-ball with center
p, which is a contradiction since %4(X) = By (X). Hence, mcy(z;;) must be d-bounded for
some countably infinite set of indices {7; : j € N} and so, {mc4(z;) : I € I}is d bounded. [
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Theorem 3.3.24. [7] Let X be a Hausdorff space that is a free union of {X; : ¢ € I'}. The

following conditions are equivalent:

(i) I is finite and X is locally compact and second countable;

(ii) there exists a compatible extended metric d with metric components {X; : ¢ € I} such

that each closed and weakly bounded subset is compact.

Proof.

(i) = (ii) If I is finite, then for any extended metric d with metric components {X; : i € I},
we have BY (X) = B4(X). We now apply the facts of Theorem 3.3.20: let d; be the metric
compatible with the relative weak topology for X; and {Bg,(z;,n) : i € I,n € N} be its
countable base from weakly d;-bounded sets. As each open subspace of a locally compact
and second countable space retains these properties, each open and weakly bounded d;-ball
is a compact neighborhood for z; and so, by Lemma 3.3.19 each closed and weakly bounded
d;-ball is compact. Since X; induces X, define a restriction d of {d; : i € I} on X; x X;
by d(z1,x9) = di(x1, z5) if i with {z1,22} C X; and (1, x2) = 0o otherwise. Then, the
collection {By(z;,n) : i € I,n € N} of weakly open d-balls forms a compact countable base
for X and hence each closed and d-weakly bounded subset must lie in a finite union of weak

compact closed balls and is compact.

(ii)) = (i) Assume (ii) holds. Clearly, I must be finite, all else choosing z; € X;, the discrete
set {{z;} : i € I} would be closed and weakly d-bounded but not compact. Again, Y (X) =
P4(X). Since a free union of finitely many second countable spaces is second countable and
each Xj; is closed, the restriction of d to X; x X is weakly boundedly compact as well. And
so by Lemma 3.3.19, each X; in the relative weak topology is both second countable and

locally compact. O]
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CHAPTER 4 : THE STRUCTURE OF EXTENDED REAL-VALUED
QUASI-METRIC SPACES

Various characterizations on metric spaces, normed vector spaces, quasi-metric spaces, topo-
logical spaces and extended metric spaces have been done [3,6,7], [13], [15], [16], [?],[19,20],
[21], [26], [29], [31], [36], [37], [39] as such, in this chapter we aim to establish some of
these characterizations to sets equipped with an extended real-valued Tj-quasi-metric with

an emphasis on large structure.

4.1. Definitions and basic properties

Definition 4.1.1. Let X be a set without an assumed structure and ¢ : X x X — [0, oo| be
a function mapping into the set [0, 0o] of the nonnegative reals. Then ¢ is called an extended

real-valued quasi-pseudometric on X if

(1) q(z,z) =0, whenever z € X,

(q2) q(z,2) < q(z,y) + q(y, 2), whenever z,y,z € X,

Moreover if

(g3) q(x,y) =0 =q(y,x) = x =y for each z,y € X then ¢ is said to be an extended Tj

quasi metric. The latter condition is referred to as the Tj separation axiom.

A nonempty set X endowed with an extended real-valued quasi-pseudometric ¢ is called
an extended real-valued quasi-pseudometric space denoted by (X, q). Moreover, if ¢ is an
extended real-valued Ty-quasi-metric on X, the pair (X ¢) is called an extended real-valued

To-quasi-metric space.

Remark 4.1.2. Any extended real-valued Ty-quasi-metric ¢ on X generates its conjugate
¢! X x X — [0,00] defined by ¢ '(x,y) = q(y, ), Vz,y € X. If ¢ = ¢!, then ¢ is
called an extended real-valued metric in the sense of Beer [7]. Further, whenever ¢ is an
extended real-valued Ty-quasi-metric, it generates an associated extended real-valued metric

¢° on X x X defined by ¢*(z,y) = max{q(z,y),q¢ " (z,y)}.

Note that, all results valid for general Ty-quasi-metric spaces also apply to extended real-

valued Ty-quasi-metric spaces as each of the properties in both cases are similar.

Below are some examples of extended real-valued Tj-quasi metrics.

Example 4.1.3. Let X = R. For each z,y € X, define ¢ : X x X — R, U {oo} by
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0 if 2>y
q(r,y) =
oo if r<y

Then, ¢ as defined is an extended T quasi-metric.

Proof. 1t is clear that ¢ : X x X — [0, +00], ¢(z,z) =0, q(x,y) = 0 = q(y, z) if and only
if v =y.

For all x,y, z € X, we have two cases:

Case 1. x > y. We have ¢(z,y) = 0.
If z <y, then ¢(x,z) =0 and ¢(z,y) = co.
If y <z <z, then ¢(z,2) =0 and ¢(z,y) = 0.
If x < z, then ¢(z,2) = 00 and ¢(z,y) = 0.

So we have q(z,) < g(x, 2) + (=, ).

Case 2. © < y. We have ¢(z,y) = c0.
If z <z, then g(z,2) =0 and ¢(z,y) = oc.
If <z <y, then ¢(z,2) = co and ¢(z,y) = occ.
If y < z, then ¢(x, z) = 0o and ¢(z,y) = 0.

So we have q(z,y) < q(z,2) + q(z,y).

and since for example, ¢(2,0) = 0 # oo = ¢(0,2), ¢ is an extended Ty-quasi-metric but not

an extended metric. O

Example 4.1.4. (Sorgenfrey line) Let X = R. Define a Tj-quasi-metric ¢ : X x X — [0, o0
for each x,y € X by

r—y if y<x
q(z,y) =
oo otherwise

Then ¢ as defined is an extended Ty-quasi-metric.
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Proof. 1t is clear that ¢ : X x X — [0, +0o¢], ¢(x,2) = 0 and ¢(z,y) = 0 = ¢(y,x) if and
only if z = y.

For all z,y, 2 € X, we consider the following two cases.

Case 1. © > y. We have ¢(z,y) =z — y.
If z <y, then ¢(x,2) =2 — z and ¢(z,y) = oc.
If y <z <z then q(z,2) =2z —z and q(z,y) = z — .
If x < z, then ¢(z,2) = o0 and ¢(z,y) = z — ¥.

So we have g(x,y) < gz, 2) + q(z,y).

Case 2. x < y. We have ¢(z,y) = oco.
If 2 <z, then q(z,2) =z —y and ¢(z,y) = c©.
If <z <y, then ¢(z,2) = oo and ¢(z,y) = oc.
If y <z, then q(x,2) = co and ¢(z,y) = 2z — y.

So we have g(z,y) < q(z, 2) + q(z,y).

By the above, ¢ is an extended quasi-metric on X. But, ¢(0,2) = co # 2 = ¢(2,0), ¢ is not

an extended metric on R.

A basis of open g-neighborhoods of a point y € R is formed by the family {[y,y+9),0 < J <

1}. The family of intervals {(y — 6,4],0 < § < 1}, forms a basis of open ¢!

-neighborhoods
of z. Obviously, ¢*(z,y) =| x —y | for x = y, and ¢°(z,y) = oo for & # y so that . is the

metric topology of R. However, for any € R and § > 1, B,(z,§) = RU {oo} [25]. O

Example 4.1.5. ( Compare [22,36]). Let z,y € X = R. Then ¢ : X x X — [0, o0] defined
by

max{z —y,0} if y<zx
q(x,y) =
oo otherwise

is an extended Ty-quasi metric on R and its conjugate is ¢~ (z,y) = max{y — x,0} if x <y,
and ¢ *(z,y) = oo otherwise. A basis for open g-neighborhoods of a point y € R is formed
by the family {[y,y + §),0 < § < oo}. The family of intervals (y — d,y], 0 < § < oo, forms
a basis of open ¢~! -neighborhoods of y. Obviously, ¢*(z,y) =| x — y | for x,y € R. so that
Tys is the usual Euclidean topology of R.
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Example 4.1.6. (Compare [21, Example 5.4]) Let X = R and ¢ be a compatible quasi-
metric defined on X. For each z,y € X, let d be the metric for R defined by d(z,y) =
min{l,| y —z |} and put ¢ : X x X — [0, 00] by ¢(z,y) = d(z,y) if z > y and ¢(z,y) = 00

otherwise. Then, ¢ is an extended quasi-metric.

The topology of the space (X, ¢) has for any # € X, the local base for .7 -neighborhoods
of a point = formed by the family {[z,x + ) : 0 < § < oo} and the family of intervals
{(x —d,2] : 0 < < oo} forms a local basis of .7,-1 -neighborhoods.

In the sequel, we shall call an extended real-valued Ty-quasi-metric ¢ on a quasi-metrizable
space X simply an extended quasi-metric, and a set equipped with such a quasi-metric
(X,q) an extended quasi-metric space. We next consider characterizations in relation to

quasi components following ([8,11,13,31]).

Definition 4.1.7. (Compare Definition 3.1.2) Let (X, ¢) be an extended quasi-metric space.
Then for each z,y € X, we define a natural relation R, (or ~) on X by x Ry y (or x ~ y)
provided ¢(z,y) < oo and q(y,z) = ¢ !(x,y) < .

Lemma 4.1.8. (Compare Lemma 3.1.4) If (X, q) is an extended quasi-metric space, then

the natural relation Ry is an equivalence relation on X.

