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IRTRODUGTTION

The rapid development of high speed computers and the increasing
realization by engineers and scientiste that many of th ir most
significant problems can be formulated into partial differential
_equations and sclved satisfactorily with the help of numerical methods‘

has led to a lot of effort being throvn intc the development of these

methods.

A nurber of nuwrienl methods have been proonsed,  Notable armeng the
existine works are vhot Grurley (1971) clessifi=s into thre: categories:
(i) - Fast general purpose algorithms which conserve both

man and machine time;
(ii) classical finite difference methods which reduire more
programming effort:

(111) methods which give guaranteed accuracy at the expense

of considerable programming effort.

Broadly speaking, all the methods which are explicit in nature fall-
under category (i). The second category consists of implicit schemes
such as the Crank-Nicolson, alternating direction implicit and over-
relaxation algorithms. The Garlekin-type methods constitute the methods
in category (iii).

The need for a fast rcneral purpose algorithm which guarantees
accuracy and conserves hoth man and machine time has motivated a number
of numerical analysts ﬁo concentrate their pr.geqpchag in this area. Recent
work in this direction Ly Courlay (1970) tries to combine the already
existing finite difference schemes inorder to achieve the desired results,
In so doing he came up with on alporithm which he called "hopscoteh', a

neme derived from the hopscotch pame which the algorithm resembles.
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This work is a reviev of the literature so far available on the

le

e

subject., The first chepter looks at linear parabolic equations wh

~

chapter 2 develops the alporithm for linear elliptic equations. In

B

both cases analvses for the stability and convergence critsria have
been provided. Chapter 3 looks at nonlinear hyperbolic ecguations in the
same spirit. Each of the three chanters ends with an illustrative

example where the nwxrierl solution. has basen compared with the snalytic

one., Concluding remarks have been fiven in the section for conelusion.

Finally, in the appendix an attempt has been made to try and summaric
some of the importent  asnects of the vwork which, due to time ¢ nstricnta

it was found unnecessary to discuss in Aetail.
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‘CHAPTEER 1

'Pﬁﬁbdlic Equations

Phy sical phenomena such as diffusion of material, heat conduction,

fluld flow through some porous media, flow of'electricity' in cables all
glve rise tojawsholic partial differential equations, These are of the

form

= T g (1.0)

vhere L 1s a second order elliptic partial differential operator which
may be linear or nonlinear; and g 1is a function of either the space

and time variables only, or may inelude u as well. Ve start the

development of the hopscotch algoritm by considering equations of the
type (1.0).
1 ]f', Development of  the. Algorithm

In the analysis that follows, we restrictourselves for the moment

to the linear equation in two space dimensions, that is

g% = Lu+glxy,t) (1.1)

vhere L 1s a second-order linear, elliptic partial cifferertial .operator in ti
space variables x and y. We require thesolution in the cuboid

RX(0<t<T), where R isa closed roctangular region in the x -y
plane with a continuous boﬁndary dR. The initial and bo{mdary conditions

have been specified on =0 and 9RX(C < t <T) respectively.
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Let Ax = Ay=h and At = k be the mesh spacings in space and time
respectively, such t'at ‘we have a2 set of points (i%, jh) ¢ R, where
i,j are Integers and 1 < i, <n, neN. The cross-section of the

cubold 4 which the solution is sought 15 chowa in fig. 1.1

y A
|
| | ESE!
P(1ih, jh)
ih -
3 i"luj # i)j —%‘i"'l:j 1
3 1
| ~ Ty
U N J 4
T 1,4-1
Ay=h | :
ot t | NN,
I& Ax=h =3} ih X
Fig. 1.1

Tet UI; ; denote the numerieal. solution of ecuation (1.1) at the
3

point (ih, jhymk) and u(ih, jh,mk) denote the amlybtical solution at this

same point., The solution of equation (1.1) is vroouired at the erid

points RhX tm’ where tm=mk is & plane parallel t¢ R and m 1is an
integer.

The hopscoteh process, as developed by Gourlay (1970) depends on

Gordon's explicit and impliecit schemes

™oLl + X(LUT 4] )

i, ] 1; iy ] i, (1 -2)
AT R 1 6 AL e y
1,7 1,5 ¥y ey ) (1.3)



where L. is a finite difference replacement of the linear operator L.

In order to make the hopscoteh process explicit,. we require that

+ A . . m+l. .
Lh U? :JL be a replacement which involves U, ; and its nearest
2. J

neighbours (i.e W U U, .

A+l i+l e+l m+L )
14,8 11,50 V4,47 Ui, n

along the grid

linc., We shall call an operator with this property an F-operator. Note
that if Lh is not an E-cperator the hopscoteh nrocess is implicitly

defined and thus defeating the whnle purpose Tor which the degorithm is

intended.
Defining the odd-even function e? 3 by
)
m 1 if nt+i+) is an odd inteper
6y . = { (1.4)
2l
"0 if m+d+] is an even integer

equations (1.2) and (1.3) cen be combined into a single cquation of

the form
1 m+l M+l ml m m ) m . ;
i Y el § AR (P S A - N € 00 R P .
i, i, ( n i, “1,3) i, ¢ i:-J( h'i,J gl,J) (1.5)

Equation (1.5) defines the hopscoteh algorithm locally at all peints

in the domain Rh'



Note that Inercasing the time step In equation (1.3) by 1 and

vriting down the two successive equations we obtain

m+1l m+'L 'n+1 m+1 m m n m
. - LU + 1L + 1,
Ui:J i,]J ( h i, d ‘1 J) 1;5 rJ( h:’:( 1)3)
,m+2 m+2 . w2 M2y U"‘?ﬂ; . m+1 T ,Jmﬂ. N Iv;l+]: 1.6
i,d ei:j ( h i,d gi: J ) 1,3 1: J( Ny i ) ( )

+1 g ‘m . \
2U';"J - Uy o+ 0y (Lh R} (1.7)

The second form (1.7) of cquation (1.6) is obtained after replacing

m+1 (LhU:{; ’T'l) in (1.6) by its wvalue from cquation (1.5)
L

1t 18 clear that when m+i+jl is an even integer, equation (1.7) reduces

to

P o S I (1.8)

i'J i’ J 1’ J

Consequently we can now define the two step hopscotch algorithm as f‘ollows:
As we advance forward in time from time - step t = mk the sters taken are:
(1) For the intorior mesh points with (m+i+j) an odd integer,
equatinn (1.5) reduces to equation (1.2). Tms for all i,j
satisfying (m+i+]) o0d4 along the current time step, the

values of UI;ﬂ are obtained ueing eaquntion (1.2). It

L )
is important to cbserve thet (1) can only be used cither in
the first time ster with initial val ues at t=0 known, or

if the print - out has been given in the previous time step.

This step is also the peeyapt Procedure.
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(3)

When (r+i+j) is an even integer, eoquation (1.5)

reduces to equation (1.3). Therefore, if the values

of Um;l. are reguired for print-out, use equation (1.3)
to evaluate all the remaining points alceng the current
time step with the property (m+i+j) even. Ve notlce
here that although equation (1.3) appears to be implicit

in nature, it is actually s¥plicit. This is evident

l-i-
from the fact that all the values of Uy } K §+*
""’. )
required in this formula have already been calculated in

step (1).

After the print out, m is incremented and we return

to step (1). Otherwise if the values of U@+j are
’

not required for print-out, proceed to step (3).

Since we have skipped step (2) when print-out is not
required after step (1) has been performed, it means
some points along the current time step still remain
to be obtaincd. And these are the points with the
property (m+i+j) an even interger. As already seen in
step (2) these points are cbtained with the help of
equation (1.3). We therefore use equation (1.3) for

all those points satisfying the ccondition (m+i+j) an

€¥en Intérer.” For this fixed value of 1,§ with (m+i+])
even, overwrite the value of U?+% with U?+§ defined
by equation (1.,8). S ,

ie  UTR - ™ ¢

i, i, i,J



Repeat this process for all allowable (i,]) with (m+i+j)
an even integer., Then increment m by 1. If the values
Um+1 R
of 1.3 are required for print-out return to step
rd

(2), otherwisc return to step (3) and repeat.

Having outlined the hopscotch procedure we now turn to the examination
of the stability and convergence criteriz. Since the analysis involwes
use of metrices, it is verhaps rratifying to cbserve at this stage
that matrix analysis pertainine to nartial differentisl orerators
has been adquately covered by Varge (1965). fuch of this analysis

will therefure be based on Varga's analysis.

1.2 STAHABILITY

It is convenient to introduce wectors and matrices at this stage

for the purpose of this analysis. Let UQQ denotethevector with compcnents

Uimj‘for.some'oréerinv~of internal-points in 'Rh. The usual oderins alons
2

rows Yor keach’fixed column will be edopted, (see example 1.1 below).

Define the matrix H by

H = —Lh. (1.9)

Further define *two diagonal metrices I; and T, of the same order
as H, but whose entries are gither + 1 or O  thus:

. .t
I, is a diagonel matrix whose (i,]) element is + 1 if the 12 entry

in the vector u,. 1s a mesh functisn U?mj with (i+j) an odd integer

-~

and zeros elewhore.

In=1-1, ' (1.10)
where I 1is the identity matrix.
We note in particular the properties of the matrices I, end I,
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I1I2 = I,I; = 0 (a null matrix) (1.11)

2
1,2 =1, , L, = I, (1.12)

With this notation, the global form of the two step hopscotch process

(1.5) end (1.6) becomes

(I +KLH) wy g = (T -kDiH)u, + K(Tog, o+ €2m)  (1.13)

2m+1

(I + X1 Ju

2""1’*‘2 = (I—FT2H)u2n+l+‘*—(IIE2m+2+ 12g2m+j) (1.14)

We illustrate the foregoing with an example.
Example 1.1

Consider the equation

w2t

= - , 0<x<1 (1.15)
v 9x2
where u= 0 "atx=0 and 1, >0, =and u is known when
t =0

The sclution is required in the rectangular mesh shown in Fig. 1.2.