Proof. Let (X,q) be an extended quasi-metric space on which is a defined relation R,
Then, for each z € X, q(z,2) = 0 < oo and ¢~ *(z,2) = 0 < 00 s0, © Ry x and @ Ry-1 x
respectively implying reflexivity holds. Next, for each z,y € X let x Ry y, then by the
definition, we have that q(z,y) < oo and ¢ !(z,y) < oo which also implies ¢(y,z) < oo
and ¢ '(y,z) < oo giving yR,z. Thus, z Ry y if and only if y R, x. Finally, for every
z,y,z € X let’s assume = Ry y and y Ry z holds. Then we have ¢(z,y) < o0, q(y,z) < oo,
q(y,z) < oo and ¢(z,y) < co. We aim to show that x Ry z. By the triangle inequality, we
have q(x, z) < q(z,y) + q(y, z) < 00+ 00 =00 and ¢(z,2) < q(z,y) + q(y,z) < 00+ 00 = 0
so that ¢(z, z) < oo and ¢(z,z) < co. Hence, x Rq z, which implies transitivity. Therefore,

R, is an equivalence relation. O

Remark 4.1.9. Note that if ¢ = ¢~! then the relation Ry, is exactly the equivalence relation

in the sense of Beer [7].

Definition 4.1.10. (Compare Definition 3.1.5) Let ((X, 71, %), q) be an extended quasi-

metric space.

(i) We say that a subset A of X is clopen if A is both open and closed in X. More
formally, a subset A of a bitopoplogical space (X, 7, %) is called an (i, j)-clopen set
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if Ae ZNcoT;, or A€ coZ;NT;, 0,5 € {1,2},i # j where co.7; means J-closed

and vice versa.

(i) (X, 71, %) is said to be pairwise connected if X could not be represented as the union
of two nonempty disjoint sets A and B such that A is F-open (A € 7 \ {0}) and B
is Jp-open (B € J5 \ {0}) with (ANclnB)U (clgyANB) =0, [31].

(iii) The quasi-component @, of z € X is the intersection of all the clopen subsets of X
containing z e, Qp = ({Uw) : © € Uy C (i,5) — clop(X)}. We will denote the
quasi-component of x € X endowed by ¢ by gmc,(x).

Remark 4.1.11. As R, is a natural equivalence relation on the extended quasi-metric space
(X, q), it provides a partition of X into equivalence classes. These equivalence classes are
clopen subsets of X which are called quasi-components of X [31]. The components of X
are pairwise closed and disjoint. Every component is contained in a quasi-component and
every quasi-component is a union of components, as a result quasi-components fill out or
partitions X [31]. Note that if a quasi-component happens to be pairwise connected, it
is already a pairwise connected component of X thus, the quasi-components are maximal

pairwise connected subsets (Berarducci A. et al.[§], De-Groot[11]).

Further, in a quasi-metrizable space X, any quasi-component (), satisfies the equation @), =
clz,QzNcl 7, _, Q. in the sense of Pervin [28] and, Reilly and Young [31]. So, it’s easy to see
that gmcys(z) C gme,(x) and gmegs(z) C gme,-1(x) whenever € X where gme,s(z) is a

metric component in the sense of Beer [7].

If we equip each quasi-component with the relative asymmetric topologies, the asymmetric
topologies of X then are the free union of the relative asymmetric topologies and this leads

us to;

Proposition 4.1.12. (Compare Proposition 3.1.7) Let (X, 71, Z) be a (Pairwise Hausdor{f )-
bitopological space. If X can be partitioned into nonempty clopen sets {X; :i € I} and each
X, 1s quasi-metrizable, then choosing a compatible quasi-metric q; for X;, the function q on
X x X defined by

¢i(x,w) if Fi with {r,w} C X,
q(z,w) =
oo otherwise

is an extended quasi-metric compatible with the asymmetric topology of X and has {X; :i €

I} as quasi-components.
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Proof. Let z,y,z € X. If {z,y} C X;, it is clear that ¢ : X x X — [0, 400], q¢(z,y) >0
and q(z,y) = q(z,y) = 0 = ¢;(y,x) = q(y,z) if and only if z = y since ¢; is a Ty-quasi
metric. Also ¢(z,y) = oo for {z} C X;, {y} C X, Vi # j.

Next, for all z,y,z € X, if {z} C X;, {y} C Xj for all ¢ # j, then either {z} C X, and
{z} C X, or {z} C X, and {y} C X,. Now,

o if {z} C X, and {2z} C Xj, ¢ # j, then ¢(z,2) = oo and ¢(z,y) = ¢:(z,y). And so,
00 = q(z,y) +qly, 2) = q(x, 2).

o if {2} C X, and {y} C X, i # j, then ¢(x,2) = ¢;(x,y) and ¢(z,y) = oo, which
clearly implies that co = ¢(x,y) +q(y, z) > q(x, z). Hence, ¢ as defined is an extended

quasi-metric.

Finally, since ¢; is a restriction of ¢ on X; x X; and the family of nonempty clopen sets

{X; :i € I} partitions X, we infer that ¢ has {X; : i € I} as quasi-metric components [

From the concepts above, we have the following characterization that uses Lemma 2.1.25 (i).

Proposition 4.1.13. (Compare Proposition 3.1.9) A quasi-metrizable space X is pairwise-

connected if and only if each extended quasi-metric on X is a quasi-metric.

Proof. On the contrary, suppose X is not pairwise connected, that is X admits a partition
into two nonempty clopen sets X; and X,. Then the quasi-metric ¢ defined by ¢(x1,x2) =
¢i(xy, o) if Fi € {1,2} with {z1,22} C X; and ¢(z1,22) = oo otherwise, produces an
extended quasi metric on X that assumes values of infinity since X1 NX, = (), and if z; € X;
and xo € Xo, then we have g(xy, x2) = co. Now, let © € X be arbitrary and gmec,(z) be the
quasi-metric component of z with respect to ¢. We claim that {gmc,(z)} and {X \ gmc,(z)}

are separated. Now, gmc,(x) is J-closed implies gmcey(v) = clg, (gmeq(x)) = gmey(x), and

gmey(x) is Jg-open implies X \ gmcy(x) is Fg-1-closed so that (X \ gmey(z)) = clg_, (X '\
gmeg(x)) = X \ gmey(x) as well (See [13, Proposition 2.1, Theorem 3.1]). Then

(gmey () 0 (X \ gmey(2)) = gmeg(z) O (X \ gmey()) = gmeg () N (X gmey(2)) = 0.

Since X = (gmey(z)) U (X \ gme,(z)), we see that {gme,(z), X \ gme,(z)} partitions X into
two nonempty clopen sets, that is, X has been written as a union of two nonempty separated

sets, and so X is not pairwise connected. O
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4.2. A universal space for extended quasi-metric spaces

In this section, our goal is to produce a universal space for the family of extended quasi-
metric spaces based on X using paired partial functions, of which is a generalization of
results by Beer [7] and also an extension of the universal quasi-metric space constructed by

Stojmirovié in [36].

We first construct an extended quasi metric and look at its properties of bicompleteness and

universality.

Definition 4.2.1. (Compare Definition 3.2.2)

Let (X, q) be an extended quasi-metric (Hausdorff) space, A C X and let FP(X,q) be a
space of paired partial functions f = (f1, f2) where f; : X — [0,00), (i = 1,2). In the

sequel, C'(X, q) a space of continuous real valued functions on (X, ¢q) is defined by
C(X,q)={f=(f1,f2) € FP(X,q) : f1 and f5 are continuous }.

Furthermore, C°(X,q) a space of continuous real-valued functions which are bounded on
(X, q) is defined by

C*X,q) ={f € C(X,q) : fi and f, are bounded with respect to ¢* }

Then, whenever f,g € C(X,q) with f : X — R, we can define a supremum quasi-metric
on X by

Qq(f,9) = sup(fi(x)=g1(x)) V sup(gy(z) — f2(x))

zeX zeX
Obviously, (C*(X,q),Q,) is a quasi-metric space, where Q, is just Q, = Qqlct(x,g)-

Remark 4.2.2. We observe that

Q:(f.9) = Sup | fi(z) —gi(x) | v Sup | g2(z) — folz) |,

which is a metric.

Definition 4.2.3. (Compare Definition 3.2.3 and [22, Definition 7]) Let X be a quasi-
metrizable space and let Ay g = {(f,A) : f € C(A,q) and A € 6,(X,¢°)}. Then, for any

compatible quasi-metric ¢ on X, we define an extended quasi-metric ) on A(x 4 by
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oo if A#B
Q((f,A),(9,B)) =
sUPyea (f1(2)—g1(2)) V supealgr(@)—fo(z)) if A=DB
Remark 4.2.4. We observe that

oo if A#B
Q°((f,A), (9, B)) =
supeq | [1(2) = g1(@) | Vsup,eq [ g2(2) — fol2) | if A=B

is an extended metric whenever f,g € FP(X,d). The extended metric space (A(X,q), Q°)
is the universal space in the sense of Beer [7]. Furthermore, (A(X,q),Q*) is a complete

extended metric space in the sense of 7, Proposition 3.1].

Proposition 4.2.5. (Compare Proposition 3.2.5 and [34, Theorem 2.1]) Let X be a pairwise
Hausdorff space. If we do a corestriction of f; (i = 1,2) to [0,00), the extended quasi-metric

space (A(x.,q), Q) is bicomplete.

Proof. The proof is a consequence of [22, Remark 3|. Let f, = ((fu)1, (fn)2)ner be a family
of points in FP(X) such that (f,, Ay) is a Cauchy sequence in the space (A(x,q), Q). Let
us assume without loss of generality that the partial functions (f,);,(i = 1,2) all have a
common domain A. Then, for each t € A, V6 > 0, 3N € N such that Vj,n > N

Q((fn: An), (f); Aj)) = sup((fu)1(£) = (f)1 (1)) V igg((fj)a(tF(fn)z(t)) <9,

teA

where A € 6,(X) (A, =A; =A), fu, fj € C(A,q). Now, for any fixed t = ¢, € A1 have
fgg((fnh(to);(fj)l(to)) <9, flég((fj)z(to)%fnb(to)) <o Vjn>N,
and so,
tsg((fn)l(to) — (fihi(to)) <6, flég((fj)z(to) = (fa)2(to)) <6 Vj,n>N.

This shows that, (f,, A, )nen is a quasi-Cauchy sequence of real numbers and so, converges
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point-wise to some real number say, (f, A).

[ now show that, this point-wise convergence is actually quasi-uniform in t € A € 6,(X, q),
that is, Vo > 0, N5 > N € N such that ¥n > N

mas {sup(( s 00 sup( ) (o) < 6

teA

Given § > 0 choose N such that Vn,j > N, Q°((fn, An), (f, 4;)) < g. Then, by the triangle
inequality and Vn > Ns, we have

sup((f)1(t)=f1(t)) < sup | (fu)1(t) — fi(t) |

tcA teA
< sup | (f)1 () = (f5)1(2) | +§1€1£ | (fi)1(t) = fu(?) |
and
igg((fz(tF(fn)Q(t)) < sup | f2(t) — (fa)2(t) |
< sup | (f2(t) — (f3)2(2) | +sup | (f)2(t) = (fa)2(t) | -
Similarly ,
igg(fl(t>;(fn)l(t)) < 115 | fu(t) = (fu)i(t) |
< Sup | (i) = (f5)1(2) | sup | (fi)1(t) = (fu)r(2) |
and

sup((fu)2(t)—(f2(t)) < sup | (fn)2(t) = (f2(t) |

< sup | (fa)2(t) = (f5)2(2) | +§g§ | (f5)2(t) — folt) | -

Hence, Q((fn, An), (f, A)) < Q°((fa, An), (5, A7) +Q((f5, A7), (f, A)) and Q((f, A), (fa, An)) <
Q°((fu, An), (f5, A7) + Q*((f5, 4;), (f, A)). By choosing j sufficiently large (7 may depend
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3

on t), each term on the right-hand side of the equations can be made less than 3

Q((fn, An), (f, A)) <0 and Q((f, A), (fn, An)) < 0.

Hence, the sequence is both left and right Q-uniformly Cauchy on A and thus is quasi-

and so,

uniformly convergent to f. Since the f,s are quasi-continuous on A and the convergence
is quasi-uniform, it follows that, f € C(A,q). Clearly, lim Q((fn,An),(f,A)) = 0 and
n—-oo
lim Q((f,A),(fn;An)) = 0. Thus, (A(x,q),Q) is a bicomplete extended quasi-metric space.
n—-—ao0
O

Next, we look at concepts involving universality of an extended quasi-metric space.

Proposition 4.2.6. Let X be a quasi-metrizable space, A € Po(X) and f = (f1, f2) €
FP(X,q). For each compatible Ty quasi-metric q¢ and some fized a € X, set (f,)1(x) =
q(z,a) and (f,)2(x) = q(a,z) whenever x € X. Let the set R be equipped by the quasi-
metric u(x,y) = x—y whenever x,y € R. Then, the mappings (fo)1 : (X, q) — (R, ) and
(fa)2 1 (X, q7Y) — (R, ) are continuous.

Proof. For each a € A, define respectively (fo)1 @ (X,q) — (Ax,q), Q) and (fa)2 :
(X,¢7") — (A, @) by (ha)1 = q(z,a) — q(y,a) and (he)2 = q(y,a) — q(z,y) when-
ever z,y € X. Then, by the triangle inequality, we have ¢(z,a) < q(z,y) + q(y,a) and
q(a,x) < q(a,y) + q(y, ), so that

q(x,a) — q(y,a) < q(z,y) and q(a, ) — q(a,y) < q(y,2) = ¢ '(z,y).

Since, q(x,y) and ¢~ (y,z) are real numbers independent of a € X, f, € C(X,q). ]

Lemma 4.2.7. Let X be a quasi-metrizable space. Then, for a compatible quasi-metric q
and any a,b € X, set f.(x) = (q(a,x),q(z,a)) and fy(x) = (q(b,x),q(z,b)) whenever x € X.
Then the map nx : (X, q) — (C*(X,q),Q,) defined by nx(x) = (fa, f») yields an isometric
embedding.

Proof. For any a,b € X let nx be the map a — nx(a) = f, defined by (nx)1(a) = q(a, ) —
q(b, ) and (nx)2(a) = q(x,b) — q(x,a) whenever x € X. By the triangle inequality, we have

q(a,z) < q(a,b) +q(b,z) and q(z,b) < q(z,a) +q(a,b), so that g(a, z) — q(b, z) < ¢(a,b) and
q(z,b) — q(z,a) < q(a,b). Hence,

nx(a) = ((nx)i(a), (nx)2(a)) < g¢(a,b)

and so, nx(a) is continuous and bounded with respect to ¢(a, b).
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Next, we aim to show that nx is an isometry, that is, showing that Q,(fa, fo) = q(a,b).
Indeed, for any a,b € X, it follows by setting = = b that sup,cx(¢(a, ) — q(b,x)) = g(a,b).
Similarly, sup,cy(q(z,b) — ¢(x,a)) = q(a,b) by setting + = a. Hence, nx is an isometric

map. O

Theorem 4.2.8. (Compare Theorem 3.2.9) Let (X, q) be an extended quasi-metric space.
For any a € X, set n,(x) = (q(z,a), q(a,z)) whenever x € X. For any a,b € X we have that

Q(a7 b) = Q((na|qmcq(a)7qmcq(a))v (nb|qmcq(b)7qmcq<b>>>‘ Thereforeu the map 0 : (X7 Q) —
(A(x,q); @) defined by
0(2) = (lolqmeq(2): @164 ()

whenever x € X is an isometry. Moreover, 6 is injective.

Proof. Let x,y € X suchthat x # y. Let 0 : (X, q) — (A(x,), @) be the map x +— 0(z) =

e = ((Ma)1, (1)2) where (n2)1 1 (X, q) — (Axg), @) and (12)2 : (X,¢7") — (Axg), @)
and are defined by (1,)1(a) = ¢(z,a) — q(y,a) and (1,)2(a) = q(a,y) — q(a, z) respectively
whenever x € X. Clearly, # € C°(X,¢*) by Proposition 4.2.6 and Lemma 4.2.7.

Next, we prove that 6 is an isometry, by showing that Q(0(x),0(y)) = q(z,y) which suffices
to show that  sup (q(z,a) — q(y,a)) = q(z,y) and  sup (q(a,y) — q(a,2)) = q(z,y),

acqmeg(x) acgmeg(x)
Vz,y € X. We have four cases to consider

Case 1. If g(z,y) = oo and ¢(y,z) = co. We have gmec,(z) # gme,(y). Then, the definition of
Q gives

Q(0(x),0(y)) = QU(Nelgmeq (@), 4m¢4(2)), (Mylgme, w)> 4MCq(y))) = 00 = q(,y).

Case 2. If ¢(x,y) = oo and q(y,z) < oo. Then gme,(x) # gme,(y) which implies by the
definition of () that

Q((nz|qmcq(m)v qmcq(x))7 (ny|qmcq(y)a qmcq<y))) =00 = q(z,y).

Case 3. If g(z,y) < 0o and ¢(y,x) = co. We have that gmc,(x) # gme,(y). So

Q((nx’qmcq(x)a qm%(@)» (ny’qmcq(y)a qmcq(ﬂ))) =00 = q(y, x).
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Case 4. If ¢(z,y) < oo and ¢(y, ) < co. Then gme,(z) = gme,(y) and so,

Q((n$|qmcq(:c)a qmcq(l‘))7 (ny|qmcq(y)a quQ<y>>> < 0.

Since q(z,a) — q(y,a) < q(z,y) and ¢(a,y) — q(a,z) < q(y,z) for each a in the common
quasi-metric component gmc,(z), supremum taken over a can not make the left hand sides
exceed ¢(x,y) or q(y,x), that is
sup  (q(z,a) —q(y,a)) < q(z,y) and  sup  (q(a,y) — q(a,z)) < q(z,y).
a€gmeq(x) a€gmeq(x)
On the other hand, letting a = x and/or a = y, we have
sup  (q(z,a) — q(y,a)) = q(z,y) and  sup (q(a,y) — q(a,)) = q(y, z).
a€gmeq(x) a€gmeq(x)

Thus, Q(0(x),0(y)) = q(z,y), implying that 6 as defined is an isometry.