The interval O< x gl is subdivided into N mesh spacings such

that Nh = 1.
™
Ug = Uy = 0.

We shall assume N an even Integer, so that (N-1) is odd. This

assumption is important in that it enables us to predetermine the type

th

of equation to be used for a mesh point lying on the (N-1) mesh line

at any given time lcvel,



2 A J { ) g 4
et { X =t
3 -
2 | g% Uur,2
X =0
. . /_//d,y - v : [/,v,.;,,
0 T ' - , —3
i=1 2 }3_, 4 ¥-f N o
x=ih g1

The hopscotech process for equaticn (1.15) is given by

ol L el mely o o mo o m ¢ p
Uy 0L Uy ) = Uy ¢ K6y (L)) (1.18)
m+2 m+2 J+2y o om+l L omel 0+

Up © - k6 (LU 7)) = Uy ke (LU (1.17)

ft

+1 m. .M
207"t - (o xe(z, U}
Equation (1.16) can be written es

+1 ; 1
U omel SR, mel n+l  mrlyy L Me =y o
1 kel (o (U207 UL YUl e { (2 (Y, -2uTeul 1))
- {1.18)
bpplication of equation (1.18) along odd time levels (i.e =2long

m=1, 3, 5, ---=~) yields the follcwing set of alternate equations:

1
= Pt - 22y
Uy,2001 © Ur,om BTG ona 2% Uy ome)
- - 2/ 2 1 \
T - ooy T [ 2 — T
J2,2m+1 U2 m k(hz L3,2n h U2,2m n< L1 2m) !

L -2 5y 1
Us,omel = 73,0m" <H2U4,2m+i n° L3,2m+1+h2 U2,2m#l)

]

-
ot
g

U IR

+}. U )
2 5,2m h™ "4,2m }12 3,2m

Vs,2me1 = U4, om
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1
U1, 2m1 = U, om * X 2 Uﬁ;1,2m+1+;2 Ur2,ome1)

In matrix form, the set of equations (1.19) is given by

‘ ; 272 1 p
U1, ome1 1%1,2m - 'h 2 (:)
. . 14,2 _2/2 lé
2,2m+1 2,2m : h
U3, 2me1 Y3,2m o % A2 1 i
' | n? 2 5,
: o h J 23
z + 11
1/.2 -2/2 2
Uy omel U, o 5 0 n? 22/ oy
- - J
| (
b Uy o o /) 1l 2/ 3
D UN-1,2T¥ - 2 b

-(1.20
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Denoting the column vectors with components

U, by vector symbols U, .., U,

i,e

U

matrix in equation (1.20) by L,» <quation (1.20)

symbolically  written as

u’.2m+l

We define s +8,

“n aven ro% of th

the odd row.

The system (1.20)

10 0--
01 0--
00 1--
000- - -

=y
2m

.
KLhuS

S:

i,2m+l’

Li,Zm

can b

and

and US respactively end the

C(1.21)

2m whenever the colwm vector u_ multiplies
el

12 matrix Lb and s = 2m+l whensver ug multiplies
can be written as
- - o ﬂ - "‘
- =0 U1,2m+1' 1 0 0--~- 0 Ul,2m I
- =0 U2,2m+1 01 0~-=-+- 0 U2,2m
- -0 U3,2m+1.:¥ 6 0 1-~--0 U3,2m
— — ' — - e em am  wm e -
t
1
- -1 UN_1’2m;l 0 00 -+~ --1 F UN_lgm3
4L AL e 3
f,’ 1 T -
ST Y,s
, - h O b
1 2/.2 1 " _
+k ' ' j °
1 2/,2 1 !
- h™ = 34U
’ n? n* i BELEA
1 .
A
-~ - - — ' F
o
1/ 2 - 2/ 2 '“ T ‘l
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or

= 1
Iu2m+1 Iu2m>+ k Lhus. (1.23)

With the matrices I1 and 12 as defined above, we can write the

product Lh ug As

Lpug = Ll wy * oL, o (1.24)

The matrices I1 and I, 1in this case are given by

0O 0 o0 - - - é
0 1 0 - - - 0
R R -1 (1.25)
th) 0 0 - - - 91
1 o 0 - - - 0
c 0 0 - - - 0
L= - - - - (1.26)
0 0 0 ~ - - 1
Thus equation (1.23) can be written as
I Uyreq =L u, tk Ith w, *k I2Lhu2m+1 (1,27)
With H = - L,» the matrix equation (1.27) can te written as

I u2m+1 =T u2m - kIlH u2m - kI2 Hu2m+ 1

or (1 + kIZH) Uy T (I -k Ilﬂ) U (1.28)



Equation (1.28) is similar in form to equation (1.12).

In the same way we can construct the global representation of equation
(1.17) in the form of cquation (1.14).

That is

(1 + kIlﬁ)u2m+2 = (I - kIZH) u (1.29)

2m+l ’
is the matrix equation for all the mesh points along the even time steps,

m= 2,4,6, ———ew- , in the rectangular mesh of fig. 1.2,

"wavproceeding with the stability analysis, we first observe that
the hopscoteh process (1.13) and (1.14) is similar to the Peaceman -
Rachford alternating-direction implicit (A.D.I) scheme discussed by
Varga (1965). The splitting of the matrix H in this case, corres-

ponding to that of the Peaceman - Rachford is given by

H=1I,H+ I,E (1.30)

This formulation allows us to apply the alternating - direction implicit
methods for stahility and convergence analysis. It has been shown by
Varga (1965) thot the nxn metrix H  arising from the gensral equation
(1.1) with the operator L as defined, is an irrsducidle Stieltjes

matrix. That is, H is a real symmetric and mositive definite irreducible

matrix with non-pczitive off-diagonal entrics.

Combining the equations (1.13) and (1.14) into a single equation, we have

Uome = Top * Bop (1.31)

where (1 4 kI;H)-l (1 - kIzH)(I+k12H)—1(I“kIIH)

3
1

(T + XTI H) T TKToH )T + XToH) N I-kTH) T3 T+4kI 1)

(1 + inH)‘l § (I + kI H),
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i a + is a known vecter and b. is also
u2m+2 1s the unknown vector, uZm om ¢

a known vector.

Now since H is a positive definite square matrix, it has a positive

N

definite square rcot H? , so that

- -1 3.3 P
(I-XI2H)XTI + ®IH) 1. H2(I-XH I, Ho )T + kH%IZH"') lH%

= H °H,H (1.32)
similarly
(I BXI + ¥LE)™ = in,ud (1.33)
Hence T = (1 + 3LE)) Hsz{H%(IHIﬁH)} {1-34)
The two matricas ﬁ%11H% and ﬁ%IzH% are non-negative definite,

The analysis by Courlay (1970) requires the application of Xellog's lemmas whi

are stated below. The reader is refered to Keilog (1964) for proofs.

Lemma 1 If p >0 and (B + P*) is non-nepative definite, then
(pI + B) has 2 bounded inveree and ,
S
-1 1 AL
(oI + 38)7 | <=
- b
Lemma 2 If p>0 and (B + B¥) is non-negative, then
[[(oT - B)(pT + £)73|| <1 (1.36)

Inorder to apply the iwo lermas 1o cur problem we must consider the
form of the matrix . It i cleer from thc matrix cquation (1.20) that H
can be written as

H = 1/h2 H (1.37)

1
Now let r = K/hz be the mesh ratio assumed cepgtant, In what follows

we shall assume that H has been replaced by l/hz H but will maintain

the notation H for H.
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Thus equation (1.34) can te written ag

- “ 3
T = {H%(I + rI1,71)} 1H2H1{H"(I + rI;¥)} (1.38)

where

i .3 N . |
Hi = (I-rH‘IiH Y (I + rH‘Iih“) i=1,2.

By Lemma 2 it follows that for Y > 0, constant,

m

For stability we require that powsrs of T be wniformly bounded.

Raising the matrix 7T in equation (1.38) to the power m, we obtain

™ = (HA(I + #1,E )} N ™eX(1 + r1a)} (1.39)

This result follows trivially from the fact that if we consider T to te

of the form
T= 21py
where A= H%(I + rI,H)
and B = HzHl,
then ™ = (a7t B YAt B a)
= ,\—l 1?2 A
-1.2 -
3 = (a7 1B2%A)( 4738 4)
=2ty

™ = (2718 ) 1s 1)
AT,
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) - 3
Hence ™ = {1 + vTi8)} H(HH, RE(T + r1,H))

- NI < |3+ o)} ]| B (2T ) ||

< € ( a constent independent of m)
proving that powers of T are uniformly bounded.

We can now sun up the forepoing in a theorem

Theoren 1

The hopscotch process is stable for the soluticn of cquation (1.1)

if thé matrix” H is pesitive definite.

Theorem 1 can be generalized by applying certain conditions on the
metrices I H and IH. To prove the general case we start with the

following lemma by Geurlay (1970).

Temma 3

If the nxn non-sinpular matrix H has n independent left
eigenvectors, then
(i) the matriczs I1H and I,H alsc have n  independent
left eigenvectors

(ii) the null spaces of IT;H and I,H are disjoint.
For the proof of this Lemma the reader is refered to Courlay (1970).