Finally, if for any z,y € X, 0(z) = 6(y), then Q(0(x),0(y)) = 0 = Q(0(y),H(x)) which
implies 0 = ¢(z,z) = q(z,y) and 0 = ¢(y,y) = q(y, x) so that ¢(z,y) = 0 = ¢(y, z) since 0
is an isometry. Consequently « = y since (X, q) is a Ty-quasi-metric space, (see [25, Lemma
4], [32, Theorem 8]). We have shown that 6 is injective. O

In the following result, we shall mainly consider extended Ty-quasi-metric spaces (X, q). We
show next that a generalization of the kind of pair functions used in Theorem 4.2.8 from
singletons to nonempty subsets of X leads to the extended Hausdorff quasi-metric. Indeed
this fact motivated the definition of the distance @ on Ay 4 with respect to FP(X, q).

Proposition 4.2.9. (Compare Proposition 3.2.10) Let (X,q) be a quasi-metric space and
fi, f2 € FP(X,q). Let the set R be equipped with the quasi-metric u(a,b) = a—b whenever
a,b € R. For each A € P(X), set fa(r) = (¢(A,x),q(x, A)) whenever x € X. Then the
maps (fa)1: (X, q¢7') — (R, ) and (fa)2: (X,q) — (R, p) are nonexpansive.

Proof. The proof comes from [22]. For each z,y € X and A € Zy(X), define (fa)
and (fa)2 by (fa)i(x) = q(A,z) — q(A,y) and (fa)2(z) = q(x, A) — q(y, A). Then by the
triangle inequality, we have ¢(A,z) < ¢(A,y) + q(y,z) and q(z, A) < q(x,y) + q(y, A) so
that q(A,z) — q(A,y) < q(y,x) = ¢ (x,y) and q(z, A) — q(y, A) < q(z,y). Hence, fa is

nonexpasive. ]

The next result can be found in [22], and we include a simple proof which motivates our
definition of Q).
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Proposition 4.2.10. (Compare Proposition and 3.2.12, [22, Remark 4]) Let (X, q) be an
extended Ty-quasi-metric space and let f,g € FP(X,q). For A,B € Z(X), set fa(zr) =
((fa)1(x), (fa)2(x)) = (a(A, z), q(x, A)) whenever x € X. Then,

41 (A, B) = Qq(fa, fB)

where qg (A, B) = sup q(A,b)Vsupq(a, B) is an extended Hausdorff quasi-metric on Py(X).
beB acA

Proof. Fix x € X. Tt suffices to prove that for any given A, B € Zy(X), supq(A,b) =
beB

sup(q(A, x) — q(B,x)) and sup q(a, B) = sup(q(z, B) — q(x, A)). By the triangle inequality,
zeX a€A zeX
we have (A, x) < q(A,b) + q(b, ). Since b € B is arbitrary,

q(A,z) < q(A,b) + inf ¢(b,z) < supq(A,b) + inf ¢(b,z) < ¢, (A, B) + ¢(B, x)
beB beB beB

so that, q(A,x) — q(B,z) < qg(A,B). Similarly, q(z, B) — q(z,A) < ¢};(A, B). Now,

supremum taken over x € X, the left hand sides can not exceed g5 (A, B) nor ¢j;(A, B). So,
sug(q(A, z)—q(B,x)) < qz(A,B) and su);;(q(x,B) —q(x, A)) < ¢} (A, B).
kS Tre
Conversely, for any x € X and arbitrary b € B
Gy (A, B) =supq(A,b) = sup(q(4,b) — q(B,b)) < sup(q(4,z) — q(B, ).
beB beB zeX
Similarly for an arbitrary a € A,
qi(A, B) = supq(a, B) = sup(q(a, B) — q(a, A)) < sup(q(z, B) — q(z, A)).
a€A a€A reX

Consequently,

4z (A, B) = sup,cx(q(A,z) — (B, z)) and ¢j;(A, B) = sup,ex(q(z, B) — q(x, A)).
O

There exist alternative definitions of a Hausdorff quasi-metric. For instance, Vitolo [39] de-

fines an (extended) Hausdorff quasi-metric over the collection of all nonempty closed subsets
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of a metric space say (Y,d) by e4(A, B) = supd(a, B), that is, in our notation, his quasi-
acA
metric corresponds to ¢7;. His main goal was to show that extended quasi-metric spaces

with respect to closed sets are somewhat universal quasi-metric spaces: every quasi-metric
space (X, q) is (isomorphic to) a subspace of %,(Y,d), for suitable set Y and metric d. In
our next results we extend Vitolo’s ([39]) characterization to structure of sets equipped with

an extended quasi-metric with an emphasis on large structure.

Proposition 4.2.11. (Compare Proposition 3.2.14) Let X be a quasi-metrizable space and
f,g9 € FP(X,q). For each compatible quasi-metric ¢ on X and A, B € 6o(X, q), set fa(x) =

((fa)i(z), (fa)e(z)) = (q(A,x),q(x, A)) whenever x € X . Then, (60(X,q),qu) can be
isometrically embedded in (A(x.q), Q).

Proof. Let q be a compatible Ty-quasi metric and A, B € %,(X, q). By Proposition 4.2.10,

qu(A, B) = sup(q(A,z) — q(B,x)) V sup(q(z, B) — q(x, A)). For each A € %,(X,q), let
zeX zeX

¢ : ((gO(X’ Q>7 QH) — (A(X,q)a Q) be the map Ar— ¢X(A) - fA = ((Q(Au ')7X)7 (CZ(v A>7X))

defined by (61)axay(4) = a(A,) — a(B,) and (62)acean(A) = a(w, B) — a(w, A) when-
ever x € X. Clearly, ¢x € C(%(X,q),qn) by Proposition 4.2.9 and 4.2.10.

We aim to prove that ¢ is an isometry, that is Q(¢(A), ¢(B)) = qu(A, B) which surfaces
to show that sup,cy(q(A, 2) — ¢(B,2)) V sup,ex (¢(z, B) — q(z, A)) = ¢ (A, B) V ¢} (A, B).

Four cases arise:

Case 1. If g5 (A, B) = oo and ¢j;(A, B) = 0o, A # B and by the definition of @), we obtain

Q((q(A, ), A), (q(z, B), B)) = 00 = qy (A, B).

Case 2. If ¢z (A, B) = oo and ¢j;(A, B) < oo then A # B and so we have

Q((Q(Aax)vA)a (Q(J:: B>7B)) =00 = QI}(A7B)

Case 3. If ¢z (A, B) < oo and ¢j;(A, B) = co. We have that A # B so that

Q((q(A, x), A), (q(x, B), B)) = 00 = qj;(A, B).

Case 4. If (A, B) < oo and ¢j;(A, B) < 0o, then A = B and the definition of @ implies
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Q(¢(A), ¢(B)) = Q((q(A, z), A), (¢(B, x), B))
= sup(q(A, ) — q(B,z)) Vsup(q(z, B) — q(z, A))

x€B z€EA
= max{qy (A, B),q;; (A, B)}

Clearly, ¢ is an isometric function form (%5(X, q), qr) into (Arxq), @). ]

4.3. On the bornology of quasi-metrically bounded subsets

This section has been inspired by the necessary and sufficient conditions for a bornology to
be (uniformly) metrizable from [7],[15] and [18], and of a bornology to be (uniformly) quasi-
metrizable in [29]. We aim to present two separate characterizations of bornologies on an

extended quasi-metrizable space which are generalization of results constructed by Beer[7].

Definition 4.3.1. ([29, Definition 1.3]) Let (X, .71, %) be a bitopological space and % be
its bornology. We say that 4 is (71, %)-proper if for each A € A, there exists B € % such
that CZ%A g Z'ntyl (B)

Remark 4.3.2. Let us notice that if 7 = 7 = 2 and the boundedness & is (7, %)-
proper, we will say that 2 is 7 -proper in the sense of [18, Definition 3.1 and Definition 3.4
| of Hu.

Definition 4.3.3. (]29, Definition 1.4]) A bornological biuniverse is defined to be an ordered
pair (X, A, %), B) where (X, 71, %) is a bitopological space and £ is a bornology of X.

Remark 4.3.4. If (X, q) is a quasi-metric space, we denote the bornology of quasi-bounded
subsets of X by %,(X) and call this the quasi-metric bornology determined by ¢. Note that
any bornology on a quasi-metrizable space that agrees with %,(X) for some admissible quasi-

metric ¢ compatible with the asymmetric topologies is also called a quasi-metric bornology.

Definition 4.3.5. (29, Definition 1.7]) Let ((X, .71, %), %) be a bornological biuniverse.
We say that (X, 71, %), %) is quasi-metrizable if there exists a quasi-metric ¢ on X such
that 7 = g, Jo = Fg1) and B = B(X).

Lemma 4.3.6. Let (X, q) be an extended quasi-metric space and %B,(X) be the quasi-metric
bornology. Then, a basis generated by T open (closed) balls is a subset of the basis generated
by F, and also T open (closed) balls respectively.
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Proof. For every x € X, Bys(x,0) C By(x,0) and Bys(a,0) C By~1(z,6) by Lemma 2.1.25.
Now, since any subset A of X is ¢*-bounded if and only if it is both ¢ and ¢~! bounded, the

result then follows. O

Lemma 4.3.7. (Compare Lemma 3.3.10). Let (X,q) be an extended quasi-metric space.
Then

(1) the family of all finite intersections of quasi-open balls forms a base for B, (X);
(i) By(X) contains the bornology of pairwise-relatively compact subsets of X ;

(1i1) whenever x, is a quasi-Cauchy sequence in X, then {x, : n € N} € £,(X).

Proof. (i) Let [(By(xi,€:))ier; (By-1(xi,0:))ier] with x; € X, €,0; € [0,00) be a family
of double balls in %,(X) such that it satisfies the binary intersection property. Since
By(z,6) N By-1(x,6) = Bys(x,6) by Lemma 2.1.25, we set

By = {ﬂqu(JCi,&-):nEN,xi €X,>0,1 Sign}.
i=1

Then, the definition of a ¢-bounded set, guarantees that each Bs(z;,9;) Vi =1,2,....,n
is open and bounded, as each is a finite intersection of (.7, Z,-1)-open balls. We aim
to show that %, generates %,(X) by showing that the family {B,(x,€) N B,-1(z, ) :
r € X,e,0 > 0} of (., Z,-1)-open balls in X can serve as a base for %,(X). Take
any r € X and €,0 > 0 such that By(x,e) N B-1(x,d) # 0. If for z € X, z €
By(z,€) N By-1(z,6), set o = min{e — ¢q(z, ), — q(2,x)}, then

2 € Bys(2,a) C By(z,€) N By-1(z,6) (4.1)

which is a formal consequence of the triangle inequality with respect to ¢°. By Lemma
2.1.25 (ii), Bgs(2,@) C By(x,€) and Bys(z,«) C By-1(x,6). By generalizing (4.1)
and applying the mixed binary intersection property, we have for z; € X, ¢;,0; > 0,
Z € (n] (By(z4,€) N By-1(x;,9;)) and putting o = min{e; — q(z;,2),0; — ¢(z,2;) : n €
N,Vz’lzgl n} that

By (z,0) C ﬂ (By(w, &) N By1(2,6;)) -
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(i)

Since the intersection of these balls belongs to %y, %, generates %,(X) since every
Bys(z,00) = By(z,00) N By-1(2, ) € $B,(X) is contained in some arbitrary member of
By (See also [16, Chapter 2], [27, Section 2|).

Let %* be a bornology of pairwise-relatively compact subsets in (X, ¢). Let K be an
arbitrary set of #* and 6 > 0. Since K is pairwise relatively compact, there is a finite
set {x1,xa,...,x,} in K such that

This is equivalent to saying that, “since K is pairwise compact, finitely many of these
Jg-open balls cover K and this cover has .71 closure which is also pairwise relatively
compact” ([1], [32]). Since {UU;, (Cl%—l(Bq(xi’ g))) cx; € K} and {{J_, By(z;,9) :
x; € X} forms a basis of #* and %,(X) respectively, we infer that

B C B,(X).

Let (z,) be a quasi Cauchy-sequence in X. Then, given any & > 0, there exists
an ng € N such that ¢*(z,,z,) < ¢ for all n,m > ns and so ¢(z,,,z,) < 6 and
q(zp, ) < 0, ¥Yn > m > ng, implying that (x,,) is both left and right K-Cauchy and
hence, both left and right g-Cauchy by Definition 2.2.2. Let the arbitrary 6 = 1. Then
by assumption, there exists some n; € N such that for all n > m > ny, ¢(x,, z,) < 1
and q(x,,z,) < 1. Now let &k € N and k > n;. Observe that ¢(z,,, ;) < 1 and
q(zk, xm) < 1, so there are infinitely many terms of these sequences inside all quasi
balls of radius 1 centered at xj; thus, by Proposition 2.2.3, these terms are bounded.

In particular, we have q(z,,,z,) < 1 and ¢(x,, z,,) < 1, whence

Tn € By(2n,,1) N By-1(2y,, 1)

for all n > ny. Thus, {z, : n > n; € N} is bounded with respect to ¢°. Hence, conclude
that the entire range {x, : n € N} C £,(X).

[]

Proposition 4.3.8. (Compare Proposition 3.3.11) Let (X, q) be an extended quasi-metric
space, let B be a bounded subset of X, and let E be a dense subset of X. Denoting the
restriction of ¢ to E X E by qg, suppose By is a base for B,,. Then {clyq_l(B) : B e %}
is a base for By (X).
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Proof. Let C € #,(X). Then, for every n € N, choose a finite subset F), in X such that

1 n
CCE = Byly, %) and B,-1(y, %) NC #0, Yy € F,.

j=1
Since F is dense in X, we choose for each point y € F,, some point x € F, with ¢(y, z) < %

In that way, we get a finite set B,, in E, such that
a1 1
F, C B3 and B, C F;?"
for every n € N. If we define B = J B,, then it is not difficult to see that C' C clgqle.

j=1
a 1
Indeed, let y € C', ¢ > 0 and take n € N with % < €. Since C' C F7» C By, it follows that

1
Q(y,B) < q(y,Bn) < ﬁ <€,

We nest show that B € %, (F). To see this, let € > 0 and choose k € N with % < 5. Since
1

B, C F» C C’ﬁ, for every n € N, then if n > k, we have B, C Can C O C (Bk)% C

(By). Hence, B € %,,,(F) since By U...U By, is a finite set and,

k €
B=|JB.C <U3n> :
n=1
Our construction gives B C C C clg;_l (UBy) and so, B C clg_, (UBy). Let By =
{Bn}nen, then, it is clear that cly_, B € %,(X), for every B € %’qE(%). O

Our next characterization gives properties of a generating cover for a quasi-metric bornology.
Theorem 4.3.9. (Compare Theorem 3.3.12) Let X be a quasi-metrizable space and let &
be a bornology on X. Then # = %,(X) for some compatible extended quasi-metric ¢ if and
only if there exist &7 C % such that | (X(«7)) = £ and a partition {7 : i € [} of o/ with
the following properties:
(i) each 4 contains a nonempty subset of X;
(ii) Vi € I,VA, € @, 3A; € o with clg_, (A1) € intg,(A2);
(iii) whenever A; € & and A; € 7 for i # j, then A;NA; = 0;

(iv) each @ has a countable subfamily which is cofinal in <% with respect to inclusion.

Proof. = For necessity, suppose ¢ is a compatible extended quasi-metric on X with quasi-
metric components {X; : ¢ € I} such that %,(X) = ZA. For each i € I, let @ = {By:(z, @) :
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r € X;,a > 0} and let & be the collection of Fs-open balls in X. Since a subset of X is
bounded if and only if it is contained in an intersection of quasi open balls and 7 is a cover

of X, we have

2,(X) = B(UierX) =L (Y (Uera)) =4 (3()).

With respect to our choice of 7, we have that

(i) Since each &7 covers at-least a X;, there exists a 7 -neighborhood A of x € X, such
that A C B (x, ). Hence, each 7 is nonempty.

(ii) Since for every i € I, each &7 contains a nonempty subset of X, let A; C X and
Ay € X with Ay, Ay € & be such that, for some § > 0, the inclusion [Al]g C A,
holds. Let x € cl 7, Ay, that is, x is an accumulation point of A;. There exists
y € Ay N By1(x,0). Then ¢(y,x) <6, so x € [A1]). Therefore g _ A C [A1]2. Now,

since [Al}g C A,, we have ClyqilAl C [Al]g C int g As. As aresult, Cly(rlAl C int 7, As.

(iii) Let Ay, As € o Vi # j,i,j5 € {1,2}. Since {< : i € I} partitions &/, we have from
oy = {Bgs(x,a) : x € X;, > 0} that, A;N Ay = 0. Generalizing this to all but finitely
many arbitrary 7’s we have for the indices i # j,4,7 € I that A, N A; = 0.

(iv) Finally, choose a point z; € X;, Vi € I C N, that is we assume I to be countable. For
some positive integer n the collection {By:(z;,n;) : ¢ < n € N} forms a subfamily for
<7; which must be countable and hence, Y ({ By (2, n;) : i < n € N}) must contain the
countably cofinal subfamily for .o7.

<= Conversely, suppose the partition {7 : i € I} of o7 has the asserted properties. For each
i€l let X; =Ud = | J{By(z,a) : € X;,a > 0}. By property (i), each X; is nonempty,
and by (ii), each X; is open. As X; = U&7, condition (iii) guarantees that {X; : i € I} is
a pairwise disjoint family. Thus, each X; is in fact clopen since condition (ii) guarantees

the presence of a closed and open basis. Now, for each i € I, put %; :=] (X()) where
L(S() = {Un Ay in € N, Ay € Uersdy = 7} = U{As: A C B,3Bi € o1 <i <
n € N}. Then %; is a bornology on X; because 7 i;_ell cover of X; with respect to Zs.
Since the closure of a finite union is the union of the closures, property (ii) holds with %;
replacing 7. Property (iii) holds as well if %; replaces o7 and %, replaces <7;. Finally, if
</ is countable and cofinal in 7, then ¥(A}) is countable and cofinal in | (X(<%)) = %;

that is, (iv) holds with %; replacing <. Thus generalizing Lemma 3.3.9, for each positive
i € I, there is a quasi-metric d; on X; such that %, = %,,(X;).
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As | (X(&7)) is assumed to be a cover of X, we infer that < is a cover of X and so
{X;:iel} ={Ud:i €I} is acover of X. Let us define a restriction ¢ of ¢; on X; x X;
for every ¢ € I by q(z,w) = ¢;(x,w) if 30 with {z,w} C X, and ¢(z,w) = 0o otherwise. By

condition (iv), we have

O

Our second result is based on the strong defining property of quasi-metrically bounded sets.