The conditions which the matrices T:H and I2H have to satisfy for the

hopscotch process to be stable are stated in the foll-—ine theorem

Theorem 2

If the non-singular matrix H has o full set of independent eigenvectors,
then the hopscotch process is stable if the eigenvalucs of the two

matrices I;H, I,H have non-negative real parts.
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Proof

Since H 1s arpeal nxn matrix arising from an elliptic operator,

it has the following properties

., > T
i 0 |111.>J| (1.40)
J#i
with h <0, i#3

In short H is a Stieltjes matrix as already observed at the beginning

of this section.
By Gerschgorin's theorem [Varga (1965) 1,

if A= (a,,) is an arbitrary nxn complex matrix

1 4<i<n (1.41)

then, all the oigenvalues X of A 1lie in the union of the disks

|2 - a4
¥

| <s i<i< n. (1.42)

i 3

Thus letting Ai denote the n eigenvalues of the matrix H we have

[A. - hi’il <8 (1.43)
n
where S; = L |n, .| , 1<i<n (1.44)
j=1 T
J#1

We notice here thet the Si's and hi.'s are all rositive.
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It is evident from (1.43) that

h, ., -8

1,1 i +h, . ¢ (1.45)

< X .
- 1 1,1

. <5
1 -

From the provertizs (1.40)

i1 s

te

Thus, both the left and right hand sides of (1.45) are pesitive, implying

that all the Ai's are pesitive. Since the matrices IH ond-I;7 ere simply

composed of rows frem H  and null roews, the proof follows.

Theorem 2 togethoer with properties (1.40) now lead us to state the more

Feneral raeult in the following theorem

Theorer 3

™

The hopscotch process is stable if H is non-singular, has a full

set of eipenvectors and satisfies the properties (1.40).

The proof for the case of probler (1.1) follows immediately from theorem 2.

Remark

With the atove analysis, we can safely extend cur results to
problems in more than two snace ¢iwnsi-ne, so long as the

matrix H arises from the roeplacement of an elliptic operator L.

The case where I is not an elliptic operator remeins an open.

question for investigation.
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1.3 CONVERGFENCE

The global form of the two step hopscotch process for equation (1.1)

is given by the matrix equation (1.31) viz;

u2m+2 = T u2m * b2m

L T = (I + rTH) NI - 21,H) (1 + v1,H) NI - v1,H)  (1.46)

k/h2 is a constant mesh ratio.

in which r

If we denote the error vector associated with the vector iterate U, by
®om T Yom T U (1.47)
then
Com+2 T “eop
and e = T €m0
=T (T e2m—4)

A

In general therefore, we have the error vector given by

e, =lTe , m?> 1. (1-48)

To investipate the convergence cof the power matrix T we recall that a
matrix converges or diverges together with its powers, and that a matrix

is convergent if its spectral radius is less than unity.

We now state an important result due to Ccllatz (1966) in the following

lemma
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Lemma 3
" -
The matrix A = XAL 1 which results from a transformation
with the non-singular matrix X has the same eigenvalues as A,
Proof e -1
Lo~ ].II = XAX - ]JI
_ )
= X(A - uI)X 3 (1.49)
hence
wr"l

~
det(A - uI) = det X det (A - ul)det X

daet (A - uI) (1.50)

Now since matrix H is non-singular, the matrix I;H is non-singular

and so is (I ++I,H).

Using (I + rI,H) as the transformation matrix, the matrix T is transformed

into

=33
I

= (I +rIiH)T (1 + rIiH)-l (1.51)

((T-1T,HNT + vI,H) H ((T-rT )T + r1H)™Y)

Using the notion that the spectral radius of an nxn matrix is less

than or equal to its normywe have
Lt '
p(T) = o(T) < |T]] » which implies
p(T) 5_\|(I-r12n)(1+r12H)‘1|§ o (T-rTiEXT + r11H)'1!{ (1.52)

It has been proved in section (1.2) that the matrices €AH and IZH
have positive eigenvalues.
Therefore, denoting the eigenvalues of I,H by Xj, 1<j<m,

the eigenvalues of the matrix

(I-rIzH)(I+r12H)°1



( J)J 1_<_J.f_n

from which it is immediately seen that

1 -,

(i‘I'X% ) <1, for all j. (1.53)
IJ

We introduce here another terminclogy common in matrix analysis. This

1s the Hermitisn matrix. The reader is refered to Varga (1965) for

the definition and results relating to this type of matrix. Here it only
suffices to mention that all Stieltjes matrices arc Hermitisn . By

definition of the norm of a Hermitian matrix we have that

1 - ,
H(I-rIHXNT + rIzH)’lll = max —l <1 (1-59)
. 1+,
1<j<n J
Applying the same argument to the matrix
-1
(I-rTH)XI + rIH)
we obtain ||(I-rI;H)I + rI,H)|]| < 1 (1.55)
Thus the inequality (1.52) implies
o(T) <1 (1.56)

which completes the proof for convergence.

It is evident from the analyeis of section (1.2) and (1.3) that the
hopscotch process applied to linear parabolic equations 1s convergent

and stable.

To develop a better mastery of the algorithm we illustrate the foregoing

with an example.
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Exemple 1.2

Find an approximation to the analytical solution of the equation

O<x<1 (1.57)

satisfying the initial conditions

u=sin mx, when t =0, 0<x<1 (1.58)
and the boundary conditions

u=0 at x =0 and l, for all t > 0. (1.59)
Soluticn

Comparison of equation (1.1) and (1.57) shows that

21
= 2% and g=0

9x?

Thus 1L UT = l/h2(U?+l —2UT + U L), 1<i < n,

1

&x.

where h

Fquation (1.5) then gives

Smtl o, omtl, o mtd mel, omil o Bowm o m el
LR AR G AR R AR L LR Aty
{1.60)
When {m+i} is odd, (1.60) reduces to
*ogm, o y
uf L U e (U], -2t v U ) (1.61)
and when €(m+i} is even (1.60) becomes
m+l 1+ I+l mdl
VAR CANRE- GR A (1.62)

With 4x = 0.1, the interval Rh =0<x <1 will coneist of eleven
mesh points. The solution is sought at nine internal mesh points since
the values at x =0 and 1 are alrcady known. However, because the

problem is gypmetrical &tout the centre, we shall only require the
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solution at the first five mesh points (see Table 1.1).

Table 1.1
i= 0 1 2 3 4 5
x= 0 0.1 0.2 0.3 0.4 0.5

=0 =0 0 0.3090 0.5878& 0.8090 0.9511 0.9902
=] 0-001 0] X X X X X
2 0.002 0 X X bd X X

- . = e
- . - -

The values of Ui along the time row + = 0 are given by the initial

condition (1.58).

So we have, for example

at x = 0.1, U = sin mx

#

sin(0.1m) = 0.309

at x = 0.2 = gin(0.27) = 0.5878

U2
etc.

Given the values of Ui at t = 0, we are now ready to carry out the

calculations along the first time step.

In the first time step, (m+i) is odd at mesh points with  i=2,4.

Therefore equation (1.61) cives

1 _ +© 0 0] -0
ol = U+ x(ug - 20) + 1))
1 W 4 ot - 200 + 1© )
U“" u I‘-S- y 3}_



At mesh points with i=1,3,5 (m+i1) is even, and equation (1.62) gives

1
U
1

g° + r(U1 - 20 + U
1 2 ! o}

Yieor ud + T/ e2r (51 0P )
2

0
1
Uy =10 s o0t - 20!+ UY)
3 i 3 2 :
B 1 o) r/ 1 ‘s
o e U3 + 1+2r (U“ + Lz)
vto= g% s p(utl. 20t 4 Ul )
5 5 6 5 4

= u% 4+ p(ou! - 2u! )
S 1N 5

- 1 1 on 770 2r 1l
/.’-“"'2.(‘ L‘s + iTo7 Ll} .

To proceed t~ the second time step we require the application of

equation (1.7) which, in the context of the present example, is given by

+2 m+2 , m+2 2 M2, +1. m T
U - e (U?+l - 2uy Uy 3) = 2u] (e (U, -2uT
Um
+ .
L (1.63)

When (m+i+l) is odd equation (1.63) reduces to simply

U’;*?' - 2u’f*1 -} (1.64)

Thus equetion (1.64) is cmployed at all the mesh points with the
property (m+i+l) odd, along the s:cond time step. These are the

points with 1i=1,3,5;

80 we have

U? =
1 1

!
N
<
H

Ul
o}



For the remaining points along the second time step use equation (1.62).

It will be noticed that the roles played by equaticm (1.61), (1.62) and

(1.64) in the process as & whole as time inereascs are repeated after

every other two steps.

Therefore

to calculate the values of Ui along

>

the third and fourth time steps we employ the equations used in the first

and second time steps respectively.

This problem was solved

and the results ootained

with Ax = 0.1 A% = 0.001 ané r = Q.1

yere compared with the analyticel solution.

Table 1.2 shows the resulis at time t = 0.002.

Table 1.2

t = 0.002

Absolute
X Mnalytical | Numerical | Percent:ierror
0.1 0.3030 0. 3030 0.0
0.2 0.5763 0.5764 0.02
0.3 0.7532 0.7934 0.03
0.4 0.9325 0.9326 0.01
0.5 0.9803 0.9806 0.0

The analytical solution of the partial differential equation (1.57)

satisfying the conditions (1.58) and (1.59)

Comparison of the two results in Table

solution is quite accurate.

u

-2t

e sin wx.

1.2 shows

The ebsoclute percentage

is given by

that the hovscotceh

error is the

absolute difference of the solutions expressed as = nercentege of the

analytical

solution of the partial differential equaticn.

- e



1.4. DERIVATIVE BOUNDARY CONDITTONS

In this section we shall aprly the hopscotch method to a problem

with derivative Boundary conditions.

Boundary Conditions expressed in terms of derivatives occur when,
for example, the surface of a heat conducting material is thermally
insulated. In this case there is no heat flow normal to the surface
and the corresponding boundary condition is %%-= 0 at every point of
the insulated surface. TIf the houndary walls are not insulated, a
perfect eonductivity condition rather than en insulating condition may
be appropriate. Hinee the rolovant boundary condition in the case

where there is heat flux across the boundary is generally given, in

the case of one space dimensional problem, by

a g% + = g(x) (1.65)

where a,b are constants.

~

Using the central difference approximation for -%% and taking the

average of the neighbouring points of Ui’ the finite difference

representation of equation (1.65) becomes

- U, b

141 = B3op) * 3 (U5q¥0s 50 = gy (1.66)

when 1 = 0, equation (1.66) rives an expression for the left fictiticus

point U;l’ viz
2h bth + a
1 = e a——— -
L-1 h~2a fo Bh-a Uy (1.67)

while when 1 = N, we cbtain an expression for the right fictitinus
point UN+1’ viz:

U - 2h bh - a

- rm—c——— 24
N+1 T on SN T Bnt A UN-1 (1.67)



Fxample

Solution

only

The calculations will then mroceed as follows:

1.3

Solve the

equation

0<x<1
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satisfying the initial condition

u:

1

for O<x<l

when t =0

and the boundary conditions

Au
X

u.at x

-u at x

0,

:l’

for all t

for all t.

We first note that symmetrvy about

1

values in the interval  O<x<%
i=N-1 i=N
v .
0,1 1,1 U1, | Uy
0 Vo @of1g.1.3 1

Along the first time step,

given by

and

fa+l_om mo M .
U= Uy o+ o(Uy, -200 UT L), for (mi) odd

i

e

=g+ p(Tr,
1 1

(1.69)

(1.70)

(1.71)

(1.72)

¥ = 4 allows us to compute

the hopscotch process for equation (1.69) is

1

(1.73)

m+1 Jn+l ’ +1 .
s - 2bi + U?_l)g for (m+i) even (1.74)



The left boundary condition (1.71) gives

vy (U3,-U7 ) = 30T, + 0T ), for (m) odd  (1.75)
or
(03T - ) = 2Ty + LT ), for (m+i) even (1.76)

2Ax i- i+l
At the point (0,1), that is the point on the left boundary along the
first time step (ses Fig. 1.3), the left Pietiticus point is given by

equation (1.75) as

Um1 - J - Ax ,§ (1.77)

when i = 0, equation (1.73) gives
L+l _ o v
n"é‘ = rf;‘ + r(Uf{‘ 2u + UI_:]l) (1.78)
R l - Ax .m .

Upon replacing UTl by T U] in equation (1.78)

and simplifying, we obtain

T +1 = -2 ) }-—: ax
00 = (1) ¢ r(1 s ) Uy (1.79)

Therefore, along the first time step, equation (1.729) is used for the
point on the boundary; equetion (1.73) is applied 2t internal mesh
points with (m+i) odd while equation (1.74) is employed at mesh points

with (m+i) even.

Along the second time step, the hopscotch process for cquation (1.69) is

given by

el
i
N2
=

- , for (m+i+l) odd (1.80)

A
1
and "
2 fi+]. + ) . m+2 .
U? = U?] + r(t’?uz. - 2Ur£+2 + Uy m ), for(m+i+l) even
- (1.81)
At the point (0,2) that iz the moint on the left boundary along the

second time step (see fig. 1.3), the left fietitiouas roint is given by

e 1 - dx m2

SR X (1.82)



when 1 = 0, equation (1.81) gives
+2 +1 m+2 m+2 +2
USRI (G A ) (1.83)

Upon replacing UTIz by %::£§k U?+2 in equation (1.83) we obtain,

after some simplification, the equation

L2 1 omel 2r +2
PR S e a e (1.8)

Therefore, along the second time step, equation (1.80) is applied at
all those mesh points with (m+i+1) odd: equation (1.84) is applied
at the point on the boundary, while equation (1.81) is used at all

those points with (m+i+l) even.

The above process, starting from the first time step to the second

time step, is repeated after every interval of two time steps.

Recall that the order of calculations in the hopscoteh process
should be strictly followed. That is, calculations along any given time
step should begin with points with odd property ending with those points

with even property.

The analytical solution of equation (1.69) satisfving the initial

conditiin{1.70)and the Boundary conditions (1.71) and((1.72) is

@ oosec a2
Us=4 3L fm—— 7% eos 2an(x—%)}, N<x<1 (1.85)
n=1 3+4a§)

where o~ are the positive roots of

o tan o = i,



Table 1.3 shows thc analytical values of u at time t

il

0.5 together

with hopscotch results for r=0.5 Ax=0.1 and At = 0.05.
Table 1.3
) t 7 0.5 I
!
X Analytical | Hopscotch Absolute Percent Frror
‘r.
0.0 0.3619 ,| 0.3618 . 0.03
0.1 0.3949 0.3946 0.08
!
0.2 0.4212 0.4208 : 0.09
0.3 0.4403 0.4398 0.11
0.4 0.4519 0.4513 0.13
0.5 0.4558 0.4552 0.13

Comparison -of-the results-in Teble 1.3 clearly-shows a pood agreement :
between the analytical and hopécotch solutions. It is therefore evident
from this that the hopscotch method is also well - scuited for solving

parabolic equations with derivative boundarv conditions.
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CHAPTER 2

AT U ——

Elliptic Touations

Flliptic partial differential equations usually arise from equilibrium
or steady-state problems. The best nown elliptic equations are Poisson's

equation

a2 2
ox2 dy?

and Laplace's equation

2 2
d uw,  3u _ (2.2)

It

Ax2 ay?

Poisson's equation defines phenomena such as the slow motion of incompress:
viscous fluid , and the inverse-squere law theories of electricity, magnebis
and gravitating matter at points whers the charge density, pole strength
or mass density w"agnnetiwnslyare non-zero. On the other hand Laplaces'
zquation arises in the theories associated with the steady flow of heat or
electricity in homogeneous conductons. For further details and practical

examples the reader is refered to, for instance Smith (1978).

2.1 DEVELOPMENT  OF THY ATGORITHEM

Consider the Poisson's covstion (2.1). Applying the E-operator

. A

gh of egzetion (1.1) the finite diffemcnee replage=ont ©f equation (2.1)
becomes
1,2 Y ' 1,2/, . _
00,5 7 a5t Ui, g) T B g g 0o
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vhere h = Ax = Ay.

Multiplying through by n°  and simplifying, equation (2.2) gives

2
- + U, L+ U, Lo +U, . =hTg, .. 2.4
4Us.1t Ui 141, 1,341 Ti,§-1 £1,j (2.4)
Makine Ui 3 the subject of the formula, equation (2.4) gives
1
U, , = XU, . . +U, . . +7T U, L)+ =f . (2.5)
i,5 4 1+1,] i-1, 1,j+1 i,j-1 4 71,3 '
where f, , = —h gy 5 -
1,J i d

Fquetion (2.5) is ILiebman's iterative schems (see Curtis(1978))for the

numerical solution of eguation (2.1).

Putting superscripts to show that a new value is computed from previous

iterates gives

m+}: ! \ i (2.6)
Uy Uit Vgt U gn) A

Ldding and subtracting U? on the right hand side of equation (2.6)

1'
b X3

yields

+] m 1 2 b
- i P T :
R TR LRI AP AL LA M €

For fast convergence to be achieved, equation (2.7) requires introduction

of an over-relaxation factor Ww.

Thus equation (2.7) becomes

AN i il +U F Um. 4T T -
i, i,] ( »J 1+1,J i,j-1 "i,j+1 4 i,J 1,J) ¢

The above construction of equation (2.8) and the equation itself are
precisely that of the successive over-relaxation (S.0.R) scheme as presented

by Curtis (1978),
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The hopscotch process requires us to have, in addition to ecuation

(2.8), an implicit scheme

el Byl A, gl Ty
Li}J Uljx—‘,j * 4 Iji"'l,j }I:'.'J i U?’J-l U‘m -|+l AI}m ) (209)

However, Gourlay (1971) proposes that, in order to further accelarate

convergence, the factor w/4 in equation (2.9) should te replaced by

v/4-4w , s0 ‘' that cquation (2.9) gives
n+1 +1 “1 +TT +1 ™+l r\ +]_ +]
- L 2,10
UI;,J U?,J\L Um-l i Pin AU TS N TS fm ) ( )

The next problem which arises is the estimation of the value of w. Gourl a;
(1970) suggests a way of estimating the value of this accelaration paramets
Here we shall use the method suggested for the S.0.R scheme by Curtis
(1978) bacause avplication of the value of w obtained by using the
latter method has  produced results just as good as those obtained with

the use of Gourlay's factor.

For the rectangular region having Dirichlet conditions (in other words
constant boundary conditions), a reasonablc estimate of the optimum value ¢

w can be determined as the smeller root of the quadratic equation

(cos m/p + cos n/q)z w2 - 1w + 16 =0 (2.11)

where p and q are the pumber of mesh divisions on each side of the

rectangular region.

For details regarding evaluation of w for non-rectangular regions
without constant boundary condi+imns, the reader is rofered to Forsythe and

Wasow (1960), Fox(1962) and Varga (1965).

Solving equation (2.11) for w gives

W N (2.12)
Opt 2 +‘f4 cZ




-~ 33 -

where ¢ = cos 7/p + cos w/q.

We now introduce the odd-even function e? . defined
¥

n 1 if m+i+j 1is an odd irteger
oy . = ( (2.13)

0 if m+i+j is an even integer.

Equation (2.13) enables us to writs the two equations (2.8) and (2.9)

as a single eaquation

I+l m+l w m+1 +1 +1 +1
Li yd 6 i, Z< i-1,] Um+1 J Um UF 1+1 Um f?,u)

. % (1 ] ! _ T
- UTJ A JI:—I,J UT+1,,5+UI:§,5+1 w?,.j * f?,a') (2.14)

Incrementine m by 1 in ecquaticn (2.24) ve obtain

1m+2 g+2 w Um+2 Um+2 fw+2 U131+2 _ Um+2 m+2)

i, i,J 4 1, 1"'1:3 ’J"l i,j+1 i,]
- Ur+1 ﬁ+l w7+ 1 M+l I+l m+l 1 +l
i, i »d Z(Ui—l,J [i+l 2 J Li,J—l‘* U i,j+1 .4 + f;,

+1 " 0w, g v
AT 1 P A u“; +f§

i, i, i-1,] i,3-1 ,J+l

When (m+i+j) is odd, equation (2.15) reduces to

AL S 2.16
L i,J i, UI:JJ ( )

With equations (2.8), (2.10) and (2.16) we are now able to state the
two level hopscotch process for the numerical solution of the elliptic
equation (2.1).