Definition 4.3.10. Let (X, ¢) be an extended quasi-metric space and A C X. Then, A is
said to be a member of %, (X) if its intersection with each quasi-metric component lies in the

relative quasi-metric bornology and all but finitely many of these intersections are empty.

Theorem 4.3.11. (Compare Theorem 3.3.14) Let X be a quasi-metrizable space and let %
be a bornology on X. Then # = %,(X) for some compatible extended quasi-metric ¢ if and
only if there exists a collection {Z; : i € I} of families of subsets of X with the following

properties:
(i) Vi € I, %, has at least two subsets of X as elements including (.
(11) Vi € [, VBl € %Z', HBQ < %z with Clyq_l (Bl) g Z?”ltqq(Bg),
(iii) whenever B; € %, and B; € %; for i # j, then B; N B; = {);
(iv) each %, has a countable subfamily which is cofinal in %; with respect to inclusion;

(v) VAe Z(X), Ae #Zifand only if Vi € I, AN (UA;) € %, and for all but finitely
many i ,AN (U%;) = 0.

Proof. —> For necessity, let ¢ be a compatible extended quasi-metric on X such that
B = B,(X). Let {X, :i € I} be the quasi-metric components of X and let ¢; be the trace
of g on X; x X;. Set %, .= A,,(X;), then;

(i) Since each X; as a quasi-metric component is nonempty and %, (X;) contains mini-

mally the finite subsets of X; which includes the empty set, property (i) clearly holds.

(ii) Fix x; € X, Vi € 1. By property (i), let us assume without loss of generality that for
every arbitrary .7, set B; in %, there exists a .7, set By € %; such that for some § > 0,
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the inclusion [B1]] C Bj holds. Let x € cl 7.1 (Bu), that is « is an accumulation point of
By with respect to .. There exists y € B; N B,-1(x,0). Then q(y,z) = ¢ *(z,y) <4,
so that x € [By]2. Therefore cg_ B C [B1]2. Of course, since [B1]% C B, we have
[Bl]g C int 5, B,. As a consequence, cltqq_lBl C int 5, B, by applying [29, Theorem 4.7].

(iii) Suppose By, By € %;, Vi # j,i,j € {1,2}. Let x1,x9 € X; be such that z1 # z5. Then
q(x1,29) > 0 and g(z2,21) > 0 in X;. So, for a § > 0, the d-open balls By (z1,9) =
By(21,6) N By-1(1,6) and Bgs(22,0) = By(x2,0) N By-1(x2,0) are disjoint. Indeed,
suppose there exists a z € X; such that z € By (z1,d) and z € Bys(x2,6), then
q(z1,2) < dand q(z,29) < 0. Put 6 = min{w, (1(“—2”’“)} Then, q(z1,2) +q(z,22) <
26 < q(z1,22) and q(xg,2) + q(z,21) < 20 < q(x9, 1) which is a contradiction of a
quasi-metric and so, there can be no such a point z. Hence, taking By C Bys(x1,0) and
By C Bys(x9,0) implies By N By = (). Generalizing this to many %;’s for the indices
i #j,1,7 € I we have, B;N B; = 0.

(iv) Choose a point z; € X;, Vi € I C N. For each positive integer n the collection of open
balls { Bys(z;,n) : t <n,n € N} is a countable sequence of .7,:-bounded sets and forms
a countable subfamily for %,;. Thus, Y ({Bg(xi,n) : i < n,n € N}) is also countably
bounded as it is a finite union of the intersection of (.7, Z,-1)-bounded sets and hence

must contain a (.7, J,-1)-countable cofinal subfamily for %;.

(v) Finally, suppose A € Z(X) is such that A € B. By our choice of {%; :i € I}, A is
contained in a %;. Since {%; : i € I} partitions 4 and each %; is a bornology of each
quasi-metric component X;, AN (U%;) = U(AN HB;) € H;. Since A is arbitrary and ¢
assumes the value infinite, we have by conditions (i) and (iii) for all but finitely many
indices i € I that, AN%; =0 and so, AN (U%,;) =U;(ANZB;) = 0.

< Conversely, suppose {%; : i € I} satisfies the properties above. For each i € I, put
X; = U%; which by condition (i) is a nonempty subset of X. By condition (ii), each family
%; has a closed basis and an open basis, implying that {X; : ¢ € I} is a family of clopen
subsets in X and by (iii), {X; : i € I'} partitions X. We next need to show that each family
A; is a bornology on X;.

Fix i € I and set & = {BN X, : B € #}. Evidently &; is a bornology on X; which, by
condition (v), is contained in %;. Indeed, for B € 4, BNX; C BN(U%;) = N(BU%,) € %,.
Hence, &; C %;. Conversely, we need to show that %; C &;. Let B; € %, be arbitrary. Then,
its enough to show that B; € &; which suffices to show that B; € 4. Since X; = U%;, we
have B; N X; € %; by condition (v). Taking j # ¢, condition (iii) gives B; N X; = () and so,

by condition (i) we have
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condition (v) implies, B; € % so that B; = B;NX; € &;. Hence, the family %; as established

is a bornology.

Further, by conditions (ii) and (iv), generalizing Hus Theorem, we infer that for each i € I,
there exists a quasi-metric ¢; on X; such that %, = %,,(X,) that is to say %, is a quasi-
metric bornology on X; induced by some quasi-metric ¢;. Defining a restriction g of ¢; on
X; x X; by q(z,w) = ¢;(x,w) if 30 with {z,w} C X; and ¢(x,w) = oo otherwise, condition

(v) guarantees that

O

Our next results is on uniformly quasi-metrization of a bornology on sets equipped with
large structure, which is a generalization of uniform-metrization of a bornology in [7] and

[15], and an extension of uniform quasi-metrization of a bornology in [29].

Definition 4.3.12. ([29, Definition 2.1]) Let (X, .77, %) be a bitopological space. Then
a (J, J)-characteristic function for a bornology % in X, is a bicontinuous function y :
(X, 7, %) — Ry, 7, T,) such that Z = {E C X :sup{x(z) : z € E} < +o0}.

Lemma 4.3.13. (Compare Lemma 3.3.16) Let (X, q) be an extended quasi-metric space and
P be the bornology of X. Then, B admits a (T, Ts)-characteristic function if and only if
B has a countable base {B,, : n € N} such that for some 6 > 0, [B,]° C B, for every
n € N.

Proof. The proof comes from [29]. Suppose that B has a countable base satisfying the
above hypotheses. Let us assume that 6 > 0 and that {B,, : n € '} is a base for # such that
By =0, By # () and [Bn]g C B,y for each n € I. For each x € X we defined the function
én: X — [0,1] by

1 iof n=0
Cbn(x):
min {1, $¢(B,,z)} if nel\{0}

Clea’r1Y7 ¢n(Bn) g {0}7 ¢n(X \ Bn-‘rl) g {1}7 0 S ¢n S 1 and ¢n 18 uniformly quaSi"
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continuous. Now if we put By = () and ¢(z) = 1, for all x € X, we can consider the function
X : X — [0,4+00) defined by

X(x) =1 =2+ ¢na(2)

when = € B, \ B,,—1 and for each n € I'\ {0}. To prove that y is uniformly quasi-continuous,
let us consider an arbitrary pair z, y of points in X such that ¢(x,y) < . Let n € I be
the unique natural number such that z € B, \ B,—1. If 2z € X \ B,41, then ¢(x,z) > 4.
This implies that y € B,,1 \ B,. Let m € I\ {0} be the unique natural number such that
Yy € By \ Bmo1. Then m < n+ 1. We have x(y) — x(z) =m —n+ ¢p,_1(y) — ¢pp_1(x). If
m =n+ 1, then x(y) = x() = L+ ¢n(y) = dn-1(2) = dn(y) — ¢n(®) + dn-1(y) — n1(z) <
Zq(z,y) I m = n, then x(y) — x(2) = dn-1(y) — ¢n-1(2) < 59(z,y). Suppose that m < n.
Thenm—n+1<0,z¢ B,,,y € B,y and x(y) —x(z) =m—n+1+ ¢pn_1(y) — dm-1(x) +
On-1(y) — On_1(z) < %q(m, y) In consequence, x is uniformly quasi-continuous. Therefore,
X (X, 7, Tp-1) — (R, 9, .7,) is bicontinuous.

Finally, if A € X is such that A € £, then there exists an n € N such that A C B,. So
X(A) € [0,n — 1]. Conversely if x(A) is bounded then for some n € N, A C B, because
otherwise for every n € N there exists an 2 € A such that y(z) > n. Hence, the map x is a
(T4, Ty—1)-characteristic function for 2.