In the first iteration, apply equation (2.8) at those mesh points
with (m+i+j) an odd integer, and use equation (2.10) at points with

(m+i+j) an even integer.

For the second iteration equation (2.1f) is used at mesh peints with
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(m+i+j+1) an odd integer where-as equation (2.10) is applied at
mesh points with (m+i+j+1) an even integer. The whole process is

repeated efier every twe iterations.

We shell now examine the convergence and stebility of the process.

2.2, CONVERGENCE

Fquations (2.2) and (2.9) can respectively be written as

Lyl b AR L
-

Y I 4
w0, 7w M U, e, 0, 5 T g

A
)+fi,j 2,17

and

4o+l _ 4 D fe+l +1 n+1 @l o+l +1
AR L AR L L A AL eI CE

In view of equation (2.17) and (2.18) and in the spirit of section (1.2)
of chapter 1, we can define the global form of the two level hopscotceh

process as

1t

(WI + TeHu, 0 = (WD - LH)u, +b (2.19)

(2.20)

(wI + T;H)u oms1 b

ore2 (wI -~ I2H)u

where the matrices I; , T2 , H and the vectors are

Yom? Yomel

as defined in section (1.2). b is a known vector.

Upon replacing I; I and IH by Fr and Fp respectively, equationga

(2.19) and (2.20) respectively become

(wI + Ha )u = (wl - Hl)ugm +h (2.21)

2m+1

(WI + H1 )u

om+2 (T,-';'I - H, )112]“ +D (2.22)

The system of equations (2.21) and (2.22) is precisely of the
Peaceman~Rachford form discussed by Varsa (1965). This analysis of the

convergence criterion will therefore follow the analysis of Varga. It may
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be noted that we shall simply derenstrate converconce here.

rate of convergence is beyond the scope of this work.

Combining the two cquations (2.21) and (2.22) egives

u2m+2 = Tu?m * b2m

where the iterative matrix T is now given by

- 21
T o= (9T + Hy) L(wT - Hp MWl + Hy) " S(wI - 1)

Inalysis of the

(2.23)

(2.24)

However, Gourlay (1970) suggests that the replacement of the identity

matrix T in (2.21) and (2.22) by a positive definite matrix D may

accelarate convergence. This we suppose is in line with his proposed

replacement of the factor %- by Z—:EZ;—- in equation (2.9).

Thus replacing the identity matrix I by a positive definite matrix D

in (2.21) and (2.22) yields the more general procedure

(wD + Ha Ju = (wD - H1)u2m +b

2m+1

(wD + H;) u (wD - F2 )u

ome2 omel P

so that the combined form of equations (2.25) and (2.26)

gives the iteration matrix T as
~ -1 -1 -
T = (wD + Hy ) “(wD - Hp )(wD + Hp) " (wD - ¥g).

Defining the vector v by
3
D'u = v

the system of equations (2.25) and (2.26) takes the form

3

(wI + Hy)v = (Wl - Hi)v, + Db

2m+1

+

"N _ A _%
(wl + Hl)v2m 5 = (wl - Hg)vzm i1t D *b

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)
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vhere A
T S
Hi =D HiD , 1

i

1,2.

Note that the original system of equations (2.25) and (2.26) may be
recovered by replacing H;, Fa and V in (2.30) and (2.31) by D°%HgD"%,

D—éHzD—% anc D%u respectively and then vrerwltirly ench equation by D-%.

Now the iterative matrix T arising from the transformed equations (2.30)

and (2.31) is given by

T o= (W + Hy ) MwI - Hp)(wl + 1) Y(wl - ) (2.32)

Using lemma 3 of chapter 1 and the fact that H is a non-singular

Stieltjes matrix H,; is non-sincrular and 80 is H; . Therefore the

matrix (wI + Hi) is alsc non-singular.

Using the matrix (wI + Hi) to transform T as in lemma 3 of chapter 1, we
have

(wI + H,) T (wI + Hy)™>

=3
1]

A A 1 ~ S |
{(wI - Ht) (wI + Ha) 7}, {(wI - Hy) (wI + Hyp "} (2.34)

Using the well known result that the norm of any square matrix is greater

than or equal to its spectral radius, we have that
A‘ ~ A ~ —l A~ A _.
p(7) = o(T) < [|T)]< TIWI-H )(wI + Ho) ™[ | [(wI-Hy) (wI+H;)™

- (2.35)

Since H 1is a Stfeltjes matrix then H is a positive definite Hermitian
matrix, This in turn implies that all the matrices arising from H in the

above transformations are positive definite Hermitian matrices.

Therefore the product matrices of (2.35) are positive definite Hermitian

matrices.
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~ A

Denoting the eigenvalues of Hz and ¥; by Aj and uj, i<j<n,

respectively, the eigenvalues of the matrices (wI-Hz)(wI + Hz) and

R S ERY

(wl - Hy) (W + HL) are respectively given by (57777T') and
J

W o~ M,

( J ) vhere 1<j<n.

W+ui - =

By definition, the spectral radius of an nxn metrix A with eigenvalue

Aj, 1<j<n, 1is given by
p(A) = max lkj! (2.36)
1<j<n
Furthermore if A 1is a Hermitian matrix

Al = p(a) - (2.37)

Using results (2.36) and (2.37), we have that

~ A W o~ A .
(WD = Ha X(wI + Hz)—lll = max —E_:—X%— { <1 (2.28)
jen | 7|
and : w -
- ~ -1 m TR
[wl - Hy) (wI + Hy) ] = 1<?§n — u;- <1 (2.39)

From results (2.38) and (2.39) wc can conclude that the spectral radius
of the matrix T as defined in (2.75 is less than unity, thus completir

the proof.

2.3 STABILITY

As in convergence, the analysis for the stability creterion for
elliptic equations follows exactly the same steps as those in the paraboli

case.
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We cen therefore state that the hopscotch process (2.25), (2.26) is

stable if the non-singular matrix ¥F: has a full set of eigenvectors and -

the two matrices H; and Fa have non-negative eigenvalues.

Infact by thecrem 3 of chapter 1, the hopscotch process (2.25),
2.26) i3 stzhle if the metrix H is non-sincular, has a full set of
eigenvectors and satisiies the properties (1.40) in section (1.2) of
chapter 1. |
But H is a non-singular Stieltjes m2trix. Thercfore it satisfies all

the conditions in theoram 3. Hence the proof.

Example 2.1

2 thin rectangular steel plate is of dimensions 10cm x 20cm. If or

of the 1Ocm edges is held at Ooc, what are the steady - state tempe-

revurzs 2t interioy points?

This problem is stated mathematically in the following way:

Find U(x,y) such that

+ =n ' (2.40)

with boundary conditions

u(x,0) = 0
u(x,10) = O
U(O,Y) =0

u( 20,y )=100

This is the so called Dirichlst Loundsry value problem (i.e 2 problem

with known boundary values),
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Solution

Equation (2.40) gives us the computational algorithms

w .M m I
+ = {U, . + U, .+ UL, + ] m
L TTi+1,] i-1,] i,j-1 ”?,5+1‘4Ui,5}

—
=
+
M}
n

1] i,J

-(2.41)

T
+
[RSY

it

UIP L+ ....L..{Uxm'l +Um+1 ,+U‘m+1 +I‘m+l -4UI§+§}
2

i, 1,4 P i+1,j i-1,§ "i,j-1 ;i)j+l
- (2.42)
and e A (2.43)
1,3 1,3 1.

In the first iteration use equation (2.41) when (m+i+j) is odd

and use equation (2.42) when (m+i+j) is even.

For the second iteration apply equation (2.43) for points with

(m+i+j+1) odd, otherwise use equation (2.42).

Letting h = Ax = Ay= 2.5, the solution is sought at 21 interior mesh

peints as in fig. 2.1

y 4
y=20 |0 0 0 0 0 0 0 _ 44
0 . 'U? U, U, Uy Us Us Uy 100
o Us  |Us. |Uio |Uiy |Uss Urs | Uis f100
R
0 Urs fUise {Ui7 fUig fUie | Uzg | Usy [109
0 | ?

>
X720 X
Fig 2.1

The problem arising at this stage is that of egtirntin~ Teasonably good
starting values fopthe 21 mesh points. (Collatz (196¢) for instance, give

a very good discussion on this subject).
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To do thies we first start with a course mesh of h = 5em. This give:

us only three unknown v2lues of y j showvn in fig.2.2, which satisfy
R ,

the general equaticn

- i T 7 T = - 2.
AU  sVar g P Vs P 5 TV T 0 (2.44)
0 Q
! 100
3 :
! :
0 a b c ‘
160
200
0 0 0 0
Fig, 2.2

Application of equation (2.44) to the three mesh points a,b,c in fig. .

yields three equaticns

- 43 + D =0
- 40 +c+ 8 = () (2.45)
- 4c + D + 100 = 0

Solving the set of esquations (2.45) simultaneously fives a = 1,7857,
b = 7.,1429 2and c¢ = 26.7857. - Next we cuhdivide the rectangular repion
into mesh points of gize h = 10/3 em. Thies gives us 10 unknown value:

of U, 3 (fiz. 2.3), which also satisfy the general egquation (2.44)
3

0 0 o) 0 0 e
-4 160
3 -
F G H S
0 — . 100
7
0 : " oad 100
0 0 0 0 0
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Application of equation (2.44) to the 10 mesh points gives rise to 10
simultaneocus equations in A,RB,C, D,F,F,G,H,I and J unknowns. However,
on aceount of symmetry, only the five equations in 4,B,C,D and F unknowns

may be solved. These are

- 4A + A+ B =0
- 4B + BtA + C =0
-4LC+ 0 +B+D= =20 (2.46)
- 4D+ D+C+E = 0

- 4E+RE+D+100 =0

Solving the set of simultaneous equations (2.46) yields the results

A=TF = 0.6945
B =G = 2,0834
C=H-= 5.5556
D=1 =14.5833
E=J = 38.194

With the above results at hand, we can now @stimate the other remaining
starting values in figure 2.1 by interpolation. The reader is refered

to Curtis (1978) for a thorough discussion on the subject of interpolation.

Application of the Newton-Gregory forward and backward interpolation
polynomials to the mesh points in fig. 2.1 and using the values obtained ir

fig. 2.3, we obtain the starting values along the first and third mesh rows

U, = Uys = 0.6728 Uy= Urs = 5.5546
Uz = 15 = 1.1285 Us= U199 = 11.8967
Us = Up7 = 2.4307 Us= Upy = 50.0651
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For the values along the middle mesh row in fig, 2.1, Us, Ui and 113

are known, as these are respectively the same points nas a, b, and ¢ in

fig., 2.2. The remaining points, namely Us, Ujig, 12 and Uy, -cun de

obtained by application of equation (2.44). This gives the resuits

Ug = N.7828 Ma = 14.47305
o = 1.7857 Uiz = 26,7857
Ui = 3.272€ Uys = 50.7936
Ty = 7.1429

¥ith the full set of starting values thus obtained, calculations using

equations (2.41) , (2.42) and (2.43) gave the followins rosults:

7, = 0.3530 Us = 0.4989 Uys = 0.3530

U, = 0.9132 Ug = 1.2894 Uye = 0.9132

U = 2.0103 Uyo = 2.8324 Up7 = 2.0103

Uy = 4.2957 Uy = 6.0194 Uis = 4.2057

Us = 9,1532 Uy, = 12.6536 Ura = 9.1532

Usg = 19.6632 U3 = 26.2894 Tap = 19,6632

Uy = 43.210% Uiy = 53.1774 Uy = 43.2101
Table 2.1 shows the analytical and hopscotch results at the points
Us Uii and Uis

Table 2.

A MR T — e —————a—r s

T TEbsolute

Anqutical Yopscotch | Percent Frror
Ug 1.0943 1.2894 8.5
U, 26,0944 26, 2894 0.4
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Comparison of these results shows that the error is reascnatly small at
Points near the source = .. of high temperature, for example at U,,,

but becomes quite unreasonably large as one moves further away from

the source, for example at points Usand Ui1 . This phenomena Is rathe:
difficult to explain. Whether the large percentage error is caused by th
crudeness of the starting values or is inherent in the method itself rema:

matters of conjecturc.

However, the question which remains to be answered is whether the
results are acceptahle or not. The only way one could make a judgement
was to compare the hopscotch results with those obtained by applying
the already established numerical methods. For example the same problem
under discussion was solved using the elimination and Liebmann methods

discussed by Curtis (1978). Table 2.2 shows some of the results.

Table 2.2
Hopscofch Eliminafion Liebmann
Uy 1.2894 1.2894 1.201
Ui, 6.0194 €.0193 6.021
Uis 26,2894 26.2893 26.290

Cemparison ©Of the results in Table 2.2 indicates a strong agreement
between the hopscotch method on one hand and thes elimination and Liebmann
methods on the other. It follows therefore that if the eliminationand
Liebmann methods are acceptable gehemes for approximating the analytical
solutions of elliptic partial differential equations, then the hopscotch
method should even be more acceptable. This is because of the advantages

the latter method has over the other two.
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Frv ingtance in the elinination method the storage capacity in the
computer iners=aszes =and becomes unbearable as the mesh width is reduced
inorder to improve the accurzey of the sclution. The problem of storage
is fully discusscd by Curtis (1978). The hopscotch method takes care of
this problem hy overwriting the preceeding values. On the other hand,
the drawback in the TieMsann mothcd is that as the mesh width is decreased,
convergence bacorm2s very slow., The hopscotch metiod again takes cars of
this drawback. Infact, in the example above, 21 iterations were reguired
for the solution to convergs in the case of tie Lickiann method wherars
solution converged after only 13 iterations in t@e case of the hopscotch

methed.,

It is evident frem chapters 1 and 2 that the hopscoich method
yields better results when it is used to solve parabolic equations than
elliptic eouations. The suthor would thereforc, recommend the hopscoteh

method without any reservations when the vrohlem to be solved is parabolic.
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CHAPTER 3

Nonlinear Hyperbolic Equations

The universal applicability nature of the hopscotch algorithm
has been mentioned in the general introduction of this work. However,
the emphasis so far has been placed on parebolic and elliptic equations
of the linear type. To break this trend, we shall now examine hyperbolic
equations of the nonlinear type in this chapter. Application of the
method to linear hyperbolic equations follows precisely those already

considered in the previous cases.

Work has been done over the past few years and several finite

difference schemes have been devised for the solution of nonlinear

hyperbolic systems of the form -%% --%g = 0, wvhere u is a vector

function of the unknowns (ui, uz, us, ----, uN) and f is a nonlinear
function of the components of u. To a larger extent such methods have
been tested oxhaustively on smooth solutions although increasing attention .
is being paid to the schemes" capabilities of representing schock-like

phenomena that arise in the solutions of nonlinear hyperbolic systems.

The explicit methods that have been considered fall into two distinet
categories, namely, first order methods with added viscosity terms, and sec
order methods whic¢h have no additicnal viscosity terms but are of higher

order accuracy than the former methods.

Of the two types of methods, Gourlay and Morris(1972) contend, partly
through Van Lear's analysis and partly out of their own analysis, that
first order methods with an optimal reeudovice~eity term seem to do better
on problems with discontinuities than do the higher order accurate methods.
In the same paper by Gourlay and Morris reference is further made to existin

werks which consider schemes of third order accuracy. The method we shall
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consider here falls in the first category.
3¢1 DEVELOPMENT OF THE ALGORITHM
Consider the first order system of conservation laws

.o, (3.1)

satisfying the initial =2nd boundary conditions

u(x,0) = g(x) for a<x<b

L]

W0,t) = B(t), 20

where f 1is a vector functicn of the components of u and u is an

unknown vector funection of .x and t.

For a full discussion on conservation laws the reader is refered

to, for instance, Mitchell (1969). We note that -%£ can be written in
au

non-conservation forn as - = A 3x so that equation (3.1) becomes

du _ , ou _
Y A-g; 0, (3.2)

where A 1is the Jacobian metrix of the components of f with respect

to the components of u.
Let us illustrate the foregoing with a rpnctical example.

Example 3.1
Conservation of mass, energy and momentum per unit volume

gives rise to equation (3.1).



with /o -m
{e ,  flu) = -'--592’1-— + 3(Y-1)

m3

=

m2 ]
(T-1)e + HT-3E-

where

p 3is the mass per unit volume

m = pv 1is the momentum per unit volume
v is the velocity in the x-direction

4 is the ratio of specific heats

e = dpv? + (a_(E:'l') is the energy per unit volume

p 1s the pressure.

The nonconservation fepm (3.2) will therefore be given

by
Ju ou _
3 M g0
ALy, T2, f3 )
where A(u) = 3p, e, m) ’
_ 3
where f; =-m , fa2 = —Yem 3(Y-1) Lo
P 2
: P
m2
and f3 = - (¥Y-l)e + ¥(¥-3) o
In this example it is easily seen that
0 0 -1
A = | -vm- e m ovE s 0 1
-3y -3)M? -(Y-1) (¥ -3

where M = m/p and E = e‘/p.



Fquati-n . (3.2) is called hyperbolic if the eigenvalues of
A are real and A has n-linearly independént eigenvectors.

fnother good discussion regparding difference schemes for solving
equation (3.2) for various forms of the matrix A is given by Me Guir

and Morris (1973).

For the prcsent we assume A 1is 2 gonastant matrix with real
eigenvalues and n-linearly independent eigenvectors.

Let Ax =h, At =X and U; = U(ih, mk) be the grid parameters

with the grid- ratic r = k/h held constant.

Define the finite difference operators Hx, 62x, and y

I(by

H, U = U7, - 0T (3.3)

2 o . -

&%x U] = U], - 2uf + Uy, (3.4)

My U? = %(U?+1 + U?«l) - the average difference . -~ . {3.5)
cperator

With these notations the classic first order finite difference scheme

due to Lax (see fmes (1977))is riven by

+1 13 4 L -~
Uf,f = tr; - 5 Fxf? v ab2x UI: (3.6)

. s m
where o 1s a constant ccefficient of the pseudovisccus term 6ZXU;

which is chosen to obtain hest shock resolutions, and o > 0,

Introducing the odd-even function 9 defined

as gt = 1 (m+i) odd (3.7)

: Lo (m+1) even
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the resulting hopscotch scheme is given by

mn+l m+l, r . +1 2 m+l
uy o+ ey (5 fo’;‘ - ag? Uy)
= - m I‘ L - 2 -,-In .
xfi“ 63 (5 HXf’; as? UY) (3.8)

When (m+i) is odd, equation (3.8) reduces to equation (3.6), and

when it is even, we have

U?+l + Ly f?+1 - aﬁsz@+l = U?
i 2 x'1i i i

1 }
or U?+l = U? - %-H f?+ + ad? U@+l (3.9)

X X1

Equation (3.9) appears to be an implicit scheme although this is in
actual fact not so because all the required values on the right-hand
side have already been calculated in equation (3.6). Therefore, as in

the previous cases, the scheme (3.8) is explicit

Incrementing m by 1 in equation (3.8) we have the equation
+2 m+2, T n+2 2 +2
P O (LT - 082 U)

- U’;‘*l - e’i“‘+1(§-}zxf’;*1 - ad?_ ?fi"‘*l) (3.10)

Writing the right-hand side of (3.10) in the form

2L L™ L e (Zw A sz 7))
1 1 1 <« X 1 1

X

and using equation (3.8), equation (3.10) can be written as

n+2 m+2, r +2 2 n+2
U? * 8y (§)fo? - adty U?