Conversely, suppose that & admits a (77, Z)-uniformly continuous characteristic function
X. Then from the uniform continuity of x, there exists some ¢ > 0 such that ¢(z,y) < ¢
implies max{x(y) — x(z),0} < 1. Now if we take, B, = x~([0,n]), n € N, then it is easy to
see that the family {B, },en is a countable base for 4, satisfying the required property for
this 9. O

Theorem 4.3.14. (Compare Theorem 3.3.17) Let (X, ¢) be an extended quasi-metric space.

The following conditions are equivalent:

(i) the set of quasi-metric components induced by ¢ is countable;

(ii) there exists a compatible quasi-metric ¢’ such that A, (X) = %,(X).

Proof. The construction of our proof will be a consequence of [29, Theorem 6.5].

(i) = (ii) Let {gmey(z;) : ¢ € I} be the set of distinct quasi-metric components induced by
q where I C N. For each positive integer n, the collection B,, = {Bys(z;,n) : i € I,n € N}

is a countable sequence and Y ({Bys(z;,n) : ¢ € I,n € N}) is a finite union of countable
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sequences and hence, forms a countable basis for %,(X). Let B denote an arbitrary subset of
X and choose a positive integer n satisfying n > ¢(B, z;) and n > q(z;, B), Va; € gmcy(z;).
Then there exists B,, such that B C B,,, and so B C > ({Bg(x;,n) : i € I,n € N}). Hence,
clgq B C clgq _, B, C B,,11, which implies that, the closure of each bounded set is contained

in the interior of another, as this is true for each finite union of open balls.

Next, the case {gmc,(z;) : i € I} € B,(X) is of course trivial because %, (X) = Z(qmey(x;)) =
Z(X) and we have ¢ = min{l,q}. Suppose {gmc,(x;) : i € I} ¢ P, (X) and take the
bounded quasi-metric ¢* = min{1, ¢} which is uniformly equivalent to q. By applying Lemma

4.3.13, we define a new quasi-metric ¢’ : X x X — R, by

¢ (z,y) = ¢"(z,y) v g[x(y)4x($)]-

To show that ¢’ and ¢ are uniformly equivalent it is enough to prove that ¢’ and ¢* are
uniformly equivalent.Indeed, since ¢* < ¢', we have for ¢ = 1 there exists § > 0 such that
q'(a,b) < 1 whenever ¢*(a,b) < § and so, F(4+)s is coarser than F,y:. Conversely, using the
property in the proof of Lemma 4.3.13 that q(x,y) < & imply x(y)—x(z) < %q(:p, y), we have

/(0 = glab) v () 1) < max {15 a(e.n)

whenever ¢*(z,y) < min{1,d}, and we have that the equivalence of asymmetric topologies

follows and also the uniform equivalence of the quasi-metrics.

Finally, we want to show that B € Z if and only if B € %4(X). If B € & then it is
clearly bounded for the quasi-metric ¢* and x(B) is quasi-bounded in R by Lemma 4.3.13,
so obviously B € #,(X) as ¢* and ¢’ are uniformly equivalent. Conversely, if B € %A, (X)
then there exists a k € R such that Vx,y € B, (¢')*(x,y) < k. As ¢* is a bounded quasi-
metric then x(B) is bounded in R and so, B € #. Consequently, %,(X) = %,(X), of which

is a generalization of Lemma 3.3.9.

(ii) = (i) Suppose that %A,(X) = HB,(X), for some quasi-metric ¢’ uniformly equivalent to
q. Denote the distinct quasi-metric components by {gmc,(z;) : @ € I}. Then, for a fixed
x; € {gmey(x;) 2 i € I} and for n € N, the family

B, ={B:(zi,n+1):iel,ne N} ={xeqgmeyz;):(¢)(x,2;) <n+1i€l,neN}

is a countable base for Z. On the other hand, since ¢ and ¢ are uniformly equivalence,
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for e =

N =

we can choose § € (0,+00) such that ¢'(z,y) < i whenever ¢(z,y) < 4. So,
[Bn]) € [Bn]q%, C By,41 for each n € N. Thus, {Bys(z;,n) : i € I,n € N} must be a countable
base for B,(X) and hence ) ({Bys(z;,n) : i € I,n € N}) must contain a countable cofinal
family within %,(X). This implies that [ is countable as {{z;} : i € I} is a family of

quasi-bounded sets. Therefore, {gmc,(z;) : ¢ € I} is countable. O

We next consider bornologies generated by piarwise compact subsets of X with an emphasis
of large structures. Since pairwise locally compact Hausdorff spaces are completely pairwise
regular [31, p. 407-411], [21, p. 71-89], a second countable pairwise locally compact Hausdorff
space is immediately quasi-metrizable a generalization of the Urysohn metrization theorem
in [31, p 407-411], [21, p 71-89]. In the proof of our next result, we will generalize Lemma
3.3.19 a Vaughan [38] result: a pairwise Hausdorff space X admits a compatible quasi-metric
such that closed and bounded sets are pairwise compact if and only if X is pairwise locally
compact and second countable. We will call an extended quasi-metric space whose closed

and bounded sets are pairwise-compact boundedly pairwise compact.

Theorem 4.3.15. (Compare Theorem 3.3.20) Let X be a pairwise-Hausdorff space that is a

free union of quasi-metric components {X; : ¢ € I'}. The following conditions are equivalent:

(i) each X; in its relative asymmetric-topology is second countable and pairwise locally

compact;

(ii) there exists a boundedly pairwise compact compatible extended quasi-metric ¢ with

quasi-metric components {X; : i € I}.

Proof.

(i) = (ii) Suppose (i) holds. Let ¢; be a quasi-metric compatible with the relative asymmetric
topologies for each pairwise Hausdorff space X; and {B,:(z,n) : i € I,n € N} be its
countable base Vx € X;. Then, by the pairwise locally compactness of each X;, each open
ball B, (z,n) is boundedly pairwise locally compact and so is clgq;1 (Bg,(x,n)) by applying
Lemma 2.2.11 and generalization of Lemma 3.3.19. Since X is a free union of the quasi-
components {X; : ¢ € I}, lets define an extended quasi-metric ¢ induced by {¢; : i € I}
on X by ¢(z,w) = ¢(x,w) if i with {z,w} C X, and ¢(z,w) = oo otherwise. Then,
{By(z,n) : i € I,n € N} forms a pairwise compact countable basis for X and hence each
closed and quasi-bounded subset must lie in a finite union of pairwise-compact closed balls

and is thus pairwise-compact (See [1,9]).
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(ii) = (i) Suppose (ii) holds; lets define ¢ on X by ¢(x,w) = ¢;(x,w) if i with {z,w} C X;
and ¢(x,w) = oo otherwise. Since ¢ is boundedly pairwise compact and each quasi-metric
component Xj; is closed, ¢; the restriction of ¢ to X; x X; is boundedly pairwise-compact and
so does all the ¢; quasi-balls from points in {X; : ¢ € I'}. By Lemma 2.2.12, we infer that the
¢;-balls form a countable basis for {X; : i € I'}. Now, generalizing Lemma 3.3.19, each X in
its relative asymmetric topology is second countable and pairwise locally compact (see and
compare [29, Theorem 8.5]). O

Just as in metric spaces, given an extended quasi-metric space (X, q), the asymmetric topolo-
gies on X are the free union asymmetric topologies determined by its quasi components
{gme,(x;) - i € I}. Thus, we can define a subset A of X to be bounded if its intersection
with each quasi component is quasi-metrically bounded. As this is a weaker requirement
than A belonging to %,(X), we will say that A is weakly bounded if for each i € I, we have
AN gmey(x;) € By(X). We denote the bornology of quasi-weakly bounded sets by %;’(X).
Note that, 2 (X) 2 %,(X), with equality if X has at most finitely many quasi components.

Clearly, a subset of a particular quasi component is bounded if is weakly bounded ([27]).

Below are some results on bornologies of weakly bounded sets in a quasi-metric space.

Theorem 4.3.16. (Compare Theorem 3.3.22) Let X be a quasi-metrizable space and let
be a bornology on X. Then # = %(X) for some compatible extended quasi-metric ¢ if
and only if there exists a collection {Z; : i € I'} of families of subsets of X with the following

properties:
(i) Vi € I, %B; has at least two subsets of X as elements including 0;
(11) Vi S I, \V/Bl c %Z’, HBQ S '%z with Cl<7q71 (Bl) Q lntyq(BQ),
(iii) whenever B; € %; and B; € %; for i # j, then B; N B; = {;
(iv) each %, has a countable subfamily which is cofinal in %; with respect to inclusion;

(v) VAe Z(X), Ac Bifandonly if Vie I, AN (UH;) € ;.

Proof. = The quasi-metrizability of X implies that & = %,(X) for some compatible
extended quasi-metric ¢ on X .Now, for this ¢, suppose & = %;’(X). By applying the facts of
Theorem 4.3.11, denote the family of quasi-metric components of X by {gmc,(z;) : ¢ € I} and
for each i € I, set B; = {By:(x,0) : © € gmey(x;),6 > 0}. Let ¢; be the trace or restriction
of ¢ on X; x X; and put %; = %;/(X;). Then, conditions (1), (ii), (iii) and (iv) clearly hold
by applying Theorem 4.3.11. For condition (v), let A € Z(X) be such that A € 4. Then,
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A is a weakly bounded subset of X, that is, ANgme,(z;) € %A,(X) and so, since {B; : i € I}
is a family of subsets of X, A must be contained in some %;. As A is weakly bounded,
ANSB; € B, (X;) and the definition of a bornology implies A N (U%;) = U(AN %B;) C %,.
Since A is arbitrary in &(X) and ¢ assumes values of infinite, we have by applying (i) and
(iii) for all but finitely many indices i that, AN (U%;) = U;(AN%B;) = 0 and so (v) holds.