= 20’;"*1 - ] - el (FHLT - oaﬁsz?)} (3.11)
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When (m+i) is odd, equation (3.6) simplifies to

AR AL i (3.12)

Equations (3.8) and (3.12) pive us the complete version of the
hopscotch algorithm similar to that described in the parabolic and
elliptic cases. Note that the relation (3.12) does not apply at all
grid points (m+i) with i fixed. This property eliminates the
possible manifcstation of the inherent linear instability of the two
term recursion. The computational details remain similar to thoss
outlined in the previcus chapters. We shall now turn to the analysis

of the stability criteriom.
3.2 STABILITY

The analysis for the stability of the difference schemes (3.8)
and (3.11) could be carried out in the same spirit as that of
MeGuire and Morris (1975). However, because of the complexity of the
procedur2, we prorese to follow that suggested by Courlay and lMorris
(1972). Accerding to Gourlay and Morris the stability of the scheme
(3.8) and {3.11) way be studied away from toundaries and from the
initial line by wusing the equivalence of the process to a thres-lovel
scheme due to Du Fort and Frankel (sce Zourlay (1971) ) om two
interlacing grids. Thus (3.8) and (3.11) arc cquivalent to the three-

level scheme
(1+20L)UI;+1 = (1-2a)u’i”"‘1 - TH £+ dow UT (3.13)

The stability of (3.13) is analysed by using the standard Von Neumenn
approach to its linserisetion. Linrarizine squeticn (3.13), we ovtein a

matrix equation:



I(1+20 )u‘]f_‘+l - I( 1-2a)u§’“1 - (0"

i+l

- U7 )+ T20(UT, 405 1), (3.14)

Now for the system (3.14) tobe stable, it is required that all the
eigenvalues of the amplification matrix (see Mitchell (1969)) of

(3.14) ve less‘than unity in modulus. According to Mcfuire end % rris
(1975), the eigenvalues p of the amplification matrix are given by

replacing the matrix A in equation (3.14) by one of its eigenvalues,

+1 2 'ﬁ—l 'n by . .
say A, U? by p?, U} by 1, U}+l U?-l by 2ip sin 8

and U?+1 + U?_i by 2pcos 6. This then gives

(1+20.)p2 = (1-2a) - 2irip sin6+ 4opcos 6
or (1+20)p?% + (2irX sin® - 4ocosB)p - (1 - 2r) = 0O (3.15)
where © is the variable in the Fourier space corresponding to ih.
(A more elaborate way of obtaining the polynomial (3.15) is the
method by Von Neumann in Mitchell (1969). The condition for stability

thus amounts to requiring that the roots p of the gquadratic equetion

(3.15) lie inside or on the unit circle.

We shall apply the following theorem due tc Miller and given by McGuire

_ and Morris (1975).

Theorem 3.1

Let f be a polynomial of degree n, and f' its derivativ

Also let

£1(g) = {£x(0)f(g) - £(0)EX(§)}/g

be the reduced polynomial = where
ex(E)2F (3) .
£
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Then f 1is a Von Neumann polynomial (all its roots

lie on, or inside the unit circle) iff either

(1) [ex(0)> |£(0)], and £, is a Von Neumenn
polynomial, or

£120, and f' dis a Von Neumann polynomial.

~
[N
[N

p—

We omit the proof and simply azply the theorem. Ncw when

£(0) = (1+20)p%+ (2irisin® - 4ocos®)P + (2a- 1) (3.16
then

f(%-) = (20 ~ 1)p?+ (-4oens® + 2irdsin®) + (1+20) (3.17
and

r(p) = ?%%» = (20-1)p%+ (-4acosB-2irisin€)P + (1+2a). (3.18
Differentiating the polynomial (3.16), we obtain

f'(p) = 2(1+2a)p + (-4ocosd + 2irksing). (3.19
From the polynomisls (3.16) and (3.12) we have respectively

£f(0) = (2a-1) ‘ (3.20

and

£%(0) = (1+26) (3.21

The function f£(p) is given by

£1(p) = {£x(0)f(e) - £(0)f¥(p)}/p

= Zag + 8irasin® - 8oasing (3.22
Applying condition (i) of Theorem 3.1, it is clearly scen from

(3.20) and (3.21) that

l£x(0)| > | £f(0)|, for all a>0

and also from (3.22) +that £,;{p) is = Von Neumann polynomial, for
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r|{A}] < 1. This clearly follows from the definition of the Von Neumann

polynomial.

Since fi{p) = 8rp + 8ir gind - BocosH
then f3(p0) ~= 0 implies that

8ap + 8irasin® - Bacos® = O,
from which, upon solving for 0, we obtain
p =cosg - irisin®. (3.23)

It is evident from (3.23) that mwill 1ie on,OT inside the unit circle

if and only if r|A| <1, for all a > O.

Therefore the Courant-Friedrichs-Iawy conditicon for stability
of explicit difference replacements of hyperbolic equations is

satisfied by the hopscotch scheme (3.8) and (3.11).

3.3 CONVERGENCE

We shall not go in detail of the analysis of convergence here
but merely make remarks based on existing results to that effect.

The first observation we make is that the scheme (3.13) is an
explicit threc-level scheme and as such ace~rding tc¢ McGuire end iorri
(1975), it is subject to the Courant-FriedrichsLewy condition for
convergence, namely, rlll < 1.

Secondly we quote, without proof, Lax's equivalence theorem given by

Mitchell (1969).

Theorem 3.2
Given a properly posed linear initial value problem and a
finite difference approximation to its solution that satisf
the consistency condition, stability is the necessary and

sufficient condition for convergence.

A
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Now using the first -l scrvaticn apd Theorem 3.2 plus the fact that
scheme (3.13) is consistent (see Mitchell (1969) and that the
linearized system of the pertial aifferenctial equation (3.1) is
well posed (sec McGuire and Morris (1973), we conclude that scheme (3.
and hence the hopsectch scheme (3.8) and (3.11) is convergent provide

rlA] <1 for ell o > 2.
Example 3.2

Solve the nonlinearhynsrtolic partial differential

equation

du 3

— 1y2) =
5t oR (B0 =0

satisfying the initial and boundary conditions

wx,n) =x 0<x<1
w(0,t) = 0, t> 0.

Compare the result with the anazlytical solutiom

u(x,t) = X 1et

at time + = 0.1 seconds.

Solution

With Ax = h = 0.1 and r = 0,5,

At =k = (0.1)(0.5)

il

0.05
we have 11 mesh peints altogether in the interval 0<x<1,
including those cn the Boundaries.

At mesh points with (m+i) odd we use

UP+l vl -T2 H f@ + 0582 Pw



Thus along the time level 1t 0.05 seccnds, we use the above

formula to obtain U2 1 UZ U

, L1 06,17 Ug 1 and Uig

From -%% +-%§(%u2) = 0, we have f£= %u?.

With the choice of o = %

( e )+ 2{U - 2U + U, )

V2 f3,0" f1,0 3,0~ 22,0 " 1,0

2,1 -V

2,0 *

From the mesh values along the time step t = 0

Ul,o = 0.1, U2’O = 0.2, UB,O = 0.3.
- = . 2y = 3 2 =
Thus fl,o %{(Ulyo) } = 3(0.1) 0,005
= 21 = 1 2 £
fB’O %{(UB’O) } = 2(0.3) 0.045
Therefore
Uyq = 0.2 - {0.045 - 0.005} + 3{0.3 - 2(0.2) + 0.1}
)
Uz’1 = 0.1900

In the same way we obtain U4’1, U6,1’ U8,1 and UlO,l .

Perhaps it should be noted here that the values of the mesh points
along the boundary x =1 require the use of a fictitlous point
outside the region. To aveid this we define the operations Hx and

Szx in the same way but about the point U?-l' So thet we have

x i-1 i-2
2 N R ¢ m
and 8% Uy 4 = Uy - 205 5t Up

This redefinition will only apply tc the points on the boundary

x = 1.
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At mesh noints with (i+m) an even integer, we use
n+1 2 1+1
= T
Ui J 2 H f + o X Ui .

Thus along the same time-level t = 0.05, we obtain the values of

rr Y 17 " o { 1 1 =Y 1l B \
Ul,l’ 03’1,u5’l, L?,l and 19’1 with the help of the above
equation.

S O g N L A T

1,1 “°1,0° B 21 0,1 “t2,1 1,0

"

1(0.1) - %(0.0180) + £(0.19)

U 0.0953

The rest of the points are cbtained in a similar manner.
Having calculated values of all the mesh voints on the first time

step, increment m by 1, and use the equation

u™2 = 2 o]
i A :

for all those mesh points with (m+i+l) odd. TUse equation

”2 U""'l _ Ty g 2, 52 T2
X 1 X 1
otherwise

The pesults are civen in tadble 3.1 along with the analytical
sclution at time t = C.1.

Table 3.1

“Time = 0.1 h
A ﬁbsolﬁfev
Mslytical Numerical Percent Error

I 0.0909 C0.0906 0.33

0.2 0.1818 0.1814 0.22

0.3 0.2727 ) 0.2714 0.48

0.4 0.3636 0.3624 0.33

0.5 0.4545 0.4506 n.86

0.6 0.5454 0.5333 0.39

0.7 0.6363 0.6814% 7.1
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Comparison of the results in Table 3.1 shows thet thie hopscotch
algorithm gives good results at internal mesh points. The prcblem
arises waen it comes to calculating the values of the points along
the boundary at x = 1, where the finite difference scheme rives
rise to fictitious voints. The poor results which are obtained at
these points may in the long run affect the antire solution ag we
advance forward in time. Perhans a Letter method other than the
one employed in the example is reauired to nandle the points on the
bouadary if better results are to be realised. Therefore, if such
methods exist but the author has not Leen ahle to come across any

one of them, it is surgested they he exploved. Othervise the problem

remaine sn open cquestion for investigation.
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CONCLUSTION

The hopscotci alporithm has been tested on a number of examples
and the results have tzen compared with analytical solutions. However,
it vould appear as though the work was strictly devoted to testin~ the
accuracy of the method at the eypense of its efficiency. It has’
been assumed There that ths reader 1s already formilier with implicit
schemss so that apcriéiatnn ~f the advantages underlyin” the
method as against the former would be realisad irrediately one is
introduced to the latter. Taot literature exists on i1;plicit schemes

s only refurad to books LY 1 tchell (1969),

5
&
@
T~
]
ct
4]
=
o
5
o
8

o
H
o
™
2,
¢
=
Lie

Mmas (1969), Smith (1975) and Turtis (1078) for details on thesc

methods vhich reguire more ProTrarming affort.

In chapter 3 similarity vas dravm between the hopscoteh alogorithin
and the ©nu Fort-Franlel method, botn of which are explicit. . The
cuestion which may be asked then is that, if the hopseoteh Process is
tha sare as the Du Fort-Frankel method, why hother about the former?
There are obviously a nunber of advantages in using the hopscotch
method., The great advantage of the hopscotch method is its complete
generality with respect to partial aifferential equations. It is

readily programmed without a ereat deal of ~ffort and is ahlf-sterting
Sk - 3 f

™e main 2isadvantage in the Mu TFort-Frankel method is that it is
n threc~level algorithm and +hig pacuirss on additional lovel of
startine data. The reader iS rofaraed to Gourlay (1971) for a full
aiscuseion on the corparison of tne twe metheds.

iﬁ,conclusiom trercfore ons can say tre nopscoteh method is a gene
purpose algorithm. Its computationélly svnlicit nature makes it easic
to programme. Finelly, hacause 1t over writes the previous values, i

cuts drestically on the storage requirements in tre computer.
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In this appendix an attempt is made to +try and summerisc some .Sf th
important aspzcts of this work which., due to time ccnstriesnts, it was fow

unnecessary to discuss them in detail.

4.1 n - gpace dimensions

In the development of the hopecotch alcorithm in the last three chan
we have tended to restrict ourselves to either onc or two space dimension:
protlems in one or twc variables. This was intended to make the work
simple. The algorithm is infact a reneral purpose one and its applicatio:

can be extended to multd irwensicnnl crethlaora,

41,1 Linear parabelic =2quations
Consider the linear equation

e = + Y. .
where L is a second order linear ellintic differcntial operator in the
space variablas Xos i=1,2, ~~-, n. The solution is required in

RX[0, 7] where B is an n-space dimensicnal region with boundary

dR. Appropriate ipitis]and boundary data are given on =~ t =0 and
oR X [0,T! respectively. / sguarc srid of size h is placed on R
giving
Rh = {ih; ithe®, i = (il, 12, ———— in), an intepor
vector}.

+

. . . qn
aken with tm = mk., Then with Li an

£ time step of size ¥ is

. . . .0 . .
approximation to wu(ih, mk), the valucs J} are required at the points

m

{ih, mk). With the odd-even function 6& defined as



n
1 if m+ I 1, odd
i) j:ld
oy = A
n
0 if mwm+ I i, even
i

the hopscoteh algorithm for equation (4.1) hacomes

am+l m+l o+ m n el m+l , mom

- % T v = : +1:0., ¢

Uy k€, T By T Uyt .<6 L UJL + k6, Ty L0, e (.
where L is an E-operator. In n-space dimensions an B operatdr is

dafined as » (2n+l) noint replacement fer the szcond-order ellirntic
differential onerator L. In one space dinension for axample, the

T-operator L, is the normal thre: Do int dafference replacement of

L- In two space dimemsione L, is five point reple cement of L, and
so on, leading to the general formula (2n + 1) in n-space dimensions,
Notice that the explicit nature of the hopscoteh algorithm is not lost

in the general n-space dimensional case so long as Lh is an F-operatoz

4.1.2 Tinear ellintic equations
Ve recall from chapter 2 that the hopscotch algorithm for the two

space dimensional elliptic equation is riven by

+ +1 4+l n m w m+ N+l m m
]m l el A T AR | SO +~ L UT * 6y Loml, ot . s
l,»J 4 “h i,j. 1) i1 4 i, 1,J i,J °1,]

Infact Courlay and McGuirs f1071} surgest a slight rodification on the

htid

\§
factor 7 on the left-hend sidzs for Taster convergence.

v vo- A

Fenlacing i» YWy coese=s= on the left-hend side  of (4.3) we cobtain
+
m ™ ™+ Y
o+l m+l 5 o0 N § DR v B 1 + 0 .gy? .
Uy & = 07 T geemiwmen LT 0= 71,00 1,0 i,] 1,i%1,)
1,3 i,] 4 - 4w o W | ‘ < “ y



M extension of equation (4.4) to n-space dimensional problems simply
involves the ceneralization of the space subscripts
Denoting the space subseripts by 1 = 1,2, ---=-;n, equation (4.4)
becomes
I+l m+l w 5 S S o now o, m+l m+l nmn
U, - 0, e » U, = U, + 8, U‘ +0, . + 6.¢, .5
i ©y LT Th Yy i 1 I'’h i1 i%1 (4.5)
for the n-space dimensional elliptic

which definez the hopscotch scheme

equation
T g(xi, t)
where 1, is a second order ellintic nartial aifferentisl operatar in the
variablss Xss =1, 2, =~--n.
4.1.3 First order nonlinear  hyperbolic ecquations.
extended to first order nonlinear

algorithm can be

The hopscotch

hyperbelic equations in n-space dimensions.
vace dimension given by

1 one

First consider the algorithm ir

g2 oy = -
x i i

2
eI (6
ei( 2 ﬁxfi G'(SXLi) \ /i'OC')

+ + +
Um l ﬂ 1 Ty f? 1
1
This equation cen be extended to a two spacc dimensional case 1n the
m+l mtl, T . 11 . 2, m+l
oy 0y (e T )H R G D L ke
i, PR B v 3d L o1,
2
7 ™ ' m i)
= -0 L {HH o+ E - o8 S UL LT
i,] i,] 5 i,d (5% y)‘l,J (
vhere Ax = Ay , r is the mesh ratio and o is 2 constant.
Thus yeperellslnr couation (4.,) to n-space dimensions we et
m+1 m+l +1 ™+
T X z Hx, )] o . 82, 7, 1}
i
i=1 i= 1
n n
m T i+l 2 T
= U, - 9, Iolx, ) -aof T & 7,
1{5(1=1 i/7i (121 ) 1}

.

4.7)



where =1, 2, =e~=, n, Ax, = sz = wwem = Ay , T is the mesh

ratic and o is a constant.

o

4.2 Nonlinear parabolic and elliptic equations

Suggestions have been put forvard by fourlay (1270) as to how

nonlinear parabolic and ¢llivtic ecuaticns could be tackled. Although

Ey

there are no numerical examnles to baclk un these sufrestions, tihere -’
is every hope that the surgested avproach can produce the Jdesired results.
Suffice here to further surgsest thet more effcort be put in this area in

future weric of this naturec.

fiourlay (1970) considers the hopscotch process applied to a

nor=linear F-operator L, in two definite cases |

h
(i) mild non-linearity when
L(lu) = vzu + E(X:Yﬂl) (4.9)
(i1) strong non-linearity when
1{u) = Tia(u) vul + g(x,y,u) - (4.10)

It 1is immortant to note that of the steps of the computational
algorithm in the linear case, only stepr (3) is affected by non-linearity.
In the case of ~ mildlynonlinear operator such as eguation (4.9), the

step reouires the point-wise solution of an ccuetion of the tvoe

oau + g(x,7,u) = £

where o, # ars 'mown. /Spplication of the Mewton iteration would
provide rapid convergence in this case. ‘s starting value one could
take the averace of tre nearest neishtours to the point u, as these
are already Xnown. Cccasionally such iteraticn may not be recuired,

as for example the common problem
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when tackled by hopscotch gives rise to a pointwise quadratic equation in
u . We notice here that althoush the implicitnese is not elliminated,
it will only occur at roughly half the points in the erid since step (3)

is enly uead vhon (@ + 1+1 + §) is odd.

Lpart from the above process, an alternative method which is also

applicable to the stronply non-linear problems such as equation (4.10)
has been sugpested. This invelves  the use of the technigue outlined

above but without iteraticon. That is to say, instead cof solving, for

instance
;2 2 ”
l/hlv (JX + ’\J_V)U.i’j - (u...” .)
solve
14h2(62 + 52)u . = {3 (u. U +u, ... *tu )2
X yool,d +15] 1"11J i, J+] i)j"l

which happens to he explicit,

Notice that both these technioues enable one to keep storage to a minimum.

4.3 Second order linear hynerbolic equations.

It has heen remarked in chapter 3 that application of the hopscotch
algorithm to lineer hypsrbolic systems easily carries over from that of
linear parabolic and ellintic cases. True as this may be, care must he
taken however, especially in the handling of the extra term which artses

in the second order linear hyperholic =cuations of the form

where L is a second order linear elliptic nartial difforential emerator
is a function of the space and time variastles. ’n idea as to how such

terms can be handled will te found in a book bv Curtis (1978).
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