<= Conversely, suppose {%; : i € I} satisfies the properties above. For each i € I, put
gmeg(x;) := U, which by condition (i) is a nonempty subset of X as it contains an element
of . By conditions (ii) and (iii), {gmc,(x;) : i € I} partitions X into clopen subsets. We

next show that each family %; is a weak bornology on gmc,(x;).

Fix i € I and set &, := {BNgmc,(z;) : B € $}. Since gmey(x;) = U%; and the arbitrary set
B is quasi-bounded, we have BNgmec,(z;) € %,(X) and so, B is weakly bounded. Clearly, &;
is a bornology of weakly bounded sets on gmc,(z;). Indeed, if B € 2 is any arbitrary weakly
quasi-bounded set, there is an arbitrary B N gmcy(z;) € & with B C B N gmey(x;) € &;.
By (v), &; is contained in %;. So, &; is basically a weak bornology on gmc,(x;). Conversely,
suppose & is a weak bornology on gme,(z;), then we need to show that %; C &;. Let B, € %;
be an arbitrary weakly bounded set. It is enough if we show that B; € &; by first showing
that B; € . Since gme,(x;) = UZ; it’s clear that B; N gme,(z;) € #;. Taking i # j,
condition (iii) gives B; N gmey(z;) = 0. And by condition (i), we have

B; N gmey(x;) =0 € B;.

Now, in view of condition (v), B; € % and so, B; = B; N gmc,(z;) € &, with the possibility
that one of the B; can be empty. Hence, the family %; is established as a weak bornology.

Further by conditions (ii) and (iv), generalizing Lemma 3.3.9, there exists a quasi-metric
qi on gmey(r;) for each i € I such that %; = %;’(X;) that is, %; is a weak quasi-metric
bornology on gme,(z;) induced by some quasi-metric ¢;. Finally, define the extended quasi-
metric ¢ induced by ¢; on weakly bounded subsets in X by ¢(x,w) = ¢;(z,w) if Ji with

{z,w} C gme,(z;) and ¢(z, w) = oo otherwise. Then, condition (v) guarantees that

B = B°(X).
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Theorem 4.3.17. (Compare Theorem 3.3.23) Let (X, ¢) be an extended quasi-metric space.

The following conditions are equivalent:

(i) all but finitely many of the quasi-metric components for ¢ are quasi-bounded that is,
they belong to %,(X);

(ii) there exists a compatible quasi-metric ¢’ such that B, (X) = BY(X).

Proof. Denote the quasi-metric components for ¢ by {gmc,(z;) : i € I}, so we will apply
facts of Theorem 4.3.14 throughout the proof.

(i) = (ii) . Suppose (i) holds, let I; C I be those indices for which gme,(x;) € %,(X). To
show (ii) holds, we only need to produce a countable base for #;’(z). For each n € N, define

</ by

of = {Uiehqmcq(xi) UUiej_[quS(xi,n) ‘n e N} :

Since each gme,(r;) for i € I is quasi-bounded, Uscr, gme,(z;) is also quasi-bounded and

intersects no |J Bys(z;,n) for all but finitely many indices i.
iel—I

But (User,qgme, (7)) (WUier—1, Bgs (75,m)) € By(X) = By(X). Hence, Uicr,gme,(;) is
weakly quasi-bounded and so is gmecy(z;). Thus, the collection o/ forms a countable base
for (X). Further, {gmc,(z;) i € [1} € {Bgs(ws,n) i € I;,n € N} and so,

clg_ {ameg(xi) -1 € I} C ey {By(win) i€ li,n € N}
C clg {gmey(x;) i€l — 1}
Cint 7 {By(vs,n) 1€ I —I;,n € N}.

Evidently the closure of each weakly bounded subset is in the interior of another. Hence,

generalizing Hu’s Theorem, there exists a compatible ¢’ such that %, (X) = Z;(X).

(ii) = (1) Suppose a compatible quasi-metric ¢’ exists with B, (X) = % (X), yet for some
countably infinite set of indices {i; : j € N}, gmey(z;;) is not quasi-bounded (or simul-
taneously g-bounded and ¢~!'-unbounded and vice versa). Fix p € X. For each n € N,

1

put B, = {Bsy(p,n) : n € N} and let 6 > 0. Since for a § < 3, [An]Gsy € Bnt1 and
1
[Bn]

?qs), N Bgsy (p,n) € By(X), By, is a collection of quasi-balls formed by bounded subsets
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of X and so, B, is cofinal in %’(X), (see [27,29)]).

Now for each j € N, 3A; € %,(X) such that A; C gmcy(x;;) and such that A; & Bgsy (p, ).
Then U2, Aj U {{z;} : @ € I} is weakly quasi-bounded but is contained in no any (¢°)'-
ball with center p, which is a contradiction since %,(X) = %,(X). Hence, gmecy(z;;)
must be quasi-bounded for some countably infinite set of indices {i; : j € N} and so,

{gmec,y(x;) - i € I} is quasi-bounded, (See [1,9,21,27,32]). O

Theorem 4.3.18. (Compare Theorem 3.3.24) Let X be an extended pairwise-Hausdorff

space that is a free union of {X; : i € I'}. The following conditions are equivalent:

(i) I is finite and X is pairwise locally compact and second countable;

(ii) there exists a compatible extended quasi-metric ¢ with quasi-metric components {X; :

i € I} such that each closed and weakly quasi-bounded subset is pairwise compact.

Proof.

(i) = (ii) . If I is finite, then for any extended quasi-metric ¢ with quasi-metric components
{Xi i € I}, we have #B(X) = %,(X). Now by Theorem 4.3.15, let ¢; be the quasi-
metric compatible with the relative weak bitopology for X; and {Bys(vs,n) : i € I,n € N}
be its countable base from weakly quasi-bounded sets, [27]. Since each open subspace of
a pairwise locally compact and second countable space retains these properties, each open
and weakly quasi-bounded Big,s(x;, n)-ball is a pairwise-compact neighborhood for x; and
so, by generalizing Lemma 3.3.19 each closed and weakly quasi-bounded ball is pairwise-
compact. Since X; induce X, define the extended quasi-metric ¢ induced by {¢; : ¢ € I}
by q(z,w) = ¢i(z,w) if Fi {z,w} C X; and ¢(z,w) = oo otherwise. Then, the collection
{Bg(x;,n) i € I,n € N} of weakly open quasi-balls forms a pairwise compact countable
base for X and hence each closed and weakly quasi-bounded subset must lie in a finite union

of weak pairwise-compact closed balls and is thus pairwise-compact (compare [1,21,27,32])).

(ii) = (i) Assume (ii) holds. Clearly, I must be finite for the closed and weakly quasi-bounded
subset in {X; : i € I} to be quasi-compact, all else choosing z; € X;, the discrete set
{{x;} : i € I} would be closed and weakly quasi-bounded but not pairwise-compact. Again,
By (X) = PB,(X). Since a free union of finitely many second countable spaces is second
countable and each X; is closed, the restriction of ¢ to X; x X, is weakly quasi-boundedly
compact as well. And so by generalizing Lemma 3.3.19, each X in the relative weak bitopol-

ogy is both second countable and pairwise locally compact. O

7



CHAPTER 5 : CONCLUSION

In this MSc dissertation, we have successfully generalized the results of Beer [7] on the struc-
ture of extended real-valued metric spaces to extended real-valued Tj-quasi-metric spaces
with an emphasis on large structure. In this last part of our work, we present a summary of

our investigation.

In the first part of our investigations, we have generalized Beer’s extension of the Urysohn
universal metric space to sets equipped with an extended real-valued T; quasi metric with

emphasis on large structure.

In the second part of our work, we first provided some properties of a bornological biuniverse.
Then we used the conditions of Beer’s metrization Theorem of a bornology on sets equipped
with an extended real-valued metric to develop a quasi-metrization theorem of a bornology
on sets equipped with an extended real-valued Tj-quasi-metric with an emphasis on large
structure. After that, we generalized the uniform metrization theorem of a bornology to
unform Tj-quasi-metrization theorem on sets assuming infinity. Thereafter, we generalised
the result of a bornology generated by compact sets in an extended metric space to pairwise

compact sets in an extended Ty-quasi-metric space.
Our conclusion leads us to list some open problems that we hope to study in future work.

Problem 1. Is it possible to generalize the classical results of Garrido and Merono [15] to

asymmetric normed spaces?

Problem 2. Is it possible to extend the classical results of Pickosz and Wajch [29] to

asymmetric normed spaces?

Problem 3. Under what assumptions can we generalize the results of Beer [7] to sets

equipped with an extended quasi-pseudo-metric with an emphasis on large structure?

Problem 4. Under what conditions can the results of Beer [7] be generalized to sets equipped

with an extended asymmetric norm with an emphasis on large structure?
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